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A preface to Geometry 2 25 19

Cartesian Coordinates Rene Descartes 1637

d dimensional space 5 vectorsofd real numbers

the fundamental operation
Dotproduct P g e Rd
SPg p of pig g

Pig
Properties
1 Symmetric ptg gtp
2 bilinear I D8 Nptg

rigidmotion invariant
Mead'd St MTM s I thin

MP 8 s pining pig
4 Euclidean length Elp fptp
5 Cosine PTS IP 181 cos

06Cauchy Schwartz 1821
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ptg s ptp gig



LinearProgramminginkiedDiny
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Goal 1 Intro LP

DRandomineremental2DAlgf
Det LP Max Ex

subject AX 2 d where

AnME 112 Mn XmMy Cmx n d
n

NoteXSYifViXit
Defy The LP is feasible f

Fx Axs d
Note x Axs d the feasibe region

is convex I closed under convex comb

Tina



Geometer 3

Note hi Hill Gilt billed 3
Is Half plane or Half Space

Consider vector Cai bi
Noles hi is half plane normal to

Lai bi
Cai b

aixtb

Input to 3D LP
D Half planes hi hn
D vector C e 1122

God find XE hi farthest in
C direction



Ded dhi bdry hi
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Simplification
1 No hi normal to C ie
2 Bounded feasibe region
3 Given a bding box M ma

i e Mi

H

Mz

OIntosh 01h

Tortingelection
Convex Hull LP fixed dim

Half Space Inter 7
e

Meshing 2
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RandomI td2Dh 6

Pros 2D LP mi Mz h hn c
1 Vo 2D LP mi Mz c

ie VosOM h dMz
2 Randomly order hi hn
3 fog i L to h

doitVos chi then Vi vi
Etsy make solve ID LP prob
let 2 0hi
4 s Lnh a e L'is Lnhis
projectionK L note C O

Vi ID LP Lii hi C
if Vi is undef report no solution f halt



Correctness 7

Claim At time we compute Vi
Vi LP Mainz hi

PI Induction on i

Base case 0K

Suppose Vo is correct

Cassa vi e hi then
vi C feasiberegion and thus opt

Cased Vi 4 hi
claim Vi Edhi EL
PictureProot P

Evi I CTOpti Ve

pep Eopti
2 p feasible d

F Opt
Opto
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Thus worst case for step 3
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is exactly 2 critical constraints

Let E I Expect costof step 3 at
time i

E s l F k.it iIJk some constant k

f 2K t k
s 3K

Thus total expected work in

Eng 3k 0 n



Correctness

Claim At time we compute Vi
Vi LP mo Mz hi

PI Induction on i

Base case 0K

Suppose Vo is correct

Cassa vi e hi then
vi c feasiberegion and thus opt

Casebj Vi 4 hi
claim Vi c CHI hi L
PictureProot P

Evi I CTOpti ve

pep Eopti
2 p feasible at

F Opt
Opto
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IDeterminingmnbdness.co
Findingthebdingbox
LP Max EX subject Axsb

Lemmy LP is unbounded iff
1 it is feasible
2 3d St Ed o Ad so

pI yDFiAxb
pick any 230 d by 2

Now A lad ti s a Adt AI's a Adt b s b
thus index is feasible tho
Elad tx a Ed tax
objective goes to 00 with a e

D compactness argument
Lemmay Fd Adc 0 then Ax s b is feasible
pI V Ad then Vc 0 pick a Ost

Vsb thus Aad s b



tindingdforunbdness_
dexists iff 3 d s.t Edt Ad to

Our feasible region is AX 30
We intersect it with line CTX L

i a
Eat

this is a 1D LP

K 1471P
Noli Id iff p 2
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Claim If B 2 then Axsb is feasible

and thus Tx Ax Sb unbded

PI d

East

Pick d as in figure them Ads 0

Thus Ax Sb is feasible



There are 3 cases
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1 22ps 2 2 p 3 a p

Cased asps return unbded
case 2 a p return boundingbox

Assume one halfspace correspondingto a
p

say ha andhp
Return BB 1ha hp
Case 3 a p
Subcase a hanky 0
AX Sb not feasible

sugbesebhanhB 1 0
Claim Axsb feasible thus
Axsb Ex unbded



ha 14
hp i

cased

Case b ha ht
1 ill

jj g
s l
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LPforfixedding 15

ProI d LP h hn e

0 Run Boundedness ha hn c

I unbded then quit
Ise pick BoundingBox 8D s h h n

set Vo Adg
1 Let hd hn be random order of
H G

2 For is d it to n do

it vi eh then Vi vi
else IMake Solve d D LP prob

If undef report no solution I halt
else Vi di LP



Claim d LP is expected runtime
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Coin where Cd D lad d

We know G LD

Suppose Cd so i e

Ca eh bds expected cost to
make solve LdD LP

Note At most d critical constraints
Thus by BA we get

cost hi f d ka it hj not
critical

G i o w

i
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