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Recap of last lecture

¥ Reasoning over time

- Markov Processes

- Hidden Markov Models

- modeling state transitions

- probability of state sequences

- inference of hidden states

- forward and Viterbi algorithms
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Note to other teachers and users of 
these slides. Andrew would be delighted 
if you found this source material useful in 
giving your own lectures. Feel free to use 
these slides verbatim, or to modify them 
to fit your own needs. PowerPoint 
originals are available. I f you make use 
of a significant portion of these slides in 
your own lecture, please include this 
message, or the following link to the 
source repository of AndrewÕs tutorials: 
http:/ /www.cs.cmu.edu/~ awm/tutorials . 
Comments and corrections gratefully 
received. 

- . #/ $%01*'2 '( , , ( +'( , , 3+'" 45$67 '8 9': . . $6 : @$K. L'I / ) *6< ) M'I &%56'(

N%) ; . =4*65'O67 @$5)
"4' @))%)*@4*'#$.P6)).$' 06*)' #@%5+')@/+'(,Q' #6$'/6@$9

R.7' <=;1+' %4'*.*@&+'7%&&'*16'"9H9'6@$4'%4'*16%$'&%P6S

( , 'T'( , 'T'( , 'T'( , 'T'( , 'T'U 'V'W4P%4%*/

81@*X)'7$.40' 7%*1'*1%)'@$0=<64*S

Y Y

Thanks Andrew!

!

" #$%&'( ) *+, +- . . - /+- . . 0/+123&45 +6 7+8 ##&4 8 9&: #; +<%=*4> =?+<@'34+A

B)4+1C934>'C+D'E4

F4E'24?
G1 H+I J$4C*43+3'=C#K2*43+EK*K&4+&459&3=+=*9&*'2(+'2+=*9*4+1
GL H+I J$4C*43+3'=C#K2*43+EK*K&4+&459&3=+=*9&*'2(+'2+=*9*4+L
GB H+++++++M+++++++++++++++M+++++++++++++++M++++++++++M+++++++++++ M+++++++M++++M+++++B
G< H+++++++M+++++++++++++++M+++++++++++++++M++++++++++M+++++++++++ M+++++++M++++M+++++<
GF H+++++++M+++++++++++++++M+++++++++++++++M++++++++++M+++++++++++ M+++++++M++++M+++++F

N#5+3#+54+C#>$K*4+G1/+GL/+GB/+G</+GF O

17
1=='=*92*

P&#E
- .

L7
1==#C7

P&#E
Q.

<7
R2+*)4
<*&44*

S.

F7
F493

.

B7
B42K&43

P&#E
0. .

1==K> 4+F'=C#K2*+

T9C*#&+! H+. 7U

.7V

.7V

.7Q

.7!

.7- .7-

.7-

.7!

.7Q
.7-

" #$%&'( ) *+, +- . . - /+- . . 0/+123&45 +6 7+8 ##&4 8 9&: #; +<%=*4> =?+<@'34+Q

"#>$K*'2(+ *)4+TK*K&4+W459&3=+#E+92+
1C934>'C



!

" #$%&'( ) *+, +! - - ! .+! - - / .+012&34 +5 6+7 ##&3 7 8&9#: +; %<*3= <>+; ?'23+@

A'<B#C1*32+D34 8&2<

E0+&34 8&2+F$8%= 31*G+'1+*) 3+HC*C&3+'<+1#*+4 #&*) +I C'*3+
8<+= CB) +8<+8+&34 8&2+1#4 6J

KL3B8C<3+#H+B)81B3+#H+#M?'*3&8*'#1
KL3B8C<3+#H+'1H?8*'#1

NO8= $?3>
L3'1(+$&#='<32+PQ-.---+ 13O*+%38&+'<+4#&*)+#1?%+R-S +8<+
=CB)+8<+&3B3':'1(+PQ-.---+ &'()*+1#46

0<<C= '1( +$8%= 31*+n %38&<+'1+HC*C&3+'<+4 #&*) +#1?%+
F- 6RGn #H+$8%= 31*+1#4 .+4 ) 8*+'<+*) 3+0TU<+VC*C&3+
A'<B#C1*32+; C= +#H+D34 8&2< W

" #$%&'( ) *+, +! - - ! .+! - - / .+012&34 +5 6+7 ##&3 7 8&9#: +; %<*3= <>+; ?'23+/

A'<B#C1*+V8B*#&<

T3#$?3+'1+3B#1#= 'B<+812+$&#M8M'?'<*'B+23B'<'#1X
= 89'1( +2#+*) '<+8??+*) 3+*'= 36
Y) 3+EA'<B#C1*32+<C= +#H+HC*C&3+&34 8&2<J+C<'1( +
2'<B#C1*+H8B*#&+!J '<

F&34 8&2+1#4 G+Z

! F&34 8&2+'1+Q+*'= 3+<*3$G+Z

! 2 F&34 8&2+'1+! +*'= 3+<*3$<G+Z
! 3 F&34 8&2+'1+@+*'= 3+<*3$<G+Z

>
>+++++++F'1H'1'*3+<C= G

!

" #$%&'( ) *+, +! - - ! .+! - - / .+012&34 +5 6+7 ##&3 7 8&9#: +; %<*3= <>+; ?'23+@

A'<B#C1*32+D34 8&2<

E0+&34 8&2+F$8%= 31*G+'1+*) 3+HC*C&3+'<+1#*+4 #&*) +I C'*3+
8<+= CB) +8<+8+&34 8&2+1#4 6J

KL3B8C<3+#H+B)81B3+#H+#M?'*3&8*'#1
KL3B8C<3+#H+'1H?8*'#1

NO8= $?3>
L3'1(+$&#='<32+PQ-.---+ 13O*+%38&+'<+4#&*)+#1?%+R-S +8<+
=CB)+8<+&3B3':'1(+PQ-.---+ &'()*+1#46

0<<C= '1( +$8%= 31*+n %38&<+'1+HC*C&3+'<+4 #&*) +#1?%+
F- 6RGn #H+$8%= 31*+1#4 .+4 ) 8*+'<+*) 3+0TU<+VC*C&3+
A'<B#C1*32+; C= +#H+D34 8&2< W

" #$%&'( ) *+, +! - - ! .+! - - / .+012&34 +5 6+7 ##&3 7 8&9#: +; %<*3= <>+; ?'23+/

A'<B#C1*+V8B*#&<

T3#$?3+'1+3B#1#= 'B<+812+$&#M8M'?'<*'B+23B'<'#1X
= 89'1( +2#+*) '<+8??+*) 3+*'= 36
Y) 3+EA'<B#C1*32+<C= +#H+HC*C&3+&34 8&2<J+C<'1( +
2'<B#C1*+H8B*#&+!J '<

F&34 8&2+1#4 G+Z

! F&34 8&2+'1+Q+*'= 3+<*3$G+Z

! 2 F&34 8&2+'1+! +*'= 3+<*3$<G+Z
! 3 F&34 8&2+'1+@+*'= 3+<*3$<G+Z

>
>+++++++F'1H'1'*3+<C= G



!

" #$%&'( ) *+, +- . . - /+- . . 0/+123&45 +6 7+8 ##&4 8 9&: #; +<%=*4> =?+<@'34+A

B)4+1C934>'C+D'E4

F4E'24?
G1 H+I J$4C*43+3'=C#K2*43+EK*K&4+&459&3=+=*9&*'2(+'2+=*9*4+1
GL H+I J$4C*43+3'=C#K2*43+EK*K&4+&459&3=+=*9&*'2(+'2+=*9*4+L
GB H+++++++M+++++++++++++++M+++++++++++++++M++++++++++M+++++++++++ M+++++++M++++M+++++B
G< H+++++++M+++++++++++++++M+++++++++++++++M++++++++++M+++++++++++ M+++++++M++++M+++++<
GF H+++++++M+++++++++++++++M+++++++++++++++M++++++++++M+++++++++++ M+++++++M++++M+++++F

N#5+3#+54+C#>$K*4+G1/+GL/+GB/+G</+GF O

17
1=='=*92*

P&#E
- .

L7
1==#C7

P&#E
Q.

<7
R2+*)4
<*&44*

S.

F7
F493

.

B7
B42K&43

P&#E
0. .

1==K> 4+F'=C#K2*+

T9C*#&+! H+. 7U

.7V

.7V

.7Q

.7!

.7- .7-

.7-

.7!

.7Q
.7-

" #$%&'( ) *+, +- . . - /+- . . 0/+123&45 +6 7+8 ##&4 8 9&: #; +<%=*4> =?+<@'34+Q

"#>$K*'2(+ *)4+TK*K&4+W459&3=+#E+92+
1C934>'C

G.
Google 

PI
!

!

" #$%&'( ) *+, +- . . - /+- . . ! /+012&34 +5 6+7 ##&3 7 8&9#: +; %<*3= <>+; ?'23+@

0+78&9#:+;%<*3=+4'*)+A348&2<B
C D8<+8+<3*+#E+<*8*3<++F; G ; - HH; I J
C D8<+8+*&81<'*'#1+$&#K8K'?'*%+=8*&'L

MGG MG- HHMGI

MN++++M- G M'ON+M&#KPI3L*+N+; j Q+R) '<+N+; i S
>
MIG HH MII

C T8U) +<*8*3+) 8<+8+&34 8&26++F&G &- HH&I J

C R)3&3V<+8+2'<U#W1*+E8U*#&+! 6+++. +X+! X+G
Y1+T8U) +R'= 3+; *3$+B

. 6++0<<W= 3+%#W&+<*8*3+'<+; i

G6++Z#W+( 3*+(' :31+&348&2+&i

- 6++Z#W+&812#= ?%+= #: 3+*#+81#*) 3&+<*8*3
MPI 3L*; *8*3+N+; j Q+R) '<+N+; i S+N+Mij

[6++0??+EW*W&3+&348&2<+8&3+2'<U#W1*32+K%+!

" #$%&'( ) *+, +- . . - /+- . . ! /+012&34 +5 6+7 ##&3 7 8&9#: +; %<*3= <>+; ?'23+\

;#?:'1(+ 8+78&9#:+;%<*3=
5 &'*3+++] ^P; iS+N+3L$3U*32+2'<U#W1*32+<W= +#E+EW*W&3+
&34 8&2<+ <*8&*'1( +'1+<*8*3+; i
] ^P; iS+N+&i _+! L+PTL$3U*32+EW*W&3+&34 8&2<+<*8&*'1( +E&#= +%#W&+13L*+<*8*3S

N+&i _+!PMiG] ^P; GS_Mi- ] ^P; - S_+HHHMiI ] ^P; I SS

` <'1( +: 3U*#&+1#*8*'#1+4 &'*3
] ^P; GS &G MGG MG- HHMGI
] ^P; - S+ &- M- G+++H6

] N++++> AN > MN++++++>
] ^P; I S+ &I MI G MI - HHMI I

a W3<*'#1>+U81+%#W+'1: 31*+8+U?#<32+E#&= +3L$&3<<'#1+E#&+
] '1+*3&= <+#E+A M 812+! b



!

" #$%&'( ) *+, +- . . - /+- . . 0/+123&45 +6 7+8 ##&4 8 9&: #; +<%=*4> =?+<@'34+AA

B9@C4+D*4&9*'#2?+92#*)4&+59%+*#+=#@;4+
9+89&: #;+<%=*4>

E4F'24++

GAH<iI+J+KL$4M*43+3'=M#C2*43+=C>+#F+&459&3=+#;4 &+*)4+24L*+A+*'> 4+=*4$7

G- H<iI+J+KL$4M*43+3'=M#C2*43+=C> +&45 9&3=+3C&'2( +24L*+- +=*4$=
GNH<iI+J+KL$4M*43+3'=M#C2*43+=C> +&45 9&3=+3C&'2( +24L*+N+=*4$=

?
G: H<iI+J+KL$4M*43+3'=M#C2*43+=C>+&459&3=+3C&'2(+24L*+k =*4$=

GAH<iI+J++ H5 ) 9*OI

G- H<iI+J H5 ) 9*OI
?

G: PAH<iI+J H5 ) 9*OI

" #$%&'( ) *+, +- . . - /+- . . 0/+123&45 +6 7+8 ##&4 8 9&: #; +<%=*4> =?+<@'34+A-

B9@C4+D*4&9*'#2?+92#*)4&+59%+*#+=#@;4+
9+89&: #;+<%=*4>

E4F'24++

GAH<iI+J+KL$4M*43+3'=M#C2*43+=C>+#F+&459&3=+#;4 &+*)4+24L*+A+*'> 4+=*4$7

G- H<iI+J+KL$4M*43+3'=M#C2*43+=C> +&45 9&3=+3C&'2( +24L*+- +=*4$=
GNH<iI+J+KL$4M*43+3'=M#C2*43+=C> +&45 9&3=+3C&'2( +24L*+N+=*4$=

?
G: H<iI+J+KL$4M*43+3'=M#C2*43+=C>+&459&3=+3C&'2(+24L*+k =*4$=

GAH<iI+J+&i H5)9*OI

G- H<iI+J H5 ) 9*OI
?

G: PAH<iI+J H5 ) 9*OI

!
"

#
N

j
jiji sJpr

1

1 )($

!
"

#
N

j
j

k
iji sJpr

1

)($

Q+J+QC> R4&+#F+=*9*4=

!

" #$%&'( ) *+, +- . . - /+- . . 0/+123&45 +6 7+8 ##&4 8 9&: #; +<%=*4> =?+<@'34+A

B)4+1C934>'C+D'E4

F4E'24?
G1 H+I J$4C*43+3'=C#K2*43+EK*K&4+&459&3=+=*9&*'2(+'2+=*9*4+1
GL H+I J$4C*43+3'=C#K2*43+EK*K&4+&459&3=+=*9&*'2(+'2+=*9*4+L
GB H+++++++M+++++++++++++++M+++++++++++++++M++++++++++M+++++++++++ M+++++++M++++M+++++B
G< H+++++++M+++++++++++++++M+++++++++++++++M++++++++++M+++++++++++ M+++++++M++++M+++++<
GF H+++++++M+++++++++++++++M+++++++++++++++M++++++++++M+++++++++++ M+++++++M++++M+++++F

N#5+3#+54+C#>$K*4+G1/+GL/+GB/+G</+GF O

17
1=='=*92*

P&#E
- .

L7
1==#C7

P&#E
Q.

<7
R2+*)4
<*&44*

S.

F7
F493

.

B7
B42K&43

P&#E
0. .

1==K> 4+F'=C#K2*+

T9C*#&+! H+. 7U

.7V

.7V

.7Q

.7!

.7- .7-

.7-

.7!

.7Q
.7-

" #$%&'( ) *+, +- . . - /+- . . 0/+123&45 +6 7+8 ##&4 8 9&: #; +<%=*4> =?+<@'34+Q

"#>$K*'2(+ *)4+TK*K&4+W459&3=+#E+92+
1C934>'C

!

" #$%&'( ) *+, +- . . - /+- . . 0/+123&45 +6 7+8 ##&4 8 9&: #; +<%=*4> =?+<@'34+AA

B9@C4+D*4&9*'#2?+92#*)4&+59%+*#+=#@;4+
9+89&: #;+<%=*4>

E4F'24++

GAH<iI+J+KL$4M*43+3'=M#C2*43+=C>+#F+&459&3=+#;4 &+*)4+24L*+A+*'> 4+=*4$7

G- H<iI+J+KL$4M*43+3'=M#C2*43+=C> +&45 9&3=+3C&'2( +24L*+- +=*4$=
GNH<iI+J+KL$4M*43+3'=M#C2*43+=C> +&45 9&3=+3C&'2( +24L*+N+=*4$=

?
G: H<iI+J+KL$4M*43+3'=M#C2*43+=C>+&459&3=+3C&'2(+24L*+k =*4$=

GAH<iI+J++ H5 ) 9*OI

G- H<iI+J H5 ) 9*OI
?

G: PAH<iI+J H5 ) 9*OI

" #$%&'( ) *+, +- . . - /+- . . 0/+123&45 +6 7+8 ##&4 8 9&: #; +<%=*4> =?+<@'34+A-

B9@C4+D*4&9*'#2?+92#*)4&+59%+*#+=#@;4+
9+89&: #;+<%=*4>

E4F'24++

GAH<iI+J+KL$4M*43+3'=M#C2*43+=C>+#F+&459&3=+#;4 &+*)4+24L*+A+*'> 4+=*4$7

G- H<iI+J+KL$4M*43+3'=M#C2*43+=C> +&45 9&3=+3C&'2( +24L*+- +=*4$=
GNH<iI+J+KL$4M*43+3'=M#C2*43+=C> +&45 9&3=+3C&'2( +24L*+N+=*4$=

?
G: H<iI+J+KL$4M*43+3'=M#C2*43+=C>+&459&3=+3C&'2(+24L*+k =*4$=

GAH<iI+J+&i H5)9*OI

G- H<iI+J H5 ) 9*OI
?

G: PAH<iI+J H5 ) 9*OI

!
"

#
N

j
jiji sJpr

1

1 )($

!
"

#
N

j
j

k
iji sJpr

1

)($

Q+J+QC> R4&+#F+=*9*4=



!

" #$%&'( ) *+, +- . . - /+- . . 0/+123&45 +6 7+8 ##&4 8 9&: #; +<%=*4> =?+<@'34+AA

B9@C4+D*4&9*'#2?+92#*)4&+59%+*#+=#@;4+
9+89&: #;+<%=*4>

E4F'24++

GAH<
i
I+J+KL$4M*43+3'=M#C2*43+=C>+#F+&459&3=+#;4 &+*)4+24L*+A+*'> 4+=*4$7

G- H<
i
I+J+KL$4M*43+3'=M#C2*43+=C> +&45 9&3=+3C&'2( +24L*+- +=*4$=

GNH<
i
I+J+KL$4M*43+3'=M#C2*43+=C> +&45 9&3=+3C&'2( +24L*+N+=*4$=

?
G: H<

i
I+J+KL$4M*43+3'=M#C2*43+=C>+&459&3=+3C&'2(+24L*+k =*4$=

GAH<
i
I+J++ H5 ) 9*OI

G- H<
i
I+J H5 ) 9*OI

?

G: PAH<
i
I+J H5 ) 9*OI

" #$%&'( ) *+, +- . . - /+- . . 0/+123&45 +6 7+8 ##&4 8 9&: #; +<%=*4> =?+<@'34+A-

B9@C4+D*4&9*'#2?+92#*)4&+59%+*#+=#@;4+
9+89&: #;+<%=*4>

E4F'24++

GAH<
i
I+J+KL$4M*43+3'=M#C2*43+=C>+#F+&459&3=+#;4 &+*)4+24L*+A+*'> 4+=*4$7

G- H<
i
I+J+KL$4M*43+3'=M#C2*43+=C> +&45 9&3=+3C&'2( +24L*+- +=*4$=

GNH<
i
I+J+KL$4M*43+3'=M#C2*43+=C> +&45 9&3=+3C&'2( +24L*+N+=*4$=

?
G: H<

i
I+J+KL$4M*43+3'=M#C2*43+=C>+&459&3=+3C&'2(+24L*+k =*4$=

GAH<
i
I+J+&

i
H5)9*OI

G- H<
i
I+J H5 ) 9*OI

?

G: PAH<
i
I+J H5 ) 9*OI

!
"

#
N

j

jiji sJpr
1

1 )($

!
"

#
N

j

j

k

iji sJpr
1

)($

Q+J+QC> R4&+#F+=*9*4=

!

" #$%&'( ) *+, +- . . - /+- . . 0/+123&45 +6 7+8 ##&4 8 9&: #; +<%=*4> =?+<@'34+AB

C4*D=+3#+E9@F4+G*4&9*'#2

H

0

B

-

A

I : JK1GCLI : J6 GMNLI : J<OML:

<OM

!
P0

6 GMN

"
.

K1GC
7??7?7??

QRAS-

AS-

AS-AS-

AS-

AS-

! T+. 7H

" #$%&'( ) *+, +- . . - /+- . . 0/+123&45 +6 7+8 ##&4 8 9&: #; +<%=*4> =?+<@'34+A0

C4*D=+3#+E9@F4+G*4&9*'#2

QAA7AAQA7H-07RRH

QAAQA70007U00

QA. 7! HQA7- HHB

QA.QAH-

QR.0A

I : JK1GCLI : J6 GMNLI : J<OML:

<OM

!
P0

6 GMN

"
.

K1GC
7??7?7??

QRAS-

AS-

AS-AS-

AS-

AS-

! T+. 7H



!

" #$%&'( ) *+, +- . . - /+- . . 0/+123&45 +6 7+8 ##&4 8 9&: #; +<%=*4> =?+<@'34+AB

C4*D=+3#+E9@F4+G*4&9*'#2

H

0

B

-

A

I : JK1GCLI : J6 GMNLI : J<OML:

<OM

!
P0

6 GMN

"
.

K1GC
7??7?7??

QRAS-

AS-

AS-AS-

AS-

AS-

! T+. 7H

" #$%&'( ) *+, +- . . - /+- . . 0/+123&45 +6 7+8 ##&4 8 9&: #; +<%=*4> =?+<@'34+A0

C4*D=+3#+E9@F4+G*4&9*'#2

QAA7AAQA7H-07RRH

QAAQA70007U00

QA. 7! HQA7- HHB

QA.QAH-

QR.0A

I : JK1GCLI : J6 GMNLI : J<OML:

<OM

!
P0

6 GMN

"
.

K1GC
7??7?7??

QRAS-

AS-

AS-AS-

AS-

AS-

! T+. 7H

!

" #$%&'( ) *+, +- . . - /+- . . 0/+123&45 +6 7+8 ##&4 8 9&: #; +<%=*4> =?+<@'34+AB

C9@D4+E*4&9*'#2+F#&+=#@;'2(+89&:#;+
<%=*4> =

G " #> $D*4+HAI<iJ+F#&+49K) +j

G " #> $D*4+H- I<iJ+F#&+49K) +j
?

G " #> $D*4+H: I<iJ+F#&+49K) +j
1=+++:!" H: I<iJ!HLI<iJ+7++6 ) %M

6 ) 42+*#+=*#$M++6 ) 42
8 9N++++H: OAI<iJ+P H: I<iJ+++++Q++#

i

R) '=+'=+F9=*4&+*) 92+> 9*&'N+'2; 4&='#2+IST =*%@4J
'F*) 4+*&92='*'#2+> 9*&'N+'=+=$9&=4

" #$%&'( ) *+, +- . . - /+- . . 0/+123&45 +6 7+8 ##&4 8 9&: #; +<%=*4> =?+<@'34+AU

1+89&:#;+V4K'='#2+W&#K4==
! X+. 7Y

W##&+Z
[ 2: 2#5 2

O.

\ 'K) +Z
[ 2: 2#5 2

OA.

\ 'K) +Z
]9>#D =

OA.

W##&+Z
]9>#D =

O.

^ #D+&D2+9+
=*9&*D$+
K#> $92%7

E2+4; 4&%+
=*9*4+%#D+
> D=*+
K) ##=4+
_4*5 442+
<9;'2(+
> #24%+#&+
13;4&*'='2(7 <

1
1

<

11

<

<
A

A

A
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À -
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Modeling Environments with Markov Models

¥ MDP

- tractable to solve
- relatively easy to specify

- assumes perfect knowledge of state

¥ POMDP

- Treats all sources of uncertainty (acting, sensing, environment) in a uniform framework
- Allows for taking actions that gain information

- DifÞcult to specify all the conditional probabilities
- Almost always infeasible to solve optimally

187

Types of Markov Models

State Passive Active

Fully 
Observable Markov Model MDP

Hidden State HMM POMDP

Advanced topic.  
We wonÕt cover 
these in detail.
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LetÕs compute Jk(Si) for the startup example
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k Jk(PU) Jk(PF) Jk(RU) Jk(RF)
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LetÕs compute Jk(Si) for the startup example
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k Jk(PU) Jk(PF) Jk(RU) Jk(RF)

1 0 0 10 10

2 0 4.5 14.5 19

3 2.03 8.55 16.53 25.08

4 4.76 12.20 18.35 28.72

! "

# $%&' () * +,- ,. / / . 0,. / / 10,234'56 ,7 8,9 $$'5 9 : ' ; $<,=&>+5? >@,=A(45,. B

C5AA?:3D>,EFG:+($3
! " ! "#$

%
&'
(

)*+
+

*
N

j
j

nk
iji

k
i

n r
1

1 SJPmaxSJ ,

! " ! " #$

%
&'

(
-.* /i

n
i

n

i

SJSJ when converged 1

max

H: AG5,I+5' : +($3,J$' ,>$A<(3) ,9 KL>
M # $? %G+5,N! O=iP,J$' ,: AA,i
M # $? %G+5,N. O=iP,J$' ,: AA,i
M @
M # $? %G+5,N3O=iP,J$' ,: AA,i

Q88G3+(A,R$3<5')54

Q 2A>$,; 3$6 3,: >
K&3: ? (R,L ' $) ' : ? ? (3)

# $%&' () * +,- ,. / / . 0,. / / 10,234'56 ,7 8,9 $$'5 9 : ' ; $<,=&>+5? >@,=A(45,. S

T(34(3),+*5,U%+(?:A,L$A(R&
! 8 # $? %G+5,NVO=iP,J$' ,: AA,(,G>(3) ,H: AG5,

I+5' : +($3,O: 8; 8: 8,K&3: ? (R,L ' $) ' : ? ? (3) P

. 8 K5J(35,+* 5,W5>+,: R+($3,(3,>+: +5,=( : >

! "#
$

%
&
'

(
* ) 0

j
j

k
iji

k

r SJPmaxarg ,

O7 * &XP



! "

# $%&' () * +,- ,. / / . 0,. / / 10,234'56 ,7 8,9 $$'5 9 : ' ; $<,=&>+5? >@,=A(45,. B

C5AA?:3D>,EFG:+($3
! " ! "#$

%
&'
(

)*+
+

*
N

j
j

nk
iji

k
i

n r
1

1 SJPmaxSJ ,

! " ! " #$

%
&'

(
-.* /i

n
i

n

i

SJSJ when converged 1max

H: AG5,I+5' : +($3,J$' ,>$A<(3) ,9 KL>
M # $? %G+5,N! O=iP,J$' ,: AA,i
M # $? %G+5,N. O=iP,J$' ,: AA,i
M @
M # $? %G+5,N3O=iP,J$' ,: AA,i

Q88G3+(A,R$3<5')54

Q 2A>$,; 3$6 3,: >
K&3: ? (R,L ' $) ' : ? ? (3)

# $%&' () * +,- ,. / / . 0,. / / 10,234'56 ,7 8,9 $$'5 9 : ' ; $<,=&>+5? >@,=A(45,. S

T(34(3),+*5,U%+(?:A,L$A(R&
! 8 # $? %G+5,NVO=iP,J$' ,: AA,(,G>(3) ,H: AG5,

I+5' : +($3,O: 8; 8: 8,K&3: ? (R,L ' $) ' : ? ? (3) P

. 8 K5J(35,+* 5,W5>+,: R+($3,(3,>+: +5,=( : >

! "#
$

%
&
'

(
* ) 0

j
j

k
iji

k

r SJPmaxarg ,

O7 * &XP

! "

# $%&' () * +,- ,. / / . 0,. / / " 0,123'45 ,6 7,8 $$'4 8 9' : $; ,<&=+4> =?,<@(34,. A

1%%@(B9+($2=,$C,8DE=
F* (=,4G+423=,+* 4,=49' B* ,9@) $' (+* > =,$C,&$H' ,C(' =+,
@4B+H' 4=,+$,+* 4,B9=4,$C,%' $I 9I (@(=+(B,24G+,=+9+4=7
8 92&(> %$' +92+,%' $I @4> =,9' 4,8 DE=J 7

J K$I $+,%9+* ,%@922(2)
J F'9;4@,'$H+4,%@922(2)
J L@4; 9+$' ,=B* 43H@(2)
J M92:, BH=+$>4','4+42+($2
J 1H+$2$>$H=,9('B'9C+,29;()9+($2
J 8 92HC9B+H'(2),%'$B4==4=
J N4+5$':, =5(+B*(2),O,'$H+(2)

# $%&' () * +,- ,. / / . 0,. / / " 0,123'45 ,6 7,8 $$'4 8 9' : $; ,<&=+4> =?,<@(34,. P

1=&2B*'$2$H=,D7E7
Q9@H4,R+4' 9+($2?

SM9B: H%,<! T0,SM9B:H%,<. T0,UUUUSM9B: H%,<NT0,,
+* 42,SM9B: H%,<! T0,SM9B:H%,<. T0,UUUU
'4%49+,,?

?,,,,,,,,F* 4' 4V=,2$,' 49=$2,+* 9+,&$H,2443,+$,3$,+* 4,
I9B:H%=,(2,$'34'W

K923$>, X'34' J=+(@@,5$':=7, ,L9=&,+$,%9'9@@4@(Y4,ZD&290,
<H++$2,[ ! \

X2]E$@(B&,X'34'
<(>H@9+4,+*4,=+9+4=,+*9+,+*4,=&=+4>,9B+H9@@&,;(=(+=7

LCC(B(42+,X' 34'
47)7,E'($'(+(Y43,<544%(2),,^8$$'4, [_`

a]D&29, ,^E42),O,6(@@(9>=,[_`



!"

#$%&'()*+,-,.//.0,.//10,234'56,78,9$$'5 9:';$<,=&>+5?>@,=A(45,.B

C$A(D&,E+5':+($3

! "#$
%

&'
(

)*
j

j
a
iji

a
r SJPmaxarg !+

7'(+5,! F=iG,H,:D+($3,>5A5D+54,(3,+*5 iI+*,>+:+58,,J*53,! (>,:,%$A(D&8

7'(+5,! t H,tI+*,%$A(D&,$3,tI+*,(+5':+($3

2A)$'(+*?@

! ! H,23&,':34$?A&,D*$>53,%$A(D&

, (,D$?%K+5,L!F=iG,H,M$3),+5'?,'56:'4,>+:'+(3),:+,=i K>(3),! !

! !F=iG,H

L! H,N8

! .F=iG,H,N8

N,O55%,D$?%K+(3),! 1 0,! 2 0,! 3 N8,K3+(A,! k H,! k+1 8,,P$K,3$6,*:<5,

:3,$%+(?:A,%$A(D&8

23$+*5',6:&,+$,D$?%K+5,

$%+(?:A,%$A(D(5>

#$%&'()*+,-,.//.0,.//10,234'56,78,9$$'5 9:';$<,=&>+5?>@,=A(45,Q/

C$A(D&,E+5':+($3,R,S:AK5,E+5':+($3@,

7*(D*,(>,T5>+,UUU

E+,45%534>8

M$+>,$V,:D+($3>U,,#*$$>5,C$A(D&,E+5':+($3

2A'5:4&,)$+,:,V:(',%$A(D&U,C$A(D&,E+5':+($3

W56,:D+($3>0,:D&DA(DU,,,S:AK5,E+5':+($3

X5>+,$V,X$+*,7$'A4>@

9$4(V(54,C$A(D&,E+5':+($3,,,YCK+5'?:3Z

N:,>(?%A5,?([,$V,<:AK5,(+5':+($3,:34,%$A(D&,(+5':+($3

Q'4 2%%'$:D*

M(35:',C'$)':??(3)

! "

# $%&' () * +,- ,. / / . 0,. / / 10,234'56 ,7 8,9 $$'5 9 : ' ; $<,=&>+5? >@,=A(45,. B

C$A(D&,E+5':+($3

! "#$
%

&'
(

)*
j

j
a
iji

a
r SJPmaxarg !+

7'(+5, ! F=iG,H,:D+($3,>5A5D+54,(3,+*5 iI+* ,>+: +58,,J* 53,! (>,: ,%$A(D&8

7'(+5, ! t H,tI+*,%$A(D&,$3,tI+* ,(+5' : +($3

2A)$'(+*?@

! ! H,23&,' : 34$? A&,D* $>53,%$A(D&

, (,D$? %K+5,L!F=iG,H,M$3) ,+5' ? ,' 56 : ' 4,>+: ' +(3) ,: +,=i K>(3) ,! !

! ! F=iG,H

L! H,N 8

! . F=iG,H,N 8

N, O55%,D$?%K+(3),! 1 0,! 2 0,! 3 N 8,K3+(A,! k H,! k+1 8,,P$K,3$6 ,* : <5,
:3, $%+(?:A,%$A(D&8

23$+* 5' ,6 : &,+$,D$? %K+5,
$%+(? : A,%$A(D(5>

# $%&' () * +,- ,. / / . 0,. / / 10,234'56 ,7 8,9 $$'5 9 : ' ; $<,=&>+5? >@,=A(45,Q/

C$A(D&,E+5':+($3,R,S:AK5,E+5':+($3@,
7*(D*, (>,T5>+,UUU

E+,45%534>8
M$+>,$V,: D+($3>U,,# * $$>5,C$A(D&,E+5' : +($3
2A' 5: 4&,) $+,: ,V: (' ,%$A(D&U,C$A(D&,E+5' : +($3
W56 ,: D+($3>0,: D&DA(DU,,,S: AK5,E+5' : +($3

X5>+,$V,X$+* ,7 $' A4>@

9 $4(V(54,C$A(D&,E+5' : +($3,,,YCK+5'?:3Z

N:, >(?%A5,?([, $V,<:AK5,(+5':+($3,:34, %$A(D&,(+5':+($3

Q' 4 2%%' $: D*

M(35: ' ,C' $) ' : ? ? (3)



! "

# $%&' () * +,- ,. / / . 0,. / / 10,234'56 ,7 8,9 $$'5 9 : ' ; $<,=&>+5? >@,=A(45,B!

C(?5,+$,9$:3

7 * : +D>,+* 5,E() ) 5>+,%' $EA5? F>G,6 (+* ,6 * : +,6 5D<5,
>553,>$,H: ' I

# $%&' () * +,- ,. / / . 0,. / / 10,234'56 ,7 8,9 $$'5 9 : ' ; $<,=&>+5? >@,=A(45,B.

J5:A(3), 6(+*,A:')5, 3K?E5'>,$H,>+:+5>

=! L! . . ! MN

@

=.

>!

O2PQR=C2CR

J$3D+,K>5,:, C:EA5S

K>5S
FT 535' : A(U5' >G,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, FV(5' : ' W* (5>G

=%A(35>

2,XK3W+($3,
2%%'$Y(?:+$'

O:'(:EA5,Z5>$AK+($3

9KA+(,Z5>$AK+($3

9 5? $' &
[ : >54=C2CR O2PQR

\9 K3$>,! NNN]

! "

# $%&' () * +,- ,. / / . 0,. / / 10,234'56 ,7 8,9 $$'5 9 : ' ; $<,=&>+5? >@,=A(45,BC

D(5':'E*(E:A,95+*$4>
#$3+(3F$F>,=+:+5,=%:E5@G=%A(+,:, >+:+5,6*53, >+:+(>+(E:AA&,

>()3(H(E:3+,+*:+,:, >%A(+,6$FA4,
(?%'$<5,%5'H$'?:3E5I

58) 8,=(? ? $3>,5+,: A," B0,# * : %? : 3,
J, K35ALA(3),M.0,9: ';, N(3),M1,O0,
9 F3$>,MP

6(+*,(3+5'%$A:+($3Q

GR'$<5,3554>,:, *()*5 ',
' 5>$AF+($3I

9$$ ' 5,MB0,9 $$'5, J,
2+;5>$3,MC

S(>E'5+5,=%:E5@

#*:% ?:3, J, K:5ALA(3)M.0,
9 E# : AAF? ,MC,T(3EAF45>,
* (4453,>+:+5U

2,; (34,$H,S5E(>($3,
V' 55,W: AF5,XF3E+($3

9 FA+(' 5>$AF+($3

2,*(5': ' E*&,6(+*,*()*, A5<5A,G?:3:) 5' >I,: L>+': E+(3),A$6,A5<5A,G>5' <:3 +>I

9 : 3&Y8N8,R: %5' >0,S: &: 3,J ,=5Z3$6 >; ([>,X5F4: A,A5: ' 3(3) 0,S(5++5' (E* ! MM" ,T9 2\ ]^ ,
* (5' : ' E* &U,9 $$' 50,_: (' 4,J ,K: 5ALA(3) . / / / ,T: (' %$' +>,D(5' : ' E* &U

#$3+(3F$F>,=%:E5

# $%&' () * +,- ,. / / . 0,. / / 10,234'56 ,7 8,9 $$'5 9 : ' ; $<,=&>+5? >@,=A(45,BP

7*:+,`$F,=*$FA4,K3$6
a S5H(3(+($3,$H,: ,9 : ' ; $<,=&>+5? ,6 (+* ,S(>E$F3+54,

' 56 : ' 4>

a D$6 ,+$,>$A<5,(+,6 (+* ,9 : +' (b,c3<5' >($3
a D$6 ,T: 34,6 * &U,+$,>$A<5,(+,6 (+* ,W: AF5,c+5' : +($3

a S5H(3(+($3,$H,: 3,9 SR0,: 34,<: AF5,(+5' : +($3,+$,>$A<5,
: 3,9 SR

a R$A(E&,(+5' : +($3

a d ' 5: +,' 5>%5E+,H$' ,+* 5,6 : &,+* (>,H$' ? : A(>? ,
) 535' : A(e5>,+* 5,45+5' ? (3(>+(E,>5: ' E* (3) ,$H,+* 5,>+: ' +,
$H,+* 5,EA: >>

a _F+,: 6 : ' 535>>,$H,6 * : +,* : >,L553,>: E' (H(E548


