
Appendix

We now provide additional discussion. Appendix A is dedicated to details of the experiment and additional simulations. We
show how to slightly relax Assumption (A1) of random assignment in Appendix B and prove Theorem 1 in Appendix C.

A Details of the Experimental Evaluation

In this section we provide exploratory analysis of collected data (Section A.1) and evaluate our test in additional simulations
(Section A.2).

A.1 Exploratory Data Analysis

We begin from summarizing some general analysis of the collected data. In addition to rankings, in each round we asked
participants to describe their reasoning in a textual form and we manually analyze these descriptions to identify the strategies
people use. While these textual descriptions sometimes do not allow to unequivocally understand the general strategy of the
player due to ambiguity, we are able to identify 6 broad clusters of strategies employed by participants. We underscore that each
of these clusters may comprise several strategies that are similar in spirit but may slightly disagree in some situations. We now
introduce these clusters by describing the most popular representative strategy that will be used in the subsequent analysis.

• Reverse This naive strategy prescribes to return the reversed ground truth ordering of players under comparison.
• Distance The idea behind this family of strategies is to identify the direct competitors and put them at the bottom of

the ranking, while out of reach players and those with considerably smaller values are put at the top. The most popular
incarnation of this strategy is to rank the other players in order of decreasing distance from the player’s value: the furthest
player gets the first place and the closest gets the last place.

• See-Saw This strategy follows Reverse if the value assigned to a player is in top 50% of all values (i.e., greater than 10)
and follows the truthful strategy otherwise. None of the participants directly reported this strategy in the experiment, but we
include it in the analysis as this strategy agrees with behaviour of several players.

• Better-to-Bottom This strategy is another simplification of the Distance strategy. Let v⇤ be the player’s value.
Then this strategy prescribes to put submissions with values smaller than v

⇤ at the top (in order of increasing values) and
submissions with values larger than v

⇤ at the bottom (in order of decreasing values) of the ranking. For example, if the
player’s value is 10 and they are asked to rank other players whose values are (16, 12, 7, 2), then this strategy would return
⇡ = 2 � 7 � 16 � 12.

• Worse-to-Bottom Submissions with values lower than v
⇤ are placed at the bottom (in order of decreasing values) and

submissions with values larger than v
⇤ are placed at the top (in order of increasing values) of the ranking. In the earlier

example with v
⇤ = 10 and values (16, 12, 7, 2) to be ranked, this strategy would return ⇡ = 12 � 16 � 7 � 2.

• 2x-Distance This strategy was reported only in round 5, that is, when participants were competing against each other,
and is targeted to respond to the Distance strategy. This strategy suggests redefining all values (including the value of
the player) by the following rule:

v
0 = min{20� v, v � 1},

and apply the Distance strategy over the updated values.

Figure 3 juxtaposes the identified strategies by comparing them to the truthful one in case when all but one player are truthful.
For each position of the strategic reviewer i⇤ in the ground-truth total ordering, we compute the expected gain (measured in
positions in the aggregated ordering) from using each of the 6 strategies. To this end, we first compute the expected position
(expectation is taken over randomness in the assignment) of reviewer i⇤ if they use the truthful strategy. We then compute the
same expectations for each of the 6 manipulation strategies and plot the differences as a function of the position of the strategic
player in the true underlying ranking.

We make several observations from Figure 3. First, strategies Distance and See-Saw benefit the manipulating player
irrespective of her/his position in the underlying ranking. In contrast, Better-to-Bottom and 2x-Distance can both
help and hurt the player depending on the position in the ground-truth ordering and different effects average out to the positive
total gain. The Reverse strategy delivers zero gain in expectation over positions, being not better nor worse than the truthful
strategy. Finally, the Worse-to-Bottom strategy is uniformly dominated by the truthful strategy, implying that the strategic
player can only hurt their expected position by relying on this strategy.

To conclude the preliminary analysis of collected data, for each of the 5 rounds we manually allocate each player to one of the
aforementioned manipulation strategies based on the ranking and textual description they provided. As we mentioned above,
this information is sometimes not sufficient to unequivocally identify the strategy. To overcome this ambiguity, we use fractional
allocation in case several strategies match the response and leave some players unclassified in hard cases (for example, when
textual response contradicts the actual ranking). Note that players who employed the truthful strategy are also included in the
unclassified category as the goal of the categorization is to understand the behaviour of strategic players.



Figure 3: Expected gain from manipulation strategy when all but one player are truthful as a function of position of the strategic
player in in the ground-truth ranking. The expectation is taken over randomness of the assignment procedure and values in
brackets in the legend correspond to the mean gain over all positions. Borda count aggregation rule is used. Positive value of the
gain indicates that the manipulation strategy in expectation delivers better position in the aggregated ordering than the truthful
strategy. Error bars are too small to be visible.

Table 2 displays the resulting allocation of players to strategies informed by the data collected in the experiment. First, in
round 1 of the game half of strategic players employed the Reverse strategy which is not better than the truthful one and
hence does not lead to a successful manipulation. Second, as the game proceeds and players understand the mechanics of the
game better, they converge to the Distance strategy which in expectation delivers a positive gain irrespective of the position
of the player in the underlying ranking. Third, note that most of the players continued with the Distance strategy even in
Round 5, despite in this round they were no longer playing against truthful bots. However, a non-trivial fraction of students
managed to predict this behaviour and employed the 2x-Distance strategy to counteract the Distance strategy. Finally,
many players were clueless about what strategy to employ in Round 5, contributing to the increased number of unclassified
participants.

ROUND 1 ROUND 2 ROUND 3 ROUND 4 ROUND 5

REVERSE .50 .33 .05 .03 .06
DISTANCE .37 .53 .93 .96 .78
SEE-SAW .09 .08 .02 .01 –
BETTER-TO-BOTTOM .02 .04 – – –
WORSE-TO-BOTTOM .02 .02 – – –
2X-DISTANCE – – – – .16

UNCLASSIFIED 5 7 4 4 18

Table 2: Manually encoded characterization of strategies used by manipulating participants. In the first 4 rounds of the game
participants played against truthful bots and in the last round they played against each other.

A.2 Additional Evaluations

We now provide additional evaluations of our test and conduct simulations in the following settings:
• Detecting pure strategies. First, we evaluate the detection power of the test against each of the strategies we learned from

the experimental data.
• Noisy supervision. Next, we evaluate robustness of our test to the noise in the optional impartial rankings {⇡⇤

i , i 2 R}.
• Noise in reviewers’ evaluations. We also study the detection power of our test when reviewers perceive quality scores of

submissions assigned to them with noise.



• Violation of Assumption (A2). We then analyze the behavior of our test when Assumption (A2) is violated. To this end,
we use the model that connects the quality of reviewer’s submission to noise in their evaluations suggested by the empirical
research on peer grading and compute the false alarm rate of our test under this model.

• Runtime of the test. In this paper, we perform simulations in the small sample size setting (n = m = 20) to be able to
run thousands of iterations and average out the impact of the specific assignment on the performance of our test. In practice,
organizers will need to run the test only once (or several times if the test is applied over multiple datasets) and we provide
runtimes of our naive implementation of the test for larger values of parameters.

Detecting Pure Strategies To compute the power against specific strategies, we follow the approach we used to build Fig-
ure 2, that is, for each fraction of truthful agents and for each strategy used by manipulating agents, we compute the detection
power of the test with and without supervision over 1000 assignments sampled uniformly at random from the set of all assign-
ments valid for parameters:

A = C = I, n = m = 20, � = µ = 4. (3)

Figure 4 compares detection power of the test against each strategy used by participants of the experiment. Recall that our
test aims at detecting manipulations that improve the final standing of reviewer. As shown in Figure 3, the Reverse and
Worse-to-Bottom strategies do not improve the final standing of the manipulating agent and hence our test cannot detect
strategic behaviour when these strategies are employed.

In contrast, the See-Saw, Distance, Better-to-Bottom and 2x-Distance strategies in expectation improve the
position of the strategic reviewer when all other players are truthful and hence our test with supervision can detect these
manipulations with power being greater for more successful strategies. The behaviour of the test without supervision against
these 4 successful strategies involves a complex interplay (depicted in Figure 4b) between the fraction of non-strategic agents
and the particular strategy employed by strategic players.

(a) With supervision (b) Without supervision

Figure 4: Detection power of our test against different strategies employed by participants in the experiment. The black hori-
zontal line is a baseline power achieved by a test that rejects the null with probability ↵=0.05 irrespective of the data.

Noisy Supervision The key component of testing with supervision is the set of impartial rankings provided to the test. We
now investigate the impact of the noise in the impartial rankings on the power of the test. To this end, we continue with the
simulation schema used in the previous section, with the exception that (i) we only consider the Distance strategy and (ii)
instead of varying strategies, we vary the level of noise in the impartial rankings. Specifically, we sample impartial rankings
from the random utility model using values of the players as quality parameters and adding zero-centered Gaussian noise with
standard deviation �. We then vary parameter � to obtain the power for different noise levels.

Figure 5 represents the results of simulations and demonstrates that our test is robust to a significant amount of noise in the
impartial rankings. Note that under Gaussian noise with � = 3 two players with values differing by 3 points are swapped in
the impartial ranking with probability p ⇡ 0.24. Hence, our test with supervision is able to detect manipulations even under
significant level of noise. Of course, as the level of noise increases and impartial rankings become random, the power of our
test becomes trivial.

Noise in Reviewers’ Evaluations In the experiment we conducted in Section 4 players were communicated exact values of
the ground truth quality of submissions, that is, we assumed that reviewers can estimate the quality of submissions without
noise. We now study the performance of our test when reviewers are noisy. To this end, we replicate the semi-synthetic setting
described in Section 4 with the exception that we add a zero-mean Gaussian noise (� = 3) to scores communicated to artificial
agents and compute the detection power of our test under this noisy setup. Figure 6 summarizes the results of simulations



Figure 5: Detection power of our test with supervision for various levels of noise in the impartial rankings.

and shows that out test with supervision continues to have a strong detection power even under significant amount of noise in
reviewers’ evaluations. Similarly, the test without supervision, while loosing some power as compared to the noiseless case,
also manages to maintain a non-trivial power in the noisy case. For additional evaluations of our test when reviewers are noisy
we refer the reader to the next section in which some application-specific noise model is considered.

(a) With noiseless supervision (b) Without supervision

Figure 6: Detection power of our test when reviewers perceive the ground truth quality of submissions assigned to them with
a zero mean Gaussian noise (� = 3). The black horizontal line is a baseline power achieved by a test that rejects the null with
probability ↵=0.05 irrespective of the data.

Violation of Assumption (A2) The focus of our work is on the peer assessment process and student peer grading is one of the
most prominent applications. The literature on peer grading (Piech et al. 2013; Shah et al. 2013) suggests that Assumption (A2)
may be violated in this application: the models proposed in these works (which are used in Coursera and Wharton’s peer-
grading system) suggest that authors of stronger submissions are also more reliable graders. While our theoretical analysis does
not guarantee control over the false alarm probability in this case, we note that in practice our test does not break its respective
guarantees under such relationship.

Intuitively and informally, Figure 3 suggests that authors of stronger works benefit from reversing the ranking of submissions
assigned to them whereas authors of weaker submissions should play truthfully to maximize the outcome of their submission.
In contrast, the aforementioned relationship between the quality of submission and grading ability of its author claims the
converse: authors of top submissions return rankings that are closer to the ground truth than noisy rankings returned by authors
of weaker students. Hence, under this model the noise in evaluations of both strong and weak students hurts the final standing
of their submission as compared to the constant-noise case, making our test more conservative as it aims at detecting successful
manipulations.

To validate this intuition, we consider the problem parameters given in (3) and assume that each reviewer i 2 R samples
the ranking of the works assigned to them from the random utility model with reviewer-specific noise level �i and quality



parameters equal to the negated positions of the works in the underlying ground-truth ordering (the best work has quality �1,
the second best has quality �2 and so on). We then simulate the false alarm probability of our test under two setups with
different definition of noise:

• Setup 1 If reviewer i is the author of one of the top 10 works, they are noiselesee, that is, �i = 0. In contrast, if reviewer i is
the author of one of the bottom 10 submissions, their noise level is non-zero: �i = �.

• Setup 2 Each reviewer i samples the ranking from the random utility model with noise level �⇥ki/20, where ki is the position
of the work authored by reviewer i in the underlying ground-truth ordering.

Observe that in both setups data is generated under the null hypothesis of absence of manipulations. In simulations, we vary
the noise level � and sample impartial rankings from the random utility model with noise level �/2. Figure 7 depicts the false
alarm probability of our test both with and without supervision and confirms the above intuition: our test indeed controls the
false alarm probability when noise in evaluations decreases as the quality of submission authored by the reviewer increases.

(a) With supervision (b) Without supervision

Figure 7: False alarm probability of our test at the level ↵ = 0.05 when reviewer’s noise depends on the quality of their
submission. The black horizontal line represents the maximum false alarm probability that can be incurred by a valid test.

We note that control over the false alarm probability under violation of the Assumption (A2) does not come at the cost of
trivial power. Figure 8 depicts the power of our test under the aforementioned setups when all reviewers manipulate using the
Distance strategy on top of the noisy values of submissions they sample from the corresponding random utility models.

(a) With supervision (b) Without supervision

Figure 8: Detection power of our test when reviewer’s noise depends on the quality of their submission and all reviewers use
the Distance strategy. The black horizontal line is a baseline power achieved by a test that rejects the null with probability
↵=0.05 irrespective of the data.

Runtime of the Test In this section we continue working with the identity authorship and conflict matrices (C = A = I),
considering student peer grading setup in which most of reviewers are conflicted only with their own work. Setting � = µ = 4,
we estimate the runtime of our test for a wide range of sample sizes n = m. Specifically, we use a modification of the test
that samples 100 valid authorship matrices in Step 3 of Test 1 and display the running time in Figure 9. We conclude that the
running time of naive implementation of our test is feasible even for instances with thousands of reviewers and submissions.



Figure 9: Running time of our test.

B Random assignment

When evaluations are collected in the form of rankings, different structures of the assignment graph have different properties
that may impact the quality of the final ordering (Shah et al. 2016). Therefore, one may want to choose a structure of the
assignment graph instead of sampling it uniformly at random and we now show how to achieve any desirable structure without
breaking the guarantees of our test.

Recall that m is the number of reviewers and n is the number of submissions. Let T be the desired structure of the assignment,
that is, T is a bipartite graph with m nodes in the left part and n nodes in the right part, such that each node in the left part has
degree µ and each node in the right part has degree �. Given a set of reviewers R, a set of works W and a conflict matrix C,
assignment M can be constructed by allocating reviewers and works to the nodes of the graph T uniformly at random, subject
to the constraint that the assignment M does not violate the conflict matrix C.

The above procedure assumes that conflict matrix C admits structure T , that is, there exists an allocation of reviewers to
nodes that does not violate T . In practice, it is always the case as reviewers are typically conflicted with only a handful of works
(e.g., students in class are only conflicted with their own homework).

Observe that conditioned on topology T , the key component of the proof of Theorem 1 captured by equation (5) holds by
construction of the assignment M , thereby ensuring that the assignment constructed in the described way does not brake the
guarantees of our test. Overall, the requirement of random assignment procedure can be relaxed to the requirement of random
assignment that respects a given topology T , thereby enabling deterministic selection of the assignment structure.

C Proof of Theorem 1

Recall that W is a set of works submitted for review and R is a set of reviewers. Let us also use A⇤ and C
⇤ to denote authorship

and conflict matrices up to permutations of rows and columns, that is, actual matrices A and C satisfy:

C = LC
⇤
R (4)

A = LA
⇤
R

where L and R are matrices of row- and column-permutations, respectively.
Let ⇧m and ⇧n be sets of all permutation matrices of m and n items, respectively. Conditioned on W,R, C

⇤ and A
⇤, we note

that Assumptions A2 (exchangeability of reviewers and works) ensures that the actual pair of conflict and authorship matrices
(C,A) follows a uniform distribution over the multiset

D =

⇢
(LC⇤

R,LA
⇤
R)

���(L,R) 2 ⇧m ⇥⇧n

�
.

We will now show the statement of the theorem for any tuple (W,R, C
⇤
, A

⇤), thus yielding the general result. Let ( eC, eA) be
a random variable following a uniform distribution U(D) over the set D. The proof of the theorem relies on the following fact:
if assignment matrix M is selected uniformly at random from the set of all assignments valid for the conflict matrix eC, then for
any pairs (C1, A1) 2 D and (C2, A2) 2 D that do not violate the assignment M , it holds that:

P

( eC, eA) = (C1, A1)

���M
�
= P


( eC, eA) = (C2, A2)

���M
�
, (5)



where probability is taken over the randomness in the assignment procedure and uniform prior over the pair of conflict and
authorship matrices. Indeed, it is not hard to see that:
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where the second equality follows from the fact that
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and a simple observation that for any conflict matrix C
0 that satisfies (4) the number of valid assignments is the same by

symmetry.
Equation (5) ensures that given the assignment matrix M , the randomness of the assignment procedure induces a uniform

posterior distribution over the multiset P(M) of authorship matrices that do not violate the assignment M which we construct
in Step 2 of the test. Therefore, the actual authorship matrix A is a sample from this distribution: A ⇠ U(P(M)).

Conditioned on the assignment M , under the null hypothesis, for each reviewer i 2 R the ranking ⇡i is independent of
works A(i) and is therefore independent of A. Additionally, the optional impartial rankings {⇡⇤

i , i 2 R} are independent of the
authorship matrix A by definition. Combining these observations, we deduce that conditioned on the assignment M , the test
statistic ⌧ has a uniform distribution over the multiset:

� =
�
'(A0)| A0

2 P(M)
 
,

where ' is defined as
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We finally observe that in Steps 3 and 4 of the test we reconstruct the set � and make decision based on the position of the
actual value of the test statistic in the ordering of this set. It remains to note that probability of the event that observed value
⌧ (sampled uniformly at random from the multiset �) is smaller than the value of kth order statistic of the multiset � is upper
bounded by k�1

|�| . Substituting k with
⇣⌅

↵|�|
⇧
+ 1

⌘
, we conclude the proof.


