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Abstract

We study the problem of computing the optimal value function for a Markov decision process with positive
costs. Computing this function quickly and accurately is a basic step in many schemes for deciding how
to act in stochastic environments. There are efficient algorithms which compute value functions for special
types of MDPs: for deterministic MDPs with S states and A actions, Dijkstra’s algorithm runs in time
O(ASlog S). And, in single-action MDPs (Markov chains), standard linear-algebraic algorithms find the
value function in time O(S?), or faster by taking advantage of sparsity or good conditioning. Algorithms for
solving general MDPs can take much longer: we are not aware of any speed guarantees better than those for
comparably-sized linear programs. We present a family of algorithms which reduce to Dijkstra’s algorithm
when applied to deterministic MDPs, and to standard techniques for solving linear equations when applied
to Markov chains. More importantly, we demonstrate experimentally that these algorithms perform well
when applied to MDPs which “almost” have the required special structure.
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1 Introduction

We consider the problem of finding an optimal policy in a Markov decision process with non-negative costs
and a zero-cost, absorbing goal state. This problem is sometimes called the stochastic shortest path problem.
Let V* be the optimal state value function, and let Q* be the optimal state-action value function. That is, let
V*(z) be the expected cost to reach the goal when starting at state = and following the best possible policy,
and let Q*(z, a) be the same except that the first action must be a. At all non-goal states « and all actions a,
V* and Q* satisfy Bellman’s equations:
v* — : *
() min Q"(z, a)
Q*(z,a) = c(w,a)+ Y Ply|z,a)V*(y)

y€Esucc(z,a)

where A is the set of legal actions, ¢(x,a) is the expected cost of executing action « from state x, and
P(y | x,a) is the probability of reaching state y when executing action a from state x. The set succ(z, a)
contains all possible possible successors of state 2 under action a, except that the goal state is always
excluded.*

Many algorithms for planning in Markov decision processes work by maintaining estimates V' and @
of V* and Q*, and repeatedly updating the estimates to reduce the difference between the two sides of the
Bellman equations (called the Bellman error). For example, value iteration (V1) repeatedly loops through
all states = performing backup operations at each one:

for all actions a

Q(ﬂf, CL) — C(l’, CL) + Zy€succ(z,a) P(y ‘ xZ, (I)V(y)
end for
V(z) « mingeq Q(x,a)

On the other hand, Dijkstra’s algorithm uses expansion operations at each state x instead:

V(x) « minges Q(z,a)
forall (y,b) € pred(z)

Qu.b) — ey )+ X cameeyy P& | DV ()
end for

Here pred(z) is the set of all state-action pairs (y, b) such that taking action b from state y has a positive
chance of reaching state x. For good recent references on value iteration and Dijkstra’s algorithm, see [4]
and [7].

Any sequence of backups or expansions is guaranteed to make V' and @Q converge to the optimal V*
and Q* so long as we visit each state infinitely often. Of course, some sequences will converge much more
quickly than others. A wide variety of algorithms have attempted to find good state-visitation orders to
ensure fast convergence. For example, Dijkstra’s algorithm is guaranteed to find an optimal ordering for a
deterministic positive-cost MDP; for general MDPs, algorithms like prioritized sweeping [17], generalized

1To smplify notation, we have omitted the possibility of discounting. A discount  can be simulated by reducing P(y | x, a)
by afactor of  for al y # goal and increasing P(goal | z, a) accordingly. We assumethat V* and Q* are well-defi ned, i.e,, that
no state has infi nite V* ().
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Figure 1: A Markov chain for which backup-based methods converge slowly. Each action costs 1.

prioritized sweeping [1], RTDP [3], LRTDP [6], Focussed Dynamic Programming [12], and HDP [5] all
attempt to compute good orderings.

Algorithms based on backups or expansions have an important disadvantage, though: they can be slow
at policy evaluation in MDPs with even a few stochastic transitions. For example, in the Markov chain of
Figure 1 (which has only one stochastic transition), the best possible ordering for value iteration will only
reduce Bellman error by 1% with each five backups. To find the optimal value function quickly for this chain
(or for an MDP which contains it), we turn instead to methods which solve systems of linear equations.

The policy iteration algorithm alternates between steps of policy evaluation and policy improvement.
If we fix an arbitrary policy and temporarily ignore all off-policy actions, the Bellman equations become
linear. We can solve this set of linear equations to evaluate our policy, and set V' to be the resulting value
function. Given V, we can compute a greedy policy = under V, given by 7(z) = argmin, Q(x,a). By
fixing a greedy policy we get another set of linear equations, which we can also solve to compute an even
better policy. Policy iteration is guaranteed to converge so long as the initial policy has a finite value function.
Within the policy evaluation step of policy iteration methods, we can choose any of several ways to solve our
set of linear equations [18]. For example, we can use Gaussian elimination, sparse Gaussian elimination, or
biconjugate gradients with any of a variety of preconditioners. We can even use value iteration, although as
mentioned above value iteration may be a slow way to solve the Bellman equations when we are evaluating
a fixed policy.

Of the algorithms discussed above, no single one is fast at solving all types of Markov decision process.
Backup-based and expansion-based methods work well when the MDP has short or nearly deterministic
paths without much chance of cycles, but can converge slowly in the presence of noise and cycles. On the
other hand, policy iteration evaluates each policy quickly, but may spend work evaluating a policy even after
it has become obvious that another policy is better.

This paper describes three new algorithms which blend features of Dijkstra’s algorithm, value iteration,
and policy iteration. In Section 2, we describe Improved Prioritized Sweeping. IPS reduces to Dijkstra’s
algorithm when given a deterministic MDP, but also works well on MDPs with stochastic outcomes. In Sec-
tion 3, we develop Prioritized Policy Iteration, by extending IPS by incorporating policy evaluation steps.
Section 4 describes Gauss-Dijkstra Elimination (GDE), which interleaves policy evaluation and prioritized
scheduling more tightly. GDE reduces to Dijkstra’s algorithm for deterministic MDPs, and to Gaussian
elimination for policy evaluation. In Section 6, we experimentally demonstrate that these algorithms ex-
tend the advantages of Dijkstra’s algorithm to “mostly” deterministic MDPs, and that the policy evaluation
performed by PPIl and GDE speeds convergence on problems where backups alone would be slow.



main update(x)

queue.clear() V(z) — Q(z,m(x))

(Vx) closed(x) « false for all (y,b) € pred(z)

(Vo) V(z) — M Qold — Q(y,m(y)) (or M if 7(y) undefined)

(Vz,a) Q(z,a) — M Q(y,b) — c(y,b) + Xaresuce(yp) L& [ 4,0)V(2)
(Va) Q(goal, a) < 0 if ((not closed(y)) and Q(y,b) < Qold) )

closed(goal) « true pri « Q(y,b) (*)
(V) m(z) « undefined m(y) < b

w(goal) = arbitrary queue.decreasepriority(y, pri)

update(goal) end if

while (not queue.isempty()) end for

x < queue.pop()
closed(x) < true
update(x)

end while

Figure 2: Dijkstra’'s algorithm, in a notation which will allow us to generalize it to stochastic MDPs. The variable
“gueue’ is a priority queue which returns the smallest of its elements each time it is popped. The constant M is an
arbitrary very large positive number.

2 Improved Prioritized Sweeping

2.1 Dijkstra’sAlgorithm

Dijkstra’s algorithm is shown in Figure 2. Its basic idea is to keep states on a priority queue, sorted by how
urgent it is to expand them. The priority queue is assumed to support operations queue.pop( ), which removes
and returns the queue element with numerically lowest priority; queue.decreasepriority(x, p), which puts x
on the queue if it wasn’t there, or if it was there with priority > p sets its priority to p, or if it was there with
priority < p does nothing; and queue.clear(), which empties the queue.

In deterministic Markov decision processes with positive costs, it is always possible to find a new state
x to expand whose value we can set to V*(z) immediately. So, in these MDPs, Dijkstra’s algorithm touches
each state only once while computing V*, and is therefore by far the fastest way to find a complete policy.

In MDPs with stochastic outcomes for some actions, it is in general impossible to efficiently compute
an optimal order for expanding states. An optimal order is one for which we can always determine V*(z)
using only V*(y) for states y which come before x in the ordering. Even if there exists such an ordering
(i.e., if there is an acyclic optimal policy), we might need to look at non-local properties of states to find it:
Figure 3 shows an MDP with four non-goal states (numbered 1-4) and two actions (a and b). In this MDP,
the optimal policy is acyclic with ordering G3214. But, after expanding the goal state, there is no way to
tell which of states 1 and 3 to expand next: both have one deterministic action which reaches the goal, and
one stochastic action that reaches the goal half the time and an unexplored state half the time. If we expand
either one we will set its policy to action « and its value to 10; if we happen to choose state 3 we will be
correct, but the optimal action from state 1 is b and V*(1) = 13/2 < 10.

Several algorithms, most notably prioritized sweeping [17] and generalized prioritized sweeping [1],



Figure 3: An MDP whose best state ordering isimpossible to determine using only local properties of the states. Arcs
which split correspond to actions with stochastic outcomes; for example, taking action b from state 1 reaches G with
probability 0.5 and 2 with probability 0.5.

have attempted to extend the priority queue idea to MDPs with stochastic outcomes. These algorithms give
up the property of visiting each state only once in exchange for solving a larger class of MDPs. However,
neither of these algorithms reduce to Dijkstra’s algorithm if the input MDP happens to be deterministic.
Therefore, they potentially take far longer to solve a deterministic or nearly-deterministic MDP than they
need to. In the next section, we discuss what properties an expansion-scheduling algorithm needs to have to
reduce to Dijkstra’s algorithm on deterministic MDPs.

2.2 Generalizing Dijkstra

We will consider algorithms which replace the line (x) in Figure 2 by other priority calculations that main-
tain the property that when the input MDP is deterministic with positive edge costs an optimal ordering is
produced. If the input MDP is stochastic, a single pass of a generalized Dijkstra algorithm generally will not
compute V*, so we will have to run multiple passes. Each subsequent pass can start from the value function
computed by the previous pass (instead of from V' (z) = M like the first pass), so multiple passes will cause
V to converge to V*. (Likewise, we can save () values from pass to pass.) We now consider several priority
calculations that satisfy the desired property.

Large Changein Value The simplest statistic which allows us to identify completely-determined states,
and the one most similar in spirit to prioritized sweeping, is how much the state’s value will change when
we expand it. In line () of Figure 2, suppose that we set

1) pri < d(V(y) — Q(y,b))

for some monotone decreasing function d(-). Any state y with closed(y) = false (called an open state) will
have V' (y) = M in the first pass, while closed states will have lower values of V' (y). So, any deterministic
action leading to a closed state will have lower Q(y, b) than any action which might lead to an open state.
And, any open state y which has a deterministic action b leading to a closed state will be on our queue
with priority at most d(V (y) — Q(y,b)) = d(M — Q(y,b)). So, if our MDP contains only deterministic



actions, the state at the head of the queue will the open state with the smallest Q(y, b)—identical to Dijkstra’s
algorithm.

Note that prioritized sweeping and generalized prioritized sweeping perform backups rather than expan-
sions, and use a different estimates of how much a state’s value will change when updated. Namely, they
keep track of how much a state’s successors’ values have changed and base their priorities on these changes
weighted by the corresponding transition probabilities. This approach, while in the spirit of Dijkstra’s algo-
rithm, does not reduce to Dijkstra’s algorithm when applied to deterministic MDPs. Wiering ([19]) discusses
the priority function (1), but he does not prescribe the uniform pessimistic initialization of the value function
which is given in Figure 2. This pessimistic initialization is necessary to make (1) reduce to Dijkstra’s algo-
rithm. Other authors (for example Dietterich and Flann ([10])) have discussed pessimistic initialization for
prioritized sweeping, but only in the context of the original non-Dijkstra priority scheme for that algorithm.

One problem with the priority scheme of equation (1) is that it only reduces to Dijkstra’s algorithm if we
uniformly initialize V' (x) « M for all x. If instead we pass in some nonuniform V' (x) > V*(x) (such as
one which we computed in a previous pass of our algorithm, or one we got by evaluating a policy provided
by a domain expert), we may not expand states in the correct order in a deterministic MDP.2 This property
is somewhat unfortunate: by providing stronger initial bounds, we may cause our algorithm to run longer.
So, in the next few subsections we will investigate additional priority schemes which can help alleviate this
problem.

Low Upper Bound on Value Another statistic which allows us to identify completely-determined states
x in Dijkstra’s algorithm is an upper bound on V*(x). If, in line (%) of Figure 2, we set

(2 pri « m(Q(y,b))

for some monotone increasing function m(-), then any open state y which has a deterministic action b
leading to a closed state will be on our queue with priority at most m(Q(y,b)). (Note that Q(y, b) is an
upper bound on V*(y) because we have initialized V' (z) <« M for all z.) As before, in a deterministic
MDP, the head of the queue will be the open state with smallest Q(y, b). But, unlike before, this fact holds
no matter how we initialize V' (so long as V' (x) > V*(x)): in a deterministic positive-cost MDP, it is always
safe to expand the open state with the lowest upper bound on its value.

High Probability of Reaching Goal Dijkstra’s algorithm can also be viewed as building a set of closed
states, whose V* values are completely known, by starting from the goal state and expanding outward.
According to this intuition, we should consider maintaining an estimate of how well-known the values of
our states are, and adding the best-known states to our closed set first.

For this purpose, we can add extra variables pg..1(, a) for all states 2 and actions a, initialized to 0
if 2 is a non-goal state and 1 if x is a goal state. Let us also add variables pg..1(x) for all states x, again
initialized to 0 if = is a non-goal state and 1 if x is a goal state.

To maintain the py.1 Variables, each time we update Q(y, b) we can set

pgoal(ya b) — Z P('T, | Y, b)pgoal(x,)

z’ €succ(y,b)

2\We need to be careful passing in arbitrary V (z) vectors for initialization: if there are any optimal but underconsistent states
(states whose V' () is already equal to V*(z), but whose V' (z) is less than the right-hand side of the Bellman equation), then the
check Q(y,b) < V(y) will prevent us from pushing them on the queue even though their predecessors may be inconsistent. So,
such an initialization for V' may cause our algorithm to terminate prematurely before V- = V* everywhere. Fortunately, if we
initialize using a V' computed from a previous pass of our algorithm, or set V' to the value of some policy, then there will be no
optimal but underconsistent states, so this problem will not arise.

5



And, when we assign V (x) < Q(z, a) we can set

pgoal(l') — pgoal(xa a)
(in this case, we will call a the selected action from z). With these definitions, pgo.i () will always remain
equal to the probability of reaching the goal from z by following selected actions and at each step moving
from a state expanded later to one expanded earlier (we call such a path a decreasing path). In other words,
Pgoal () tells us what fraction of our current estimate V'(x) is based on fully-examined paths which reach
the goal.

In a deterministic MDP, py.,1 Will always be either 0 or 1: it will be 0 for open states, and 1 for closed
states. Since Dijkstra’s algorithm never expands a closed state, we can combine any decreasing function of
Peoal () With any of the above priority functions without losing our equivalence to Dijkstra. For example,
we could use

(3) pI'i — m(Q(ya b)> 1- pgoal(y>)

where m is a two-argument monotone function.®
In the first sweep after we initialize V(z) < M, priority scheme (3) is essentially equivalent to
schemes (1) and (2): the value Q(z, a) can be split up as

pgoal(xa G)QD(.’I}, a) + (1 _pgoal(xya))M

where Qp(z,a) is the expected cost to reach the goal assuming that we follow a decreasing path. That
means that a fraction 1 — pgo.i(x, a) of the value Q(z, a) will be determined by the large constant M, so
state-action pairs with higher pgoa1(x, a) values will almost always have lower Q(x, a) values. However, if
we have initialized V() in some other way, then equation (1) no longer reduces to Dijkstra’s algorithm,
while equations (2) and (3) are different but both reduce to Dijkstra’s algorithm on deterministic MDPs.

All of the Above Instead of restricting ourselves to just one of the priority functions mentioned above,
we can combine all of them: since the best states to expand in a deterministic MDP will win on any one of
the above criteria, we can use any monotone function of all of the criteria and still behave like Dijkstra in
deterministic MDPs. For example, we can take the sum of two of the priority functions, or the product of
two positive priority functions; or, we can use one of the priorities as the primary sort key and break ties
according to a different one.

We have experimented with several different combinations of priority functions; the experimental results
we report use the priority functions

. ~ Q(z,a) = V(x)
(4) priy(z,a) = TO@wa) 11
and
(5) prig(z,a) = (1 _Pgoal(x)v priy (z,a))

The pri, function combines the value change criterion (1) with the upper bound criterion (2). It is always
negative or zero, since 0 < Q(z,a) < V(x). It decreases when the value change increases (since 1/Q(x, a)
is positive), and it increases as the upper bound increases (since 1/z is a monotone decreasing function
when z > 0, and since Q(z,a) — V(z) < 0).

The pri, function uses py..1 as a primary sort key and breaks ties according to pri;. That is, pri, returns
a vector in R? which should be compared according to lexical ordering (e.g., (3,3) < (4,2) < (4, 3)).

3A monotone function with multiple arguments is one which always increases when we increase one of the arguments while
holding the others fi xed.



update(x)
V(z) « Qz,m(x))
for all (y,b) € pred(x)
Qold — Q(y,m(y)) (or M if w(y) undefined)
Qy,b) — c(y:b) + X oresuceyp) P& | 4,0)Q", 7(2'))
if (Q(y,b) < Qala)
pri — (Q(y,b) — V(y))/(Q(y,b) + 1)
m(y) < b
if (|V(y) — Q(y, )| > ¢)
queue.decreasepriority(y, pri)
end if
end if
end for

Figure 4: The update function for the Improved Prioritized Sweeping algorithm. The main function is the same as
for Dijkstra’'s algorithm. As before, “queue” isa priority min-queue and M isavery large positive number.

2.3 Sweepsvs. Multiple Updates

The algorithms we have described so far in this section must update every state once before updating any
state twice. We can also consider a version of the algorithm which does not enforce this restriction; this
multiple-update algorithm simply skips the check “if not closed(y)” which ensures that we don’t push a
previously-closed state onto the priority queue. The multiple-update algorithm still reduces to Dijkstra’s
algorithm when applied to a deterministic MDP: any state which is already closed will fail the check
Q(y,b) < V(y) for all subsequent attempts to place it on the priority queue.

Experimentally, the multiple-update algorithm is faster than the algorithm which must sweep through
every state once before revisiting any state. Intuitively, the sweeping algorithm can waste a lot of work at
states far from the goal before it determines the optimal values of states near the goal.

In the multiple-update algorithm we are always effectively in our “first sweep,” and so since we ini-
tialize uniformly to a large constant M we can reduce to Dijkstra’s algorithm by using priority pri; from
equation (4). The resulting algorithm is called Improved Prioritized Sweeping; its update method is listed
in Figure 4.

We have not mentioned how one should check for convergence when a generalized Dijkstra algorithm
is used on an arbitrary MDP. As is typical for value-function based methods, we declare convergence when
the maximum Bellman error (over all states) drops below some preset limit e. This is implemented in IPS
by an extra check that ensures all states on the priority queue have Bellman error at least ¢; when the queue
is empty it is easy to show that no such states remain. Similar methods are used for our other algorithms.



main()

(V) V(z) «— M, Vog(z) — M

V(goa) « 0, Vya(goa) « 0
while (true)

(Vz) 7(z) < undefi ned

A0

sween()

if (A < tolerance)

declare convergence

end if

(Va) Vaig(z) — V(z)

V «— evaluate policy ()
end while

sweep()

(V) closed(x) « fase

(Vz) pgoar () < 0

closed(goal) «— true

update(goal)

while (not queue.isempty())
x <« queue.pop()

update(x)
foral (y,a) € pred(z)
if (closed(y))
Qy.a) — c(1,0) + X cunce(yay P | 1,00V (@)
A — max(A,V(y) - Q(y, a))
ese
for al actions b
Qoid — Q(y,(y)) (or M if w(y) undefi ned)
Q(y,b) — c(y,0) + X o esuce(ysy P& [, D)V (2)
pgoal(ya b) Zz’esucc(y,b) P |y, b)pgoal(l’/)
+ P(goal | y,b)
if (Q(y,b) < Qold)
V(y) < Q(y,b)
m(y) < b
Pgoal(Y) < Pgoat (¥, )
pri — (1 = pgoar(®), (V(y) — Voia(y))/V (y))
queue.decreasepriority(y, pri)
end if
end for
end if
end for

closed(x) « true
update(z)
end while

Figure5: The Prioritized Policy Iteration algorithm. Asbefore, “queue’ isapriority min-queue and M isavery large
positive number.

3 Prioritized Policy Iteration

The Improved Prioritized Sweeping algorithm works well on MDPs which are moderately close to being
deterministic. Once we start to see large groups of states with strongly interdependent values, there will
be no expansion order which will allow us to find a good approximation to V* in a small number of visits
to each state. The MDP of Figure 1 is an example of this problem: because there is a cycle which has
high probability and visits a significant fraction of the states, the values of the states along the cycle depend
strongly on each other.

To avoid having to expand states repeatedly to incorporate the effect of cycles, we will turn to algorithms
that occasionally do some work to evaluate the current policy. When they do so, they will temporarily fix
the current actions to make the value determination problem linear. The simplest such algorithm is policy
iteration, which alternates between complete policy evaluation (which solves an S x S system of linear
equations in an S-state MDP) and greedy policy improvement (which picks the action which achieves the



minimum on the right-hand side of Bellman’s equation at each state).

We will describe two algorithms which build on policy iteration. The first algorithm, called Prioritized
Policy Iteration, is the subject of the current section. PPI attempts to improve on policy iteration’s greedy
policy improvement step, doing a small amount of extra work during this step to try to reduce the number of
policy evaluation steps. Since policy evaluation is usually much more expensive than policy improvement,
any reduction in the number of evaluation steps will usually result in a better total planning time. The second
algorithm, which we will describe in the Section 4, tries to interleave policy evaluation and policy improve-
ment on a finer scale to provide more accurate () and p,..1 estimates for picking actions and calculating
priorities on the fringe.

Pseudo-code for PPI is given in Figure 5. The main loop is identical to regular policy iteration, except
for a call to sweep () rather than to a greedy policy improvement routine. The policy evaluation step can be
implemented efficiently by a call to a low-level matrix solver; such a low-level solver can take advantage of
sparsity in the transition dynamics by constructing an explicit LU factorization [11], or it can take advantage
of good conditioning by using an iterative method such as stabilized biconjugate gradients [2]. In either
case, we can expect to be able to evaluate policies efficiently even in large Markov decision processes.

The policy improvement step is where we hope to beat policy iteration. By performing a prioritized
sweep through state space, so that we examine states near the goal before states farther away, we can base
many of our policy decisions on multiple steps of look-ahead. Scheduling the expansions in our sweep
according to one of the priority functions previously discussed insures PPI reduces to Dijkstra’s algorithm:
when we run it on a deterministic MDP, the first sweep will compute an optimal policy and value function,
and will never encounter a Bellman error in a closed state. So A will be 0 at the end of the sweep, and we will
pass the convergence test before evaluating a single policy. On the other hand, if there are no action choices
then PPI will not be much more expensive than solving a single set of linear equations: the only additional
expense will be the cost of the sweep. If B is a bound on the number of outcomes of any action, then
this cost is O((BA)?Slog S), typically much less expensive than solving the linear equations (assuming
B, A << S). For PPI, we chose to use the pri, schedule from equation (5). Unlike pri; (equation (4)), pri,
forces us to expand states with high p,. first, even when we have initialized V' to the value of a near-optimal
policy.

In order to guarantee convergence, we need to set w(x) to a greedy action with respect to V' before
each policy evaluation. Thus in the update(z) method of PPI, for each state y for which there exists some
action that reaches x, we re-calculate Q(y, b) values for all actions b. In IPS, we only calculated Q(y, b) for
actions b that reach z. The extra work is necessary in PPl because the stored () values may be unrelated
to the current V' (which was updated by policy evaluation), and so otherwise 7(x) might not be set to a
greedy action. Other QQ-value update schemes are possible,* and will lead to convergence as long as they fix
a greedy policy. Note also that extra work is done if the loops in update are structured as in Figure 5; with
a slight reduction in clarity, they can be arranged so that each predecessor state y is backed up only once.

One important additional tweak to PPI is to perform multiple sweeps between policy evaluation steps.
Since policy evaluation tends to be more expensive, this allows a better tradeoff to be made between evalu-
ation and improvement via expansions.

In future work we intend to investigate whether we can find better policies more efficiently by allowing
ourselves to update some states multiple times while visiting others only once. Directly plugging in a multi-
update algorithm such as Improved Prioritized Sweeping is unlikely to provide a speedup, since such an

4For example, we experimented with only updating Q(y, b) when P(z | y, b) > 0 inupdate and then doing asingle full backup
of each state after popping it from the queue, ensuring a greedy policy. This approach was on average slower than the one presented
above.



algorithm may do a lot of work before it visits all states once; but, it may be advantageous to run a single
sweep, save the list of inconsistent states encountered during that sweep, and then start an algorithm like
IPS from that list.

Another possible optimization which we hope to try is to restrict some policy evaluations to a subset
of the states. By fixing a reduced set of states (called an envelope [9]) which contains mostly “important”
states, we can hope to gain most of the benefits of policy evaluation at a fraction of the cost. There are many
ways to pick an envelope; for example, the LAO* algorithm [14] is one popular one.

4 Gauss-Dijkstra Elimination

The Gauss-Dijkstra Elimination algorithm continues the theme of taking advantage of both Dijkstra’s algo-
rithm and efficient policy evaluation, but it interleaves them at a deeper level.

Gaussian Elimination and MDPs  Fixing a policy = for an MDP produces a Markov chain and a vector
of costs c. If our MDP has S states (not including the goal state), let P™ be the S x S matrix with entries
Py, = P(y |_ x,m(x)) fpr all z,y # goal. Finding the values of the MDP under the given policy reduces to
solving the linear equations

(I-PMV =c

To solve these equations, we can run Gaussian elimination and backsubstitution on the matrix (I — P™).
Gaussian elimination calls rowEliminate(x) (defined in Figure 6, where © is initialized to P™ and w to ¢)
for all = from 1 to S in order,® zeroing out the subdiagonal elements of (I — P™). Backsubstitution calls
backsubstitute(z) for all z from S down to 1 to compute (I — P™)~!c. In Figure 6, ©,. denotes the x’th
row of ©, and ©,. denotes the y’th row. We show updates to p,..1(x) explicitly, but it is easy to implement

these updates as an extra dense column in ©.

To see why Gaussian elimination works faster than Bellman backups in MDPs with cycles, consider
again the Markov chain of Figure 1. While value iteration reduces Bellman error by only 1% per sweep
on this chain, Gaussian elimination solves it exactly in a single sweep. The starting (I — P™) matrix and ¢
vector are:

1 0O 0 0 =099 -0.01 1
-1 1 0 0 0 0 1
0 -1 1 0 0 0 , 11
0o 0 -1 1 0 0 1
o 0 0 -1 1 0 1

(for clarity, we have shown —pg..i(z) as an additional column separated by a bar). The first call to
rowEliminate changes row 2 to:

[0 1 0 0 —0.99]|-001 ], [100]

We can interpret this modified row 2 as a macro-action: we start from state 2 and execute our policy until we
reach a state other than 1 or 2. (In this case, we will end up at the goal with probability 0.01 and in state 5
with probability 0.99.) Each subsequent call to rowEliminate zeros out one of the —1s below the diagonal
and defines another macro-action of the form “start in state 4 and execute until we reach a state other than 1

SUsing the © representation causes a few minor changes to the Gaussian elimination code, but it has the advantage that (9, w)
can aways be interpreted as a Markov chain which is has the same value function as the original (P™, ¢). Also, for simplicity we
will not consider pivoting; if 7 is a proper policy then (I — ©) will always have anonzero entry on the diagonal.
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through .” After four calls we are left with

10 0 0 -=099|-0.01 1
01 0 0 -099]|-0.01 2
001 0 -099]|-0011,]3
00 0 1 -099]|-0.01 4
0 0 0 -1 1 0 1

The last call to rowEliminate zeros out the last subdiagonal element (in line (1)), setting row 5 to:
(6) [0 0 0 0 0.01]-001], 5]

Then it divides the whole row by 0.01 (line (2)) to get:

7 [00 0 0 1]-1], [500]

The division accounts for the fact that we may visit state 5 multiple times before our macro-action termi-
nates: equation (6) describes a macro-action which has a 99% chance of self-looping and ending up back
in state 5, while equation (7) describes the macro-action which keeps going after a self-loop (an average of
100 times) and only stops when it reaches the goal.

At this point we have defined a macro-action for each state which is guaranteed to reach either a higher-
numbered state or the goal. We can immediately determine that V*(5) = 500, since its macro-action always
reaches the goal directly. Knowing the value of state 5 lets us determine V*(4), and so forth: each call to
backsubstitute tells us the value of at least one additional state.

Note that there are several possible ways to arrange the elimination computations in Gaussian elimina-
tion. Our example shows row Gaussian elimination,® in which we eliminate the first & — 1 elements of row
k by using rows 1 through & — 1; the advantage of using this ordering for GDE is that we need not fix an
action for state = until we pop it from the priority queue and eliminate its row.

Gauss-Dijkstra Elimination  Gauss-Dijkstra elimination combines the above Gaussian elimination pro-
cess with a Dijkstra-style priority queue that determines the order in which states are selected for elimination.
The main loop is the same as the one for PPI, except that the policy evaluation call is removed and sweep()
is replaced by GaussDijkstraSweep(). Pseudo-code for GaussDijkstraSweep() is given in Figure 6.

When z is popped from the queue, its action is fixed to a greedy action. The outcome distribution for
this action is used to initialize ©,., and row elimination transforms ©,. and w(z) into a macro-action as
described above. If ©, goa = 1, then we fully know the state’s value; this will always happen for the |.S|th
state, but may also happen earlier. We do immediate backsubstitution when this occurs, which eliminates
some non-zeros above the diagonal and possibly causes other states’ values to become known. Immediate
backsubstitution ensures that V() and p,eai(x) are updated with the latest information, improving our
priority estimates for states on the queue and possibly saving us work later (for example, in the case when
our transition matrix is block lower triangular, we automatically discover that we only need to factor the
blocks on the diagonal). Finally, all predecessors of the state popped and any states whose values became
known are updated using the update() routine for PPI (in Figure 5).

Since S can be large, © will usually need to be represented sparsely. Assuming © is stored sparsely,
GDE reduces to Dijkstra’s algorithm in the deterministic case; it is easy to verify the additional matrix
updates require only O(.S) work. In a general MDP, initially it takes no more memory to represent © than it
does to store the dynamics of the MDP, but the elimination steps can introduce many additional non-zeros.

5This sequence is called the Doolittle ordering when used to compute a LU factorization.
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main()

(Vx) V(z) —« M backsubstitute(z)
V(goal) < 0 for each y such that ©,, > 0 do
while (true) pgoal(x) — pgoal(x) + Oyz
(Va) 7(z) < undefined w(y) — w(y) + Oy, V(z)
GaussDijkstraSweep() Oyz — 0
if ((max L bellman error) < tolerance) if (Pgoat(y) = 1)
declare convergence backsubstitute(y)
end if F — FuU{y}
end while end if
end for
GaussDijkstraSweep()
while (not queue.empty()) rowEliminate(x)
x < queue.pop() for y from 1 to z-1 do
7(x) < arg min, Q(zx, a) w(zx) — w(z) + Ozyw(y)
(Vy) Ogy «— P(y | z,7(x)) Oz « Oz + 040, 1)
w(x) — c(z, m(z)) Pgoal () — Pgoal () + OuyPeoal (¥)
rowEliminate(x) Oy — 0
Viz) — (0,.) -V 4+ w(x) end for
F = {z} w(z) — w(z)/(1 - Ogy)
if (O,goa = 1) O — 04./(1— Oy) )
backsubstitute(x) Oupr — 0
end if Peoal () — Pgoat(2)/(1 — O)
(Vy € F) update(y)
end while

Figure 6: Gauss-Dijkstra Elimination

The number of such new non-zeros is greatly affected by the order in which the eliminations are performed.
There is a vast literature on techniques for finding such orderings; a good introduction can be found in [11].
One of the main advantages of GDE seems to be that for practical problems, the prioritization criteria we
present produce good elimination orders as well as effective policy improvement.

Our primary interest in GDE stems from the wide range of possibilities for enhancing its performance;
even in the naive form outlined it is usually competitive with PPI. We anticipate that doing “early” backsub-
stitution when states” values are mostly known (high pg..1(2)) will produce even better policies and hence
fewer iterations. Further, the interpretation of rows of © as macro-actions suggests that caching these ac-
tions may yield dramatic speed-ups when evaluating the MDP with a different goal state. The usefulness of
macro-actions for this purpose was demonstrated by Dean & Lin ([8]). A convergence-checking mechanism
such as those used by LRTDP and HDP [6, 5] could also be used between iterations to avoid repeating work
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on portions of the state space where an optimal policy and value function are already known. The key to
making GDE widely applicable, however, probably lies in appropriate thresholding of values in ©, so that
transition probabilities near zero are thrown out when their contribution to the Bellman error is negligible.
Our current implementation does not do this, so while its performance is good on many problems, it can
perform poorly on problems that generate lots of fill-in.

5 Incremental expansions

In describing IPS, PPI, and GDE we have touched on a number of methods of updating V' and @ values.
In summary: Value iteration iteration repeatedly backs up states in an arbitrary order. Prioritized sweeping
backs up states in an order determined by a priority queue. PPl and GDE also pop states from a prior-
ity queue, but rather than backing up the popped state, they backup up all of its predecessors. IPS pops
states from a priority queue, but instead of fully backing up the predecessors of the popped state z, it only
recomputes @ values for actions that might reach .

Here we provide a more thorough accounting of the expansion mechanism used by IPS. Suppose we are
given an initial upper bound Vg4 on V*. Then, we can define @ by

Q(.ﬁ,a) = C(:B> a) + Zp(y ‘ x7a)VOId(y)

Y

and then Viay by Vhew(z) = min, Q(x, a). Note that rather than storing Vi,ew We can simply store @ and
m(x), the greedy policy with respect to V4. Our goal in an expansion operation is to set Voig(z) <« View(),
and then update @ so it reflects this change, and then update Viey SO that again Viey(z) = min, Q(z, a).
Perhaps the easiest way to ensure this property is via a full expansion of the state z:

Vold(z) « Q(z, m(x))
forall (y,b) € pred(z)
Q(y7 b) — C(yv b) + Zz’ésuoc(y,b) P(:U/ ’ Y, b)Vdd(ﬂ?l)
if (Q(y,0) < Qy,7(y)))
m(y) < b
end if
end for
Doing such a full expansion requires O(B) work per predecessor state-action pair. We can accomplish the

same task with O(1) work if we assume without loss of generality (Vz,a) P(z | z,a) = 0, and perform an
incremental expansion:

A(z) — Q(z,m(x)) — Vola(x)
for all (y,b) € pred(zx)
Qy,b) — Qy,b) + P(x [y, b)A(x)

if (Q(y,0) < Qy,7(y)))
m(y) < b

end if
end for

Vod(z) «— Q(z,m(x))
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However, when doing a full expansion, we have a better option for calculating Q(y, b) than the one given
above. We can update Q(y,b) using Q(z’, 7(x")) in place of Vyg(z'), and this may offer a tighter upper
bound because Q(z’, w(z')) < V(") when we pessimistically initialize. In our experiments, this method
proved superior to doing incremental expansions, and it is the method used by Improved Prioritized Sweep-
ing (see Figure 4 for the code). However, on certain problems incremental expansions may give superior
performance. IPS based on incremental expansions tends to do more updates (at lower cost) and so priority
queue operations account for a larger fraction of its running times. Thus, fast approximate priority queues
might offer a significant advantage to incremental IPS implementations.

One final implementation note. Our pseudocode for IPS and PPI indicates that Q) values for all actions
are stored. While this is necessary if incremental expansions are performed, we do full expansions so the
extra storage is not required. It is sufficient to store a single value for each state, which takes the place of
Qoig and V' in the pseudocode; newly calculated Q(y, b) values can be replaced by a temporary variable; the
value is only relevant if it causes V' (y) to change, in which case we immediately assign V'(y) the value of
the temporary for Q(y, b) rather than waiting until y is popped from the queue.

6 Experiments

We implemented IPS, PPI, and GDE and compared them to VI, Prioritized Sweeping, and LRTDP. All
algorithms were implemented in Java 1.5.0 and tested on a 3Ghz Intel machine with 2GB of main memory
under Linux.

Our PPI implementation uses a stabilized biconjugate gradient solver with an incomplete LU precon-
ditioners as implemented in the Matrix Toolkit for Java [15]. No native or optimized code was used; us-
ing architecture-tuned implementations of the underlying linear algebraic routines could give a significant
speedup.

For LRTDP we specified a few reasonable start states for each problem. Typically LRTDP converged
after labeling only a small fraction of the the state space as solved, up to about 25% on some problems.

6.1 Experimental Domain

We describe experiments in a discrete 4-dimensional planning problem that captures many important issues
in mobile robot path planning. Our domain generalizes the racetrack domain described previously in [3,
6, 5, 14]. A state in this problem is described by a 4-tuple, s = (z,y,dz,dy), where (z,y) gives the
location in a 2D occupancy map, and (dx, dy) gives the robot’s current velocity in each dimension. On
each time step, the agent selects an acceleration @ = (ax, ay) € {—1,0, 1}2 and hopes to transition to state
(z + dzx,y + dy,dx + az,dy + ay). However, noise and obstacles can affect the actual result state. If the
line from (z,y) to (x + dz, y + dy) in the occupancy grid crosses an occupied cell, then the robot “crashes,”
moving to the cell just prior to the obstacle and losing all velocity. (The robot does not reset to the start state
as in some racetrack models.) Additionally, the robot may be affected by several types of noise:

e Action Failure With probability f,, the requested acceleration fails and the next state is (z + dx, y +
dy, dz, dy).

e L ocal Noise To model the fact that some parts of the world are more stochastic than others, we mark
certain cells in the occupancy grid as “noisy,” along with a designated direction. When the robot
crosses such a cell, it has a probability f, of experiencing an acceleration of magnitude 1 or 2 in the
designated direction.
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|S] I fe | Y%determ | O | notes
59,780 | 0.00 | 0.00 | 100.0% | 1.00 | determ
96,736 | 0.05 | 0.10 17.2% 217 | |Al =1
11,932 | 0.20 | 0.00 251% | 410 | f, =0.05
10,072 | 0.10 | 0.25 | 39.0% | 2.15 | cycle
96,736 | 0.00 | 0.20 | 90.8% | 241
21559 | 0.20 | 0.00 | 34.5% | 200 | large-b
27,482 | 0.10 | 0.00 90.4% 3.00

OTMMmMUOm@>

Figure 7: Test problems sizes and parameters.

e One-way passages Cells marked as “one-way” have a specified direction (north, south, east, or west),
and can only be crossed if the agent is moving in the indicated direction. Any non-zero velocity in
another direction results in a crash, leaving the agent in the one-way state with zero velocity.

e High-velocity noise If the robot’s velocity surpasses an Lo threshold, it incurs a random accelera-
tion on each time step with probability f;,. This acceleration is chosen uniformly from {—1,0,1}2,
excluding the (0, 0) acceleration.

These additions to the domains allow us to capture a wider variety of planning problems. In particular,
kinodynamic path planning for mobile robots generally has more noise (more possible outcomes of a given
action as well as higher probability of departure from the nominal command) than the original racetrack
domain allows. Action failure and high-velocity noise can be caused by wheels slipping, delays in the
control loop, bumpy terrain, and so on. One-way passages can be used to model low curbs or other map
features that can be passed in only one direction by a wheeled robot. And, local noise can model a robot
driving across sloped terrain: downhill accelerations are easier than uphill ones.

Figure 7 summarizes the parameters of the test problems we used. The “% determ” column indicates
the percentage of (s, a) pairs with deterministic outcomes.” The O column gives the average number of
outcomes for non-deterministic transitions. All problems have 9 actions except for (B), which is a policy
evaluation problem. Problem (C) has high velocity noise, with a threshold of /2 + €. Figure 8 shows the
2D world maps for most of the problems.

To construct larger problems for some of our experiments, we consider linking copies of an MDP in
series by making the goal state of the ith copy transitions to the start state of the (i 4 1)st copy. We indicate
k serial