3 Scheduling Taxicabs

The key for solving this problem is finding a way of correlating the solution space to the set of perfect

matches of a bipartite graph. First, we have to find a way of representing each taxi scheduling. We
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Obviously the cost for serving such a dfinal€ destination is 0, since any taxi that services such a

destination does not have to travel anywhere; it can simply stop right where it is and not move again

for the rest of the requests. As we will see later on introducing these artificial destinations makes

mapping the scheduling problem to a perfect matching problem easier. Now we can represent every

possible solution as the path of each taxi. Below is an example:
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We can make a few observations about the feasible taxi paths. Firstly once we assign a taxi to service

arequestR; (s;, di) the taxi will always end up at location d; after servicing the request. This means
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request so the graph does not need to capture this. Secondly, a taxi that services some request R; can

service only subsequent request R;, where j > i. Finally a taxi can at any point (even before having
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Now we can map the problem to a bipartite graph, where one side has vertices that represent all of

the starting points s;>  XaRd alfof the taxicabs t,>  ¥ald thé other side has vertices that

represent all of the ending points d;>  XIZTy R Fff 2F (KSZaMENE & RSEAGAYI
corresponding graph is shown below to the left. To the right is the perfect matching that corresponds

to the above scheduling example:
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Bipartite graph that represents all Perfect match corresponding to the

possible taxicab scheduling solutions scheduling scenario shown above



The only thing missing at this point is to assign costs to the edges of the graph. All of the edges that

connect taxicabs t;>  XoEdestinationsd,X  X{E2 Ra T A y I f £,5 R@d@véidcogtiof®A 2y a |
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have a non-zero cost are the edges that connect taxicabs t;>  Xalid eniling-points of requests ;X X X
d, to starting points of requests s;> X The cast on these edges corresponds to distances and can

be directly copied from the NxN distance matrix.

To find the optimal solution to the taxicab scheduling problem we need to find the minimum cost
perfect matching for the above bipartite graph. According to the assignment minimum cost perfect
matching for bipartite graphs takes O(n(m + nlogn)) time. In our case the number of vertices n is
2n+2k. The number of edges m consists of k(k +1) edges originating from the taxicabs and

n

4 (k+n- i) edges originating from the starting-point edges. So the total number of edges m in the
i=1

graph is:
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By substituting the above n and m values in the O(n(m + nlogn)) running time formula for the
minimum cost perfect matching problem we find that the presented algorithm has a running time of
O(n*+ k*+ nk?+ n%k + (n*+k%)log(n+k) ) which is polynomial in the number of requests n and the
number of taxicabs k.

Correctness: To prove correctness it suffices to show that all taxicab scheduling scenarios can be

represented by a perfect matching and that all perfect matchings result to a feasible scheduling

scenario. To prove these claims we can simply study all the possible choices a taxicab has. A taxi can

either not service any requests at all or service a few requests and then stop. The first case
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corresponds to an initial edge that connects the taxi with one of the starting-points s,  Xahd th&n

one or more edges that connect ending-point edges d; with other starting points s; (where j>2 and

j>i) and a final edge from some ending-pointd;~ X2 R2y S 2F G(GKS @E@FXgElIfié RSad
Reversing the same set of arguments shows that all possible perfect matchings result in feasible

taxicab scheduling scenarios.



