
CMU 15-359: Probability and Computing, Fall 2010 Practice Final Exam

125 total points

Part 0: Please write your name. [1 point]

Part I: Short answer. [3 points each, 24 total]

Problems a) — d) below refer to the following experiment:

X ← Exponential(1)
Y ← Exponential(X)

Note: All of the PDFs and CDFs below are 0 on the negative numbers, and you should just
write the PDF and CDF values assuming the arguments are nonnegative.

a) Write the conditional PDF of Y given X = t:

fY |X=t(u) =

b) Write the joint PDF of X and Y :

fXY (t, u) =

c) Prove that the PDF of Y is fY (u) = 1
(u+1)2

.

d) What is the CDF of Y ?
e) Let X ∼ Geometric(1/2). What is the entropy H(X) of X?

f) Let X be the continuous random variable with PDF fX(u) =

{
u
2 if 0 ≤ u ≤ 2,

0 else.

Compute E[X | X ≤ 1].
g) In the following discrete-time Markov Chain, 0 < p, q < 1:

What is the stationary distribution for the chain?
h) Vehicles pass over a bridge according to a Poisson Process with rate 50 vehicles/minute. Each
vehicle is independently a car with probability .7 and a truck with probability .3. If X is the
number of trucks that pass in the first hour, what is Var[X]?



Part II. [25 total points]

My piggy bank has space for n ≥ 2 quarters. Every day I. . .

� With probability 1/2, empty the piggy bank (even if it’s already empty);

� Otherwise, add a quarter into the piggy bank (if it fits; otherwise, I leave it full of n quarters).

a) [4 points.] Sketch the associated discrete-time Markov Chain.
b) [4 points.] Prove that the chain is regular.
c) [4 points.] Show that the chain is not time-reversible.
d) [8 points.] Determine the stationary distribution.
e) [5 points.] Suppose the bank is initially empty. Let Nt denote the number of quarters that went
from my pocket, into the piggy bank over the first t days. Determine

lim
t→∞

E[Nt]

t
.

Part III. [25 total points]

For this problem you need the following facts: If Z ∼ N(0, 1), then E[Z3] = 0, E[Z4] = 3.

Alice, on Mars, is communicating with Bob, on Earth. A message between them consists of n
signals, where each signal is a real number. Given a particular message M = (x1, x2, . . . , xn), the
power it takes to broadcast the message is

Power(M) = x21 + x22 + · · ·+ x2n.

a) [1 point.] First, Alice broadcasts the message M1 = (1, 1, . . . , 1). How much power does it take?
Because of black-body radiation, Bob does not receive the exact message M1. Specifically, there

is white noise, meaning that Bob receives the message

M2 = (1 +X1, 1 +X2, . . . , 1 +Xn),

where the Xi’s are independent Gaussian random variables with mean 0 and variance 2. In other
words, Xi ∼ N(0, 2).

b) [3 points.] Let Yi be the ith signal in M2; i.e., Yi = 1 +Xi. What kind of random variable is Yi?
As a check, Bob would like to broadcast the received message M2 back to Alice. Let us write

S = Power(M2).

Note that S is a random variable.

c) [1 point.] Express S as a function of the Yi’s.
d) [6 points.] Compute E[S].

Let’s investigate this random variable S more closely.

e) [7 points.] Compute Var[Y 2
i ] and Var[S].



f) [7 points.] Suppose n = 10, 000. A certain famous theorem lets us approximately calculate

p = Pr[S ≤ 32, 000].

What is this theorem, and what is the approximate value of p? (Leave your final answer in a form
which is easy to compute with a computer.)

Part IV. [25 total points]

When you go to PennDOT to renew your driver’s license, you have to wait in line twice. First,
you line up for Counter 1, where your documentation is processed. As soon as that is complete,
you immediately line up for Counter 2, where your photo is taken. The two lines are First-Come
First-Served and may become arbitrarily long.

Assume people arrive according to a Poisson Process with rate λ. Assume service time at
Counter 1 is exponentially distributed with mean 1/µ1, service time at Counter 2 is exponentially
distributed with mean 1/µ2, and that all service times are independent. Also assume that µ1 > λ
and µ2 > λ.

Let (i, j) denote the state that there are i people at Counter 1 (being processed and/or waiting
in line) and j people at Counter 2 (being processed and/or waiting in line).

a) [4 points.] Finish the below sketch of the associated continuous-time Markov Chain. Specifically,
add the appropriate transition arrows and rates.

b) [8 points.] Let πi,j denote the steady-state probability for state (i, j). Write down the balance
equations for states (0, 0), (i, 0), (0, j), and (i, j) (where i, j ≥ 1).

c) [1 point.] Take your balance equation for state (i, j) and divide by πi,j on both sides:

d) [3 points.] The solution to the balance equations is πi,j = (1− ρ1)ρi1 · (1− ρ2)ρ
j
2, where ρ1 = λ

µ1

and ρ2 = λ
µ2

. You don’t have to prove this, but verify that this solution satisfies your equation
from part (c).



e) [4 points.] In the steady state, what is the probability that there are i people at Counter 1?
What is the probability that there are j people at Counter 2?
f) [5 points.] For the steady-state distribution, prove or disprove: The number of people at
Counter 1 is independent of the number of people at Counter 2.

Part V. [25 total points]

a) [10 points.] Let Y ∼ Exponential(λ) and let a > 0 be a real number. Let Z = aY . Show that
Z ∼ Exponential(λ/a).
b) [15 points.] LetX1, . . . , Xn be independent random variables each with distribution Exponential(1).
Let M = max{X1, . . . , Xn}. Show that

E[M ] = 1 +
1

2
+

1

3
+ · · ·+ 1

n
.

(A possible hint: imagine n servers processing 1 job each. . . )


