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Loop parallelizat ion

* In aur previous kcture, we saw how locality
can be mproved for simple bops

* The transformations wee based
knowledge d t he dgoendences bet ween loop
iterations

* Dependence nformation is dso aitical for
parallelizing loops

* this s a fundamental goal for some
apdications and architect ures

Paallelizat ion exanple

fori=1ton
forj=2tom

b[i,j] = ...
.. = b[i,j-1]

Iterations d the j bop mst be executed squentially.

But iterations d the i bop @n be executed in parallel.

Deter mining this reguires dependence nformation.

Types d dependences

* Reviewing from lefore...
* Far types d dgoendences
* Bow
* anti
* out put

* input




How dependence

4. x=ylz

How (akatrue) dgendence: Satement i precedes j,
and | @mputes a \alue that j uses.

1! '22and 2 4

Ant i dependence

4: x=ylz

Anti degpendence: Satement i precedes j, and i 1ses a
value that j computes.

21 83

Cut put dgoendence

4. x=ylz

Qut put dependence: Satement i precedes j, and i
computes a \alue that j also mmputes.

1! 3and 3 %4

Input degpendence

1. x=
2. y=x+2;
3 x=

4 x=ylz
Input degpendence: Satement i precedes j, and i 1ses a
value that j also Lses.
{himal!

Das mot imply that i must execute lefore |




Dependences and renaming

* If it 7, we ay the dpendence Bavsfromito
* 1is thesource, | 5 thesink

* The Rev deoendence, | Y, is @lled thetrue
dependence, because the dher types ae
essentially programming g yle ssues; they can
be diminated by r@aming, eg.

1. x=1,
2. y=x+2;
3 x1=z-w,

A;;.x2=y/z;

Dependence gaph

* Dda dependences for a rocedure ae
of ten represented by a dt a dependence

graph
* nodes ae the satements

* directed alges (abeled with t, g 0, 01)
represented the d@endence rdations

Dependance testing

* [Determining whether two gatements ae n
a deendence rdation is not easy

* some readings will explore the Bsues for
pointer-based g ruct ures

* But a lot of work has gone nto undestanding
dependences for statements in loop kodies,
particularly for array-based odes

A Prg exanple
1. a[i] = b[i] + c]i];
2: d[i] = 4[i;
* There 5 a B degendence, 1! 12

* |f we put t his n a bop lody, the dpendence
Bowvs within the sameteration

fori=2to4{
1: a[i] = b[i] + cfi];
2: d[i] = a[i; }
* We sy that t he dpendence 5loop-independent
* aka: thedegpendence dstanceis 0
* aka: thedegpendence drection is =




lterat ion Yace

fori=2to4{
1: a[i] = b[i] + c[i];
2: dfi]=a[i]; }

The teration space for this loop: {2, 34} °—°—°,

With dependences for a[] shown: R

t t t

We write: 1! t2 o 1! t2

Exanple 2

fori=2to4{
1: a[i] = b[i] + c[i];
2: d[i] = afi-1]; }

* There 5 a Bwv degendence, 1! 12

* The deendence Rovs let ween instances d t he
statements in dfferent iterations

* this s aloop-carried dgendence

* The deendence dstance 5 1
* The deendence drection is < éka Qositive

* 1 42, g 1 12 P,

t t

Exanple 3

fori=2to4{
1: a[i] = b[i] + c[i];
2: d[i] = afi+1]; }

* There s an anti dgpendence, 2! 21

* Ths 5 a bop-carried d@endence

* The deendence dstance 5 1
* The deendence drection is < éka Qositive®

* 2! 31 o 2! ad W

t t

Exanple 4

fori=2to 4
forj=2to 4
1. a[i,j] = afi-1,j+1];

* There 5 a Bw
dependence, 1! 1

* Ths s a bop-carried
dependence

* What is the dpendence i
distance/direction?




Exanple 4

fori=2to 4
forj=2to 4
1. a[i,j] = afi-1,j+1];

A

The teration gace

Exanple 4

fori=2to4
forj=2to 4
1. alij] = afi-1,j+1];
i
A[4,2] a[4,3] af4,4]
The reads end
writes d af]

[1,3] a[1,4] a[1,5]

Exanple 4

fori=2to 4
forj=2to 4
1. ali,j] =a[i-1,j+1];
i
A[4,2] a[4,3] af4,4] Depend ace
distance 5 (;1)
1! tapl
1! t(<,>:l.

The poblem st up

Fao the time leing, we restrict our attention
to smple rested loops d t he form:

for i; =L; to Up
for i, =L, to U,

for in, =L, to U,

a[f1(9, 20, ..., fa@] = a[a®, %O,

with iteration vectors 6= (i1,i2, - in)

[ =S e

and f;, g linear functions d t he form

U= (U, Uz, ..., Up),

-+ (@]

L<y

Co+ Ciiy + Coip + 88t Cyiy,




The deendance test

* \When does a dpendence «xist?

* a dependence «ists if:

there exist iterati on vectors kK and T
suhthat L ! k! j! U and
fi(k) = gi(7), for1! i! d.

Altern atively, f; (k)" g (") = 0.

Dependence test exanple 1

fori=2to4{
1: a[i] = b[i] + c[i];
2: d[i] = afi-1]; }

* Are there iteration vectors ik and b, uch
that2<in<¢i¢4 and i =3-1?

* Yes: h=2, =3 and i1=3 b=4

* The dstance \ector is p-i1 = 1

* The drection vector is sgn(d) = <

Dependence test exanple 2

fori=2to4{
1: a[i] = b[i] + c[i];
2: d[i] = afi+1]; }

* Are there iteration vectors ik and b, uch
that2<i1¢i2€¢4 and i =»+17?

* Yes. 1=3 b=2 and i1=4 p=3

* The dstance \ector is b-ip =1

* The drection vector is Sgn(-1) = >
* |s this possible?

Dependence test exanple 3

fori=11t010{
1: a[2*i] = b[i] + cJil;
2: d[i] = a[2*i+1]; }

* Are there iteration vectors ik and b, uch
that 1 €i1€i2¢$10 and 2*p = 2*+1?

* Nol 2*h is even, whereas 2*p+1 s ald

* S0, there 5 o dpendence




Dependence testing problem

* A dassic poblem in computer science

* Eaivalent to an integer linear programmng
problem with 2n variables and n+d
constraints

* An dgorithm that Prds two iteration vectors
that satisbs these onstraints s @lled a
dependence tester

* This 8 an NRcomplete poblem, and $ n
practice the dgorithms mst be onser vative

Dependence testers

* There ae many dependence testers
* Each oonservatively bPrds d@endences

* Typically, a tester is designed to wak only
on ecibc knds d indexing expressions

* Major testers include

* Lanport, GCDBaner jee, |-test, power
test, anaya test, ddta test, ...

Lanport t est

* A dmple test f or index expressions
involving a sngle ndex variable, and with
the oefbdents d t he ndex variable dl
being the ame

* AL b L] =L - = AL, bri+g -]

* Are there h and p such that L<i1€i2¢U and
b*i+q = b%+e?

Lanport t est, cont@

* Are there i and b such that L<ii€i2¢U and
b*i+a = b*+e?

* le, b-i1 = (€-C2)/b?

* Note: integer solution exists anly if (a-c2)/b

IS an integer

* Dependence dstance s d Xa-¢)/b, if L§|dfU
* d>0 mans true deendence

* d=0 mans loop-indgoendent dependence
* d<0 mans anti dgendence




fori=1ton
forj=1ton
1. a[i,j] = afi-1,j+1];

fori=1ton
forj=1ton
1. afi,2¥] = a[i-1,2*+1];

i1 = $-1? j1 =317 i1 = $-1? 2% = 2%-1?
b:l c=0 =1 b:l c=0 e=1 b:l c=0 =1 b:2, =0 c=1
(c-)/b=1 (a-)/b=1 (a-)/b=1 (a-¢)/b=1/2
Dependence? \es Dependence? \es Dependence? \es Dependence? No
Dstance 5 1 Dstance 5 1 Dstance 5 1
1! teal No de@endence
fori=1ton

QCD ¢ést

!n
* onside aXj = C
i=1

* for aand c &l integers

* An integer solution exists aly if and anly
if gcd@u,a,....an) dvides ¢

1: a[2*i] = b[i] + c[il;
2: d[i] = a[2*i-1];

Are there i and b such that 1<i1€i2¢10 and

2% = 2%-1
or, equivalently
2% - 2%, = P

There 5 an integer solution if and anly if

ged(22) dvides 1

Ths s ot t he @se, 0 M deendance




fori=1to 10
1: ali] = b[i] + c[i];
2: d[i] = a[i-100];

Are there i and b such that 1¢i1€i2§€10 and
i =$-100
or, equivalently

b -1 =100?

There 5 an integer solution if and anly if
ged(@;l) dvides 100

Ths s the @se, D there 5 a dpendence
But not really. GCDgnores loop bounds...

ACD ¢st [imitations

* Besides gnoring loop lounds, the &D ést
also des ot provide dstance @ direction
infor mat ion

* GCDdg dten 1, which ends p keing very
conser vative

Dependence testing s hard

* Dependence testing s hard, both in theory
and in ractice

* Complications:

* unknown loop ounds kead to false
dependences

fori=1ton
1. ali] = a[i+10];

Gomplicat ions
* Aliasing

* generally, mst know that t here s o
aliasing n ade for dgpendence testing
to ke onservative

* Triangular loops

* generally requires adtion o new
constraints
fori=1ton
forj=1toi-1
1. afi,j] = alj,i];




Gomplications, ont @

* Many loops con®bt the nold exactly, but
can ke asily transformed to bt

fori=1ton fori=1ton
1. x=ali; — 1. xX[i] =4,
2: b[i]=x; 2: b[i] = x[i];

j=n-1

fori=1ton fori=1ton
1: afi] = a[j]; 1: a[i] = a[n-iJ;
2. j=J-1;

Loop Paallelization

* A deendence B @rried by adop if t hat
loop s the auter most |oop whose ranoval
eliminates the deendence

fori=2ton-1
forj=2tom-1

o afij] = ...,
== =l
blij] = ...

o M b[iij-1];
N (]

=

The aitermost loop with a ron-=
direction carries the deendence

Paallelization

* The terations d a loop may ke executed in
parallel if no dgendences ae arried by

the bop




Exanple 1

fori=2ton-1
forj=2tom-1
- afi,j]=..;
G TR aija

The terations d t he j bop ae squential, kut
the i bop iterations ae ndgrendent and @n
be executed in parallel

Exanple 2

fori=2ton-1
forj=2tom-1
I afi,j]=..;
(== TS,

The terations d the j bop ae mrallel, but t he
i loop iterations mst be executed squentially

Exanple 3

fori=2ton-1
forj=2tom-1
ali,j]=..;
== S,

The terations d the j bop ae mrallel, but t he
i loop iterations mst be executed squentially

Loop interchange

* \We saw earlier how loop nterchange @n
improve the atial locality o accesses

forj=1ton
fori=1ton
Lai] -

\\\\\ fori=1ton
forj=1ton

i ..




Loop interchange, ant @

* Loop interchange @n aso ncrease the
granularity o parallel comput ations

fori=1ton forj=1ton
forj=1ton fori=1ton
a[i,j] = b[i,jl; ai,j] = blij;
cfi,j] = afi-1,j]; cfi,j] = afi-1,j];
(<=) (=)

Recall: Interchange b kgal when the nterchanged
dependences ramain lexicographically positive




