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Abstract

A unifying approac h to the � and ( � ; 
 ) matc hing problems on

strings of in tegers is dev elop ed using F ourier transform metho ds. F or

pattern length m and text length n , the running times for the prop osed

algorithms are sho wn to b e O ( � n log m ) for b oth � and ( � ; 
 ) matc hing,

e�ectiv ely indep enden t of the alphab et size. An O ( n

p

m log m ) algo-

rithm for the 
 matc hing and total di�erence problems is also giv en

thereb y clarifying conjectures in the literature.

1 In tro duction

The recognition of pattern and structure in large databases is a fundamen tal

goal in the rapidly dev eloping area of statistical data-mining. Applications

include the analysis of high-frequency �nancial trading data, ob ject recog-

nition in image pro cessing, the exploration of genomic data and the iden ti-

�cation of melo dic structure in m usicology . An imp ortan t class of problems

can b e sp eci�ed in terms of a text string t = t

1

� � � t

n

and a pattern string

p = p

1

� � � p

m

o v er an alphab et �. The classical string-matc hing problem is

to �nd all o ccurrences of the pattern p in the text t , in other w ords to �nd

�
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all indices i suc h that p and the substring t

( i )

def

= t

i

� � � t

i + m � 1

are iden tical.

F or man y applications it is more common to de�ne a measure of dissimi-

larit y b et w een strings with the ob ject b eing to �nd whic h substrings of t

matc h p appro ximately , in the sense that the dissimilarit y b et w een p and

the substring is b elo w some nominal v alue.

The fo cus of appro ximate string matc hing algorithms has traditionally b een

on sym b olic data. Ho w ev er, in man y cases the data are more naturally

represen ted as a string of in teger v alues. An imp ortan t example is that of

computer assisted m usic analysis. The pitc h of eac h note can b e represen ted

on the c hromatic scale or using MIDI notation as an in teger c hosen from

some in terv al. A m usical score can then b e though t of as a set of strings of

in tegers, eac h string represen ting a di�eren t instrumen t or voic e . Appro xi-

mate matc hing in this con text, and in general when dealing with strings of

n umeric v alues, m ust tak e in to accoun t the distance b et w een c haracters as

w ell as an y other considerations (see [9, 4 ] for surv eys of string metho ds in

m usic analysis). In this pap er w e presen t new algorithms for appro ximate

matc hing on strings o v er an alphab et of in tegers. W e fo cus on problems that

can b e describ ed in the gener alise d line ar pr o duct formalism of Fisc her and

P aterson [10 ]. Problems in v olving deletions, insertions and the asso ciated

edit distances that are imp ortan t in bioinformatic applications (see e.g. [11 ])

are sp eci�cally excluded.

There is only one w a y in whic h t w o strings p

1

� � � p

m

and t

1

� � � t

m

can b e

the same but there are man y w a ys of measuring their dissimilarit y . The

Hamming distance, for example, coun ts the n um b er of mismatc hes, i.e. the

n um b er of lo cations where p

j

6= t

j

. More generally , a n umerical score s ( a; b )

can b e de�ned for a sp eci�c mismatc h b et w een sym b ols a and b and the

total sc or e calculated, i.e.

P

m

j =1

s ( p

j

; t

j

) : When the alphab et is a subset

of the real line, natural measures of dissimilarit y are the total di�er enc e ,

P

m

j =1

j p

j

� t

j

j ; the total squar e d di�er enc e ,

P

m

j =1

( p

j

� t

j

)

2

; and the max-

imum di�er enc e , max

m

j =1

j p

j

� t

j

j : These are resp ectiv ely , the L

1

distance,

the square of the L

2

distance and the L

1

distance b et w een the v ectors

( p

1

; : : : ; p

m

) and ( t

1

; : : : ; t

m

) :

The fast F ourier transform (FFT) is the basis of sev eral fast algorithms for

appro ximate string-matc hing. The most imp ortan t prop ert y of the FFT is

that, for n umerical strings, all the inner-pro ducts,

p � t

( i )

def

=

m

X

j =1

p

j

t

i + j � 1

; 1 � i � n � m + 1 ;
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can b e calculated accurately and e�cien tly in O ( n log m ) time (see e.g. [8 ],

Chapter 32).

The basic idea when using FFTs to tac kle appro ximate matc hing problems

is to express the dissimilarit y measure in terms of an inner-pro duct. F or

example, since ( x � y )

2

= x

2

� 2 xy + y

2

, w e can express the total squared

di�erence b et w een p and t

( i )

as

m

X

j =1

( p

j

� t

i + j � 1

)

2

=

m

X

j =1

p

2

j

� 2 p � t

( i )

+

m

X

j =1

t

2

i + j � 1

:

The �rst and last terms can b e calculated in O ( n + m ) time and the mid-

dle terms can b e calculated in O ( n log m ) time using the FFT. The exact

matc hing problem is then solv ed immediately since there is an exact matc h

at all v alues of i where the total squared di�erence is zero. Of course a sim-

ilar argumen t can b e made for an y dissimilarit y measure whic h is zero when

there is an exact matc h and b ounded a w a y from zero otherwise. By using

a score of x=y + y =x � 2 = ( x � y )

2

=xy , Cole and Hariharan [5 ] sho w that

FFT metho ds can also solv e the exact matc hing problem with wild cards in

O ( n log m ) time, e�ectiv ely indep enden t of j � j :

In the � , 
 and ( � ; 
 ) matc hing problems, the alphab et is assumed to b e an

in terv al of in tegers. The problems are de�ned as follo ws.

Problem 1 ( � matc hing) Determine I

�

wher e

I

�

= f i : max

j =1 ::m

�

�

p

j

� t

i + j � 1

�

�

� � g :

In other w ords, the problem is to �nd all indices i suc h that the maxim um

di�erence b et w een p and t

( i )

is no larger than � . F or 
 matc hing the problem

is to �nd all indices i suc h that the total di�erence b et w een p and t

( i )

is no

larger than 
 .

Problem 2 ( 
 matc hing) Determine J




wher e

J




= f i :

m

X

j =1

�

�

p

j

� t

i + j � 1

�

�

� 
 g :

F or ( � ; 
 ) matc hing, w e require b oth that the maxim um di�erence is b ounded

b y � and that the total di�erence is no larger than 
 . The problem is de�ned

as follo ws.
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Problem 3 ( ( � ; 
 ) matc hing) Determine I

�

\ J




.

An o ( nm ) solution for � matc hing can b e deriv ed b y a reduction to the

less-than matching pr oblem [3 ]. In less-than matc hing the task is to �nd

all i suc h that ev ery v alue in p is less than or equal to its corresp onding

v alue in t

( i )

. � matc hing can b e solv ed using t w o instances of less-than

matc hing giving an o v erall time complexit y of O ( n

p

m log m ) using FFTs

[2 ]. An alternativ e approac h is giv en in [7 ] where an instance of � matc hing

is reduced to at most 2 � + 1 instances of exact matc hing with wild cards.

Using FFTs again, the total time required is therefore O ( � n log m ). F or

man y applications, including m usical ones, � do es not dep end on the size of

the input and can b e regarded as a constan t. W e presen t here a di�eren t and

direct O ( � n log m ) solution to � matc hing. This metho d is asymptotically

faster than a reduction to less-than matc hing when � is o (

p

m= log m ). F or

( � ; 
 ) matc hing w e giv e a similar O ( � n log m ) solution whic h is faster than

the curren t kno wn O ( nm ) b ound if � is o ( m= log m ).

An o ( nm ) solution for 
 matc hing, for arbitrary 
 , can b e deriv ed from the

total di�erence problem.

Problem 4 (T otal di�erence) Determine the total di�er enc es

M

i

=

m

X

j =1

�

�

p

j

� t

i + j � 1

�

�

; for 1 � i � n � m + 1 :

W e will sho w that the total di�erence problem can b e solv ed in O ( n

p

m log m )

running time. Our metho d is based on the divide and conquer approac h in-

tro duced b y Abrahamson and dev elop ed b y Amir [1 , 3 ]. W e b eliev e this to

b e the �rst o ( nm ) solution for this total problem.

The plan of the pap er is as follo ws. In Section 2 w e giv e a simple illustration

of our approac h to � matc hing. In Section 3 w e solv e the � and ( � ; 
 )

problems in O ( � n log m ) time. In Section 4 w e sho w that Abrahamson's

metho d can b e used to calculate 
 matc hes for arbitrary v alues of 
 in

O ( n

p

m log m ) time. Finally in Section 5 w e consider general appro ximate

matc hing problems and discuss wh y some are inheren tly more di�cult than

others.
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2 Our tec hniques

Our algorithms for � and ( � ; 
 ) matc hing build on the ideas in [5 ]. W e

construct a function that is zero when there is a matc h b et w een t w o sym b ols

and larger than some �xed p ositiv e v alue otherwise. W e then sho w ho w the

function can b e computed e�cien tly using FFTs. The main inno v ation is

in the use of ev en p erio dic functions and their discrete cosine expansions to

ac hiev e this goal.

As a simple illustration, consider the � matc hing problem with � = 1. First

notice that the p erio dic function

1

2

�

1

2

( � 1)

x

tak es the v alue 0 when x is

ev en and 1 when it is o dd. If w e de�ne g ( x ) = x

2

+

1

2

( � 1)

x

�

1

2

, it follo ws

that g ( x � y ) = 0 when j x � y j � 1 and g ( x � y ) � 4 otherwise. But w e can

write

g ( x � y ) = x

2

� 2 xy + y

2

+

1

2

( � 1)

x

( � 1)

y

�

1

2

;

since x + y has the same parit y as x � y . This is the k ey result. W e no w de�ne

new strings � ( t ) and � ( p ) where the j th elemen t of � ( t ) is 1 if t

j

is ev en and � 1

otherwise and similarly for � ( p ). It follo ws that

P

m

j =1

g ( p

j

� t

i + j � 1

) can b e

expressed in terms of t w o inner-pro ducts p � t

( i )

and � ( p ) � � ( t )

( i )

; b oth of whic h

can b e calculated in O ( n log m ) time, plus other terms that are calculable

in O ( n + m ) time. The � matc hing problem is then solv ed since, pro vided

that the FFT is carried out to su�cien t precision, w e can iden tify indices

where

P

m

j =1

g ( p

j

� t

i + j � 1

) = 0. In this case and the ones to follo w, w e need

only enough precision to b e able to distinguish 0 from an y n um b er greater

than or equal to 1. The relativ e error of the Co oley-T uk ey FFT metho d,

for example, is � log n where � is the mac hine 
oating-p oin t precision (the

smallest p ositiv e n um b er suc h that 1 + � is distinguishable from unit y in the


oating p oin t represen tation emplo y ed). Therefore, for an y realistic size of

input, non in teger v alues resulting from the FFT calculation can simply b e

rounded to the nearest whole n um b er without fear of mistak e. See [12 ] for a

more in depth discussion of FFT accuracy under di�eren t measures of error.

3 Algorithms for � and ( � ; 
 ) matc hing

W e start b y generalising the argumen ts that w ere used in Section 2 to tac kle

the � matc hing problem for the sp ecial case � = 1. The idea is the same,

namely to mo dify the squared di�erence b y subtracting a p erio dic function
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thereb y obtaining a function that is zero o v er a range of di�erences. W e

start with a few de�nitions and basic results ab out v ector spaces.

A real-v alued function f ( x ) de�ned on Z , the set of in tegers, is ev en and

p erio dic with p erio d 2 � , if

f ( x ) = f ( � x ) and f ( x ) = f ( x + k 2 � ) for all x; k 2 Z

Using standard prop erties of the discrete cosine transform [8 ] a con v enien t

basis for the space of these functions is the set of functions

h

k

( x ) = r ( k ) cos ( xk � =� ) ; k = 0 ; : : : ; � ;

where r ( k ) = 1 =

p

2 � if k mo d � = 0 and r ( k ) = 1 =

p

� otherwise. These

functions are orthonormal in the sense that

P

�

x =1 � �

h

j

( x ) h

k

( x ) = 0 when

j 6= k and

P

�

x =1 � �

h

2

k

( x ) = 1 : Consequen tly , an y ev en function f ( x ) with

p erio d 2 � can b e written as

f ( x ) =

�

X

k =0

�

k

h

k

( x ) ;

where the co e�cien ts are giv en b y

�

k

=

�

X

x =1 � �

f ( x ) h

k

( x ) :

W e will b e in terested in t w o sp ecial cases of suc h functions, f

[1]

and f

[2]

,

where

f

[1]

( x ) = j x j and f

[2]

( x ) = x

2

for j x j � � :

Both f

[1]

( x ) and f

[2]

( x ) are ev en and p erio dic and so de�ned o v er the whole

of Z . W e denote the co e�cien ts of these functions b y f �

[1]

k

g and f �

[2]

k

g ,

resp ectiv ely .

T o tac kle the � matc hing problem, consider the function

g ( x ) = x

2

� f

[2]

( x ) :

By construction, this is an ev en function with the prop ert y that g ( x ) = 0

for j x j � � and g ( x ) � 1 ; otherwise. Figure 1 sho ws the functions x

2

and

f

[2]

and the result after subtraction. The imp ortan t p oin t is that

6
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Figure 1: The functions x

2

, f

[2]

( x ) and g ( x ) = x

2

� f

[2]

( x ): � = 2

g ( x � y ) = x

2

+ y

2

� 2 xy � �

[2]

0

r (0)

�

�

X

k =1

�

[2]

k

r ( k ) c

k

( x ) c

k

( y )

�

� � 1

X

k =1

�

[2]

k

r ( k ) s

k

( x ) s

k

( y )

where

c

k

( x ) = cos ( xk � =� )

s

k

( x ) = sin ( xk � =� ) ;

and w e ha v e used the fact that s

0

( x ) = s

�

( x ) = 0 and c

0

( x ) = 1. In other

w ords, g ( x � y ) in v olv es a total of 2 � pro duct terms, so the dissimilarit y

measure based on g can b e expressed in terms of 2 � inner-pro ducts.

T o p erform � matc hing w e compute �

m

j =1

g ( p

j

� t

i + j � 1

) for 1 � i � n � m + 1.

An y v alue that is 0 indicates a matc h. W e can also set an y non-zero v alues

to 1 to indicate a mismatc h. The main steps of the algorithm are therefore:

1. Calculate the �

[2]

k

co e�cien ts using the equation �

[2]

k

=

P

�

x =1 � �

x

2

h

k

( x )

2. Compute A =

P

m

j =1

p

2

j

and B

i

=

P

m

j =1

t

2

i + j � 1

for 1 � i � n � m + 1

3. Compute C

i

= p � t

( i )

for 1 � i � n � m + 1

4. F or eac h k 2 f 1 ; : : : ; � g , construct a pair of arra ys p

0

and t

0

suc h that

p

0

j

= �

[2]

k

r ( k ) c

k

( p

j

) and t

0

j

= c

k

( t

j

) and compute D

i

( k ) = p

0

� t

0 ( i )

for

1 � i � n � m + 1

7



5. F or eac h k 2 f 1 ; : : : ; � � 1 g , construct a pair of arra ys p

0

and t

0

suc h

that p

0

j

= �

[2]

k

r ( k ) s

k

( p

j

) and t

0

j

= s

k

( t

j

) and compute E

i

( k ) = p

0

� t

0 ( i )

for 1 � i � n � m + 1

6.

P

m

j =1

g ( p

j

� t

i + j � 1

) = A + B

i

� 2 C

i

� �

0

r (0) m �

P

�

k =1

D

i

( k ) �

P

� � 1

k =1

E

i

( k )

The �

[2]

k

need only b e computed once for the particular v alue of � that is

of in terest since they do not dep end on the input pattern or text. Eac h

co e�cien t tak es requires O ( � ) m ultiplications and additions to compute and

so the total time to compute all �

[2]

k

for a giv en � is O ( �

2

). The arra ys A

and B can b e calculated simply in linear time. C can b e calculated with a

single inner-pro duct calculation in O ( n log m ) time using FFTs. The arra ys

D and E require � and � � 1 inner-pro duct calculations resp ectiv ely taking

a total of O ( � n log m ) time to compute. It follo ws that � matc hing can b e

carried out with 2 � inner pro duct calculations in O ( � n log m ) time.

( � ; 
 ) matc hing

F or ( � ; 
 ) matc hing, w e mak e use of the set of lo cations I

�

where the �

matc hes o ccur, i.e.

I

�

=

�

i : max

j =1 ;::: ;m

�

�

p

j

� t

i + j � 1

�

�

� �

	

:

No w consider the ev en p erio dic function f

[1]

( x ). Recall that this is the same

as j x j when j x j � � . W e de�ne the p erio dic total di�erence b et w een p and

t

( i )

to b e

�

i

=

m

X

j =1

f

[1]

�

p

j

� t

i + j � 1

�

;

for i = 1 ; : : : ; n � m + 1.

Since f

[1]

( x � y ) can expressed as a linear com bination of 2 � � 1 pro duct

terms, i.e.

f

[1]

( x � y ) = �

[1]

0

r (0)

+

�

X

k =1

�

[1]

k

r ( k ) c

k

( x ) c

k

( y )

+

� � 1

X

k =1

�

[1]

k

r ( x ) s

k

( y ) s

k

( y ) ;

8



it follo ws that all the p erio dic di�erences can b e calculated in (2 � � 1) O ( n log m )

time using FFTs. In particular, w e can iden tify

J

�




= f i : �

i

� 
 g ;

the set of lo cations where the p erio dic total di�erence is no larger than 
 .

The ( � ; 
 ) matc hing problem is no w solv ed. Lo cations that are in the in ter-

section I

�

\ J

�




will meet b oth the � matc hing and 
 matc hing criteria since

total di�erences are correctly calculated for all lo cations in I

�

. The �nal

algorithm requires 4 � � 1 inner-pro duct calculations and tak es O ( � n log m )

time o v erall.

4 T otal-di�erence algorithm

A naiv e algorithm for the total di�erence problem in v olv es O ( n ) successiv e

calculations eac h of length O ( m ) and therefore runs in O ( nm ) time. F or the

canonical case, n = 2 m , this implies that the running time is quadratic in m .

In [6 ] the question of whether the problem can b e solv ed in sub quadratic time

is raised. W e will giv e a sub quadratic algorithm, running in O ( m

p

m log m )

time for the canonical problem and hence b y the usual argumen t in time

O ( n

p

m log m ) for text of length n . A solution to the total di�erence problem

immediately giv es a solution to the 
 matc hing problem,

The essence of the metho d is �rstly to solv e an incomplete v ersion of the

problem using FFTs and then tidy up lo ose ends afterw ards b y straigh tfor-

w ard calculations.

W e start b y observing that the di�erence b et w een t w o n um b ers x and y can

b e calculated as the sum of four pro ducts

j x � y j = xI

x

J

y

� I

x

y J

y

+ J

x

y I

y

� xJ

x

I

y

;

where I

a

= 1 if a > � and I

a

= 0 otherwise and J

a

= 1 � I

a

, pro vided x and y

are on opp osite sides of some arbitrary v alue � : When this is not the case the

righ t hand side is 0. This observ ation forms the basis of the algorithm. In

other w ords con tributions to M

i

from pairs of v alues ( p

j

; t

i + j � 1

) on opp osite

sides of sp eci�c thresholds are accum ulated �rst. The remaining terms are

collected in the second stage of the algorithm.

The algorithm

9



Assume n = 2 m .

1) P artition

Sort the v alues in the set f p

1

; p

2

; : : : ; p

m

g in increasing order and let A b e the

asso ciated arra y of indices of the sorted p -v alues. No w partition A from left

to righ t in to b successiv e arra ys eac h of length m=b . Denote the k th of these

arra ys b y A

k

and let �

k

b e its largest elemen t. F or notational con v enience

de�ne �

0

= �1 :

Next consider the set f t

1

; t

2

; : : : ; t

2 m

g . By sorting this set in increasing order,

obtain a corresp onding collection of arra ys f B

k

: k = 1 ; 2 ; : : : ; b g , where B

b

con tains all the indices j suc h that t

j

> �

b � 1

and B

k

con tains all the indices

j suc h that �

k � 1

< t

j

� �

k

for k < b . The end result is that w e can asso ciate

eac h en try t

j

in the text with m=b en tries in the pattern, since j m ust b elong

to one of the arra ys B

k

and there are m=b mem b ers of of the arra y A

k

.

2) FFT

F or k = 1 ; : : : ; b and x a real n um b er de�ne t w o functions:

I

k

( x ) =

(

1 if x > �

k

0 otherwise,

and J

k

( x ) =

(

1 if �

k � 1

< x � �

k

0 otherwise.

F or eac h k create four new text strings �

k 1

( t ) ; �

k 2

( t ) ; �

k 3

( t ) and �

k 4

( t ) with

j th elemen ts that are resp ectiv ely t

j

I

k

( t

j

) ; I

k

( t

j

) ; J

k

( t

j

) and t

j

J

k

( t

j

) : Cor-

resp ondingly , create four new pattern strings �

k 1

( p ) ; �

k 2

( p ) ; �

k 3

( p ) and �

k 4

( p )

with j th elemen ts that are resp ectiv ely J

k

( p

j

) ; � p

j

J

k

( p

j

) ; p

j

I

k

( p

j

) and � I

k

( p

j

).

With this construction

m

X

j =1

j p

j

� t

i + j � 1

j =

b

X

k =1

4

X

` =1

�

k `

( p ) � �

k `

( t )

( i )

+ remainder ;

where the remainder con tains terms from pairs of v alues ( p

j

; t

i + j � 1

) where

p

j

2 A

k

and t

i + j � 1

2 B

k

for some k .

3) The remainder

No w deal with the omitted cases, i.e. pairs of text and pattern elemen ts that

lie in asso ciated arra ys ( A

k

; B

k

) for some k . W orking through eac h of the

arra ys B

k

, for eac h elemen t of the text the n um b er of asso ciated elemen ts

in the pattern is m=b . The total n um b er of suc h pairs considered is then

2 m � m=b . F or these cases, the con tributions to the total di�erences can b e

calculated in the straigh tforw ard manner in O ( m

2

=b ) time.
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4) The Running time

The running time for 1) is O ( m log m ). The running time for 2) is 4 bO ( m log m ),

since 4 b FFTs ha v e to b e calculated. The running time from 3) is O ( m

2

=b ),

so the total time is O ( m

2

=b + 4 bm log m ). T aking b =

p

m= log m , the run-

ning time is then O ( m

p

m log m ) for the case n = 2 m and hence O ( n

p

m log m )

in general.

5 Discussion

W e ha v e giv en new faster solutions to appro ximate matc hing problems on

strings of in tegers. In particular, w e ha v e presen ted an algorithm for com-

puting L

1

distances in O ( n

p

m log m ) time (the total di�erence problem)

and an O ( � n log m ) for � and ( � ; 
 ) matc hing. A n um b er of imp ortan t ques-

tions remain unresolv ed. F or example, is it p ossible to calculate all L

1

distances in o ( nm ) time? Can Abrahamson's metho d b e extended to the

general L

p

class of v ector norms?

Other imp ortan t problems for n umeric string data arise when the v alues in

the pattern can b e shifte d up or do wn b y some constan t when lo oking for a

matc h. In the m usical setting, for example, this corresp onds to lo oking for

a m usical pattern in a database while allo wing the k ey to c hange. F or the

L

2

norm w e de�ne the shift-matc hing problem as follo ws.

Problem 5 ( L

2

shift matc hing) Determine L

�

wher e

L

�

= f i : min

l

i

2 Z

f

m

X

j =1

( p

j

� t

i + j � 1

+ l

i

)

2

g � � g :

Optimal v alues for l

i

that minimises the sum of squares di�erence at eac h i

can b e found b y expanding the squared term and di�eren tiating with resp ect

to l

i

. Therefore l

i

= a vg ( t

( i )

) � a vg ( p ) minimises the sum at an y giv en

p osition, where the a v erage o v er a string is de�ned as the mean v alue of its

c haracters. This can clearly b e calculated in linear time for 1 � i � n � m + 1.

The l

i

v alues can b e used to calculate L

�

in O ( n log m ) time using the FFT

metho ds describ ed earlier. It is an op en question if shift-matc hing using the

L

1

or L

1

norms can b e solv ed in o ( nm ) time. An in teresting subproblem

that arises is ho w to compute the median of the v alues in eac h substring t

( i )

in o ( nm ) time for 1 � i � n � m + 1.
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