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Loop parallelizat ion
In our previous lect ure, we saw how localit y 
can be improved for simple loops

The transformat ions were based on 
knowledge of t he dependences bet ween loop 
iterat ions

Dependence informat ion is also cr it ical for 
parallelizing loops

this is a fundamental goal for some 
applicat ions and architect ures

Parallelizat ion example

for i = 1 to n
  for j = 2 to m
    b[i,j] = ...
    ... = b[i,j-1]

Iterat ions of t he j loop must be executed sequent ially.

But i terat ions of t he i loop can be executed in parallel.

Determining this requires dependence informat ion.

Types of dependences

Reviewing from before...

Four t ypes of dependences

ßow

ant i

out put

input



Flow dependence
1:  x = 1;
2:  y = x + 2;
3:  x = z - w;
 ...
4:  x = y / z;

Flow (aka t rue) dependence: Statement i precedes j, 
and i computes a value  that j uses.

1! t2 and 2! t4

Ant i dependence
1:  x = 1;
2:  y = x + 2;
3:  x = z - w;
 ...
4:  x = y / z;

Ant i dependence: Statement i precedes j, and i uses a 
value that j computes.

2! a3

Out put dependence
1:  x = 1;
2:  y = x + 2;
3:  x = z - w;
 ...
4:  x = y / z;

Out put dependence: Statement i precedes j, and i 
computes a value that j also computes.

1! o3 and 3! o4

Input dependence
1:  x = 1;
2:  y = x + 2;
3:  x = z - w;
 ...
4:  x = y / z;

Input dependence: Statement i precedes j, and i uses a 
value that j also uses.

3! i4

Does not imply that i must execute before j



Dependences and renaming
If i! ?j, we say the dependence ßows f rom i to j

i is the source, j is the sink

The ßow dependence, i! tj, is called the t rue 
dependence, because the other t ypes are 
essent ially programming st yle issues; they can 
be eliminated by renaming, e.g.:

1:  x = 1;
2:  y = x + 2;
3:  x1 = z - w;
 ...
4:  x2 = y / z;

Dependence graph

Data dependences for a procedure are 
of ten represented by a data dependence 
graph

nodes are the statements

directed edges (labeled wit h t, a, o, or i) 
represented the dependence relat ions

Dependence test ing

Determining whether t wo statements are in 
a dependence relat ion is not easy

some readings will explore the issues for 
pointer-based st ruct ures

But a lot of work has gone into understanding 
dependences for statements in loop bodies, 
part icular ly for ar ray-based codes

There is a ßow dependence, 1! t2

If we put t his in a loop body, the dependence 
ßows wit hin the same iterat ion

We say that t he dependence is loop-independent
aka: the dependence distance is 0
aka: the dependence direct ion is =

A Þrst example
1:  a[i] = b[i] + c[i];
2:  d[i] = a[i];

  for i = 2 to 4 {
1:  a[i] = b[i] + c[i];
2:  d[i] = a[i]; }



Iterat ion space

The iterat ion space for t his loop: {2, 3, 4}

  for i = 2 to 4 {
1:  a[i] = b[i] + c[i];
2:  d[i] = a[i]; }

i

Wit h dependences for a[] shown:

We wr ite:  1! to2  or  1! t=2

it t t

Example 2
  for i = 2 to 4 {
1:  a[i] = b[i] + c[i];
2:  d[i] = a[i-1]; }

There is a ßow dependence, 1! t2

The dependence ßows bet ween instances of t he 
statements in dif ferent i terat ions

this is a loop-carr ied dependence

The dependence distance is 1

The dependence direct ion is < (aka Òposit iveÓ)

1! t12,  or  1! t<2 it t

Example 3
  for i = 2 to 4 {
1:  a[i] = b[i] + c[i];
2:  d[i] = a[i+1]; }

There is an ant i dependence, 2! a1

This is a loop-carr ied dependence

The dependence distance is 1

The dependence direct ion is < (aka Òposit iveÓ)

2! a11,  or  2! a<1
it t

Example 4
  for i = 2 to 4
    for j = 2 to 4
1:    a[i,j] = a[i-1,j+1];

There is a ßow 
dependence, 1! t1

This is a loop-carr ied 
dependence

What is the dependence 
distance/direct ion?

j

i



Example 4
  for i = 2 to 4
    for j = 2 to 4
1:    a[i,j] = a[i-1,j+1];

j

i

The iterat ion space

j

i

a[1,3]

a[2,2]

a[1,4]

a[2,3]

a[1,5]

a[2,4]

a[2,3]

a[3,2]

a[2,4]

a[3,3]

a[2,5]

a[3,4]

a[3,3]

a[4,2]

a[3,4]

a[4,3]

a[3,5]

a[4,4]

Example 4
  for i = 2 to 4
    for j = 2 to 4
1:    a[i,j] = a[i-1,j+1];

The reads and 
wr ites of a[]

j

i

a[1,3]

a[2,2]

a[1,4]

a[2,3]

a[1,5]

a[2,4]

a[2,3]

a[3,2]

a[2,4]

a[3,3]

a[2,5]

a[3,4]

a[3,3]

a[4,2]

a[3,4]

a[4,3]

a[3,5]

a[4,4]

Example 4
  for i = 2 to 4
    for j = 2 to 4
1:    a[i,j] = a[i-1,j+1];

Dependence 
distance is (1,-1)

1! t (1,-1)1

1! t (<,>)1

The problem set up

for i 1 = L 1 to U1

for i 2 = L 2 to U2
...

for i n = L n to Un

a[ f 1(!õ), f 2(!õ), . . . , f d(!õ)] = a[ g1(!õ), g2(!õ), . . . , gd(!õ)];

1

For t he time being, we rest r ict our at tent ion 
to simple nested loops of t he form:

wit h iterat ion vectors

and fi, gi linear f unct ions of t he form

for i 1 = L 1 to U1

for i 2 = L 2 to U2
...

for i n = L n to Un

a[ f 1(!õ), f 2(!õ), . . . , f d(!õ)] = a[ g1(!õ), g2(!õ), . . . , gd(!õ)];

!õ= (i 1, i 2, ..., i n )

!L = (L 1, L 2, ..., L n ), !U = (U1, U2, ..., Un ), !L ≤ !U

1

for i 1 = L 1 to U1

for i 2 = L 2 to U2
...

for in = Ln to Un

a[ f 1(!õ), f 2(!õ), . . . , f d(!õ)] = a[ g1(!õ), g2(!õ), . . . , gd(!õ)];

!õ= (i 1, i 2, ..., in)

!L = (L 1, L 2, ..., Ln), !U = (U1, U2, ..., Un), !L ! !U

c0 + c1i 1 + c2i 2 + ááá+ cnin

1



The dependence test

When does a dependence exist?

a dependence exists if :

for i 1 = L 1 to U1

for i 2 = L 2 to U2
...

for i n = L n to Un

a[ f 1(!õ), f 2(!õ), . . . , f d(!õ)] = a[ g1(!õ), g2(!õ), . . . , gd(!õ)];

!õ= (i 1, i 2, ..., i n )

!L = (L 1, L 2, ..., L n ), !U = (U1, U2, ..., Un ), !L ! !U

c0 + c1i 1 + c2i 2 + ááá+ cn i n

F =

c00 c01 ááá c0n

c10 c11 ááá c1n
...

...
...

...
cd0 cd1 ááá cdn

G =

c!
00 c!

01 ááá c!
0n

c!
10 c!

11 ááá c!
1n

...
...

...
...

c!
d0 c!

d1 ááá c!
dn

there exist iterati on vectors !k and !
such that !L ! !k ! ! ! !U and
f i (!k) = gi (!), for 1 ! i ! d.

Altern atively, f i (!k) " gi (!) = 0.

1

for i 1 = L 1 to U1

for i 2 = L 2 to U2
...

for i n = L n to Un

a[ f 1(!õ), f 2(!õ), . . . , f d(!õ)] = a[ g1(!õ), g2(!õ), . . . , gd(!õ)];

!õ= (i 1, i 2, ..., i n )

!L = (L 1, L 2, ..., L n ), !U = (U1, U2, ..., Un ), !L ! !U

c0 + c1i 1 + c2i 2 + ááá+ cn i n

F =

c00 c01 ááá c0n

c10 c11 ááá c1n
...

...
...

...
cd0 cd1 ááá cdn

G =

c!
00 c!

01 ááá c!
0n

c!
10 c!

11 ááá c!
1n

...
...

...
...

c!
d0 c!

d1 ááá c!
dn

there exist iterati on vectors !k and !"
such that !L ! !k ! !" ! !U and
f i (!k) = gi (!"), for 1 ! i ! d.

Altern atively, f i (!k) " gi (!") = 0.

1

Dependence test example 1

Are there iterat ion vectors i1 and i2, such 
t hat 2 ! i1 ! i2 ! 4  and  i1 = i2-1?

Yes: i1=2, i2=3  and  i1=3, i2=4

The distance vector is i2-i1 = 1

The direct ion vector is sign(1) = <

  for i = 2 to 4 {
1:  a[i] = b[i] + c[i];
2:  d[i] = a[i-1]; }

Dependence test example 2

Are there iterat ion vectors i1 and i2, such 
t hat 2 ! i1 ! i2 ! 4  and  i1 = i2+1?

Yes: i1=3, i2=2  and  i1=4, i2=3

The distance vector is i2-i1 = -1

The direct ion vector is sign(-1) = >

Is this possible?

  for i = 2 to 4 {
1:  a[i] = b[i] + c[i];
2:  d[i] = a[i+1]; }

Dependence test example 3

Are there iterat ion vectors i1 and i2, such 
t hat 1 ! i1 ! i2 ! 10  and  2*i1 = 2*i2+1?

No!  2*i1 is even, whereas 2*i2+1 is odd

So, there is no dependence

  for i = 1 to 10 {
1:  a[2*i] = b[i] + c[i];
2:  d[i] = a[2*i+1]; }



Dependence test ing problem
A classic problem in computer science

Equivalent t o an integer linear programming 
problem wit h 2n var iables and n+d 
const raints

An algor it hm that Þnds two iterat ion vectors 
t hat sat isÞes these const raints is called a 
dependence tester

This is an NP-complete problem, and so in 
pract ice the algor it hms must be conser vat ive

Dependence testers

There are many dependence testers

Each conser vat ively Þnds dependences

Typically, a tester is designed to work only 
on speciÞc kinds of indexing expressions

M ajor testers include:

Lamport, GCD, Baner jee, I-test, power 
test, omega test, delt a test, ...

Lamport t est

A simple test f or index expressions 
involving a single index var iable, and wit h 
t he coefÞcients of t he index var iable all 
being the same

A[..., b*i+c1, ...] = ...; ... = A[..., b*i+c2, ...]

Are there i1 and i2 such that L!i1!i2!U and 
b*i1+c1 = b*i2+c2?

Lamport t est, contÕd
Are there i1 and i2 such that L!i1!i2!U and      
b*i1+c1 = b*i2+c2?

I.e., i2-i1 = (c1-c2)/b?
Note: integer solut ion exists only if (c1-c2)/b 
is an integer

Dependence distance is d = (c1-c2)/b, if L!|d|!U
d>0 means true dependence
d=0 means loop-independent dependence
d<0 means ant i dependence



  for i = 1 to n
    for j = 1 to n
1:    a[i,j] = a[i-1,j+1];

i1 = i2-1?

b=1, c1=0, c2=-1

(c1-c2)/b = 1

Dependence? Yes

Distance is 1

j1 = j2-1?

b=1, c1=0, c2=1

(c1-c2)/b = -1

Dependence? Yes

Distance is -1

1! t (1,-1)1

  for i = 1 to n
    for j = 1 to n
1:    a[i,2*j] = a[i-1,2*j+1];

i1 = i2-1?

b=1, c1=0, c2=-1

(c1-c2)/b = 1

Dependence? Yes

Distance is 1

2*j1 = 2*j2-1?

b=2, c1=0, c2=1

(c1-c2)/b = -1/2

Dependence? No

No dependence

GCD test

Consider

for ai and c all integers

An integer solut ion exists only if and only 
if gcd(a1,a2,...,an) divides c

for i 1 = L 1 to U1

for i 2 = L 2 to U2
...

for i n = L n to Un

a[ f 1(!õ), f 2(!õ), . . . , f d(!õ)] = a[ g1(!õ), g2(!õ), . . . , gd(!õ)];

!õ= (i 1, i 2, ..., i n )

!L = (L 1, L 2, ..., L n ), !U = (U1, U2, ..., Un ), !L ! !U

c0 + c1i 1 + c2i 2 + ááá+ cn i n

F =

c00 c01 ááá c0n

c10 c11 ááá c1n
...

...
...

...
cd0 cd1 ááá cdn

G =

c!
00 c!

01 ááá c!
0n

c!
10 c!

11 ááá c!
1n

...
...

...
...

c!
d0 c!

d1 ááá c!
dn

there exist iterat ion vectors !k and !"
such that !L ! !k ! !" ! !U and
f i (!k) = gi (!"), for 1 ! i ! d.

Altern atively, f i (!k) " gi (!") = 0.

n!

i =1

ai xi = c

1

  for i = 1 to n
1:  a[2*i] = b[i] + c[i];
2:  d[i] = a[2*i-1];

Are there i1 and i2 such that 1!i1!i2!10 and

        2*i1 = 2*i2-1
or, equivalent ly
        2*i2 - 2*i1 = 1?

There is an integer solut ion if and only if      
gcd(2,-2) divides 1

This is not t he case, so no dependence



  for i = 1 to 10
1:  a[i] = b[i] + c[i];
2:  d[i] = a[i-100];

Are there i1 and i2 such that 1!i1!i2!10 and

        i1 = i2-100
or, equivalent ly
        i2 - i1 = 100?

There is an integer solut ion if and only if      
gcd(1,-1) divides 100

This is the case, so there is a dependence

But not really.  GCD ignores loop bounds...

GCD test limit at ions

Besides ignor ing loop bounds, the GCD test 
also does not provide distance or direct ion 
informat ion

GCD is of ten 1, which ends up being very 
conser vat ive

Dependence test ing is hard

Dependence test ing is hard, both in theory 
and in pract ice

Complicat ions:

unknown loop bounds lead to false 
dependences

  for i = 1 to n
1:  a[i] = a[i+10];

Complicat ions
Aliasing

generally, must know that t here is no 
aliasing in order f or dependence test ing 
to be conser vat ive

Tr iangular loops

generally requires addit ion of new 
const raints

  for i = 1 to n
    for j = 1 to i-1
1:    a[i,j] = a[j,i];



Complicat ions, contÕd
M any loops donÕt Þt the mold exact ly, but 
can be easily t ransformed to Þt

  for i = 1 to n
1:  x = a[i];
2:  b[i] = x;

  for i = 1 to n
1:  x[i] = a[i];
2:  b[i] = x[i];

  j = n-1
  for i = 1 to n
1:  a[i] = a[j];
2:  j = j-1;

  for i = 1 to n
1:  a[i] = a[n-i];

Loop Parallelizat ion

A dependence is car r ied by a loop if t hat 
loop is the outermost loop whose removal 
eliminates the dependence

  for i = 2 to n-1
    for j = 2 to m-1
      a[i,j] = ...;
      ... = a[i,j];

      b[i,j] = ...;
      ... = b[i,j-1];

      c[i,j] = ...;
      ... = c[i-1,j];

(=,=)

(=,<)

(<,=)

The outermost loop wit h a non-= 
direct ion car r ies the dependence

The iterat ions of a loop may be executed in 
parallel if no dependences are car r ied by 
t he loop

Parallelizat ion



Example 1
  for i = 2 to n-1
    for j = 2 to m-1
      a[i,j] = ...;
      ... = a[i,j-1];(=,<)

The iterat ions of t he j loop are sequent ial, but 
t he i loop iterat ions are independent and can 
be executed in parallel

Example 2
  for i = 2 to n-1
    for j = 2 to m-1
      a[i,j] = ...;
      ... = a[i-1,j];(<,=)

The iterat ions of t he j loop are parallel, but t he 
i loop iterat ions must be executed sequent ially

Example 3
  for i = 2 to n-1
    for j = 2 to m-1
      a[i,j] = ...;
      ... = a[i-1,j-1];(<,<)

The iterat ions of t he j loop are parallel, but t he 
i loop iterat ions must be executed sequent ially

Loop interchange

We saw ear lier how loop interchange can 
improve the spat ial localit y of accesses

  for j = 1 to n
    for i = 1 to n
      ...a[i,j] ...

  for i = 1 to n
    for j = 1 to n
      ...a[i,j] ...



Loop interchange, contÕd

Loop interchange can also increase the 
granular it y of parallel computat ions

for i = 1 to n
  for j = 1 to n
    a[i,j] = b[i,j];
    c[i,j] = a[i-1,j];

for j = 1 to n
  for i = 1 to n
    a[i,j] = b[i,j];
    c[i,j] = a[i-1,j];

(<,=) (=,<)

Recall: Interchange is legal when the interchanged 
dependences remain lexicographically posit ive


