Name: Andrew Id (Block Capitals):

ANSWERS TO 15-381 Final, Spring 2004

Friday May 7, 2004

[

. Place your name and yoandrew email address on the front page.

2. You may use any and all notes, as well as the class textl¥@ap in mind, however, that this final was designed
in full awareness of such. You may NOT use the Internet, butgan use a calculator.

w

. We only require that you provide the answers. We don't ieege your work.
4. The maximum possible score on this exam is 100. You haveri8Gtes.

5. Good luck!
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1 20
2 6
3 6
4 9
5 14
6 9
7 9
8 9
9 9
10 9
| Total || 100 ]




1 Short Questions

(&) When you run Waltz algorithm on the following drawing,ialinof the following statements is true? Circle the
correct answer.
(i) The algorithm will label all edges uniquely.
(i) The algorithm will report that some edges are ambiguous
(iif) The algorithm will report that the image cannot be l&tkconsistently.

ANSWER: (ii)

(b) How many degrees of freedom does a rigid 3-d object havenibves in a 3-d space?
ANSWER: 6

(c) How does randomized hill-climbing choose the next maehgime? Circle the correct answer.

(i) It generates a random move from the moveset, and acdeptsbve.
(ii) It generates a random move from the whole state spackaarepts this move.

(iii) It generates a random move from the moveset, and asabpg move only if this move improves the
evaluation function.

(iv) It generates a random move from the whole state spackaecepts this move only if this move improves
the evaluation function.

ANSWER: (jii)

(d) Suppose you are using a genetic algorithm. Show therehildf the following two strings if single point
crossover is performed with a cross-point between the 4dttaan5th digits:
14625723 and 85346761

ANSWER:14626761 and 85345723

(e) What is the entropy of these examples: 13231332
ANSWER: 1.5

(f) Which of the following is the main reason of pruning a dgean tree? Circle the correct answer.

(i) to save computational cost
(i) to avoid over-fitting
(iii) to make the training error smaller

ANSWER: (ii)

(g) Which of the following does the Naive Bayes classifieuass? Circle the correct answer.

(i) Allthe attributes are independent.
(i) All the attributes are conditionally independent givéae output label.
(iif) All the attributes are jointly dependent to each other



ANSWER: (ii)

(h) By which of the following networks can XOR function be tead? Circle the correct answer.

(i) linear perceptron

(ii) single layer Neural Network
(iif) 1-hidden layer Neural Network
(iv) none of the above

ANSWER: (jii)

(i) If we use K-means on a finite set of samples, which of thifaihg statement is true? Circle the correct answer.

() K-means is not guaranteed to terminate.
(i) K-means is guaranteed to terminate, but is not guasahte find the optimal clustering.
(i) K-means is guaranteed to terminate and find the optichatering.

ANSWER: (ii)

() In the worst case, what is the number of nodes that will iséed by Breadth-First Search in a (non-looping)
tree with depthl and branching factar?

ANSWER:O(b%)

(k) True or False: If a search tree has cycles, A* Search withimadmissible heuristic might never converge when
run on that tree.

ANSWER: False
() Circle the Nash Equilibria in the following matrix-forgame:

ANSWER:
Player 2

D E F

A 0,1 @ 2,1

c 4,2 3,4 @

(m) Assume the following zero-sum game, where player 1 isthgimizer:

ANSWER:

Player 1
o




Player 2

C D

— A 2 0
5)
>
=
W

B 0 1

If Player 1 chooses strategy A with probability p, and if RIag always plays strategy C, what is the expected
value of the game?

ANSWER:2p + 0(1 —p) = 2p
(n) Inthe mixed strategy Nash equilibrium for the above gamith what probability does Player 1 use strategy A?

2p=1(1-p)
3p=1
ANSWER:p = 1/3

(o) True or False: In a second-price, sealed bid auction, it is optimal to lmdntrue value. There is no advantage
to bluffing.

ANSWER: True

(p) How many values does it take to represent the joint thstion of 4 boolean variables?

ANSWER: 16
() IfP(A)=0.3,P(B)=0.4,and P(8) = 0.6

(a) Whatis P(A\B)?
ANSWER: P(A A B) = P(A|B) x P(B) = 0.24

(b) What is P(BA)?
ANSWER: P(B|4) = ZA2EE) = 08

(c) Are A and B independent?
ANSWER: No



() Forthe following questions, use the diagram below. ifigo not have enough information to answer a question,
answer False.

(@) True orFalse: A L B
ANSWER: True

(b) True orFalse: A L C
ANSWER: False

(c) True orFalse: I< A,{C},B >
ANSWER: False

(d) True orFalse: I< C,{A},B >
ANSWER: False

(s) True or False: Policy iteration will usually converge to a better polidyan value iteration.
ANSWER: False

(t) True or False: For a densely connected MDP with many actions, policy ftenawill generally converge faster
than value iteration.
ANSWER: True



2 Hill Climbing, Simulated Annealing and Genetic Algorithm
The N-queens problem requires you to place N queens on anMNdhessboard such that no queen attacks another
gueen. (A queen attacks any piece in the same row, columragodal.) Here are some important facts:

¢ We define the states to be any configuration where the N quees dhe board, one per column.

e The moveset includes all possible states generated by mavsingle queen to another square in the same
column. The function to obtain these states is called theessor function.

e The evaluation functioval (state) is the number of non-attacking pairs of queens in thige. (Please note
it is the number of NON-attacking pairs. )

In the following questions, we deal with the 6-queens pnob(R=6).

1. How many possible states are there totally?
ANSWER:6°

2. For each state, how many successor states are there intleset?
ANSWER: 30

3. What value will the evaluation functiafival () return for the current state shown below?

*

ANSWER: 9

4. If you use Simulated Annealing (currently T=3), and therent state and the random next state are shown
below, will you accept this random next state immediatelyaazept it with some probability? If it is the latter
case, what is the probablity?

*

*

current state random next state

ANSWER: For the current stat&1 = 9. For the next statey2 = 6. SOE2 < E1.
P =exp(—(E1 - E2)/T) = exp(—(9—6)/3)) = 1/e
We will accept the next state with probabilitye.



5. Suppose you use a Genetic Algorithm. The current geoeratcludes four state$1 throughS4. The evalu-
ation values for each of the four states aFatal(S1) = 9, Eval(S2) = 12, Eval(S3) = 11, Fval(S4) = 8.
Calculate the probability that each of them would be choeehe "selection” step (also called "reproduction

step).

*
*
* *
* *
* * * *
* *
Eval(S1) =9 Eval(S2) = 12
* *
*
* * *
* *
* * * | X
Eval(S3) = 11 Eval(S4) = 8

ANSWER: The probabilities are 9/40, 12/40, 11/40, 8/40

6. In a Genetic Algorithm, each state of 6-queens can be septed as 6 digits, each indicating the position of
the queen in that column. Which action in genetic algoritam@ng{selection, cross-over, mutatipns most
similar to the successor function described in previougpag

ANSWER: Mutation



3 Cross Validation

Suppose you are running a majority classifier on the follgyiaining set. The training set is shown below. It consists
of 10 data points. Each data point has a class label of eitbed 0 A majority classifier is defined to output the class
label that is in the majority in the training set, regardlekthe input. If there is a tie in the training set, then always
output class label 1.

y
ﬂk
1 t---o--0------ - --@----------- S SRR
0 ° e e o o > X

1. What is the training error? (report the error as a ratio)
ANSWER: 5/10

2. What is the leave-one-out Cross-Validation error? (refbe error as a ratio)
ANSWER: 10/10

3. What is the two-fold Cross-Validation error? Assume #fe% points belong to one partition while the right 5
points belong to the other partition. (report the error aatioy

ANSWER: 8/10



4 Probabilistic Reasoning/Bayes Nets

1. If Aand B are independent then A is independent of B. True or False?
Show the work supporting your answer. You might find the felltg statements useful:

p(AVB) = p(A)+p(B)—-p(AAB)
p(~A4) = 1-p(4)
~AN~B = ~(AVB)
p(AIX) = 1-p(~AX)
p(BIX) = 1-p(~B|X)
Answer: True
P(AVB P(A) — P(B)+p(AAB)

P(~AA~B) = P(~(AVB))=1-—
= P(~A4) - P(B)+p(d)p (B)=P( ) P(B)(1 - P(4))
= P(~A)(1-P(B)) =P(~ A)P(~ B)

Other solutions such as showing that~ A| ~ B) = P(~ A) were also possible.

2. Two students A and B are both registered for a certain eoussudent A attends the class 80% of the time.
Student B attends the class 60% of the time. Suppose th&nabs are independent.
(a) What is the probability that neither show up to class gngiven day?
ANSWER: P(~ AA ~ B) = P(~ A)P(~ B) = 2% .4 = .08

(b) What is the probability that at least one of them is in €las any given day?
P(AVB)=P(~(~AAN~B))=1—P(~AAN~B)=1—-.08= .92
Also, P(AV B) = P(A)+ P(B) — P(AAB) =8+ .6 —.8x.6=.92
ANSWER:0.92

Suppose there is also a student C who always comes to classaindy if student A or student B (or both)
show up.

(c) is the absence of A still independent of the absence o¥/BS, (o)
ANSWER: Yes, the knowledge about B still doesn’t tell us &yg about A (unless we know C).

(d) construct a Bayes Net to show the relationships of A, B@nbhdicate the necessary CPTs (Conditional
Probability Tables)

ANSWER:
P(A)=8 P(B)=.6

p(C|A"B) =1
p(C|~A~B)=1
p(C|A”~B)=1

) =0



(e) is A conditionally independent of B given C? (yes, no)

ANSWER: No, A and B are dependent given C since C unblocksdilte fpetween A and B.

() suppose you know that C came to class, what is the prababfl A coming if you know that B showed
up too?

ANSWER: 0.8

Since B coming to class could fully explain the appearen¢e tffie probability ofP(A|BAC) = P(A) =
.8. The result can also be obtained from the probabilities:

P(AABAC) P(A)P(B)P(C|A A B)
PAIBAC) = —pac) ~ PANBAC) + P(~ AABAC)
_ P(A)P(B)
= PCIANB)P(A)P(B) + P(C| ~ AN B)P(~ A)P(B)
P(4)

P+ P~ - W
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5 Neural Networks

1. Draw a linear perceptron network and calculate corredipgnweights to correctly classify 4 points below. The
output node returns 1 if the weighted sum is greater thanwaleq the threshold (.5). If it looks too complicated
you are probably wrong. You are allowed to make use of a "@nigt” unit input.

ok |2
~—+

R R o o|X
R o R o

ANSWER:

wil

w2
y out

w3

1

The dataset is linearly separable as shown below. Any see@fhis such that, < 0, w3 € (0.5,.5 — wy]
andws > max{0,.5 — w; — w3} would have been a correct solution to the problem. A commartisa was
wp; = —1,ws =1, w3 =1.

A

2. Isit possible to modify the network so that it will clagsifoth - the dataset aboamd the one below with 100%
accuracy?

R O oO|X
RO R oK
e ol

~—+

(a) by changing weights? (yes,no)
ANSWER: NO, no neural network is able to perfectly classifgiadaset that has conflicting labels (for
example, record 0 0 is labeled 1 in the first set and 0 in thergBco

(b) by adding more layers? (yes,no)
ANSWER: NO, the same reason as above.

11



6 Naive Bayes

Assume we have a data set with three binary input attribéteB, C, and one binary outcome attribute The three
input attributesA, B, C take values in the sdD,1} while theY attribute takes values in the sgfrue, Falsé.

>
@]

Y
True
True
False
False
True
True
False
False
True
True

PP ORORRLRORRD

POFROOORRERO
PORRFPRORRRLROR

Statistics about the Data Set
NOTE: We believe that some (but not all) of these statistiitsb& useful to you

Y=T | Y=F Y=True | Y=False
The fraction withA=0is | 4/6 | 1/4 Among records withA=0 4/5 1/5
The fraction withA=1is | 2/6 | 3/4 Among records withA=1 2/5 3/5
The fraction withB=0is | 1/6 | 2/4 Among records witiB=0 1/3 2/3
The fraction withB=1is | 5/6 | 2/4 Among records witiB=1 5/7 217
The fraction withC=01is | 3/6 | 0/4 Among records withC=0 3/3 0/3
The fraction withC=1is | 3/6 | 4/4 Among records withC=1 3/7 a/7

If we are using a Naive Bayes Classifier with one binary valugtput variablé”, the following theorem is true:

Theorem: A non-impossible set of input values, (i.e. a set of input values witR(S) > 0) will have an unambigu-

ous predicted classification 8f = True< P(Y = TrueA S) > P(Y = FalseA S)

1. How would a Naive Bayes classifier classify the recdtdl,B=1,C=0)? (True/False)

ANSWER: True

P(A=1)Y =True)P(B = 1Y = True)P(C =0|Y = True)P(Y = True) =
P(A=1|Y = False)P(B = 1|Y = False)P(C =0|Y = False)P(Y = False) =
and1/12 > 0.

2. How would a Naive Bayes classifier classify the recérd@B=0,C=1)? (True/False)

ANSWER: FALSE

P(A=0Y =True)P(B=0Y =True)P(C =1|Y = True) P(Y = True) =
P(A=0|Y = False)P(B = 0Y = False)P(C = 1Y = False)P(Y = False) =

and.03(3) < 0.05.
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3. How would a Naive Bayes classifier classify the recérd@B=0,C=0)? (True/False)

ANSWER: TRUE

*

=l o =

*

=~ oo w

*

P(A=0]Y =True)P(B =0Y = True)P(C =0|Y = True)P(Y = True) =

*
*

= oy
*
SERS

P(A=0|Y = False)P(B = 0Y = False)P(C = 0]Y = False)P(Y = False) =

1
and% > 0.

4. Would it be possible to add just one record to the data s¢inbuld result in a Naive Bayes classifier changing
its classification of the record\&1,B=0,C=1)? (Yes/No)

ANSWER: No

With the current data set the recoH1,B=0,C=1) classifies to False since:

P(A=1]Y =True)P(B=0]Y = True)P(C = 1|Y = True)P(Y = True) = 3 % %% * & =0.0166
< P(A=1]Y = False)P(B = 0Y = False)P(C = 1|Y = False)P(Y = False) = 3 x 21 x - = 0.15

If the record we add hag = T'rue then the estimate of

P(A=1Y =True)P(B =0|Y = True)P(C = 1|Y = True) P(Y = True) would increase the most if the
added record also h#s=1,B=0, andC=1 in which case the estimate of it would beco#neZ = 2 x .= = 0.0445.
However this value is still less than, 0.15, the unchangémete of

P(A=1|Y = False)P(B = 0]Y = False)P(C = 1Y = False)P(Y = False).

If the record we add hag = False then the estimate of

P(A=1|Y = False)P(B = 0|Y = False)P(C = 1|Y = False)P(Y = False) would decrease the most if
the added record has=0, B=1, andC=0 in which case the estimate of it would becoéneZ x £ x 2 = 0.0873
which would still be greater than 0.0166 the unchanged esérof P(A = 1|Y = True)P(B = 0|Y =
True)P(C =1|Y = True)P(Y = True).
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7 Decision Tree

For this problem we will use the same data set below as in thieeNBayes question. Again assume we have three
binary input attributesi, B, C, and one binary outcome attribute The three input attributes,, B, C take values in

the se{0,1} while theY attribute takes values in the Sefrue, Falsé.

A|B|C Y

O|21 | 1] True

11| 0| True Specific Conditional Entropies

10| 1| False H(Y|A=0)=0.72| H(Y|A=0,B=0)=0.00| H(Y|A=1,C=0)=0.00
11| 1] False H(Y|A=1)=0.97 | H(Y|A=0,B=1)=0.81| H(Y|A=1,C=1)=0.81
O|1] 1] True H(Y|B=0)=0.92 | H(Y|A=1,B=0)=0.00| H(Y|B=0,C=0)=0.00
00| 0| True H(Y|B=1)=0.86 | H(Y|A=1B=1)=0.92| H(Y|B=0,C=1)=0.00
0|1 1] False H(Y|C=0)=0.00| H(Y|A=0,C=0)=0.00| H(Y|B=1,C=0)=0.00
10| 1| False H(Y|C=1)=0.99| H(Y|A=0,C=1)=0.92| H(Y|B=1,C=1)=0.97
0|10} True

1 (1] 1y True

1. Which attribute A,B, or C) has the highest information gain?
ANSWER: AttributeC since
H(Y|A)=P(A=0)+*H(Y|[A=0)+P(A=1)+*HY[A=1) = 2 %0.72+ Z % 0.97 = 0.845
HY|B)=PB=0)«HY|B=0)+P(B=1)+«H(Y|B=1)= %092+ 5 % 0.86 = 0.878
HY|C)=P(C=0)xH(Y|C=0)+P(C=1)«HY|C =1) =% x0.00+ 5 %0.99 = 0.693

thusH (Y) — H (Y| X) will be greatest when X€.

. Construct the full decision tree for this problem, withdoing any pruning. If at any point you have a choice
between splitting on two equally desirable attributes,as®ethe one that comes first alphabetically. If there is a
tie on how to label a leaf, then choose True.

ANSWER:
¢
C=0 e
True B
B=0 B=1
False A
A=0 A=1
True True

Note the first attribute split on in the caBe1 is B instead ofA since
HY|AC=1)=PA=0C=1HY|A=0,C=1)+PA=1C=1)HY|A=1,C=1) =
25092+ 2 %0.81 = 857
>HY|B,C=1)=PB=0C=1)HY|B=0,C=1)+PB=1C=1)HY|B=1,C=1) =
2%0.004 2 .97 = .693

14



3. How would your decision tree classify the recafd=0,B=0,C=1)? (True/False)
ANSWER: FALSE
4. How would your decision tree classify the recofd=(,B=0,C=0)? (True/False)

ANSWER: TRUE

5. If you pruned all nodes from your decision tree except tie node, now how would your decision tree classify
the record A=0,B=0,C=1)? (True/False) Again, assume any ties are broken by ahgpdsue. (NOTE: This
was clarified during the exam to mean that the tree would gpliine attribute and then classify)

ANSWER: FALSE

6. If you pruned all nodes from your decision tree except tfee node, now how would your decision tree classify
the record A=1,B=0,C=0)? (True/False) Again, assume any ties are broken by atmpdsue.

ANSWER: TRUE

15



8 K-Means

The circles in the numbered boxes below represent the datspn the first numbered box there are three squares,
representing the initial location of cluster centers of khmeans algorithm. Trace through the first nine iteratiohs o
the k-means algorithm or until convergence is reached, lvévier comes first. For each iteration draw three squares
corresponding to the location of the cluster centers dutiagiteration. (NOTE: It is not necessary to draw the exact
location of the squares, but it should be clear from yourgraent of the squares that you understand how k-means
performs quantitatively)

ANSWER:
1 2 3
OO OO
o ﬁ o O
o OO
o o oy 2 O e
OO &on o a
oo o O
4 5 B
OO OO OO
o O o O o O
OO O 0 OO
o e o iy 2 o e
2T OO AT OO 2T OO
7 2 9
OO OO OO
o O o O o O
OO OO OO
o o © o & = o o ©
r OO o o O r OO

16



9 Reinforcement Learning
9.1 Q-Learning

Perform Q-learning for a system with two states and two astigiven the following training examples. The discount
factor isy = 0.5 and the learning rate i = 0.5. Assume that your Q-table is initialized to 0.0 for all vadue

(Start =S, Action =a;, Reward = 10, End 55)

55
a; | 5.0 0.0
as | 0.0 0.0

(Start =S5, Action =a,, Reward =-10, End 5,)

L[S ]S |

a; | 5.0| 0.0

as | 0.0 -3.75
(Start =S, Action = a3, Reward = 10, End 35,)

L[S [ S |

a; | 5.0 | 0.0

as | 6.25| -3.75

(Start =S, Action =a;, Reward = 10, End ;)

L[ S5 [ S |
a1 | 9.0625] 0.0
;| 625 | 3.75

What is the policy that Q-learning has learned?

17



9.2 Certainty Equivalent Learning

In the diagram below, draw the state transitions and lakehtaccording to the values that would be discovered by
Certainty Equivalent learning given follwing training emples.

(Start =S;, Action =a,, Reward = 10, End 55)
(Start =S5, Action =a,, Reward =-10, End 55,)
(Start =S;, Action = a5, Reward = 10, End )
(Start =S;, Action =a;, Reward = 10, End 5;)
(Start =S;, Action =a,, Reward = 10, End %)
(Start =S;, Action =a;, Reward = 10, End 55)
(Start =S5, Action =a;, Reward =-10, End 5,)
(Start =S5, Action =a,, Reward =-10, End 5,)
(Start =S5, Action =a,, Reward =-10, End 5,)

1/3
2/3

5, o
D G

1.0 1/3

What is the policy that CE has learned?

(1) = as (2) = as

18



10 Markov Decision Processes

You are a wildy implausible robot who wanders among the foaaa depicted below. You hate rain and get a reward
of -30 on any move that starts in the deck and -40 on any movetaids in the Garden. You like parties, and you are

indifferent to kitchens.

Actions: All states have three action8lockwise (CL), Counter-Clockwise (CC), Stay (S)Clockwise and Counter-
Clockwise move you through a door into another room, and Bgaps you in the same location. All transitions have
are deterministic (probability 1.0).

1. How many distinct policies are there for this MDP?
3t =81

2. LetJ*(Room) = expected discounted sum of future rewards assuming youirstd®®oom” and subsequently
act optimally. Assuming a discount facter= 0.5, give the.J* values for each room.

By eyebal ling the problem and quickly checking the CL and S options in the
Ki t chen, you can quickly determ ne that the optimal policy is:

m(Deck) = CL,w(Party) = S;r(Kitchen) = S,;r(Garden) = CC
and wite

J*(Deck) = —30 + 0.5J*(Party)

J*(Party) = +20 + 0.5J*(Party)

J

(
J*(Kitchen) = 0 + 0.5.J*(Kitchen)
J*(Garden = —40 + 0.5.J*(Party)

Solving for the Js gives:
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J*(Deck = —10
J*(Party) = 40
J*(Kitchen) = 0
J*(Garden = —20

. The optimal policy when the discount factgris small but non-zero (e.g. = 0.1) is different from the optimal
policy whenv is large (e.gy = 0.9).
If we began withy = 0.1, and then gradually increasgdwhat would be the threshold value pfibove which
the optimal policy would change?

As the discount factor increases,the policy changes fromS in the Kitchen to
CL. This change occurs at the point where the value of taking action Sin the
Kitchen is equal to the value of taking action CL:

J5(Kitchen) = 0 + ~.J%(Kitchen) = 0

JCL(Kitchen) = 0 + v.J*(Deck

We al ready know that the optimal policy in the Deck is CL, regardl ess of the

di scount factor:

J*(Deck) = —30 + ~J*(Party)

and we know

J*(Party) = +20 + vJ*(Party)
J*(Party) = %=

So we want to sol ve

20y =30(1 — )
v =3/5=0.6
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