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Reminders

Task 1 test programs are due

Task 1 due in one week

See the Internals doc and Advice Column

Read 7.1-4 (cont rol-ßow analysis) and 
13.2 (loop-invar iant code mot ion)

Loops
Loops are ext remely important

t he Ò90-10Ó rule

Loop opt imizat ion involves

understanding cont rol-ßow st ruct ure

sensit ivit y to side-ef fect ing operat ions

ext ra care in some transformat ions 
such as register spilling

Classical loop opt imizat ions
Hoist ing of loop-invar iant computat ions

pre-compute before enter ing the loop
Eliminat ion of induct ion var iables

change p=i*w+b to p=b+w, when w,b invar iant
Eliminat ion of null and ar ray-bounds checks

use laws of ar it hmet ic to prove integer range
Loop unrolling

to reduce number of cont rol t ransfers
Loop permutat ion

to improve cache memory performance



Finding loops
To opt imize loops, we need to Þnd them!

SpeciÞcally:
loop-header node(s)

nodes in a loop that have immediate 
predecessors not in the loop

back edge(s)
cont rol-ßow edges to previously 
executed nodes

all nodes in the loop body

Cont rol-ßow analysis
L3 has only well-st ruct ured cont rol-ßow 
const ructs

Finding L3 loops is easy
the translator can mark every header 
node and back edge when creat ing the IR

But many languages have goto and other 
complex cont rol, so loops can be hard to Þnd

Determining the cont rol st ruct ure of a 
program is called cont rol-ßow analysis

Task note

We will descr ibe here the classical approach 
to cont rol-ßow analysis for imperat ive, 
Þrst-order languages

This is a general approach, suit able even for 
languages wit h goto

But f or L3, it is much easier simply to have 
t he translator ident if y any loops it creates

Terminology alert

dominators and dominator t rees

back edge

loop header

nat ural loop



Dominators
a dom b

node a dominates b if every possible 
execut ion path from ent r y to b includes a

a sdom b
a st r ict ly dominates b if a dom b and a!b

a idom b
a immediately dominates b if t here is no c 
such that a sdom c and c sdom b

Some propert ies

idom(n) is unique

The dom relat ion is a part ial order ing

reßexive, ant isymmet r ic, and transit ive

entry

k =  false
i = 1
j = 2

i < =  n

j = j * 2
k =  t rue
i = i + 1

É kÉ

print  j i = i + 1

exit

B1

B2

B3 B4

B5 B6

A cont rol-ßow edge 
f rom node b to a is a 
back edge if a dom b

Furthermore, in that 
case node a is a loop 
header

Back edges and loop headers Nat ural loop

Consider a back edge from node n to node h

The nat ural loop of n! h is the set of nodes L 
such that f or all x<hL:

h dom x and

there is a path from x to n not containing h



A simple example...

B1

B2

B3

B4

nested loops

What about t his case?

B1

B2

B3

B4

loop wit h Òcont inueÓ

What about t his case?
B1

B2 B3

B4

condit ional in loop

Nested loops

Normally we will want t o focus at tent ion 
on the inner-most loops

This requires ident if ying not only the 
loops, but t he nest ing st ruct ure



Dominator t rees

Obser ve: Every node has at most one 
immediate dominator

Therefore: the immediate dominator 
relat ion deÞnes a tree st ruct ure

node n is the parent of node m if n idom m

entry

k =  false
i = 1
j = 2

i < =  n

j = j * 2
k =  t rue
i = i + 1

É kÉ

print  j i = i + 1

exit

B1

B2

B3 B4

B5 B6

entry

B1

B2

B3 B4

B5 B6exit

cont rol-ßow graph dominator t ree

Back edges point t o 
ancestors in the tree 

nat ural 
loop

Limitat ions of nat ural loops

The not ion of nat ural loop is only 
approximate

SpeciÞcally, consider t he case of t wo 
nat ural loops wit h the same header:

B1

B2 B3

B4

B1

B2 B3

B4

while (...)
  if (p) {...}
  else {...}

while (...)
  if (i<j) {...; i++;}
  else if (i>j) {...; i--;}

What if p is loop 
invar iant?

Nested loops?

In general, when  there is a shared 
header, will consider t his a single loop



A

B

C

D

A,B,C,D

B,C

In a loop-nest t ree, each node 
represents the blocks of a loop, 
and parent nodes are enclosing 
loops

The leaves of t he tree are the 
inner-most loops

Comput ing dominators
Obser ve: if a dom b, then

a = b, or

a is the only immediate 
predecessor of b, or

b has more than one 
immediate predecessor, 
all of which are 
dominated by a

a

b

p2p1

dom(b) = {b} <n <o dom(p)
p<hpred(b)

Simple algor it hm
dom(entry)  = {entry}

dom(n) =
  D = all nodes
  changed = true
  while (changed) {
    changed = false
    for each n !entry {
      old = D

      D = {n} <n  !  dom(p)

      if D ! old then changed = true
    }
  }
  return D

p<hpred(n)

Comput ing idom

idom(n) =
  D = all nodes s such that s sdom n
  for each x <h D {

    for each y <h D-{x} {

      if y <h sdom(x) then

        D = D = {y}
    }
  }
  return D



Bet ter algor it hms

Comput ing dominators is a classic problem 
in the st udy of algor it hms

The idom algor it hm presented here runs in 
O(eán2), for a graph wit h n nodes and e edges

Lengauer and Tar jan, in 1979, presented 
algor it hms that r un in O(eálog(n)) or bet ter

Loop opt imizat ions:
Hoist ing of loop-invar iant 

computat ions

Loop-invar iant computat ions

A deÞnit ion

t = x <~ y

in a loop is loop-invar iant if

x and y are constants, or

all reaching deÞnit ions of x and y are 
outside the loop, or

only one deÞnit ion reaches x (or y), and 
t hat deÞnit ion is loop-invar iant

Hoist ing

In order t o ÒhoistÓ a loop-invar iant 
computat ion out of a loop, we need a place 
to put i t

We could copy it t o all immediate 
predecessors of t he loop header...

...But we can avoid code duplicat ion by 
insert ing a new block, called the pre-header



A

B

C

D

A

B

C

D

AÕ

BÕ

pre-headers Hoist ing condit ions
For a loop-invar iant deÞnit ion

d: t = x <~ y

we can hoist d into the loopÕs pre-header if

1. dÕs block dominates all loop exits at which t is 
live-out, and

2. t here is only one deÞnit ion of t i n the loop, and

3. t is not live-out of t he pre-header

We need to be caref ul...

All hoist ing condit ions must be sat isÞed!

L0:

  t = 0

L1:

  i = i + 1

  t = a * b

  M[i] = t

  if i<N goto L1

L2:

  x = t

L0:

  t = 0

L1:

  if i>=N goto L2

  i = i + 1

  t = a * b

  M[i] = t

  goto L1

L2:

  x = t 

L0:

  t = 0

L1:

  i = i + 1

  t = a * b

  M[i] = t

  t = 0

  M[j] = t

  if i<N goto L1

L2:

OK violates 1,3 violates 2 

Next t ime...

Induct ion-var iable eliminat ion

Bounds-checking eliminat ion


