



































































































































Th Convex Hull Prob 15 750
c 2 27 19

the sorting prob of G

Det A S Rd is convex fI

Deff X YEA segment x y SA

Deff A is closed under convex

Combinations
Det Convex Closure A ECC A

small convex set 3A

2 defs of Convex Hull

Defj CHIA
e OCCIA Boundary

Deff CHIA A

we will use Defl

For rest of lecture A is a finite set






































































































































2

Thus in 2D

CH CA a simple closed
polygon of a subsetof A
I say CCW order

4gI gKeQB o

We will return the only the corners

Claim a b is a side of CA A iff
1 a be A a b

2 Va e A either a left of a b
or a E La b






































































































































3
Lower Bound

Claim Sorting is reducible to CH

Input X Xn ER
Return CHCHxD Xn Xi

Note the points Pilxi Xp will be
in sorted order o






































































































































4This construction works in higher Dim

Let P n Pn E R2
Let B Pa Py BitBY c Rs

Then the lower CHIPS Pj
is a Triangulated surface

Called the Delaunay Triangulation

jYyY






































































































































5

Consider two sorting alg
D Merge Sort
2 Quick Sort I Treaps

We make these into CH algs

A ER Pn Pi Hi Yi

Preprocess sort A by X coordinate

Proc MergeHull A

if 1171 1 return P

ets CHE MargeHull IR Pnb

HR MergeHull Png Pn

STITCH CHA CHR






































































































































Proc STITCHIL R
6

Lowerbridge 1h R Let goa ei

as rightmost127 Gobots
b leftmost R

Repeat while possible
A If gisrightla b set a g
A If b is rightla b set b b

Upperbridge L R
b

at v

µb

B
q
O

e

T






































































































































Termination 7

let l be a vertical line between h R

Generates triangles 19 b a
xD Generates triangles 19,5 b

1 The Hs have disjoint interiors
2 they are ordered by Intersection
with l

3 After a rule A the a cannot

reappear

Thus STITCH terminates in 0 14 1Rl

Note STITCH moves on L in a CW fashion
R in a CCW

STITCH cannot move

D passed left mostpointof L
2 passed right mostpoint of R

Thus at most n updates






































































































































8Correctness
at termination we have

I b
Ta 5
To

a b

Note Points in the Left are in cone

g sa set
Points in Right are in cone Bob I

thus LIR are right of la b

Timing Preprocessing Olnlogh
STITCH 0 n

TM 217 ten

TIN 0lnbgn






































































































































Random Incremental C H 9

Prsa RandomIncremental CHIP
07 Make D B R B pick Ce interior D
D Contruct a ray from C to each Pi
2 Partition Pi's by edgeof A ray crosses
3 Randomly permute Py Pn

For is 4 to n

Let e be edge crossed by
ray c Pi
BuildTent4

Prog BuildTentCP e
I Find edges of CH visible to P

by searching out from e

2 Replace visible edge with 2 new edges
3 Assign rays to the new edges






































































































































ANExampleofh pointsono.ci
to

Pm

3

Worst Case Incremental Order
1 Pn

n's in

tCaxPPPzPnkPna ny

Pm






































































































































Correctness 11

Timing
claim Osh work other than BuildTent

Cay steps 182 over life of aIg
1 At most 2N edges generated
2 Charging rule for visiblity test
a atmost 2 notvisible charge Pi
b each visible charge the visible edge

Total 2N 12N 4h tests
ascharge to points chargeto edges






































































































































Considerstep3inBuildTent
K

i.e Cost to move point to new tent edge

q D
S 9

c

ray edge intersection

µ
Trays

T j

Claim step 3 work ray edge intersection

Pf Backwards Analysis
ie We remove Pui this random order

Let e Iif at time with i points
V raemaining Ray crosses
i removed edge o

O O W
















































































































Claim Pr vi if s 2h
13

i

a If Rays does not intersect any bdryj
edge then Vi O

b Let vow s e be bdry edge
that Ray intersects

j
In this case Vi I iff Vor w
is removed

jThus Pr Vi L RaynBd s Mi

I

Det Vi Vi
j p

Elk EELV ERIK D
anti

Total Expected work 2h Hn


