
Particle Systems
(and fun things we can do with them)

Adrien Treuille



Overview

!V
T
V

r N
k" V

DiffEQ Review Particle Dynamics

HairCloth



HairCloth

Overview

!V
T
V

r N
k" V

DiffEQ Review Particle DynamicsMust U
nders

tan
d 

the M
ath

!

Must U
nders

tan
d 

the C
oncep

ts!

Must U
nders

tan
d 

the M
ath

!

Must U
nders

tan
d 

the C
oncep

ts!



Overview

!V
T
V

r N
k" V

DiffEQ Review Particle Dynamics

HairCloth



DiffEQ Integration

SB1SIGGRAPH 2001 COURSE NOTES PHYSICALLY BASED MODELING



xx
f(f(xx,t),t)

•• x(x(tt): a moving point.): a moving point.

•• f(x,f(x,tt):): x’s x’s velocity. velocity.

( , )tx f x
i
= ( , )tx f x
i
=

1x1x

2x2x

A Canonical
 Differential Equation

A CanonicalA Canonical
 Differential Equation Differential Equation
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defines a vector
field over x.

The differential
equation

( , )tx f x
i
= ( , )tx f x
i
=

Vector FieldVector FieldVector Field
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Start Here

Pick any starting point,
and follow the vectors.

Integral CurvesIntegral CurvesIntegral Curves
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Given the starting point,
follow the integral curve.

Initial Value ProblemsInitial Value ProblemsInitial Value Problems
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• Simplest numerical
solution method

• Discrete time steps

• Bigger steps, bigger
errors.

Euler’s MethodEuler’sEuler’s Method Method

( ) ( ) ( , )t t t t tx x f x+ ! = + !( ) ( ) ( , )t t t t tx x f x+ ! = + !
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Two Problems

Accuracy Instability



Get/Set State

Deriv Eval

System
Dim(state)

Solver

Solver InterfaceSolver InterfaceSolver Interface
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void eulerStep(Sys sys, float h) {

float t = getTime(sys);

vector<float> x0, deltaX;

t = getTime(sys);

x0 = getState(sys);    

deltaX = derivEval(sys,x0, t);

setState(sys, x0 + h*deltaX, t+h);

}

void eulerStep(Sys sys, float h) {

float t = getTime(sys);

vector<float> x0, deltaX;

t = getTime(sys);

x0 = getState(sys);    

deltaX = derivEval(sys,x0, t);

setState(sys, x0 + h*deltaX, t+h);

}

A Code FragmentA Code FragmentA Code Fragment
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Particle Dynamics

from Zoran Popović



http://www.youtube.com/watch?v=N8xNlp00kss
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Particle Dynamics

2

Reading

Particle Systems Dynamics handout

Optional:

Hocknew and Eastwood. Computer simulation using 

particles.  Adam Hilger, New York, 1988.

Gavin Miller. “The motion dynamics of snakes and worms.” 

Computer Graphics 22:169-178, 1988.

3

Overview

• One lousy particle

• Particle systems

• Forces: gravity, springs

• Implementation

4

Newtonian particle

• Differential equations: f=ma

• Forces depend on:

• Position, velocity, time

( , , )f x x t
x

m
=

&
&&
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Second order equations
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Has 2nd derivatives

Add a new variable v to get

a pair of coupled 1st order equations

6

Phase space

Concatenate x and v to make a 6-vector: 

position in phase space

Velocity on Phase space:

Another 6-vector

A vanilla 1st-order differential equation
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Particle structure
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Differential equation solver
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Higher order solvers perform better: (e.g. Runge-Kutta)
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derivEval loop

1. Clear forces

– Loop over particles, zero force accumulators

2. Calculate forces

– Sum all forces into accumulators

3. Gather

– Loop over particles, copying v and f/m into destination array
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Forces

• Constant (gravity)

• Position/time dependent (force fields)

• Velocity-dependent (drag)

• N-ary (springs)

14

Force structures

Force objects are black boxes that point to the particles they 

influence, and add in their contribution into the force 

accumulator.

Global force calculation:

• Loop, invoking force objects
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Gravity

Force law:

grav m=f G
p->f += p->m * F->G
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Viscous drag

Force law:

drag dragk= !f v
p->f -= F->k * p->v

18

Damped spring
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What is cloth?

Woven Knit

Two basic types...



Woven Cloth

Bridson, R., Marino, S. and Fedkiw, R., "Simulation of Clothing with Folds and Wrinkles", ACM SIGGRAPH/Eurographics Symposium on Computer Animation (SCA), edited by D. Breen and M. Lin, pp. 28-36, 2003.



Knit Cloth

Jonathan Kaldor, Doug L. James, and Steve Marschner. Simulating Knitted Cloth at the Yarn Level. SIGGRAPH 2008.



• 2 basic types: woven and knit

• We’ll restrict to woven

• Warp vs. weft

What is cloth?

House, Breen [2000]

Christopher Twigg
March 4, 2003

Cloth Animation



Warp and Weft

source: Wikipedia
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Resitence To...

•Stretching

•Shearing

•Bending



DiscretizationDiscretizationDiscretization
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Basic Model



Warp Srings



Weft Springs



Shear Springs



Bend Springs



Parameters
• Given stretch, shear, and bending constants...

• How would you make a wrinkly t-shirt, 
thick cloth, or non-uniform cloth?



Creating Clothes
• How could we create the 3D model the 

clothes for a character?



Non-flat ClothNon-flat ClothNon-flat Cloth

Non-flat cloth is strange stuff:Non-flat cloth is strange stuff:Non-flat cloth is strange stuff:

A baseball with no seams?A baseball with no seams?A baseball with no seams?

Wrinkles give strength?Wrinkles give strength?Wrinkles give strength?

Clothing cut out of a volume?Clothing cut out of a volume?Clothing cut out of a volume?

Even 4 Triangles are over-constrained:
  16 rest angles, 8 rest lengths.
  24 constraints on 15 dofs.
  Must be consistent!

Even 4 Triangles are over-constrained:Even 4 Triangles are over-constrained:
  16 rest angles, 8 rest lengths.  16 rest angles, 8 rest lengths.
  24 constraints on 15   24 constraints on 15 dofsdofs..
  Must be consistent!  Must be consistent!

Convexities that pop?Convexities that pop?Convexities that pop?
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Rest Mesh OptionsRest Mesh OptionsRest Mesh Options

Model in 3D

• Clothing already on characters.
• Can directly craft desired 3D shape.
• Annotate warp/weft directions.
• Clothing probably will not locally flatten.

Model in 2D

• Must put clothing on characters
• Hire a tailor to get the pattern right.
• Sew parts together.
• Clothing guaranteed to flatten locally.
• Greater realism.

Model in 3DModel in 3D

•• Clothing already on characters. Clothing already on characters.
•• Can directly craft desired 3D shape. Can directly craft desired 3D shape.
•• Annotate warp/weft directions. Annotate warp/weft directions.
•• Clothing probably will not locally flatten. Clothing probably will not locally flatten.

Model in 2DModel in 2D

•• Must put clothing on characters Must put clothing on characters
•• Hire a tailor to get the pattern right. Hire a tailor to get the pattern right.
•• Sew parts together. Sew parts together.
•• Clothing guaranteed to flatten locally. Clothing guaranteed to flatten locally.
•• Greater realism. Greater realism.
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Springs vs. Constraints

Source: Xavier Provot
Deformation Constraints in a Mass-Spring Model to Describe Rigid Cloth Behavior 

Before Simulation Only Springs

Stretch Constraints Stretch+Shear Constraints



• Popular for interactive applications

• Justification

• Biphasic spring model

•
•
•
•
•
•
•
• Plausible dynamics

Avoiding stiffness (2)

Iteration 1 Iteration 2 Iteration 3 (converged)

Linear elastic region

Force

D
is

pl
ac

em
en

t

From Desbrun, Meyer, Barr [2000]

Christopher Twigg
March 4, 2003

Cloth Animation





Developable Surfaces



Figure 2: Schematic of nonconforming variables, located at mid-
points of edges between triangles. While continuous at these points,
the surface may be discontinuous along the rest of each edge.

and rendering. We therefore couple a “ghost” conforming mesh
(with the usual vertex variables) to the simulation, used just for col-
lisions and rendering.

Finally, since we impose developability as a hard constraint, we turn
to time integration of constrained mechanics. The usual schemes in
graphics unfortunately suffer from strong numerical damping with
nonlinear constraints, as energy is erroneously transferred to con-
strained modes and projected out. We propose a new second order
accurate multistep method, based on BDF2 and simple position-
based constraint projection. This both reduces numerical damp-
ing and speeds projection (since we remain closer to the constraint
manifold), without need for stabilization or velocity projection.

2 Previous Work

Cloth simulation has a long history within computer graphics; we
highlight here just a sampling of the relevant papers from the stand-
point of the developable limit.

Provot [1995] worked with mass-spring models, introducing a loose
constraint on edges to not deform by more than 10% with a sim-
ple Gauss-Seidel iteration. Bridson et al. [2003] demonstrated im-
proved buckling behavior if edges were (loosely) constrained to not
compress at all, just stretch. The critical aspect of this approach,
though not identified at the time, was that triangles were left with
some freedom to deform, fortuitously avoiding the locking prob-
lem. Of course, this can’t realistically handle the many materials
which more severely limit strain, and the Gauss-Seidel constraint
iteration tends to induce mesh-dependent artifacts. This paper also
makes use of the robust collision processing algorithm (for con-
forming triangle meshes) developed by Bridson et al. [2002] from
earlier work by Provot [1997].

Baraff and Witkin [1998] instead proposed a semi-implicit Back-
wards Euler integrator to avoid the stability time step restriction
plaguing explicit time integration of stiff models. Later authors ar-
gued that the strong numerical damping present in Backwards Eu-
ler was responsible for the fairly smooth appearance of Baraff and
Witkin’s results; we suspect a large share of the problem was lock-
ing, as very stiff in-plane forces brought the material model close
to developable, causing spurious numerical resistance to bending.

Choi and Ko [2002] introduced the second order accurate BDF2
method to cloth simulation, which features much reduced damping
yet still has stiff decay [Ascher and Petzold 1998], of crucial impor-
tance for dealing with stiff systems.2 They also fortuitously avoided
locking with their implicit model of the buckling instability, allow-
ing edges in their model to compress easily while still offering stiff
resistance to stretch. (This can also be viewed as using biphasic
springs, with lower resistance to compression than stretch.) This

2By contrast, implicit symplectic integrators, such as certain Newmark
schemes, cannot possess stiff decay and thus exhibit objectionable temporal
aliasing of high frequency modes into low frequency modes when using
large time steps.

is an attractive solution for much of the large-scale motion of the
cloth, but the buckling model causes small-scale details to remain
implicit—i.e. not visible in the simulation mesh. Attempts at pro-
cedurally adding in the missing detail have met with mixed success
(e.g. [Volino and Magnenat-Thalmann 1999; Kang and Cho 2002;
Tsiknis 2006]).

More recently Goldenthal et al. [2007] demonstrated an effective
approach to constraining a quad-dominant cloth mesh to zero de-
formation along the warp and weft directions. They avoid locking
by requiring most of the mesh to use quad elements, and by not
constraining shearing: this leaves enough degrees of freedom to
accurately and beautifully capture many fabrics of interest, but it
cannot be extended to the developable no-shear limit or to triangle
meshes. Our new constrained mechanics time integration scheme is
a multistep extension of Goldenthal et al.’s fast projection method.

Bergou et al. [2006] introduced the nonconforming elements we
use in the context of deriving a compact stencil for bending forces
on conforming meshes; our work generalizes this to use them for
in-plane dynamics to solve locking.

Liu et al. [2007] imposed developability as a constraint on con-
forming triangle meshes, proving that n triangles give you O(

√
n)

degrees of freedom. Unfortunately, those degrees of freedom suffer
from mesh-dependent artifacts which do not vanish under refine-
ment: this is the clearest illustration in the literature of the locking
problem we face, and motivates why we need a new method.

3 A Nonconforming Element Discretization

We begin with a regular triangle mesh in parameter or “object”
space, with the midpoint of each edge i at parameter space posi-
tion pi as in figure 2. Each edge variable also has a world space
position xi, a velocity vi, etc. Within a triangle with edges i, j, and
k, we extend variables with linear interpolation/extrapolation: e.g.
from geometric similarity the world space position of the vertex lo-
cated at the corner opposite edge i is xj + xk − xi. We can also
phrase this in terms of piecewise linear basis functions {φi}, where
φi(p) is 1 all along edge i and zero at the midpoints of all other
edges: x(p) =

P

i xiφi(p).

The mass mi associated with edge i is simply a third of the mass
of the sum of the masses of the incident triangles; these can be
assembled into a diagonal mass matrix M , with each mass repeated
three times. Newton’s law is then d2x/dt2 = M−1F , where F is
a vector of the net forces on each edge.

For a regular elastic material, we could use the usual Galerkin fi-
nite element discretization (see Brenner and Scott [2002] for ex-
ample), integrating gradients of the nonconforming basis functions
over each triangle as appropriate to get a stiffness matrix, but—
crucially—avoiding integrating over the jump discontinuities on the
edges between triangles.

However in the developable limit we take, an equivalent but simpler
formulation is possible. The deformation gradient in each trian-
gle is the gradient of world space position w.r.t. parameter values.
For linear elements, this is constant in each triangle; to avoid in-
plane deformation, this gradient matrix must be orthogonal, i.e. the
world space pose of each triangle must be a rigid transformation
of the parameter space pose. A triangle is rigid if and only if the
distance between any two edge midpoints remains constant, giving
three constraints per triangle of the form

cij(x) = ‖xi − xj‖2 − d2
ij = 0 (1)

where dij is the parameter space distance between edge midpoints
i and j. We assemble all of these constraints in one column-vector-
valued function C(x).

Developable Surfaces

Animating Developable Surfaces using Nonconforming Elements

Elliot English∗

University of British Columbia
Robert Bridson†

University of British Columbia

Figure 1: Frames from an animation of developable cloth, with complex collisions.

Abstract

We present a new discretization for the physics-based animation
of developable surfaces. Constrained to not deform at all in-plane
but free to bend out-of-plane, these are an excellent approximation
for many materials, including most cloth, paper, and stiffer ma-
terials. Unfortunately the conforming (geometrically continuous)
discretizations used in graphics break down in this limit. Our non-
conforming approach solves this problem, allowing us to simulate
surfaces with zero in-plane deformation as a hard constraint. How-
ever, it produces discontinuous meshes, so we further couple this
with a “ghost” conforming mesh for collision processing and ren-
dering. We also propose a new second order accurate constrained
mechanics time integration method that greatly reduces the numer-
ical damping present in the usual first order methods used in graph-
ics, for virtually no extra cost and sometimes significant speed-up.

CR Categories: I.3.7 [Computer Graphics]: Three-Dimensional
Graphics and Realism—Animation

Keywords: cloth, developable surface, finite elements, constraints

1 Introduction

Many deformable surfaces, ranging from most types of cloth to pa-
per [Kergosien et al. 1994; Bo and Wang 2007] and stiffer materi-
als, are well approximated as developable: they bend out-of-plane
but do not visibly stretch or compress in-plane. Even for materials
which do allow some in-plane deformation, e.g. small amounts of
shearing in a fabric relative to the warp and weft directions, if the
simulator cannot handle the developable limit there are bound to be

∗e-mail: eenglish@cs.ubc.ca
†e-mail: rbridson@cs.ubc.ca

numerical problems as users attempt to approach it. We thus restrict
our attention in this paper to the fully developable case, imposing
zero in-plane deformation as a hard constraint, though of course our
technique is easily generalized to stretchy or shearable materials.

Unfortunately, standard graphics simulators break down precisely
at this limit. For example, for a triangle mesh with the usual piece-
wise linear elements, developability implies that each triangle re-
main rigid. For any nontrivial bending this constraint must be vi-
olated: the mesh can essentially only crease along straight lines
already present in the mesh as edges: it locks.

The general phenomena of locking, i.e. the inability of a given finite
element space to approximate solutions [Brenner and Scott 2002;
Hauth 2004], was recently brought to light in graphics for volume-
conserving volumetric simulations by Irving et al. [2007]. In the
developable surface case, Liu et al.’s rigorous analysis shows that
a general n-triangle conforming mesh only has O(

√
n) degrees of

freedom [2007], with significant mesh-dependent artifacts. Simi-
lar arguments show that quad meshes with bilinear elements suffer
from the same locking problem, as do many higher order polyno-
mial elements. For stiff but not fully constrained cloth models, e.g.
where edges may change their length slightly, locking manifests as
a spurious increased resistance to bending, proportional to the in-
plane stiffness rather than the true bending stiffness.

The classic solution to the locking problem for volume-conserving
deformations is to use nonconforming elements [Brenner and Scott
2002]. Rather than reduce the number of constraints by averaging
over larger regions as Irving et al. propose, finite element practi-
tioners traditionally increase the number of variables, by putting
the variables at the midpoints of edges (in 2D) or faces (in 3D).1

We adopt this approach for the deformable surface case, putting
our position variables at the midpoints of the edges rather than the
vertices in the mesh (see figure 2). This now gives us 3e ≈ 9v vari-
ables, and to make each linear triangle rigid only implies 3t ≈ 6v
constraints, leaving us with approximately 3v true degrees of free-
dom for bending—allowing the method to accurately approximate
developable surfaces. The first part of our paper gives the details
on this approach: how to enforce developability, special treatment
of boundary elements, and a simple bending model.

However, the discrete surfaces we work with are nonconforming,
i.e. no longer necessarily continuous: adjacent triangles only have
to meet at the midpoint of the common edge, not necessarily at ver-
tices. This clearly poses a problem for robust collision processing

1This may be identified as the lowest order Crouzeix-Raviart element.
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Real Hair: Curly



Real Hair: Straight



Real Hair

• Typical human head has 150k-200k 
individual strands.

• Dynamics not well understood.

• Subject still open to debate.

Figure 1.1: Left, close view of a hair fiber (root upwards) showing the cuticle
covered by overlapping scales. Right, bending and twisting instabilities observed
when compressing a small wisp.

Deformations of a hair strand involve rotations that are not infinitely small and
so can only be described by nonlinear equations [AP07]. Physical effects arising
from these nonlinearities include instabilities called buckling. For example, when
a thin hair wisp is held between two hands that are brought closer to each other
(see Figure 1.1, right), it reacts by bending in a direction perpendicular to the
applied compression. If the hands are brought even closer, a second instability
occurs and the wisp suddenly starts to coil (the bending deformation is converted
into twist).

1.3 Oriented Strands: a versatile dynamic primitive

The simulation of strand like primitives modeled as dynamics of serial branched
multi-body chain, albeit a potential reduced coordinate formulation, gives rise to
stiff and highly non-linear differential equations. We introduce a recursive, linear
time and fully implicit method to solve the stiff dynamical problem arising from
such a multi-body system. We augment the merits of the proposed scheme by
means of analytical constraints and an elaborate collision response model. We
finally discuss a versatile simulation system based on the strand primitive for
character dynamics and visual effects. We demonstrate dynamics of ears, braid,
long/curly hair and foliage.
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Problems

• Not length preserving.

• No torsion forces (twist).

The linear  spring model is very 
simple but has several problems:



Problems

• Not length preserving.

• No torsion forces (twist).

The linear  spring model is very 
simple but has several problems:





Well, how do we preserve 
length then?

 use non-linear correction 

k Is infinity!



1.First pass-implicit integration 

 First implicit solve to get 
new velocity



2.First pass-implicit integration 

Advance position with the 
predicted mid-step velocity



3.Non-linear Correction 

Apply non-linear corrector 
to get position (length) right



4.Impulse

Change velocity due to 
length preservation

Velocity may be out of sync 
after impulse



5.Second implicit integration

 Filters out velocity field

 Velocity field in sync again



nVidia ‘nalu’ demo - http://www.youtube.com/watch?v=e0m0o6lbmeM



Problems

• Not length preserving.

• No torsion forces (twist).

The linear  spring model is very 
simple but has several problems:



Super Helicesother interesting approaches to handle strand-strand interactions include wisp level
interactions [PCP01b, BKCN03b], layers [LK01b] and strips [CJY02b].

We demonstrate the effectiveness of the proposed Oriented Strand methodology,
through impressive results in production of Madagascar and Shrek The Third at
PDI/DreamWorks, in Section 5.1.

1.4 Super-Helices: a compact model for thin geometry

Figure 1.5: Left, a Super-Helix. Middle and right, dynamic simulation of natural
hair of various types: wavy, curly, straight. These hairstyles were animated using
N = 5 helical elements per guide strand.

The Super-Helix model is a novel mechanical model for hair, dedicated to the ac-
curate simulation of hair dynamics. In the spirit of work by Marschner et al. in the
field of hair rendering [MJC+03a], we rely on the structural and mechanical fea-
tures of real hair to achieve realism. This leads us to use Kirchhoff equations for
dynamic rods. These equations are integrated in time thanks to a new deformable
model that we call Super-Helices: A hair strand is modeled as a C

1 continuous,
piecewise helical1 rod, with an oval to circular cross section. We use the degrees
of freedom of this inextensible rod model as generalized coordinates, and derive
the equations of motion by Lagrangian mechanics. As our validations show, the
resulting model accurately captures the nonlinear behavior of hair in motion, while
ensuring both efficiency and robustness of the simulation.

This work was published at SIGGRAPH in 2006 [BAC+06], and results from a
collaboration with Basile Audoly, researcher in mechanics at Universite Pierre et
Marie Curie, Paris 6, France.

1A helix is a curve with constant curvatures and twist. Note that this definition includes straight
lines (zero curvatures and twist), so Super-Helices can be used for representing any kind of hair.
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we found that slight variations of (κn

i (s))i with s allow for more realistic hair

styles. Finally, we choose for the dissipation energy D in equation (1.24d) a simple

heuristic model for capturing visco-elastic effects in hair strands, the coefficient γ
being the internal friction coefficient.

All the terms needed in equation (1.23) have been given in equations (1.24). By

plugging the latter into the former, one arrives at explicit equations of motion

for the generalized coordinate q(t). Although straightforward in principle, this

calculation is involved
3
. It can nevertheless be worked out easily using a symbolic

calculation language such as Mathematica [Wol99]: the first step is to implement

the reconstruction of Super-Helices as given in Appendix 1.4.3; the second step

is to work out the right-hand sides of equations (1.24), using symbolic integration

whenever necessary; the final step is to plug everything back into equation (1.23).

This leads to the equation of motion of a Super-Helix:

M[s,q] · q̈+K · (q−qn) = A[t,q, q̇]+
� L

0

JiQ[s,q, t] · Fi(s, t)ds. (1.25)

In this equation, the bracket notation is used to emphasize that all functions are
given by explicit formula in terms of their arguments.

In equation (1.25), the inertia matrix M is a dense square matrix of size 3N,

which depends nonlinearly on q. The stiffness matrix K has the same size, is

diagonal, and is filled with the bending and torsional stiffnesses of the rod. The

vector qn
defines the rest position in generalized coordinates, and is filled with

the natural twist or curvature κn

i of the rod over element labelled Q. Finally,

the vector A collects all remaining terms, including air drag and visco-elastic

dissipation, which are independent of q̈ and may depend nonlinearly on q and q̇.

Time discretization

The equation of motion (1.25) is discrete in space but continuous in time. For

its time integration, we used a classical Newton semi-implicit scheme with fixed

time step. Both the terms q̈ and q in the left-hand side are implicited. Every

time step involves the solution of a linear system of size 3N. The matrix of this

linear system is square and dense, like M, and is different at every time step: a

3
The elements of M, for instance, read MiQ,i�Q� = 1

2

��
JiQ(s,q) ·Ji�Q�(s�,q)dsds� where J is the

gradient of rSH(s,q) with respect to q.
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1.4.1 The Dynamics of Super-Helices

Figure 1.6: Left, geometry of Super-Helix. Right, animating Super-Helices with

different natural curvatures and twist: a) straight, b) wavy, c) curly, d) strongly

curly. In this example, each Super-Helix is composed of 10 helical elements.

We shall first present the model that we used to animate individual hair strands

(guide strands). This model has a tunable number of degrees of freedom. It is

built upon the Cosserat and Kirchhoff theories of rods. In mechanical engineering

literature, a rod is defined as an elastic material that is effectively one dimensional:

its length is much larger than the size of its cross section.

Kinematics

We consider an inextensible rod of length L. Let s ∈ [0,L] be the curvilinear

abscissa along the rod. The centerline, r(s, t), is the curve passing through the

center of mass of every cross section. This curve describes the shape of the rod at

a particular time t but it does not tell how much the rod twists around its centerline.

In order to keep track of twist, the Cosserat model introduces a material frame

ni(s, t) at every point of the centerline
2
. By material, we mean that the frame

‘flows’ along with the surrounding material upon deformation. By convention, n0

is the tangent to the centerline:

r
�(s, t) = n0(s, t), (1.20a)

2
By convention, lowercase Latin indices such as i are used for all spatial directions and run

over i = 0,1,2 while Greek indices such as α are for spatial directions restricted to the plane of

the cross section, α = 1,2.
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Figure 1.8: Fitting γ for a vertical oscillatory motion of a disciplined, curly hair

clump. Left, comparison between the real (top) and virtual (bottom) experiments.

Right, the span �A of the hair clump for real data is compared to the simulations

for different values of γ . In this case, γ = 1.10
−10

kg · m
3 · s

−1
gives qualitatively

similar results.

natural hair. We used the technique presented previously to fit the parameters of

the Super Helix from the real manipulated hair clump. As shown in Figure 1.9,

left, our Super-Helix model adequately captures the typical nonlinear behavior

of hair (buckling, bending-twisting instabilities), as well as the nervousness of

curly hair when submitted to high speed motion (see Figure 1.8, left). Figure 1.9,

right, shows the fast motion of a large hair, which is realistically simulated using

3 interacting Super-Helices. All these experiments also allowed us to check the

stability of the simulation, even for high speed motion.

Finally, Figure 1.10 demonstrates that our model convincingly captures the com-

plex effects occurring in a full head of hair submitted to a high speed shaking

motion.
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