15-858 Advanced Stochastic Processes Feb. 27, 2007
Lecture 6 Mor Harchol-Balter & Alan Scheller-Wolf

Lecture 6: Introduction to transforms

This lecture is an introduction to the wonderful world of transforms. There is a lot that
I’'m not covering here, but this should be enough to get you started. Transforms are
a hugely powerful technique that will allow you to easily get many moments of some
random variable. For some problems, transforms are the only way we have of deriving
these moments.

1 Solutions to homework problems from last class

1.1 Deriving second moment of delay for M/G/1 via RCL

Our goal is to derive E[D?] for the M/G/1 via RCL. The first insight is to realize that
the 2/(t) function in RCL needs to be related to D? (what you want), which means
that it may work to make x(¢) proportional to D3.

The second insight is to realize that for any FIFO system, D, the delay witnessed by
a customer, equals V', the work in the system at the time the customer arrives. But
by PASTA (M/G/1), we have that E[V] seen by a customer is also the time-average
E[VY in the system, averaged over all time. Hence we propose to make

z(t) = E[V3].
But that implies that:

2 (1) = 3V()*(~1)

Note that the above expression is valid assuming that V(t) > 0. However, it is also
valid when V' (t) = 0, since «/(t) is then identically 0.

Given our expression for x(t), it follows that jumps are defined as follows:



~Jn = (Dp+8Sn)? D}
= 3D2S,+3D,S2+ 53

—E[J,] = 3E[D?S,]+ 3E[D,S% + E[S3]
—E[J,] = 3E[D?E[S,] +3E[D,]|E[S?] + E[S3]
—E[J] = 3E[D?E[S]+ 3E[D]|E[S?| + E[S?]

Now RCL states that:
Elx'] = \E[J]

where E[2/] is a notational convenience used to indicate the time-average: lim;_,o 7 C ! (s)ds
Applying RCL, we have:

Elz] = AE[J)
3E[V?] = A(3E[D?E[S] +3E[D]E[S?] + E[S%))
3E[D? = X(3B[D?E[S] +3E[D]E[S] + E[S?])
E[D* = pE[D? + \E[D]E[S?] +§E[S?’]
(1- p)E[DY] = A\E[DIE[SY] + %E[S?’]
i - A2 A1)

We now end, by substituting in our earlier result:

_ AE[S?]
ElDI= 2(1—p)
which yields:
1 (AE[S?]\° ) E[S?]
E[D2]_§<1—p> 31 p



1.2 Deriving Little’s Law from RCL

Our goal is to derive E[N] = AE[T], when starting with E[z'] = AE[J].

The trick is to observe that we need E[T] to take the place of E[J]. That is we need a
jumpsize of

Once we've to this piece of intuition, it’s clear that z(t) needs to be defined so that it
has a built-in jump of size T, at arrival point a,. At the same time, we want x(t) to
be continuous, outside of these countable number of jump points.

Let:

x(t) = Z /OO I,(s)ds

n: in system at ¢ ¢

where

In(s) = 1 if C), is in system at time s
"] 0 otherwise

Thus z(t) represents the sum of the remaining time in system of all those jobs in the
system at time ¢. Visually, x(¢) looks like Figure 1 below:

X(t)
Tl 1
t

Figure 1: Illustration of x(¢) for deriving Little’s Law from RCL.

Observe that x(t) decreases continously at rate (slope) —N(t), where N (t) is the number
of jobs in the system at time ¢, however it jumps up by 7}, at time a,,. In a sense, we're
done because we know that 2/(¢) (the slope) is —N(¢). However we can be more formal
as follows:



o) = 3 / I(s)ds
n: in system at ¢ ¢

() = % Z /ooln(s)ds

n: in system at ¢ ¢

() = Z %/too I,(s)ds

n: in system at ¢

= Z % (1 - /Ot In(s)d8>

n: in system at ¢

= Z _In(t)

n: in system at ¢
- —N()
El2] = —EI[N]

We have assumed that we can bring the derivative inside the summation. This is
possible because it’s a finite sum, namely the number in system at time ¢ is finite
because in the statement of Little’s Law, we're allowed to assume that the arrival rate
equals the completion rate, i.e., the queue length is never infinite.

Together with

1.3 Intuition regarding using RCL

All RCL papers seem to agree unanimously that there’s no intuition to using RCL. 1
have tried to illustrate above that we can sometimes get clues by either:

1. Thinking about what x(¢) needs to look like, given the quantity we're trying to
derive, and then using x(t) to tell us what E[J] looks like (this is the approach
in the first example above), or

2. By thinking about what E[J] needs to look like, and then using E[.J] to determine
a function z(¢) that has those built-in jumps.



I agree that this method is very algebraic, and it’s much harder to think about pictures,
as we did in H = \G.

2 Definitions of transforms and some examples

Definition 1 The Laplace Transform L¢(s) of a continuous function (on positive
real azxis) f(t) is defined as

Ly(s) = / et (1) dt

0

where we will assume s > 0 for convergence purposes.

When we speak of the Laplace Transform of a continuous R.V. X, we are referring to
the Laplace transform Lg(s), of the p.d.f. f associated with X. Often we will write
X(s) to denote the Laplace transform of X.

Observe that if X is a continuous R.V. and f is the p.d.f. of X, then

X(s) = Ly(s) = Ele™*]

Example: Consider the Laplace Transform of X = Exp(\):

X(s)=Lys(s) = /0 e~ e Mdt

_ )\/OO e—()\-i-s)tdt
0

A
A+ s

Definition 2 The z-Transform G,(z) of a discrete function (on non-negative inte-
gers) p(i) is defined as

Gp(z) = Zp(i)zi
=0

where we assume |z| < 1 for convergence purposes.



When we speak of the z-transform of a discrete R.V. X, we are referring to the z-
transform of the p.m.f. associated with X. Usually we will write X (2) to denote the
z-transform of X.

Observe that if X is a discrete R.V. and p(7) is its p.m.f., then

Example: Let A; denote the number of arrivals in time ¢, where the arrival process is
Poisson(\). Then, the z-transform of A, is given by

A o0 it i
A(z) = Gplz) = Y M7

=0

A

— t

= e E
i=0

—At | e()\t)z

i!
(\tz)?
il

= e
e—)\t(l—z)

Example: Let Ag denote the number of arrivals during one service time, where service
time is denoted by S and has p.d.f. f(¢). Let a; denote the probability that there rae

7 arrivals in time S. That is:
o —)\t )\t i
a; = / # F(t)dt
0 7!
Then




(We'll see a quicker way to derive this soon.)

Example: Let X have p.m.f. of the form p(i) = c¢- o' for some constants ¢ and «.
Then the z-transform of X is given by

X(2) =Gp(z) = Zc-aizi
=0

= cZ(az)i
=0

(2

1—az

3 Getting moments from transforms

Theorem 1 Let X be a continuous R.V. with p.d.f. f(t). Then

B = (L

Proof:

(st)* _ (st)’

e = L= (st) + 5 =5+
o) = 10— 0w+ S g~ S gy
Ly(s) = /OOO e~tf(t)dt = /OOO F(t)dt — /Ooo(st)f(t)dt + /OOO (8;!)2f(t)dt - /OOO (s;!)gf(t)dt T
= 1-sE[X]+ ;—TE[)@] — ;—?E[X?’] +...
dLé”s(s) = —E[X]+sE[X? - 3§E[X3] .
dLévs(s) R



Question: How do we know that the Laplace Transform as defined necessarily con-
verges?

Answer (partial): It does provided f(t) is a p.d.f.. To see this observe that

et <1

for all non-negative values of ¢t. Thus
oSt — (e—t)s <1
assuming that s is non-negative. Thus:
[e.e] [ee]
Lg(s) = / e St f(t)dt < / - f(t)dt =1
0 0

assuming that s is non-negative.

Observation 1 Observe that in the previous result, f(t) did not have to be a p.d.f..
In particular, for any function f(t),

e s = (T

-0 ds  |s=0

Theorem 2 Let X be a discrete R.V. with p.m.f. p(i). Then the sequence:

{G(2)

:n>1}

z=1



provides the moments of X, as follows:

Proof:

Gp(2)l:=1 = E[X]
Gy(2):m1 = BIX?] - BlX]

G"(2)|.=1 = E[X?]-3E[X? +2E[X]

p(0) + ='p(1) + 2%p(2) + 2°p(3) + 2'p(4) + -+
1p(1) + 22p(2) 4 32%p(3) + 423p(4) + - --

E[X]

20(2) +3-2-2p(3) +4-3-2%p(4) + - -

(22 = 2)p(2) + (32 = 3)2p(3) + (4> — 4)2%p(4) + - -
E[X?] - B[X]

Example: Compute the first moment of Ag, the number of arrivals during a service
time, where S ~ Exp(u).

As(z) = S(A1-2))
i
p+A1—=2)

As (1) = %\/

Here’s another way to do it, that is helpful to understand: This method is based on

the chain rule.



d -
= A |

= (diig(s) where s = A(1 — z)> |2=1

= (%S(S) : %) |l-=1
= PN

I

4 Linearity of Transforms

Theorem 3 Let X and Y be continuous independent random variables with density
functions x and y respectively. Let Z = X +Y. Then the Laplace transform of Z is
given by Z(s) = X(s) - Y(s).

In particular, if Xu,..., Xy are i.i.d random variables, and Z = X1 + -+ + X, then
Z(s) = (X(s))".

Observe also that the Laplace transform of the convolution of x and y, Lygy, 15 equal
to Ly(s)Ly(s) even when X and Y are not independent. Here g(t) = = ® y(t) =

Jo x(t = k)y(k)dk

Proof:

Z(s)=L,(s) = /0 e Stz (t)dt
= / e P(X +Y =t)dt
0
[e¢) t
_ / et [ P(X Y =ty = k)- P(Y = k)dkdt
0 k=0
[e¢) t
_ / et [ P(X =t — kY = k) - y(k)dkdt
0 k=0
(o) t
_ / et [ P(X =t — k) y(k)dkdt
0 k=0

10



[e¢) t
= / e st / z(t — k) - y(k)dkdt
0 k=0

_ / yk) [ etu(t — k)dtdk
k=0 t=k

_ / y(k)e—* / e~ R) (¢ — k)dtdk
k t

=0 =k

now, letting v =t — k, dv = dt, we have

:/ y(k)e_Sk/ e *x(v)dvdk
k=0 v=0

= Ly(s)- La(s)

Observe that independence of X and Y was necessary to get from the 4th to the 5th
line. Independence is unnecessary for the convolution function because there we’re
already at the 6th line. [

Proof: [Alternative proof]

B\z
=
o
ISR e
S
5

I
&

Theorem 4 Let X and Y be discrete mdependent random variables. Let Z = X +Y .
Then the z-transform of Z is given by Z(z) = X (2) - Y (2).

Proof:

11



= Y P(Z=n)-2"
n=0

= iP(X—l-Y:n) P
n=0

= iiP(X:k:) PY =n—k|X =k) 282"k
n=0 k=0

- iiP(X:k’) P(Y_n_k;) k. onk
n=0 k=0

= Y FPX =k PY =n—k"
k=0 n—k

— Z KP(X =k) Z P(Y =m)z™
k=0 o

Proof: [Alternative proof]
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Theorem 5 Let X, A, B be continuous random variables where

¥ — A with probability p
| B with probability 1 - p

12



Let

xr = pdf of X
= pd.f of A
b = pd.f of B

Then 3 3 3
X(s)=p-Als) + (1 -p)-B(s)
Proof:
X(s) = Lu(s) = /0 et (t)de
But z(t) = p-a(t)+ (1 —p)-bt)
So Ly(s) = p/o e Sa(t)dt + (1 —p)/o e *th(t)dt
= pA(s)+ (1 —p)B(s)

Example:

We can use a generalization of the above results to compute Ag(z) by conditioning:

As() = [ As(z 15 =ofs(tyar
= /Ooo Ay(2)fs(t)dt
— /OO e—)\(l—z)tfs(t)dt

0

= S(\1-2))

13



Theorem 6 Let X, A, B be discrete random variables where

Y A with probability p
| B with probability 1 - p

So
P(X=t)=P(A=t)-p+PB=t)-(1-p)
Then R ) A
X(z)=p-A(z) + (1 —p) - B(?)
Proof:
X(2) = Gx(z) = E[z¥]
= E[N|X =A] p+ EEYN|X =B]- (1-p)
= Bl p+E[z"] (1-p)

5 Combining Laplace and z-transforms

Theorem 7 [Summing Random number of independent random variables]
Let Z =Y+ Yy + ...+ Yx, where the Y;’s are i.i.d. continuous R.V.’s, and where X
is a discrete random variable. Let X (z) be the z-transform of X, and let Y (s) be the
Laplace transform of Y. Then

Z(s) = X(Y (s))

14



Example We will apply the above theorem to prove that the sum of an Geometric(p)
number of independent exponentially distributed random variables with parameter pu
is an exponentially distributed random variable with parameter pu:

First, observe that the z-transform of a geometrically distributed random variable is:

% = n—1_n __ zp
X(Z)an::lp(l—p) 'z “1-0-p)

Next, observe that the Laplace-transform of an exponentially distributed random vari-
able is:

- Iz
Y =
(s) P
Thus,
7
. p
X(Y(s) = ————p
1-(1-p)s
_ pp
s+pu—(1-pu
_
s+ pp

which we recognize as the Laplace Transform for Exp(ppu).

Proof: Let Z(s|n) denote the Laplace transform of Z|ix=n)- Then Z(s|n) = (Y (s))".
Now

Z(s) = ZPT[X:n]Z(s\n)

15



6 More results on transforms

Theorem 8 Let X and Y be random variables:

Lxry(s) = [ PrlY = 3] L (o)

Proof:
Lag(s) = [ e tPrix(v) =4
_ /tzo —st /yzo Pr(X(y) =t]- Pr[Y =y]
= [ iy =y | etprixt) =
- [T PrlY =y] - Lxy)(s)
y=0

Normally we look at Laplace transforms of p.d.f.s, but we could also ask what is the
Laplace transform of any function, e.g., the c.d.f.:

Theorem 9 Consider a p.d.f. b(t), where B(z) is the cumulative distribution function
corresponding to b(t). That is,

Bl) = [ w0
Let ~
b(s) = Ly (s) = /0 eSth(¢)dt
Let - N
B(s) = Li)(s) = /0 e [ byt
Then: .
B(s) = Lj)

16



Proof:

One last little bit of information which comes in very handy when differentiating
Laplace transforms and z-transforms:

Theorem 10 3
X (0) =1, YV random variables X

A

X(1) =1, V random variables X

7 An example: Deriving the Laplace Transform of the
Busy Period of an M/G/1 queue

We are interested in studying the length of a busy period in an M/G/1 queue. Let B
denote the length of a busy period.

Question: Recall that last semester we derived E[B]. How did we do that?

Answer: We invoked Renewal Reward theory.

17



Suppose we earn money at a rate of $1 for each unit of time that the server is busy.
Let R(t) denote the reward earned by time ¢. Then the average rate at which we earn
money is:

R(t
tlim ¥ = Fraction of time server is busy = p
—00

Now we look at the same problem from a Renewal Reward perspective. We say that a
“renewal” occurs whenever the system transitions from being idle to being busy. The
length of a renewal period is then B + I, where B denotes the length of a busy period
and I denotes the length of an idle period. By Renewal-Reward theory, the average
rate at which we earn money is

lim @ _ Expected reward earned during renewal period
t—oo ¢ Expected length of renewal period
BB
E[B+ 1]
E[B]
E[B] + E[I]

Equating the two ways of viewing the average rate at which we earn money, and
observing that E[I] = 1/\, we have:

_ E[B]

P = BB+ E]
E[B] = p(E[B]+ E[I])
E[B] = pE[B]+E[S]
oy - 29

We now ask: How do we get the second moment of the busy period? Or the third
moment of the busy period?

To do this, we will need to use Laplace transforms.

B denotes the length of a busy period, and B(x) is the length of a busy period that starts
with a job of size z. Let B(s) and B(z)(s) denote the corresponding Laplace transforms.

18



Let S denote the r.v. for the service time, and S (s) denote the corresponding Laplace
transform.

Our approach is a little complicated. What we’ll do if first form an expression for B(x)
in terms of B. Then we’ll compute the Laplace transform of B(z) as a function of the
Laplace transform of B. We will then get the Laplace transform of B by unconditioning
the Laplace transform of B(z). This is going to seem weird. In the end, we will have
the Laplace transform of B defined in terms of itself. This will seem even weirder.
However, it’s not a problem, because when we differentiate this final expression, all the
moments will fall out.

If we define A, to be the number of arrivals in a time segment of length x, then we
have that:

A
i=1
where each B; is distributed identically as B.

Using the above equation,

Bla)(s) = & . (3.B)

Now we know that

So,

And so,

B(x)(s) — e—sx.e—)\:c(l—é(s)) _ e—x(5+)\—)\§(5))

19



To get B(s) from B/G)(S), we just uncondition as below, where f(-) denotes the prob-
ability density function of S.

Be) = [ Bl @

_ / e—x(s+)\—)\§(s))f($)d$
0

= S(s+A—AB(s))

Thus we’ve shown that:

B(s) = S(s 4+ A — AB(s))

The first moment E[B] is given by

E[B] = —B'(s)ls=0 = %’ + A= AB(s))]s=0 (1= AB'(5)]s=0)

—S'(s (

~S(0+ XA — A(1))(1 + AE[B))

=S ]
]

S'(0)(1 + AE[B))
= E[S](1+ \E[B])

Solving for E[B], we get
E[S]

HB= 108

To get the second moment, we differentiate B’ (s) again and evaluate the result at s = 0.
This yields

BB = B(s)lio = ~[8(s+ A= AB())(1 = AB(3)]ls=o

= S"(0)[1 = AB'(0)) + [(5'(0))(—=AB"(0))]
—  E[SY[1 + AE[B]? + \E[S]E[B?]

Substituting for E[B] and solving for E[B?] we get

E[S?]

P = T Es)y

20



8 Readings on Transforms

Many books have at least a section on transforms. The following is a whole book on
transforms. The book is in the library.

Transform Techniques in Probability Modeling, Walter C. Giffin, Academic Press, 1975.

9 Homework Problems for Next Time

Here are the homework problems that I’d like you to work on. As before, the derivations
should be quite short.

1. [Response Time for M/M/1] Last semester we derived the mean response
time for an M/M/1 queue. We also derived the distribution on the number of
jobs in the M/M/1.

Let T denote the response time of an M/M/1. In this problem you will derive
T'(s). This will allow you to answer the question: What is the distribution of 77

Some hints: (i) You will need to condition on the number of jobs seen by an
arrival. (ii) You will need to invoke the PASTA principle. (iii) When you get the
final answer, you will recognize the transform.

2. [Number of Jobs Served During M /M /1 Busy Period] Let Np denote the
number of jobs served during an M/M/1 busy period.

(a) Derive E[Np].

(b) Derive the z-transform: ]/V\B(z). Determine the first and second moments
of Np by carefully differentiating your transform. (Note, if you instead
determine the Laplace-transform: Np(s), the moments you get should look
the same.)

Thank you!
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