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ABSTRACT
This pap er obtains the follo wing results on pattern matc hing

problems in whic h the text has length n and the pattern has

length m .

� An O ( n log m ) time deterministic algorithm for the

String Matc hing with Wildcards problems, ev en when

the alphab et is large.

� An O ( k log

2

m ) time Las V egas algorithm for the Sparse

String Matc hing with Wildcards problem, where k <<

n is the n um b er of non-zeros in the text. W e also giv e

Las V egas algorithms for the higher dimensional v er-

sion of this problem.

� As an application of the ab o v e, an O ( n log

2

m ) time

Las V egas algorithm for the Subset Matc hing and T ree

P attern Matc hing problems, and a Las V egas algo-

rithm for the Geometric P attern Matc hing problem.

� Finally , an O ( n log

2

m ) time deterministic algorithm

for Subset Matc hing and T ree P attern Matc hing.

The crucial new idea underlying the �rst three results ab o v e

is that of con�rming matc hes b y con v olving v ectors obtained

b y co ding c haracters in the alphab et with non-b o olean (i.e.,

rational or ev en complex) en tries; in con trast, almost all

previous pattern matc hing algorithms consider only b o olean

co des for the alphab et. The crucial new idea underlying

the fourth result is a simpler metho d of shifting c haracters

whic h ensures that eac h c haracter o ccurs as a singleton in

some shift.
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1. INTRODUCTION
This pap er obtains deterministic and Las V egas algorithms

for a v ariet y of pattern matc hing problems. Eac h of these

problems requires �nding all o ccurrences of a pattern p in

a text t . All the Las V egas algorithms w e giv e ha v e the

follo wing form: �nd a set of candidate matc hes and then

v erify them. Indeed, the deterministic algorithm for wild-

card matc hing can also b e view ed in this spirit. While this

approac h is not new (see e.g., [3] and [14]), the metho d in

this pap er app ears to b e considerably more general.

The criteria for de�ning pattern o ccurrences di�er for eac h

of the problems w e consider. W e describ e previous history

and our results for eac h of these problems in turn. In eac h

problem, unless otherwise sp eci�ed, w e will use n to denote

j t j and m to denote j p j .

The Wildcard Matc hing Problem. Here, p is said to

o ccur at lo cation i in t if, for eac h non-wildcard sym b ol

p [ j ] in p , 0 � j < m , the corresp onding text sym b ol t [ i +

j ] is either iden tical to p [ j ] or is itself a wildcard sym b ol.

Let � denote the alphab et set from whic h the non-wildcard

sym b ols in t; p are dra wn.

A classic result of Fisc her and P aterson [7] states that this

problem can b e solv ed in O ( n log m log j � j ) time. Remo ving

the dep endence on j � j in the ab o v e time complexit y has

b een an imp ortan t op en problem for a long time. Recen tly ,

Indyk [11] remo v ed the dep endence on j � j but b y using a

Mon te Carlo randomized algorithm whic h to ok O ( n log n )

time. Kalai [13] ga v e another (simpler) Mon te Carlo ran-

domized algorithm with a running time of O ( n log m ).

W e giv e a v ery simple deterministic algorithm for the

ab o v e problem whic h runs in O ( n log m ) time. The main

idea here is to assign a t w o c haracter rational co de to eac h

non-wildcard c haracter in t and p and then p erform a con v o-

lution. This con v olution will allo w us to coun t the n um b er

of aligned matc hing non-wildcard c haracters.

Most previous approac hes ha v e used b o olean co des for

the alphab et in conjunction with con v olution. One p ossible

exception is Indyk's algorithm [11], whic h uses a b o olean

enco ding for the alphab et but then p erforms a con v olution

mo dulo 2 in linear time; this mo dulo 2 con v olution in v olv es

p erforming a regular con v olution on v ectors of size �(

n

log n

)

with en tries in a �eld de�ned b y irreducible degree �(log n )

b o olean p olynomials. Kalai's algorithm [13] is another ex-

ception whic h e�ectiv ely uses in teger co des. Note that in



con trast to Indyk's and Kalai's algorithms, all matc hes re-

p orted b y our algorithm are certain.

The Shift Matc hing Problem. In this problem, the c har-

acters in the text and pattern are either in tegers or wild-

cards. P attern p is said to o ccur at lo cation i in t if there

exists an in teger l

i

suc h that one of the follo wing conditions

holds for all non-wildcard sym b ols p [ j ] in p :

1. The text c haracter t [ i + j ] aligned with p [ j ] is a wild-

card.

2. t [ i + j ] � p [ j ] = l

i

.

This problem has not b een previously studied. Our moti-

v ation in de�ning this problem is its crucial use in solving the

Sparse Wildcard Matc hing problem (whic h will b e describ ed

shortly). W e giv e a deterministic algorithm whic h tak es

O ( n log max f N ; m g ) time, where N is a parameter suc h that

the en tries in t; p come from the range 0 : : : N � 1. The main

idea here is to assign a complex co de to eac h non-wildcard

c haracter in t and p and then p erform a con v olution; again,

this con v olution will allo w us to coun t the n um b er of aligned

pairs of c haracters satisfying condition 2 ab o v e.

The d -Dimensional Sparse Wildcard Matc hing Al-

gorithm. In this problem, t; p are d -dimensional arra ys of

size n

d

and m

d

, resp ectiv ely . T ext t is sparse, i.e., it has

only k non-zero c haracters, where k << n

d

, and no wild-

card c haracters. The pattern p comprises wildcard and non-

zero non-wildcard c haracters. p is said to o ccur at lo cation

i

1

; : : : ; i

d

in t if, for all non-wildcard c haracters p [ j

1

; : : : ; j

d

]

in p , t [ i

1

+ j

1

; : : : ; i

d

+ j

d

] = p [ j

1

; : : : ; j

d

]; in other w ords, eac h

non-wildcard c haracter in p m ust b e aligned with an iden ti-

cal c haracter in t . Clearly , the n um b er of non-wildcards in

p m ust b e at most k for it to o ccur an ywhere in the text.

W e assume that b oth the text and the pattern are giv en b y

the implicit O ( k d ) size description whic h sp eci�es the list of

non-zero en tries in eac h.

This problem w as de�ned (implicitly) b y Cardoze and

Sc h ulman [2] with the aim of solving the Geometric P attern

Matc hing problem (whic h will b e de�ned shortly). They

ga v e a Mon te Carlo randomized algorithm with running time

O ( k log k + k d ) and failure probabilit y in v erse p olynomial in

k . The k ey idea in this algorithm w as to hash the text and

pattern do wn to strings of size �( k ); this hashing preserv es

all matc hes and do es not in tro duce new spurious matc hes,

with high probabilit y .

W e will sho w ho w to solv e this problem using a Las V egas

randomized algorithm whose running time is O ( dk log k log n ),

with failure probabilit y in v erse p olynomial in k . F or md �

n , a v arian t of the standard tric k of breaking the text in to

smaller pieces decreases this running time to

O ( dk log min f k ; ( dm )

d

g log dm + dk log k )

The failure probabilit y is in v erse p olynomial in min f k ; ( dm )

d

g .

Our Las V egas algorithm essen tially adds a v eri�cation

step to the Mon te Carlo algorithm of Cardoze and Sc h ulman

[2]. V eri�cation requires the detection of spurious matc hes

in tro duced b y the hashing men tioned ab o v e. T o detect suc h

matc hes, one needs to c hec k whether eac h pair of aligned

c haracters (in the text and pattern obtained after hash-

ing) in a claimed matc h actually corresp onds to a pair of

aligned c haracters in the original text and pattern, resp ec-

tiv ely . This w as precisely our motiv ation for de�ning the

Shift Matc hing problem. Our algorithms for Wildcard Matc h-

ing and Shift Matc hing ab o v e pla y a crucial role in detecting

these spurious matc hes.

Subset Matc hing and T ree P attern Matc hing. In the

Subset Matc hing problem, eac h text lo cation and eac h pat-

tern lo cation is a set of c haracters dra wn from an alphab et

� of size � . Let s denote the total sum of the sizes of all

text and pattern sets. The pattern p is said to o ccur at text

p osition i if the set p [ j ] is a subset of the set t [ i + j ], for all

lo cations j in p .

This problem w as de�ned b y Cole and Hariharan [3], as

an in termediate problem in solving the T ree P attern Matc h-

ing problem (to b e de�ned shortly). The previous b est al-

gorithms kno wn for this problem w ere an O ( s

log

3

s

log log s

) time

Las V egas algorithm due to Cole, Hariharan and Indyk [4],

an O ( s log s ) time Mon te Carlo algorithm due to Indyk [11],

and an O ( s log

3

s ) time deterministic algorithm due to Cole,

Hariharan and Indyk [4]. The ab o v e time complexities are

for the case when s � n; m (if not, then the running times

b ecome O ( n

log

2

s

log log s

log max f m; s g ), O ( n log s ) and

O ( n log

2

s log max f m; s g ), resp ectiv ely .

As a direct application of our 1-d Sparse Wildcard Matc h-

ing algorithm, w e giv e a Las V egas algorithm with run-

ning time O ( s log

2

s ), with failure probabilit y at most in-

v erse p olynomial in s (assuming s � n; m , if not, then the

running time b ecomes O ( s log s log max f m; s g ), with failure

probabilit y still in v erse p olynomial in s ).

In addition, w e giv e a deterministic algorithm with run-

ning time O ( s log

2

s ) (assuming s � n; m , if not, then the

running time b ecomes O ( n log s log max f m; s g )). This algo-

rithm is based on the idea of c ho osing collections of shifts

for c haracters in t and p suc h that eac h c haracter o ccurs as

a singleton in at least one of the collections. This idea w as

the basis for the algorithm in [3]; ho w ev er, that pap er c hose

shifts randomly , in con trast to our deterministic construc-

tion. A deterministic construction based on con v olution w as

giv en in [4]. The presen t deterministic construction do es not

use con v olutions and is faster b y a log s factor. The result-

ing algorithm is substan tially simpler than the O ( s log

3

s )

time deterministic algorithm in [4].

In the T r e e Pattern Matching problem, t and p are or-

dered, no de-lab elled trees of size n and m resp ectiv ely . The

pattern o ccurs at a particular text p osition if placing the

pattern with ro ot at that text p osition leads to a situation

in whic h eac h pattern no de o v erlaps some text no de with the

same lab el. As sho wn in [3, 5], the T ree P attern Matc hing

problem can b e reduced in linear time to the Subset Matc h-

ing problem. The ab o v e results for the Subset Matc hing

problem immediately lead to O ( n log

2

m ) time Las V egas

and deterministic algorithms for T ree P attern Matc hing.

Geometric P attern Matc hing. In this problem, t and p

are collections of p oin ts in d -dimensional space. Let k de-

note the n um b er of p oin ts in t . W e assume that these p oin ts

ha v e in teger co ordinates and that the co ordinates of p oin ts

in t and p come from the ranges [0 : : : n � 1] and [0 : : : m � 1],

resp ectiv ely . The aim is to determine whether there exists

a transformation from an allo w ed class of transformations

whic h when applied to p ensures that eac h p oin t in p is

within a sp eci�ed threshold distance � of some p oin t in t .

The t w o kinds of transformations w e consider are transla-

tions and rigid motions, i.e., translations coupled with rota-



tions.

The previous b est algorithm for translations w as a Mon te

Carlo algorithm due Cardoze and Sc h ulman [2] and had a

running time of O ( k (2� + 1)

d

log [ k (2� + 1)

d

]). F or rotations,

Cardoze and Sc h ulman [2] ga v e a Mon te Carlo algorithm

with a running time of O ( f ( k ; d; � ; � ) log f ( k ; d; � ; � )) for

an appropriate function f ( k ; d; � ; � ), where � is a tolerance

parameter in measuring distances.

F or translations, w e giv e a Las V egas algorithm with run-

ning time O ( dk (2� + 1)

d

log [ k (2� + 1)

d

] log n ), with fail-

ure probabilit y in v erse p olynomial in k (2� + 1)

d

. F or the

case when md � n , this can b e impro v ed to O ( dk (2� +

1)

d

log min f k (2�+1)

d

; ( dm )

d

g log dm + dk (2�+1)

d

log k (2�+

1)

d

); the failure probabilit y is at most in v erse p olynomial in

min f k (2� + 1)

d

; ( dm )

d

g . F or rigid motions, w e giv e a Las

V egas algorithm with running time

O ( f ( k ; d; � ; � ) log min f f ( k ; d; � ; � ) ;

m

p

d

�

g log

m

p

d

�

)

The failure probabilit y is in v erse p olynomial in

min f f ( k ; d; � ; � ) ;

m

p

d

�

g

These algorithms are direct consequences of our Sparse Wild-

card Matc hing algorithm.

Sparse Con v olution. In the Sparse Con v olution problem,

the aim is to �nd the con v olution v ector w of t w o giv en

v ectors t and p , comprising only non-negativ e en tries. W e

assume that t and p are giv en not as explicit v ectors but

rather as lists of lo cation-v alue pairs comprising lo cations

whic h ha v e non-zero v alues. The aim is to compute w in

an output sensitiv e w a y , i.e., in time prop ortional to the

n um b er of non-zero en tries in w . This problem w as p osed

in [15].

Let jj w jj denote the n um b er of non-zero en tries in w . W e

sho w ho w to obtain these non-zero en tries in O ( jj w jj log

2

m )

time, using a Las V egas randomized algorithm, whose failure

probabilit y is in v erse p olynomial in m . T o the b est of our

kno wledge, this is the �rst algorithm for this problem. W e

remark that if w e w an ted to allo w negativ e en tries in t and

p , w e w ould need to de�ne jj w jj as the n um b er of non-zero

en tries in ~w , where ~w is as follo ws. Let

~

t and ~p b e t and p ,

resp ectiv ely , with non-zero en tries replaced b y 1; ~w is the

pro duct of

~

t and ~p .

Roadmap. Section 2 describ es the de�nitions, notations

and a basic to ol used b y our algorithms. Eac h subsequen t

section describ es our algorithms for the problems listed ab o v e,

in turn. Pro ofs of lemmas and the description of the Sparse

Con v olution algorithm are omitted for lac k of space.

2. PRELIMINARIES
All algorithms in this pap er will assume the RAM mo del

of computation, whic h allo ws arithmetic on log N bit n um-

b ers in O (1) time, where N is of the order of the maxim um

problem size.

In all our problems, w e will use n to denote j t j and m

to denote j p j (except in the d -Dimensional Sparse Wild-

card Matc hing problem in whic h the corresp onding terms

are n

d

and m

d

, resp ectiv ely). Using a standard reduction,

w e will assume that n � 2 m for all problems in whic h t and

p are strings (using the standard tric k of breaking the text

in to pieces of length 2 m , consecutiv e pieces o v erlapping b y

m ). t and p are indeed strings in all problems, except for

the d -Dimensional Sparse Wildcard Matc hing Problem, the

T ree P attern Matc hing problem, and the Geometric P attern

Matc hing problem.

The follo wing de�nition will b e cen tral to the tec hniques

used in this pap er.

Con v olution. The c onvolution ve ctor of t w o v ectors u; v is

de�ned as the v ector w suc h that w [ i ] =

P

j u j� 1

j =0

u [ j ] v [( i +

j )( mo d j v j )]. W e use the notation u � v to denote w . Note

that this de�nition of con v olution in v olv es wrap-around (i.e.,

v is assumed to b e a cyclic v ector). In this pap er, w e will

also use the non-wrap-around notion of con v olution, i.e.,

w [ i ] =

P

j u j� 1

j =0

u [ j ] v [ i + j ], with out of range en tries tak en

as 0. Ho w ev er, unless otherwise sp eci�ed, all references to

con v olution will refer to the wrap-around de�nition.

The F ast Con v olution Theorem. The follo wing theorem

and its consequen t corollary on the RAM mo del are standard

(see for example, [17], page 1) and crucial to our algorithms.

They hold for b oth de�nitions of con v olution ab o v e.

Theorem 1. Consider two ve ctors u; v , e ach ve ctor hav-

ing length O ( m ) and c omprising l -bit entries. L et M ( l ) b e

the time taken to multiply two l bit numb ers. Then u � v

with entries pr e cise up to l � �(log m ) bits c an b e obtaine d

in O ( m log m � M ( l )) time.

Since M ( l ) = O (1) on the RAM mo del for l = O (log N ),

w e get the follo wing corollary .

Cor ollar y 2. If l = O (log N ) then u � v with entries

pr e cise up to l � �(log m ) bits c an b e obtaine d in O ( m log m )

time.

3. THE WILDCARD MATCHING ALGORITHM
As stated in Section 2, w e assume that n < 2 m and sho w

ho w Corollary 2 yields a simple O ( m log m ) time algorithm

for Wildcard Matc hing. W e assume, without loss of gen-

eralit y , that sym b ols in t and p are dra wn from the in teger

alphab et 0 : : : m � 1 (otherwise, sort and rename the sym b ols

at an exp ense of O ( m log m ) time).

Our algorithm p erforms the follo wing t w o non-wrap-around

con v olutions.

Step 1. The aim of this con v olution is to compute, for eac h

lo cation i of t , the n um b er of non-wildcards in p that are

aligned with non-wildcards in t when p [0] is aligned with

t [ i ]. Call this coun t nw [ i ]. This is calculated as follo ws.

W e obtain a new text t

0

from t b y replacing eac h non-

wildcard b y 1 and eac h wildcard b y 0. A new pattern p

0

is obtained from p in the same w a y . It is easily seen that

( t

0

� p

0

)[ i ] = nw [ i ]. By Corollary 2, t

0

� p

0

can b e computed

in O ( m log m ) time.

Step 2. The aim of this con v olution is to compute, for eac h

lo cation i of t , a quan tit y whic h indicates whether or not

p matc hes at i . The follo wing con v olution will yield v alue

2 � nw [ i ] if and only if p matc hes at lo cation i . Since nw [ i ]

is already kno wn from Step 1, this information is su�cien t

to �nd all o ccurrences of p in t .

This con v olution in v olv es a new text t

0

obtained from t

b y replacing eac h non-wildcard c haracter a b y t w o adjacen t

n um b ers a and 1 =a (i.e., if t [ j ] = a then t

0

[2 j ] = a and

t

0

[2 j + 1] = 1 =a ), and eac h wildcard b y t w o 0's. A new



pattern p

0

is obtained from p in the same w a y , except that

1 =a and a are switc hed (i.e., if p [ j ] = a then p

0

[2 j ] = 1 =a

and p

0

[2 j + 1] = a ). It is easily seen that p o ccurs at lo cation

i if and only if ( t

0

� p

0

)[2 i ] = 2 � nw [ i ] (this uses the fact that

a=b + b=a � 2 +

1

m ( m � 1)

for a 6= b ). It remains to determine

the time tak en for this con v olution.

Time and Precision Analysis. Using the fact that a=b +

b=a � 2 +

1

m ( m � 1)

for a 6= b , it follo ws that ( t

0

� p

0

)[2 i ] �

2 � nw [ i ] either equals 0 or is at least

1

m ( m � 1)

. Therefore,

O (log m ) bits of precision are su�cien t to detect whic h of

these t w o cases o ccurs. By Corollary 2, t

0

� p

0

can b e com-

puted to this lev el of precision in O ( m log m ) time, pro vided

the input v ectors t

0

and p

0

themselv es ha v e en tries whic h are

correct up to �(log m ) bits of precision. Setting up t

0

and p

0

with this lev el of precision is easily done in O ( m log m ) time

(the only issue is that of determining �(log m ) signi�can t

digits of 1 =a , whic h is easily done in O (log m ) time). This

concludes the algorithm.

4. THE SHIFT MATCHING ALGORITHM
As stated in Section 2, w e assume that n < 2 m . W e

sho w ho w Corollary 2 yields a simple O ( m log ( mN )) time

algorithm for Shift Matc hing. As in Wildcard Matc hing,

there are t w o steps. The �rst step is iden tical to the �rst

step in Wildcard Matc hing and obtains the coun t nw [ i ] for

all text lo cations i . The second step is also similar, but uses

a di�eren t enco ding, as detailed b elo w. In what follo ws, let

� denote

2 �

p

� 1

N

.

Step 2. The aim of this step is to compute, for eac h lo cation

i of t , a quan tit y whic h indicates whether or not p matc hes

at i . The follo wing con v olution will yield a complex n um b er

with mo dulus nw [ i ] if and only if p matc hes at lo cation i .

Since nw [ i ] is already kno wn from Step 1, this information

is su�cien t to �nd all o ccurrences of p in t .

This con v olution in v olv es a new text t

0

obtained from t

b y replacing eac h non-wildcard c haracter a b y e

�a

and eac h

wildcard c haracter b y 0. Similarly , a new pattern p

0

is ob-

tained from p b y replacing eac h non-wildcard c haracter a b y

e

� �a

and eac h wildcard c haracter b y 0. It is easily seen that

p o ccurs at lo cation i if and only if ( t

0

� p

0

)[ i ] = e

�l

i

� nw [ i ],

for some in teger l

i

(whic h is also the di�erence b et w een an y

aligned pair of non-wildcard text and pattern c haracters in

this matc h). It remains to determine the time and precision

required for this con v olution.

Time and Precision Analysis. It is easily seen that j ( t

0

�

p

0

)[ i ] � e

�l

i

� nw [ i ] j either equals 0 or is at least

j e

�l

i

� e

� ( l

i

� 1)

j = 2 S in

�

N

�

1

N

; for N � 2 :

Therefore, O (log N ) bits of precision in the output are suf-

�cien t to detect whic h of these t w o cases o ccurs. By Corol-

lary 2, t

0

� p

0

can b e computed to this lev el of precision in

O ( m log m ) time, pro vided the input v ectors t

0

and p

0

them-

selv es ha v e en tries whic h are correct up to �(log m + log N )

bits of precision. Setting up t

0

and p

0

with this lev el of pre-

cision is easily done in O ( m log ( mN )) time.

Remark. W e claim that if required, then for eac h matc h

t [ i ] of p in t , l

i

, if de�ned, can b e computed as w ell in the

ab o v e men tioned time (b y computing l

i

from e

�l

i

). Note

that l

i

is de�ned as long as the pattern and the text ha v e at

least one pair of aligned non-wildcard c haracters.

5. THE D ­DIMENSIONAL SPARSE WILD­
CARD MATCHING ALGORITHM

Before w e describ e our algorithm for the Sparse Wildcard

Matc hing problem, w e need to describ e t w o basic to ols used

in this algorithm: dimension r e duction and length r e duction

by hashing .

Dimension Reduction. Consider t w o p ossibly sparse d -

dimensional arra ys t and p , with j t j = n

d

, j p j = m

d

. t

comprises some zeros and k non-zeros and p comprises wild-

cards and non-zero non-wildcard c haracters. As in [2], w e

use random pro jections to obtain strings t

0

and p

0

from t

and p , resp ectiv ely . t

0

and p

0

ha v e length p olynomial in k

and matc hes of p in t will b e related to matc hes of p

0

in t

0

as describ ed shortly .

Cho ose in tegers b

1

: : : b

d

indep enden tly and uniformly at

random from a range p olynomial in k . Map eac h lo cation

t [ i

1

; : : : ; i

d

] to t

0

[

P

d

r =1

b

r

i

r

] and lik ewise for p . It is easy to

see that distinct non-zeros in t map to distinct lo cations in

t

0

, with failure probabilit y in v erse p olynomial in k . F urther,

this prop ert y is easily v eri�ed in O ( k d + k log k ) time. A

similar prop ert y holds for non-wildcards in p ; these map to

distinct lo cations in p

0

. A lo cation in t

0

to whic h no non-

zero in t maps is set to 0 and a lo cation in p

0

to whic h no

non-wildcard in p maps is set to the wildcard c haracter. The

follo wing imp ortan t lemma holds.

Lemma 3. If p matches starting at t [ i

1

; : : : ; i

d

] then p

0

matches starting at t

0

[

P

d

r =1

b

r

i

r

] . F urther, if p do es not

match starting at t [ i

1

; : : : ; i

d

] then p

0

do es not match at

t

0

[

P

d

r =1

b

r

i

r

] , with failur e pr ob ability inverse p olynomial in

k .

Length Reduction b y Hashing. Consider t w o p ossibly

sparse strings t and p , with j t j = n , j p j = m . t comprises

zeros and non-zeros and p comprises wildcards and non-zero

non-wildcard c haracters (whic h w e will sometimes refer to as

just non-zeros). As in [2], w e use hashing to obtain shorter

strings (of an appropriately c hosen length s ) from t and p

as follo ws.

Let H denote a family of hash functions giv en b y ax ( mo d

q )( mo d s ), where p is a prime in 2 n : : : 4 n , a 2 0 : : : q � 1,

and s is a n um b er p ossibly m uc h smaller than n . W e c ho ose

a random hash function h = ax ( mo d q )( mo d s ) from H

(i.e., w e c ho ose a uniformly from 0 : : : q � 1). Using h , w e

will map t and p to small strings t

h

and p

h

, resp ectiv ely , as

b elo w.

Eac h lo cation i in t

h

and p

h

will corresp ond to a set of

non-zero lo cations in t and p , resp ectiv ely , whic h map to

i . t

h

is obtained b y mapping eac h lo cation x in t to the

follo wing t w o lo cations in t

h

:

� ax ( mo d q )( mo d s )

� [ ax ( mo d q ) + q ]( mo d s )

Th us eac h lo cation in t has 2 images in t

h

. p

h

is obtained b y

mapping eac h lo cation x in p to lo cation ax ( mo d q )( mo d

s ) in p

h

.

De�nitions. A lo cation is t

h

is called empty , if no non-zero

lo cations in t map to it, singleton , if exactly one non-zero

lo cation in t maps to it, and multiple otherwise. Analogous



de�nitions hold for lo cations in p

h

. A wr ap-ar ound place-

men t of p

h

starting at lo cation i in t

h

is a placemen t of p

h

suc h that p

h

[ j ] is aligned with t

h

[( i + j )( mo d s )].

The follo wing prop erties of t

h

and p

h

will b e crucial and

are easy to sho w.

Lemma 4. Consider a wr ap-ar ound plac ement of p

h

in

t

h

with p

h

[0] aligne d with t

h

[ h ( i )] . Then for e ach j; 0 �

j � m � 1 , p

h

[ h ( j )] is aligne d with t

h

[( h ( i ) + h ( j ))( mo d s )] ,

which is one of the images of t [ i + j ] .

Lemma 5. L et k denote the numb er of non-zer os in t .

Consider a wr ap-ar ound plac ement of p

h

in t

h

with p

h

[0]

aligne d with t

h

[ h ( i )] and c onsider any lo c ation p [ j ] . If q

is inde e d a prime, then with pr ob ability O (

k

s

) , p

h

[ h ( j )] is

aligne d with a non-empty lo c ation in t

h

if and only if t [ i +

j ] 6= 0 .

5.1 The Monte­Carlo Algorithm
W e assume that the text t has size n

d

and the pattern

p has size m

d

. Let k denote the n um b er of non-zeros in t .

W e describ e the Mon te Carlo algorithm of [2] �rst and then

use the Wildcard Matc hing and Shift Matc hing algorithms

ab o v e to get a Las V egas algorithm. W e describ e this algo-

rithm only for the case when all non-zeros in t and p equal

1. The Las V egas algorithm to b e describ ed will handle the

more general case as w ell.

First, w e do the dimension reduction describ ed ab o v e to

obtain strings t

0

and p

0

from t and p , resp ectiv ely . This

tak es O ( dk + k log k ) time. Note that t

0

and p

0

ha v e length

p olynomial in k . Next, w e set s = O ( k ) (recall from ab o v e

that s is the range of the hash functions to b e c hosen), with

the constan t c hosen appropriately , so that the probabilit y

in Lemma 5 is a small enough constan t. Then w e c ho ose

�(log k ) hash functions h indep enden tly and uniformly at

random from H ; for eac h c hosen hash function h , w e obtain

t

h

and p

h

from t

0

and p

0

as describ ed ab o v e. The time tak en

in this pro cess is O ( pol y l og ( k )) for c ho osing q and O ( k log k )

for constructing t

h

and p

h

, o v er all h .

F or eac h c hosen hash function h , w e �nd all wrap-around

placemen ts of p

h

in t

h

suc h that eac h non-empt y lo cation

in p

h

is aligned with a non-empt y lo cation in t

h

. This is

done easily b y a simple reduction to the Bo olean Wildcard

Matc hing problem and tak es O ( k log

2

k ) time o v er all c hosen

hash functions h . Lo cation t

h

[ i ] is said to b e a match for p

h

if the wrap-around placemen t of p

h

starting at t

h

[ i ] satis�es

the ab o v e prop ert y .

Let M denote the set of p otential matches of p in t (i.e.,

those placemen ts of p in t for whic h the lexicographically

least non-zero lo cation in p is aligned with a non-zero in t );

note that j M j � k . Then, for eac h i

1

; : : : ; i

d

2 M , w e c hec k

in O ( d + log k ) time whether p

h

matc hes t

h

at h (

P

d

r =1

b

r

i

r

)

for all c hosen h . P oten tial matc hes in M satisfying this con-

dition are declared real matc hes. This tak es O ( k d + k log k )

time o v erall.

It remains to sho w correctness. F rom Lemmas 4 and 3,

it is easily seen that if p matc hes t at lo cation i

1

; : : : ; i

d

,

then p

h

matc hes t

h

at lo cation h (

P

d

r =1

b

r

i

r

), for all c ho-

sen h . F urther, from Lemmas 5 and 3, if p do es not matc h

t at lo cation i

1

; : : : ; i

d

, then p

h

mismatc hes t

h

at lo cation

h (

P

d

r =1

b

r

i

r

), for at least one of the c hosen h , with failure

probabilit y in v erse p olynomial in k . Th us, all matc hes of p

in t will pass the ab o v e test with certain t y , while the proba-

bilit y of an y mismatc h passing this test is in v erse p olynomial

in k .

The total time tak en is O ( pol y l og ( k ) + dk + k log

2

k ). Car-

doze and Sc h ulman [2] in fact obtain a sligh tly faster algo-

rithm running in O ( pol y l og ( k ) + dk + k log k ) b y using a linear

time Mon te Carlo algorithm for doing con v olution mo dulo

2 [11].

5.2 The Las Vegas Algorithm
W e no w sho w ho w to con v ert the ab o v e Mon te Carlo algo-

rithm to a Las V egas algorithm running in time O ( pol y l og ( k )

+ dk log k log n ), ev en for the case when the non-zeros in t

and p come from a large alphab et. Note that this essen tially

adds a m ultiplicativ e factor of O ( d log n ) to the Mon te Carlo

algorithm.

The main idea is to fo cus on singleton lo cations in t

h

and

p

h

, and compute v arious statistics on these singletons. The

follo wing fact is crucial and the pro of is similar to the pro of

of Lemma 5. Recall that follo wing the dimension reduction

and hashing steps, eac h non-zero lo cation in t has t w o images

in t

h

.

F a ct 6. The fol lowing holds with failur e pr ob ability in-

verse p olynomial in k : for e ach non-zer o lo c ation in t , ther e

exists a chosen hash function h such that b oth images of this

non-zer o ar e singletons in t

h

.

Step 1: Ensuring Singletons. W e b egin with the fol-

lo wing preliminary test. Ha ving c hosen the �(log k ) hash

functions h , w e c hec k whether, for eac h non-zero lo cation

in t , there exists a c hosen hash function h suc h that b oth

images of this non-zero lo cation are singletons in t

h

.

This prop ert y tak es O ( k log k ) time to c hec k. If this prop-

ert y do es not hold then the v eri�cation fails, and the en tire

algorithm is rep eated. By F act 6, the probabilit y of this

happ ening is in v erse p olynomial in k . In the sequel, w e as-

sume that, for eac h non-zero lo cation in t , there exists a

c hosen hash function h suc h that b oth images of this non-

zero lo cation are singletons in t

h

.

Step 2: Chec king that Singletons Matc h. F or eac h

c hosen hash function h , w e �nd all wrap-around placemen ts

of p

h

in t

h

suc h that the follo wing conditions are satis�ed:

1. Eac h non-empt y lo cation in p

h

is aligned with a non-

empt y lo cation in t

h

.

2. F or eac h pair of aligned singleton lo cations in t

h

and

p

h

, if an y , the follo wing prop ert y holds: the non-zero

c haracters in t and p , resp ectiv ely , whic h map to these

singleton lo cations are iden tical.

Both conditions are c hec k ed easily b y a simple reduction to

the Wildcard Matc hing problem. This step tak es O ( k log

2

k )

time o v er all c hosen hash functions h .

De�nition. Lo cation t

h

[ i ] is said to b e a match for p

h

if the wrap-around placemen t of p

h

starting at t

h

[ i ] satis-

�es the ab o v e prop erties. W e sa y that a p oten tial matc h

of p at t [ i

1

; : : : ; i

d

] is a claime d match if p

h

matc hes at

t

h

[ h (

P

d

r =1

b

r

i

r

)], for all c hosen hash functions h . F urther,

this claimed matc h of p at t [ i

1

; : : : ; i

d

] is said to c orr esp ond

to a matc h of p

h

at t

h

[ h (

P

d

r =1

b

r

i

r

)].



Note that b y Lemmas 4, 5, and 3, all matc hes of p in t

m ust b e claimed matc hes, and all claimed matc hes are true

matc hes with failure probabilit y in v erse p olynomial in k .

Next, w e need iden tify whic h, if an y , of the claimed matc hes

are false matc hes.

F alse Matc h Scenarios. W e en umerate the scenarios in

whic h a claimed matc h is a false matc h. Consider one suc h

false matc h of p at lo cation t [ i

1

; : : : ; i

d

]. Since this is not ac-

tually a matc h, there exists a non-zero lo cation p [ j

1

; : : : ; j

d

]

whose v alue is di�eren t from t [ i

1

+ j

1

; : : : ; i

d

+ j

d

]. F or

brevit y , let

^

i denote h (

P

d

r =1

b

r

i

r

) and

^

j denote h (

P

d

r =1

b

r

j

r

).

Since p

h

matc hes t

h

at

^

i , the lo cation t

h

[

^

i +

^

j ] aligned with

p

h

[

^

j ] is non-empt y , for all c hosen hash functions h .

There are only three p ossible false matc h scenarios.

1. t

h

[

^

i +

^

j ] is singleton but p

h

[

^

j ] is m ultiple, for some

c hosen h .

2. t

h

[

^

i +

^

j ] and p

h

[

^

j ] are b oth singletons, for some c hosen

h .

3. t

h

[

^

i +

^

j ] is m ultiple, for all c hosen h .

W e brie
y describ e ho w to detect false matc hes in eac h sce-

nario. Whatev er remains will b e a true matc h and all true

matc hes will indeed b e detected.

Detecting Scenario 1. Note that a true matc h can nev er

lead to Scenario 1. In other w ords, if p indeed matc hes t at

lo cation i

1

; : : : ; i

d

then Scenario 1 do es not hold. This can

b e seen as follo ws. If m ultiple non-zeros in p map to p

h

[

^

j ]

then the non-zeros in t aligned with these non-zeros in p

m ust all map to t

h

[

^

i +

^

j ], b y Lemmas 4 and 3. But this w ould

mean that t

h

[

^

i +

^

j ] is m ultiple and not singleton. Therefore,

for an y claimed matc h of p at t [ i

1

; : : : i

d

], if Scenario 1 holds

for the wrap-around placemen t of p

h

at t

h

[

^

i ] for ev en one of

the c hosen hash functions h , then this claimed matc h is not

an actual matc h.

Detecting Scenario 1 is easily done in O ( k log

2

k ) time

using a simple reduction to the Bo olean Wildcard Matc h-

ing problem. All claimed matc hes satisfying Scenario 1 are

eliminated b y this pro cess.

Detecting Scenario 2. Consider a particular claimed but

false matc h of p at t [ i

1

; : : : ; i

d

] in whic h p [ j

1

; : : : ; j

d

] is non-

zero and the aligned c haracter t [ i

1

+ j

1

; : : : ; i

d

+ j

d

] is either 0,

or non-zero and di�eren t from p [ j

1

; : : : ; j

d

]. Consider that

hash function h for whic h Scenario 2 holds in the corre-

sp onding matc h of p

h

in t

h

. So b oth t

h

[

^

i +

^

j ] and p

h

[

^

j ] are

singletons.

They k ey prop ert y whic h enables us to iden tify this mis-

matc h via Shift Matc hing is the follo wing. Clearly , the

unique non-zero lo cation in p whic h maps to p

h

[

^

j ] is the

lo cation p [ j

1

; : : : ; j

d

]. Let t [ i

0

1

; : : : ; i

0

d

] denote that unique

non-zero lo cation in t whic h maps to t

h

[

^

i +

^

j ]; note that

i

0

r

6= i

r

+ j

r

for some r , otherwise the claimed matc h b eing

considered w ould not ha v e passed Step 2. Then the v ector

( i

0

1

� j

1

; : : : ; i

0

d

� j

d

) is not equal to the v ector ( i

1

; : : : ; i

d

).

This suggests that Scenario 2 can b e detected b y p erforming

Shift Matc hing on eac h dimension separately as follo ws.

Consider eac h dimension r and eac h c hosen hash function

h in turn. Obtain new strings t

0

h

and p

0

h

from t

h

and p

h

,

resp ectiv ely , b y replacing eac h singleton b y the r th dimen-

sion of the unique non-zero lo cation in t and p , resp ectiv ely ,

whic h maps to this singleton. All other lo cations in t

0

h

and

p

0

h

get wild-cards. F or eac h wrap-around placemen t t

0

h

[ i ] of

p

0

h

, w e determine whether this placemen t of p

0

h

matc hes t

0

h

under the de�nition of Shift Matc hing, and if so, w e com-

pute the quan tit y l

i

(see the remark at the end of Section

4). The time tak en in this pro cess is O ( dk log k log n ) o v er

all h and all d dimensions.

Finally , a particular claimed matc h of p at t [ i

1

; : : : ; i

d

] is

eliminated unless the follo wing holds for all c hosen h : p

0

h

matc hes at t

0

h

[

^

i ] and l

^

i

for dimension d

0

is either unde�ned

(i.e., one at least of eac h pair of aligned c haracters in p

0

h

and

t

0

h

is a wildcard, so Scenario 2 do es not hold trivially) or

equals i

d

0

, for all dimensions d

0

.

Detecting Scenario 3. Assuming that Scenarios 1 and 2

nev er apply , w e detect false matc hes corresp onding to Sce-

nario 3 using the follo wing statistic. Recall that b y Step 1,

for eac h non-zero lo cation in t , there exists a c hosen hash

function h suc h that b oth images of this non-zero lo cation

are singletons in t

h

. W e asso ciate eac h non-zero lo cation in

t with exactly one of the v arious h 's for whic h the ab o v e

prop ert y holds. Singletons in t

h

corresp onding to non-zero

lo cations in t asso ciated with h , are called sp e cial singletons .

F or eac h claimed matc h of p in t , and for eac h c hosen hash

function h , w e consider the corresp onding matc h of p

h

in t

h

.

In this matc h, w e coun t the n um b er of singletons asso ciated

with t

h

whic h are aligned with singletons in p

h

. This is done

in O ( k log k ) time p er c hosen hash function h b y con v olving

the string obtained b y replacing sp ecial singletons in t

h

b y

1 and others b y 0, with the string obtained b y replacing

singletons in p

h

b y 1 and others b y 0. The total time tak en

b y this step is O ( k log

2

k ).

F or eac h claimed matc h of p in t , w e sum the ab o v e coun t

o v er all hash functions h . By the follo wing lemma, this

claimed matc h is eliminated if and only if the ab o v e sum

do es not equal # p , where # p is the n um b er of non-zeros in

p .

Lemma 7. The ab ove sum e quals # p for a claime d match

if and only if it is a true match.

T otal Time T ak en. The total time tak en b y the algo-

rithm is O ( pol y l og ( k ) + dk log k log n ) = O ( dk log k log n ),

with failure probabilit y in v erse p olynomial in k .

F or md � n , the ab o v e time can b e impro v ed to

O ( dk log min f k ; ( dm )

d

g log dm + dk log k )

using a v arian t of the standard tric k of breaking t in to subar-

ra ys of smaller size; the failure probabilit y is at most in v erse

p olynomial in min f k ; ( dm )

d

g . Breaking the text in v olv es di-

viding it in to smaller texts of size dm and o v erlap m along

eac h dimension, c hosen so as to ensure that the n um b er of

non-zero elemen ts in the smaller texts sum (o v er all smaller

texts) to O ( k (1 +

1

d

)

d

) = O ( k ).

Remark on impro ving success probabilit y . The failure

probabilit y can in fact b e reduced to

1

k

�(log k )

based on the

observ ation that failure in the v eri�cation pro cess results

solely from failure in Step 1. The probabilit y of failure in

Step 1 can b e reduced to

1

k

�(log k )

b y rep eating the dimension

reduction and hashing steps �(log k ) times. The extra time

tak en in this pro cess is O ( dk log k + k log

2

k ).



6. APPLICATIONS OF SPARSE WILDCARD
MATCHING

6.1 Subset Matching and Tree Pattern Match­
ing

First, consider Subset Matc hing. F or eac h distinct c har-

acter c 2 � whic h o ccurs in p , w e obtain a 1-d instance of

the Sparse Wildcard matc hing problem as follo ws. W e ob-

tain a new text t

c

from t b y replacing eac h set t [ i ] whic h

do es not ha v e c b y 0 and eac h set t [ i ] whic h has c b y 1. W e

obtain a new pattern p

c

from p b y replacing eac h set p [ i ]

whic h do es not ha v e c b y a wildcard and eac h set p [ i ] whic h

has c b y 1. It is easily seen that all o ccurrences of p in t can

b e found b y solving the Sparse Wildcard matc hing problem

on p

c

; t

c

for all c 2 � and taking the in tersection of the sets

of matc hes obtained. This giv es a Las V egas algorithm with

running time O ( s log

2

s ), with failure probabilit y at most

in v erse p olynomial in s . F urther, as men tioned in the in tro-

duction, this leads to impro v ed algorithms for T ree P attern

Matc hing.

6.2 Geometric Pattern Matching
It is easily seen that the case of translations reduces to the

d -dimensional Sparse Wildcard Matc hing problem in whic h

the text has size n

d

, the pattern has size m

d

, the n um b er of

1's in the text (all non-zeros are 1's) is O ((2� + 1)

d

k ) and

the n um b er of 1's in the pattern is the n um b er of p oin ts in p .

Using the ab o v e men tioned algorithm for the d -dimensional

Sparse Wildcard Matc hing problem, w e get an algorithm

with running time O ( dk (2� + 1)

d

log [ k (2� + 1)

d

] log n ), with

failure probabilit y in v erse p olynomial in k (2� + 1)

d

. F or

the case when md � n , this can b e impro v ed to O ( dk (2� +

1)

d

log min f k (2� + 1)

d

; ( dm )

d

g log dm + dk (2� + 1)

d

log k (2�

+1)

d

); the failure probabilit y is at most in v erse p olynomial

in min f k (2� + 1)

d

; ( dm )

d

g .

Next, consider the case of rigid motions. In [2, 12], it

is sho wn ho w this problem reduces to sev eral instances of

the 1-d Sparse Wildcard Matc hing problem; the total n um-

b er of non-zeros o v er all problems is f ( k ; d; � ; � ), where f ()

is as in the in tro duction, and the pattern size in eac h suc h

problem is O (

m

p

d

�

). Our algorithm for the 1-d Sparse Wild-

card Matc hing problem leads to a Las V egas algorithm ha v-

ing O ( f ( k ; d; � ; � ) log min f f ( k ; d; � ; � ) ;

m

p

d

�

g log

m

p

d

�

) run-

ning time and failure probabilit y in v erse p olynomial in

min f f ( k ; d; � ; � ) ;

m

p

d

�

g .

7. FAST DETERMINISTIC SUBSET MATCH­
ING AND TREE PATTERN MATCHING

W e giv e a deterministic O ( s log

2

s ) algorithm for the Sub-

set Matc hing Problem based on the follo wing crucial fact

from [3, 5]. This immediately leads to an O ( n log

2

m ) time

deterministic algorithm for T ree P attern Matc hing.

Character Shifting. Recall that eac h set in the text/pattern

is dra wn from an alphab et of size �. W e create a new text t

0

and a new pattern p

0

as follo ws. F or eac h c haracter e in the

ab o v e alphab et, a shift shif t ( e ) is c hosen, where shif t ( e ) is

an in teger in an appropriate range (to b e describ ed later).

t

0

and p

0

are created as follo ws: if e is in the set t [ i ] then e is

put in the set t

0

[ i + shif t ( e )]; p

0

is built analogously from p .

p

0

is said to matc h at lo cation i in t

0

if 1 � i � j t j � j p j + 1

and further, set p

0

[ j ] is a subset of the set t

0

[ i + j � 1], for

all lo cations j in p

0

. It can easily b e seen that the set of

matc hes of p in t is iden tical to the set of matc hes of p

0

in

t

0

.

W e will p erform c haracter shifting O (log s ) times; the i th

suc h op eration will result in new strings t

0

i

; p

0

i

. W e will ensure

that the v arious shiftings satisfy the follo wing prop erties:

� Eac h c haracter in eac h set in t is in a singleton set in

at least one of the t

0

i

's.

� The t

0

i

's and p

0

i

's ha v e length O ( s ) eac h.

W e will sho w ho w to p erform c haracter shiftings satisfying

these t w o prop erties in Section 7.1. The o v erall time tak en

in this pro cess will b e O ( s log

2

s ).

Next, w e sho w ho w to �nd all matc hes of p in t using the

t

0

i

's and p

0

i

's. Since the tec hniques here are similar in spirit

to those used in the Sparse Wildcard Matc hing problem and

the Sparse Matc hing problem, w e will describ e them in less

detail.

The Algorithm.

Step 1. W e �nd a candidate set of matc hes in this step.

Lo cation i is termed a candidate matc h if for all t

0

j

; p

0

j

's,

the placemen t of p

0

j

starting at t

0

j

[ i ] satis�es the follo wing

prop ert y: eac h non-empt y set in p

0

j

is aligned with a non-

empt y lo cation in t

0

j

; further eac h singleton in t

0

j

is aligned

with either a singleton or an empt y lo cation in p

0

j

. This

is easily done in O ( s log

2

s ) time o v erall using the Wildcard

Matc hing algorithm.

It is easily seen that all true matc hes will surviv e this

stage. In particular, note that a singleton set S in t

0

j

can-

not b e aligned with a non-empt y non-singleton set S

0

=

f a; b; : : : g in a true matc h b ecause the c haracters in t matc h-

ing a; b in this true matc h m ust then app ear in S and S

w ould no longer b e singleton.

Step 2. F or eac h candidate matc h i and for all t

0

j

; p

0

j

, w e

c hec k whether the placemen t of p

0

j

starting at t

0

j

[ i ] satis-

�es the follo wing prop ert y: if a singleton in p

0

j

is aligned

with a singleton in t

0

j

, then the t w o c haracters corresp ond-

ing to these singleton sets are iden tical. This is easily done

in O ( s log

2

s ) time o v erall using a simple reduction to the

Wildcard Matc hing problem and using the algorithm in Sec-

tion 3. Candidate matc hes whic h violate this prop ert y are

discarded. All true matc hes will surviv e this stage as w ell.

Step 3. Recall that eac h c haracter in eac h set in t is in a

singleton set in at least one of the t

0

j

's. W e asso ciate eac h

c haracter in t with exactly one of the t

0

j

's in whic h it app ears

as a singleton.

F or eac h remaining candidate matc h i and for eac h t

0

j

; p

0

j

,

w e compute the follo wing quan tit y: the n um b er n ( i; j ) of

singletons asso ciated with t

0

j

whic h are aligned with single-

tons in p

0

j

in the placemen t of p

0

j

starting at t

0

j

[ i ]. This is

easily done in O ( s log

2

s ) time o v erall using Corollary 2.

Finally , w e claim that, analogous to Lemma 7, a claimed

matc h i is a true matc h if and only if

P

j

n ( i; j ) equals the

total sum of the sizes of the pattern sets. The total time

tak en is O ( s log

2

s ).

7.1 Computing Good Character Shifts
Our aim is to obtain O (log s ) collections of c haracter shifts

in O ( s log

2

s ) time so that the t w o prop erties men tioned ear-

lier are indeed satis�ed. Eac h successiv e collection of shifts



w e obtain has the prop ert y that a constan t fraction of the

c haracters in t whic h ha v e not y et app eared as singletons

in previous collections of shifts app ear as singletons in this

collection.

De�nitions. W e asso ciate an in teger weight w ( a ) with eac h

instance a of eac h c haracter in � whic h app ears in some set

in t . Note that di�eren t instances of the same c haracter

could ha v e di�eren t w eigh ts. The term weight-sum denotes

the sum

P

2

w ( a )

, where the sum is o v er all instances a of

all c haracters in t . A c haracter in t is live if it has not

app eared as a singleton in an y of the previous collections

of shifts. Let t

0

b e obtained from t b y a c haracter shifting

step. The weight of set t

0

[ i ] is de�ned as (

Q

liv e a 2 t

0

[ i ]

2

w ( a )

) �

(

P

non � liv e a 2 t

0

[ i ]

2

w ( a )

), with the �rst term missing if there

are no liv e c haracters in t

0

[ i ] and the second term missing if

there are no non-liv e c haracters in t

0

[ i ]. The w eigh t w t ( t

0

)

of t

0

is de�ned to b e the sum of the w eigh ts of non-empt y

sets in t

0

. Let s

0

denote the sum of the sizes of the sets in t .

The in tuition for de�ning the w eigh t of t

0

as ab o v e is to

p enalize liv e c haracters o ccurring with other liv e or non-

liv e c haracters, while not putting an y constrain t on non-liv e

c haracters. This ensures that a small w eigh t for t

0

forces

a go o d fraction of the liv e c haracters to o ccur as singleton

but allo ws non-liv e c haracters to o ccur with other non-liv e

c haracters.

Successiv e runs of the follo wing k ey pro cedure shall giv e

us the successiv e collections of shifts.

The Key Pro cedure. Giv en a w eigh t assignmen t to eac h

instance of eac h c haracter in t , with w eigh t-sum W = O ( s ),

this pro cedure uses a collection of c haracter shifts to obtain

t

0

and p

0

with the follo wing prop erties:

� The w eigh t of t

0

is at most

�

1 +

1

k

�

W , for some constan t

k > 2.

� j t

0

j ; j p

0

j = O ( s ).

This pro cedure tak es O ( s log s + L log

2

s ) time, where L is

the n um b er of liv e c haracters in the curren t run of this pro ce-

dure. As w e will sho w, L decreases geometrically with eac h

run. Next, w e describ e ho w this pro cedure indeed giv es us

the requisite t

0

i

; p

0

i

's satisfying the t w o prop erties men tioned

earlier.

Using the Ab o v e Pro cedure. W e b egin with c harac-

ter w eigh ts equal to 2 and w eigh t-sum 4 s

0

= O ( s ). Next, w e

p erform O (log s ) iterations, mo difying the c haracter w eigh ts

in eac h iteration. In general, supp ose i � 1 iterations ha v e

b een p erformed and t

0

1

; : : : ; t

0

i � 1

ha v e b een determined. W e

iden tify those instances of c haracters in t whic h app ear in

singleton sets in at least one of t

0

1

; : : : ; t

0

i � 1

; these c haracters

no w get w eigh t 1. W e then giv e new w eigh ts to the re-

maining c haracters b y w eigh ting then equally and �xing the

w eigh t-sum restricted to these c haracters to b e b et w een 4 s

0

and 8 s

0

(this range is needed if w e w an t c haracter w eigh ts to

b e in tegral); the w eigh t-sum W obtained b y including w eigh t

1 c haracters w ould then b e at most 10 s

0

= O ( s ). Note that

W =s

0

� 4. Next, w e call the ab o v e pro cedure with these

w eigh ts to obtain t

0

i

. Finally , w e stop when all instances of

all c haracters in t satisfy the singleton app earance prop ert y .

The follo wing lemma sho ws that L decreases geometrically

and therefore O (log s ) iterations will su�ce. The total time

tak en b y the ab o v e pro cedure is th us O ( s log

2

s ).

Lemma 8. The text t

0

i

obtaine d in the i th iter ation of the

ab ove pr o c e dur e has the pr op erty that al l but a

2

k

fr action of

the live char acters (i.e., those which have not app e ar e d in

singleton sets in any of t

0

1

; : : : ; t

0

i � 1

) app e ar in singleton sets

in t

0

i

.

Cor ollar y 9. After O (log s ) iter ations, e ach instanc e of

e ach char acter would have app e ar e d in a singleton set in

some t

0

i

.

It remains to describ e ho w the ab o v e k ey pro cedure w orks.

7.2 Computing Small Weight t

0 : The Row Ro­
tation Problem

W e form ulate the problem of determining shifts to the

c haracters in � to obtain a t

0

with small w eigh t as follo ws.

W e will restrict our shifts to size Y = O ( s ). Consider a � � Y

size matrix A . This matrix has t w o kinds of en tries: empt y

and non-empt y . A [ e; j ] is empt y if e 2 � do es not o ccur in

text set t [ j ], and A [ e; j ] equals the w eigh t of the instance

of c haracter e in the set t [ j ], otherwise. Clearly , the total

n um b er of non-empt y en tries in A and their w eigh t-sum W

are b oth O ( s ). The aim is to �nd collections of circular shifts

of the ro ws (these circular shifts can then b e linearized) so

that the prop erties men tioned earlier are satis�ed. W e

ac hiev e this using a deterministic O ( s log s + L log

2

s ) time

algorithm with the follo wing o v erall framew ork.

A t eac h step, the ro ws of A are partitioned in me gar ows .

Initially , eac h ro w is a megaro w. The general step considers

t w o megaro ws and determines a \go o d" relativ e shift of one

en tire megaro w with resp ect to the other. This shift is ap-

plied to the ro ws of the second megaro w and then the t w o

sets of ro ws are placed in a single com bined megaro w. Note

that no shifting happ ens within either of the t w o megaro ws

in this step; relativ e shifts within eac h megaro w ha v e b een

determined and frozen already . The pro cedure ends when all

ro ws come together in to a single megaro w. Tw o issues needs

further description: whic h t w o megaro ws are c hosen at eac h

instan t and ho w a go o d relativ e shift b et w een megaro ws is

determined.

7.2.1 Shifting Megarows
First, w e describ e ho w a go o d relativ e shift b et w een t w o

megaro ws v ; w is determined. Our algorithm needs the fol-

lo wing de�nitions.

Megaro ws as V ectors . W e de�ne a v ector v of w eigh ts

for eac h megaro w as follo ws. Consider the non-empt y en-

tries a

1

; a

2

: : : , if an y , in the i th p osition in the shifted ro ws

forming the megaro w; then the w eigh t stored in v [ i ] is:

1. 0, if all en tries in this p osition are empt y .

2. (

Q

liv e a

j

2

w ( a

j

)

) � (

P

non � liv e a

j

2

w ( a

j

)

), with the �rst

term (second term, resp ectiv ely) missing if there are

no liv e (non-liv e, resp ectiv ely) en tries.

The w eigh t, w t ( v ), of the megaro w corresp onding to v is

P

i

v [ i ]. V ector v is called the me gar ow weight ve ctor or

me gar ow-ve ctor for short. W e will sa y that v [ i ] is live if at

least one of a

1

; a

2

; : : : is liv e. One tec hnical issue b efore

w e pro ceed is that of represen ting a megaro w-v ector. W e

represen t suc h a v ector as a list of non-zero en tries.

Let v ; w , resp ectiv ely , b e the megaro w-v ectors for the t w o

megaro ws b eing com bined. Consider a particular shift w

0

of



w . Supp ose w e apply this shift to the megaro w corresp ond-

ing to w and then com bine the megaro ws corresp onding to

v and w in to one megaro w with megaro w-v ector u . Our aim

is to c ho ose the shift w

0

of w so as to k eep the w eigh t of

u as small as p ossible. In fact, w e will b e able to k eep the

w eigh t of u b elo w w t ( v ) + w t ( w ) +

w t ( v ) w t ( w )

Y

. Note that the

new megaro w-v ector u obtained b y com bining the megaro ws

corresp onding to v and w will ha v e the follo wing prop erties.

1. u [ i ] � v [ i ] � w

0

[ i ], for i suc h that b oth v [ i ] and w

0

[ i ]

are non-zero and at least one of v [ i ] ; w

0

[ i ] is liv e.

2. u [ i ] = v [ i ] + w

0

[ i ], otherwise.

Con tributions to w t ( u ) � w t ( v ) � w t ( w ) come from just the

�rst term ab o v e and this is the exc ess whic h w e seek to

minimize in our algorithm. In the algorithm, this excess

will b e upp er b ounded at eac h step b y a p otential , whic h w e

shall de�ne shortly .

Our Algorithm. Let sh denote the amoun t b y whic h w

needs shifting to obtain w

0

. W e will determine sh b y de-

termining the O (log s ) bits in the binary represen tation of

sh one b y one in increasing order of signi�cance. In other

w ords, w e will �rst determine whether sh is ev en or o dd.

If sh is committed to the ev en option in this step then w e

will determine whether sh is 0 ( mo d 4) or 2 ( mo d 4) in the

next step. And if sh is committed to the o dd option in the

�rst step then w e will determine whether sh is 1 (mo d 4)

or 3 ( mo d 4) in the next step. This is rep eated un til sh

is completely determined. Note that there are t w o options

a v ailable at eac h step and w e will pic k the one whic h leads

to the smaller increase in w eigh t. W e explain this pro cedure

in further detail b elo w.

W e run a n um b er of iterations (this n um b er will b e sp ec-

i�ed shortly). Iteration j � 1 computes the j th least sig-

ni�can t bit of sh and is p erformed in the follo wing setting.

Consider non-empt y lo cations in v and partition these in to

residue classes mo dulo 2

j � 1

. This results in 2

j � 1

sets of lo-

cations (e.g., for j = 1, there is only one set comprising all

non-empt y lo cations, and for j = 2, there are t w o sets, one

comprising the ev en lo cations and another comprising the

o dd lo cations); call these V

1

: : : V

2

j � 1

. Let W

1

: : : W

2

j � 1

de-

note the analogous sets for w . Going in to the j th iteration,

w e w ould ha v e computed a matc hing b et w een the V 's and

the W 's (initially , i.e., for j = 1, there is only one set V

1

for

v and this is matc hed to the only set W

1

for w ). F or sim-

plicit y , w e assume that V

l

is matc hed to W

l

, 1 � l � 2

j � 1

,

using appropriate p erm utations to rename sets if necessary .

F urther, w e w ould ha v e a p otential for this matc hing de�ned

as the follo wing quan tit y summed o v er all l suc h that either

V

l

or W

l

con tains a liv e lo cation:

(sum of v alues in non-zero lo cations in V

l

)

� ( sum of v alues in non-zero lo cations in W

l

)

W e no w describ e ho w to p erform the j th iteration so that a

new matc hing is computed for sets corresp onding to residue

classes mo dulo 2

j

. The p oten tial of this resulting matc hing

will b e at most half the p oten tial of the original matc hing

and the time tak en in this pro cess will b e prop ortional to

the n um b er of liv e lo cations in v and w put together (this

will b e explained shortly).

Note that eac h residue mo dulo 2

j � 1

corresp onds to ex-

actly one of t w o p ossible residues mo dulo 2

j

(i.e., l ( mo d

2

j � 1

) equals either l ( mo d 2

j

) or l + 2

j � 1

( mo d 2

j

)). Based

on this observ ation, w e split V

l

and W

l

in to t w o sets eac h;

call these sets V

1

l

; V

2

l

and W

1

l

; W

2

l

, resp ectiv ely . Setting the

j th bit of sh to 0 corresp onds to matc hing V

1

l

with W

1

l

and

V

2

l

with W

2

l

, for eac h l . And setting the j th bit of sh to 1

corresp onds to matc hing V

1

l

with W

2

l

and V

2

l

with W

1

l

, for

eac h l . It is easily seen that one of these t w o c hoices will

lead to a p oten tial whic h is at most half the p oten tial of the

previous matc hing. W e p erform log Y = �(log s ) iterations.

The �nal p oten tial will then b e

1

Y

times the initial p oten-

tial, whic h is w t ( v ) w t ( w ). It is easily seen that the w eigh t

w t ( u ) of the new megaro w obtained b y shifting w b y sh and

com bining it with v is at most

w t ( v ) + w t ( w ) +

w t ( v ) w t ( w )

Y

.

Implemen tation Details: T ries. The main issue in im-

plemen ting the ab o v e algorithm is the main tenance of the

sets and their asso ciated p oten tials so that the j th iteration

can b e p erformed in time prop ortional to the n um b er of

liv e lo cations in v and w put together. The k ey observ ation

whic h mak es this p ossible is the fact that computing the p o-

ten tial requires computing sums only o v er l suc h that either

V

l

or W

l

con tains a liv e lo cation. Th us, in eac h iteration it

su�ces to main tain only sets V

l

; W

l

suc h that at least one

of these has a liv e lo cation. Clearly , the n um b er of suc h sets

is b ounded b y the n um b er of liv e lo cations in v and w put

together. Main tenance of these sets is easily handled with

the follo wing prepro cessing.

Initially , w e build a trie of all non-empt y lo cations in v .

F or eac h non-empt y lo cation in v , the rev erse of its binary

represen tation is used to build the trie. A similar trie is built

for w . Note that eac h non-empt y set V

l

will b e iden tical to

the set of lea v es in some appropriate subtree of the trie for v ,

and similarly for w . Th us, instead of main taining the V

l

's,

w e will main tain no des in the trie. Eac h no de in the trie will

main tain t w o quan tities, the sum of the v alues of the lea v es

in its subtree, and a binary string iden tifying the path from

the ro ot to that no de. Using this information, it is easily

seen that giv en a particular V

l

(i.e., a no de in the trie),

the sets V

1

l

; V

2

l

along with the asso ciated p oten tials can b e

obtained in O (1) time (using table lo ok-up if necessary to

iden tify the no des for the new sets).

Time Complexit y . The tries are built in time linear in the

n um b er of non-empt y items in v and w using constan t time

LCA computation on consecutiv e items [18]. The time tak en

in trie building is th us O (max f w t ( v ) ; w t ( w ) g ). Subsequen t

to this, the j th iteration runs in time b ounded b y the n um-

b er of liv e lo cations in v and w put together. The n um b er

of iterations p erformed is O (log s ). The total time o v er all

iterations is th us O (max f w t ( v ) ; w t ( w ) g + # l iv e l ocations �

log s ).

7.2.2 Pairing Megarows and Analysis
The order is whic h megaro ws are paired dep ends on the

w eigh ts of the asso ciated v ectors. Recall W = O ( s ) denotes

the sum of the megaro w-v ector w eigh ts at the v ery b egin-

ning (b ecause, eac h megaro w is just a single ro w at the v ery

b eginning). W e need to sho w that the �nal megaro w-v ector

w eigh t is (1 +

1

k

) W . W e also need to sho w that the total

time tak en is O ( s log

2

s ).



W e classify the megaro w-v ector w eigh ts in to categories

[2

i

; 2

i +1

), 0 < i = O (log s ). The pairings are no w p erformed

in phases, with sev eral pairings b eing p erformed in eac h

phase. Consider a particular phase and consider the curren t

lo w est non-empt y category , [2

i

; 2

i +1

), sa y . If this category

has at least t w o megaro ws then w e pair the megaro ws in

this category (lea ving out one megaro w, p ossibly) and com-

bine the megaro ws in eac h pairing within this phase. The

unpaired megaro w, if an y , is put on hold. If there is already

another megaro w on hold, necessarily from a lo w er index

category , then the t w o megaro ws on hold are com bined. It

is easily seen that the new megaro w whic h results from com-

bining t w o paired megaro ws in the same category will b e in

a strictly higher category . As w e will sho w, megaro w-v ector

w eigh ts will alw a ys b e O ( s ). It follo ws that the n um b er of

phases will b e �(log s ).

Bounding Megaro w-V ector W eigh ts. The megaro w-

v ector w eigh ts are b ounded b y the follo wing lemma.

Lemma 10. Consider a phase in which al l but at most

one of the me gar ows which ar e c ombine d b elong to c ate gory

[2

j

; 2

j +1

) . L et O and N denote the sum of the me gar ow-

ve ctor weights at the b e ginning and the end of this phase,

r esp e ctively. Then

N

O

� (1 +

2

j +1

Y

) .

By c ho osing Y = �( s ) appropriately , w e get:

Cor ollar y 11. The �nal me gar ow-ve ctor weight is W (1+

1

k

) , for an appr opriately chosen c onstant k > 2 .

Time Complexit y . It remains to determine the time tak en

b y the ab o v e algorithm. Recall that the pro cess of merg-

ing t w o megaro ws v ; w tak es time O (max f w t ( v ) ; w t ( w ) gg +

# l iv e l ocations � log s ), where # l iv e l ocations is the n um-

b er of liv e lo cations in v and w put together. Since, b y

Corollary 11, the sum of megaro w-v ector w eigh ts is alw a ys

b ounded b y O ( s ), eac h phase tak es time O ( s + L log s ). Since

the n um b er of phases is O (log s ), the total time tak en is

O ( s log s + L log

2

s ), as required.
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