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Abstract

We shaw how to support the nger seard operation on
degree-balancedeard treesin a space-e cient manner
that retains a worst-casetime bound of O(log d), where
d is the di erence in rank betweensuccessie seart tar-
gets. While most existing tree-baseddesignsallocate
linear extra storagein the nodes(e.g., for sidelinks and
parent pointers), our designmaintains a compact auxil-
iary data structure calledthe \hand" during the lifetime
of the tree and imposesno other storage requiremert
within the tree.

The hand requiresO(log n) spacefor an n-node tree
and hasa relatively simple structure. It canbe updated
synchronously during insertions and deletionswith time
proportional to the number of structural changesin the
tree. The auxiliary nature of the hand also makes it
possibleto introduce nger seardesinto any existing
implementation without modifying the underlying data
represenation (e.g., any implementation of Red-Black
trees can be used). Together these factors make nger
seartiesmore appealing in practice.

Our design also yields a simple yet optimal in-
order walk algorithm with worst-case O(1) work per
incremert (again without any extra storagerequiremert
in the nodes), and we believe our algorithm canbe used
in databaseapplications when the overall performance
is very sensitive to retrieval latency.

1 Intro duction

The problem of maintaining a sorted list of unique,
totally-ordered elemers is ubiquitous in computer sci-
ence. When e cien t elemen access (insert, delete, or
seard) is needed,one of the most common solutions is
to usesomeform of balanced seard treesto represer
the list. Over the yearsmany forms of balanced searh
trees have beendevised, analyzed and implemented.
Balanced seard trees are very versatile represena-
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tions of sorted lists. In addition to providing elemen
accessin logarithmic time, certain forms also allow ef-
cient aggregatedoperations like set intersection and
union. For example, Brown and Tarjan [6] have shown
a merging algorithm using AVL trees [1] with an op-
timal O(mlog &) time bound, wherem and n are the
sizesof the two lists with m  n.

Their merging algorithm is, however, \not obvious
and the time bound requiresan involved proof" (p. 613,
[7]). As sud, in their subsequeh paper, Brown and
Tarjan [7] proposed a new structure by introducing
extra pointers to a 2-3 tree [2] and called it a level-
linked 2-3 tree. The merging algorithm on level-linked
2-3 treesis simple and intuitiv e and it usesthe idea of
nger seartes,which wewill de ne shortly. But thereis
atrade-o in this design. Each nodein alevel-linked 2-3
tree contains not only a key and two child pointers, but
also a parent pointer and two side links. Considering
this relatively high spacerequiremert and the elegance
of their simple yet optimal merging algorithm, it is
natural to wonderif nger seartescan be supported in
a more space-e cient  manner on any existing balanced
seart trees such as 2-3 trees. This is the motivation of
our work.

Finger search. Consider a sorted list A of ele-
the rank of an elemen be its position in the list and
let a(a;&) beji jj,ie., the dierence in the ranks
between a; and g w.r.t. the ordering in A. We s&y
that the seard structure hasthe nger search property
if searding for a; takes O(log a(a;;a)) time, where
a; is the most recertly found elemen. The time bound
can be worst-caseor amortized and we will distinguish
the two explicitly when needed. (As usual we let logx
denote log, max(2; x) and we will simply say O(logd)
when the elemens a; and a; are not made explicit.)

A nger is areferenceto an elemert in the list and
historically it is often realized by a simple pointer to an
elemen. (Indeed some papers mandate this represen-
tation in their de nitions, e.g., see[5].) Typically, we
maintain the invariant that the nger is on the most
recently found element and we refer to this elemen as



the \current" elemen. The nger seard operation uses
the nger asan extra hint to seard for its new target
and also shifts the nger to the elemen found. (Section
2 has a precisede nition that allows the seart target
to be absen from the list.) In the worst scenario, nger

searding matchesthe O(log n) time bound of a classi-
cal seart; but in applications like merging where there
is a locality of referencein the sequenceof seard tar-

gets, nger searting yields a signi cantly tighter time

bound.

Finger seard was introduced on a variant of B-
trees by Guibas, McCreight, Plass, and Roberts [9] in
1977. Sincethen, nger seard basedon modi cation
of balanced seard trees has been studied by many
researters, e.g., Brown and Tarjan [7, 2-3 trees],
Huddleston and Mehlhorn [11, (a;b) trees], Tsakalidis
[22, AVL trees], Tarjan and Van Wyk [21, heterogeneous
nger seard trees]and Seideland Aragon [19, Treaps].
In their original paper on splay trees, Sleatorand Tarjan
[20] have conjectured that the splay operation has the
nger seard property. Known asthe Dynamic Finger
Conjecture, it was subsequetly proven by Cole [8].
There are other designsthat are not ertirely basedon
balanced seard trees as well. For example, Kosaraju
[14] designeda more general structure with the nger
seard property using on a collection of 2-3 trees. Skip
Lists by Pugh [18] also support nger searting. More
recenly, Brodal [5] has investigated nger seard trees
designedto improve insertion and deletion time. Of
special note are the purely-functional catenable sorted
lists of Kaplan and Tarjan [12]. Their designnot only
hasthe nger seart property, but it alsorequiresvery
little spaceoverhead. We will cortrast our designwith
theirs later.

Challenges and results. Supporting nger
seard in balancedseard treescan be challenging. The
main dicult y is in shifting the nger fast enoughto
achieve a worst-case O(logd) time bound. Obsene
that if we have to strictly adhere to the unique path
induced by the tree, then two elemers with similar
rank can be stored far apart. As an extreme example,
consider the root elemen and its successor:the tree
path haslength (log n), but we only have O(1) time.

One way to circumvent this apparert dicult y is
to store extra information in the nodes so that we do
not have to adhere to the tree path. For example,
this approach has been taken by Brown and Tarjan
[7] who added a parent pointer and two side links to
ead node. (Side links are pointers to the previous
and next node at the samedepth.) With these extra
pointers, it can be shawvn that there exists a path of
length O(logd) between two nodes diering in rank
by d. Finger seart can now be supported by taking

this new path. The problem with this designis that a
total of 3n extra pointers are introduced and the size
of the tree is doubled, assumingthe key has the same
size as a pointer. In fact, amongthe many other tree-
baseddesignsmerntioned above, this O(n) extra storage
requiremert is a common trait.

Our designis an attempt to avoid this O(n) storage
requiremert but at the sametime retain the structural
simplicity of balancedseard trees. To this end, we base
our designon degree-talanced seart trees [17] and we
assumea compactk-ary nodewith only (k 1) keysand
k child pointers. Sinceany extra storage we need must
be stored in someauxiliary data structures outside of
the tree, our goalis to minimize the amount of auxiliary
storage while supporting the nger seart operation in
worst-caseO(log d) time.

As we will shaw in this paper, our designrequires
O(log n) spaceon a degree-balancedseard tree with n
nodesand supports nger seard in worst-caseO(log d)
time. The nger seardescan go in both the forward
and badkward directions without any restriction. We
also show that once the nger has been placed on
the position of change, insertions and deletions can
be implemented in time proportional to the number of
structural changesin the tree. This allows usto transfer
any results previously proven on these two operations,
such as an amortized O(1) time bound and the actual
distribution of work at di erent depths of the tree [11].
In the dewelopmert of our nger seart algorithm, we
alsoobtain a simplein-order walk algorithm with worst-
case O(1) work per increment. We believe that this
improvemen over the previous amortized O(1) bound
can be usedin database applications when the overall
performanceis very sensitive to retrieval latency.

Design overview. We notice that if supporting
nger seardesis really possibleunder our restrictions,
then we must be able to support a special caseof it: an
in-order walk with worst-case O(1) work per incremert.
Our solution is to eagerlyschedulethe in-order walk and
walk the path in advance. We call this the eager walk
technique. Becausewe can only seea constart number
of nodes at a time, we also needto keep track of our
progressand sowe have deviseda simple data structure
called the hand for this purpose. We will document
thesetwo ideasalong with our in-order walk algorithm
in Section 3.

Having solved the in-order walk problem, we then
go back to nger seart. Notice that in the in-order
walk, the future seart targets are known in advance.
Howe\er, this is not true in nger seard. Our under-
standing of eagerwalk suggeststhat we want to start
shifting the nger before the actual seart target is
known. For nger seart, that meanswe want to cache



someportion of the tree sothat when the actual seard
target arrives,the cachewill cortain a pre x of the path
from the nger to the target. If the length of the pre-
X is chosento be long enough, then we will be able
to nish shifting the nger over the rest of the path in
O(logd) time. As it turns out, the hand is precisely
such a cacde despite being initially designedjust for
the in-order walk. At this point, we will also bring in
a connection betweenthe hand and the inverted spine
technique usedin heterogeneousnger seart trees by
Tarjan and Van Wyk [21]. Using this connection, our
nger seart algorithm becomesrelatively straightfor-
ward. Section4 will be dewted to this connection.

In our presenation in Sections 3 and 4, we have
assumedthat the nger only goesforward. In Section
5, we will handle the badkward direction by using two
handsand alsoshav how the handscan be updated dur-
ing insertions and deletions. Finally, we will conclude
with a very brief discussionincluding how to update the
hands during splits and joins in Section 6.

2 Notations and de nitions

Lists and elements. In the rest of this paper, all
lists are sorted and have unique elemens drawn from
(Z; ) and the variables a through e will range over Z
without any further quanti cation. (It would be more
general to leave the domain as any total order. For
example, sometotal orders such as (R; ) do not have
a natural notion of immediate successor.However, this
issuedoesnot comeup in this paper.)

Finger destination. To handle the possible case
that the seard target is not in the list, we de ne a* to
be the smallest elemer in the list that is larger than
or equalto a (much like the limit notation). When a is
larger than all elemerts in the list, let a* be a sertinel
denotedby 1 . We can similarly de ne a . With these
two de nitions, a nger seard for a should place f at
a* ifa a, ora otherwise, wherea' is the elemen
under f whenthe nger seard is started. Note that if
aisin the list, then a* anda are both equalto a and
therefore the nger will be placed at a in either case.
This allows usto say the nger will be placedon a* (or
a ) whenwe are nger searding for a.

Trees and nodes. In aseard tree T represerting

will simply be called x; and the variables w through z
will range over nodes. When referring to a node x, we
usex andx** to denoteits predecessorand suaessor
respectively. We denote the depth of a node x simply
asdepth(x), with the root at depth 1. The depth of the
tree depth(Ta) is the maximum depth amongall nodes.
We regard nodeswithout children as leaves.
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Figure 1: Parent, Peer,and Spine

As stated, our designis basedon degree-balanced
seard trees. All the leavesin sud a tree are at the
same depth and its balance is maintained by varying
the degreeof internal nodesbetween xed constarts. 2-
3trees[2], B-trees[3] and (a;b) trees[11] are all variants
of degree-balancedseard trees. Red-Blad trees [10]
can also be viewed as degree-balancedeasily via the
isomorphism with 2-3-4 trees. We sometimessimplify
our presenation by assuminga complete binary seart
tree (BST), but we also showv how to accourt for this
to retain full generality.

A k-ary node x has (2k 1) elds. The keys are
sorted elemeris from A and are denoted as x/, for
j = 1,2;:::;k 1 and the children are denoted as
x[j], forj = 1,2;:::;k. We de ne the j-th left child
to be x[j] for j = 1;2;:::;k 1 and denote it by
xI [L]. The corresponding j -th right child is then x[j + 1]
and denoted by x/[R]. If x is a leaf, then the child
pointers are all nil. For binary nodes, we simply drop
the superscript. We say that the nger is under a node
x when the nger is pointing at a key inside the tree
rooted at x.

A node is overfull if it has k keys. In a degree-
balanced seard tree, there are no overfull nodes and
di erent nodes can have dierent arity. Any overfull
node will be split into two during an update.

Spines and relativ es. We rst de ne spineson
binary trees and we give only the version for the right
(forward) direction.

The right spine of a binary node is de ned to be
the list of node(s) starting at the node itself, followed
by the right spine of its right child, if it exists. The
right-left spine of a node is the node itself and left spine
of its right child. (Our notation stressesthe direction
taken to traversethe spine and is consistert if we view
the right spine asthe right-right spine.) Now given any
spine of a node, its atlas is the secondnode on the spine
(a child) and its tail is the last node. Supposewe have



three nodesx; y; z in atree. If x is onthe left-right spine
of y, then we say vy is the right parent of x. The right
ancestors of x will then be y and the right ancestors
of y. If y is the right parent of x and the left parent
of z with x and z at the samedepth, then we say z is
the right peer of x. In the special casewheny is the
parert of both, then we say z is the right brother of x
instead. Figure 1 illustrates some of these conceptson
a complete BST. Note that the dashedarrows are only
for the purposeof illustration. In particular, our work
does not make use of such pointers in the nodes. The
right-left spine of 8 has also beenhighlighted.

The de nitions for nodes of any higher degreeis
straightforward using our j -th child quarti cation. If a
k-ary node'y is the right parert of x and x is in y/[L],
then we say y! is the right parent key of x.

Deques. We will use doubly-linked queues (de-
ques as a building block of the hand. A dequeis
made up of cells and we denote a deque with k cells

A dequesupports the following operationsin O(1) time:
MakeDeque , Push, Pop, Inject , Eject , Front,
Back, and Prepend . Note that Inject and Eject
operate on the bac of a dequeand a dequecan be used
as a catenable stack. With an additional pointer to a
cell, adequealsosupports Split in O(1) time. For more
information on deques,refer to Knuth [13].

3 In-order walk

In this section, we motivate and presen the design of
the hand by deweloping an in-order walk algorithm with
worst-case O(1) work per incremert. Our goal is to
dewelop our understanding of the hand through this
discussion. To simplify our presenation, we start by
working with a complete BST and then generalizeto
handle all degree-balancedsearth trees.

3.1 Design. The simpliest in-order walk algorithm
is the straightforward recursive solution, which takes
amortized O(1) time per incremert. To achieve the
worst-case O(1) bound, we need to scedule the dis-
covery of nodesthat will be processedater in order to
avoid traversing a long path during an incremert. We
refer to this discovery activity as an eagerwalk. To
avoid confusion,in this sectionwe say that we \visit" a
node when it is the actual node being processedby the
in-order walk and we \explore" a node when it is being
discovered due to the eagerwalk.

Now, let's look at ead incremert individually.
Suppose we are currently visiting the node x and so
the next node to visit is x** . Obserwe that in a searh
tree, there are only two possible positions for x** to
appear. If x is not a leaf, then x** is the tail y on the

Figure 2: Possiblelocations of x** and spine explo-
ration schedule

right-left spine of x. Otherwise, it is the right parent
z of x. (If z doesnot exist also, then we must be at
the rightmost node of the tree. We let the root have an
imaginary parernt labelled 1 and end the in-order walk
there.) Figure 2 illustrates our situation.

To handle the rst case,we must traversethe full
right-left spine of x before we visit x. Since we have
only a constart amourt of time in ead incremert but
the spine can be long, we can only aord to explore a
constart number of nodes at a time and perform this
multiple times. As we need the spinal nodes in the
bottom-to-top order in the in-order walk, we assaiate
a stadk with x and we push the right-left spinal nodes
of x, beginning with the atlas, onto the stak as we
discover them. The sceduling on a degree-balanced
seard tree is intuitiv e becauseall of the leaves are at
the samedepth and sothe left-right spine of x has the
samelength asthe right-left spine. Sinceall the nodes
onthe left-right spinemust be visited beforex, a natural
choice is to explore one right-left spinal node when we
visit one left-right spinal node. This way, by the time
we have visited the tail of the left-right spine, we will
have explored the tail of the right-left spine, namelyy.

The secondcaseis simpler. To go up the tree, we
usea stac to keeptrack of the ancestorsaswe descend
betweenvisits. But aswe show in Figure 2, x can have
any number of left ancestors(up to the atlas w). To get
to z in constart time, we keep track of only the right
ancestors,i.e., we push a node whenwe descendeft and
pop it out whenwe return to it and descendright. Now
z will be at the top of the stadk when we visit x. (We
note that the idea of right parent stad has beenused
before, e.g., seeBrown and Tarjan [6].)

The right parent stad is related to our eagerwalk
aswell. Notice that aswe approad y in the eagerwalk,



/NN

|
/ 0\ .

Figure 3: An examplehand on 5

all the nodeswe explored are right ancestorsof y. Since
the right ancestorsof x are alsoright ancestorsof y, we
are in fact building the upper part of the right parert
stack for y. A catenable stack will be perfect for our
purpose becausewhen we catenate the right-left spine
of x onto its right parent stack, we will immediately
have the right parent stadk of y. However, we will need
Inject and Eject in Section 5.4 to handle insertions
and deletions. Hence,we will usea dequeasa catenable
stadk.

3.2 The \hand" data structure. The hand is an
auxiliary data structure designedto keep track of our
progress in the eager walk. For our in-order walk
algorithm, it is a deque named Rps Stored inside the
cells of Rpsare pointer pairs of the form (node; sping,
where nodeis a pointer to a node in the underlying tree
and spineis a (null) pointer that can be usedto point
to a dequecontaining similar pointer pairs so that we
can prepend the dequepointed by spineonto Rps

Let the underlying tree be a complete BST T
and Rps be a deque consisting of k pointer pairs
Rps must obey these two in-
variants:

Invariant 3.1. (node) x; is on the right spine of T

T.

Inv ariant
of (node, sping pairs representinga pre x of x;'s right-
left spine, with the atlas stored at the back. The length
of 5; is depth(x;+1) depth(x;) 1, where depth(xy+1)
is de ned to be depth(T) + 1.

We now relate these two invariants with our de-
sign. First of all, the top node xx in Rpswill always
correspond to the node x that we are currently vis-
iting. Together with Invariant 3.1, Rpsis indeed the
right parert stack of x. Now consider the node x; 1.
By Invariant 3.1, it is the right parent of x;. By Invari-
ant 3.2, the length of its asswiated spinepre x s; 1 is
depth(x;) depth(x; 1) 1. If zisthe last node onthe

pre x, then z is at depth depth(xj) 1 and therefore
z[L] is the right peerofx; . Sincez is stored at the top of
si 1, wewill beableto reac the right peerof x; in O(1)
time oncewe read the cell containing s; 1. A special
caseto notice is sx. By Invariant 3.2 and our de ni-
tion of depth(xk+1 ), its length is depth(T) depth(xy).
This is preciselythe length of its full right-left spineand
this also re ects our design. (In our usage,\pre x" is
not necessarilystrict and sothe full spineis a pre x of
itself.)

The two invariants not only allow us to executeour
desired schedule while we are visiting the nodeson the
left-right spine of xx 1, but also give us a very strong
hint asto why the hand will facilitate nger seart. By
traversing down Rps we can reach the right ancestors
of the current node as if we had right parent pointers.
Moreover, the right peer of any node on Rps can be
readhed with an additional O(1) time, as if we had
forward side links on ead of the right ancestors. The
power of these pointers has already beendemonstrated
by Brown and Tarjan in level-linked 2-3 trees [7]: these
pointers are exactly the pointers introducedto facilitate
nger seardes.

Figure 3 illustrates an example hand at node 5 in
a complete BST with 15 nodes. Notice that we have
added two dotted arrows pointing upward in the tree
to reveal the nature of the right parent stadk. As a
demonstration of Invariant 3.2, note that the right peers
of nodes 5 and 6 are precisely one node away from
the end of the spine pre x assaiated with their right
parerts.

Using Invariant 3.2, we can immediately bound the
size of the hand by the depth of the tree.

Theorem 3.1. (Hand Size) The hand for a complete
BST T hasat most depth(T) cells.

Proof. Suppose RpsBas k cells. The total number of
cells in the hand is }(:1 (1 + jsjj). By invariant 3.2,
this is k + (depth(xx+1) depth(x;) k) which is at
most depth(xyx+1) 1= depth(T).

3.3 Algorithm.  To start the in-order walk, we rst
build the hand on the leftmost node of the tree by push-
ing the left spine of the tree into Rps We assaiate an
empty dequewith ead spinal node and use an empty
Rpsto indicate termination. (The actual algorithm for
increment is very succinct, but we have grouped to-
gether all the pseudo-calesin this paper into Appendix
A. Pleaserefer to the pseudo-cale of Increment and
ExtendRightLeftSpine .) The correctnessof our al-
gorithm follows from the discussionin Section 3.1 and
it clearly takesO(1) time per invocation. Note that a
hand can be built on any node in O(log n) time. In our
caseit is built on the leftmost node.
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Figure 4: Possibledestination of nger

3.4 Extending to k-ary nodes. The in-order walk
algorithm above works on a complete BST. When
generalizing it to degree-balancedseard trees, our j-
th child quarti cation is very handy. We will consider
xI as a binary node, with xI[L] and x/ [R] as its two
children. Suppose we are now visiting the rightmost
node of the sub-tree rooted at x/[L]. By a quanti ed

versionof Invariant 3.2, at this point we will have all but
the tail y of the right-left spineof x). The incremert to
xI will complete the spine and the incremert to y will

put us in the same situation as if we are visiting the
leftmost node of the sub-tree rooted at xI*1 [L]. The
remaining details are straightforward. (See Appendix
B for more information.)

Theorem 3.2. (In-order Walk) In-order walk on a
degree-kalanced search tree can be performed with worst-
caseO(1) time per increment, using O(log n) space and
O(log n) pre-processing(to obtain the initial hand).

4 Finger search

In this section, we demonstrate how the hand allows us
to perform nger searhesin a degree-balancedseardh
tree. Again we will simplify our presenation by working
with a completeBST and limiting the nger seartesto
go in the forward direction.

We now considera nger seart for elemen a with
a nger f at nodew. Let y bethe right parent of w and
z be the right peerof w, asshown in Figure 4. Obsene
that the destination of f can be divided into three rank
intervals: (i) (w;y], (i) (y;z] and (i) (z;1 ). The rst
two intervals are characterizedby the right sub-treeof w
together with y and the left sub-tree of z together with
Z. We can distinguish among these casesin O(1) time
by comparing a with y and z, both readily available in
the hand on w.

To handle case(i), we rst doanincremert asin the
in-order walk. This takesO(1) time. Then we traverse
the right-left spine of w bottom-up by scanningthe Rps
towards the back until we hit an elemen larger than

a (or the bottom of Rpg. Let x be the node in the
second to last cell we scanned(or the bottom of Rpsg.
Obsene that if a is in the tree, then it must either
be in x or its right sub-tree, where we will perform
an additional binary tree seart. In either case, it
is straightforward to restore the two invariants of the
hand on our destination. The whole processtakestime
proportional to the length of x's left spine minus one,
which is logarithmic in the size of the left sub-tree
skipped by the nger. (We note that the algorithm
for this caseis precisely the inverted spine technique
usedin heterogeneousnger seart treesby Tarjan and
Van Wyk [21].)

Case (i) can be handled by rst popping the Rps
twice (removing w and y) and prepending the right-left
spine pre x of y onto it (now z is at the top). We then
start a binary tree seart for a at z while restoring the
invariants. The logarithmic time bound follows because
the nger skipped the right sub-tree of w.

We handle case(iii) by reducing it to case(i) on a
larger scale. We rst locate the lowest node x; on Rps
whose key is no larger than our target by successie
popping. (Note that as we scan down the Rps the
key gets larger.) Then we shift the hand over to x;
by completing its right-left spine. At this point we
re-start the nger searh at x; and we know we will
be in case(i). Note that both case(i) and case (ii)
are just specializations of case(iii) and we can handle
them using this more general procedure. To analyze
the running time, we seperate the rank di erence into

(w;x;) and (x;;a). The time it takes to obtain
the hand on x; is O(log (w;X;)) becausethe size of
the right sub-tree of x;.; is at most (w;x;). The
subsequen nger seard takestime O(log (x;;a)). The
time bound follows from the inequality log(c) + log(d) <
2log(c+ d).

We note that our algorithm can be similarly gener-
alized to handle k-ary nodesas we described in Section
3.4 and the time bound remains the same. We also
provide a more precisespeci cation of our algorithm in
Appendix A in the form of pseudo-cale.

Theorem 4.1. (Forward Finger Search) Using
the hand, forward nger sercheson a degree-balanced
sarch tree can be performed in worst-case O(log d)
time, wher d is the dierena in rank between
suwessivesearch targets.

5 Extensions

In this section we will outline how to extend the hand
to support nger seard in both directions and how to
update the hand during insertions and deletions.



Figure 5: Example handson 2 to 5, shavn with cross
pointers. (Dashed pointers are implicit.)

5.1 Left and right hands. We sa that invariants
3.1 and 3.2 specify the right hand. By ipping the
left/righ t directions, we obtain the left hand which
consistsof the left parent stadk Lps For simplicity, we
will use\the hands" to denote the left hand and the
right hand collectively.

Considerthe handson a node x. By de nition, eat
of the ancestorsof x will appearon either Lpsor Rps In
particular, the root node will be at the bottom of one of
them. We now extend the stack cellsto contain a triple
(node spine crosy, where crossis a pointer to another

Note that
in generallk 6 rk but x = x;x = X;x. We require the
handsto satisfy one additional invariant:

Invariant 5.1. (crosg Starting at the cell containing
the root, the path speci e d by chasingthe crosspointers
is the path from the root to x, with the enading that if
Gk Or ck is nil, then it points to the cell directly atove
the current cell. If x is a left child, then the path ends
on Lps Otherwise, it endson Rps

5.2 Decremen t. Instead of showving how to perform
decremer, we will describe how to update the left hand
in an incremert. Decremert will follow by symmetry.
This also serwesasa demonstration of Invariant 5.1 and
the crosspointers. As an aid to our description below,
Figure 5 shows the handson nodes2 to 5 in a complete
BST with 15 nodes, which was shawvn in Figure 3.
Before we pop the Rps we chek to seeif the ¢
points to the top cell of Rps If so, we set it to nil.
(See3 ! 4.) Then we pop the Rps and extend the
right-left spine of x,, as usual. Let (x;;sij;¢;) be
the cell cell; pointed to by cp. (We can verify that
this cell always exists.) If s;; is non-empty, then we
pop o its top cell to shorten the spine pre x by one
node and set speyy be nil. (See2! 3 and 4! 5)
Otherwise, we set ¢, to nil and split Lpr at cell; to

3! 4) We preprend s¢rr to Rpsasusual. Finally we
push (Xnew ; Snew ; Nil) onto Lps where Xpeyw IS the top
node in Rps (We can verify that sne, is the correct
left-right spine pre x of Xpew .)

While the above procedure may seemcomplicated,
it can be derived from the maintainence required by
the three invariants. We also note that the incremert
algorithm still takes O(1) time. Since we shawved the
left hand can also be maintained in worst-case O(1)
time during an incremert, by symmetry, the following
theorem holds.

Theorem 5.1. (Backward In-order Walk) An
in-order walk in the backward direction takesworst-case
O(1) time per decrement.

5.3 Backward nger search. The description in
Section 4 can easily be adapted to update the left hand
in a badkward nger seardr. Here we showv how to
presene Invariants 3.1and 3.2 for the right hand aswell.
The maintenanceof Invariant 5.1 is straightforward.

Recall that our nger seard algorithm will rst
locate the left parent x containing the smallestkey that
is no smallerthan the target. Let the last cell we popped
from Lpsbe (z;s;;c,). We will pop the Rpsand clean
up the assaiated spine pre xes until the cell pointed to
by ¢, is removed. Note that we have enoughtime to do
this becausewe have skipped the left sub-tree of z.

At this point, the top cell in Lpswill be (X; sx;Cx)-
We split Rpsat c,, push a new cell containing x into
Rpsand then assaiate the upper dequefrom the split
to this cell as its right-left spine pre x. Finally, we
extend the pre x to cortain z unlessthe nger seard
initially started at z. This step only takesO(1) time.

Then our algorithm will complete the left-right
spine of x to obtain the hands on it. We update the
right hand by completing its right-left spine pre x on
Rps Since the pre x already reaches z, the time it
actually takesto complete the spine is logarithmic in
the sizeof the left sub-tree of z, which we skipped.

If the target is not x, then it is in the left sub-
tree. Our algorithm will preform a decremen and then
start searting for the target by scanningthe left-right
spine of x upward until we hit the smallest key that
is no smaller than the target. Every time we go up
a node, we also update the right hand by shortening
the right-left spine prex of x in Rps Finally, our
algorithm will nish with a descen while restoring the
invariants. The updatesto the right hand in this part
are straightforward and take the sameamount of time
as updating the left hand.

Theorem 5.2. (Backward Finger Search) The
hands can be maintained in any sequen@ of nger



sarches in O(logd) time per search, where d is the
di er ence in rank between suaessivesarch targets.

5.4 Insertion and Deletion. In a seart structure
that supports nger seard, insertions and deletions
are typically implemented by rst placing the nger
at the target elemen followed by the actual update.
Huddleston and Mehlhorn [11] have shown that in a
sequenceof updates, the amount of structural changes
in an (a;b) tree is exponertially decreasingwith the
height of the propagation from the leavesand that each
update takes amortized O(1) time, both assumingan
initially empty tree and discourting the time spert to
shift the nger.

In this section, we will shawv that the hands can be
updated to re ect ead structural changein worst-case
O(1) time. Therefore, any result on the distribution
of structural changescan be carried over to the hands
directly. In particular, both of the above results by
Huddleston and Mehlhorn hold.

In the following discussion,we assumedfamiliarit y
with the insertion and deletion algorithms for degree-
balanced seart trees. (SeeHuddleston and Mehlhorn
[11 for more information.) Let the target elemen of
the update be t. We will considerthe hands for k-ary
nodes. To simplify our presernation, we will only update
the right hand w.r.t. the k-ary adaption of Invariants 3.1
and 3.2. The left hand canbe updated by symmetry and
it is alsoeasyto maintain Invariant 5.1 throughout. We
adopt the corvention that the hands will be placed on
t after its insertion, or t** for deletion.

We will start with an obsenation. In a degree-
balanced seard tree, the structural change propa-
gates up from a leaf to the root. All the nodes in-
volved must be in either Lps or Rps Let Rps be

consideringone depth at a time in a bottom-up fashion,
provided that the hands are placed on a leaf rst.

There are three kinds of possiblestructural changes
at a depth: fusion, sharing and split. We will analyze
them rst and then return to insertion and deletion.

Fusion. Consider a node x, with the nger under
it. Supposex has a right brother y that will be fused
into x and p is the right parent with key c. Note that
c is the key being demoted. Let z be the right parert
of p, if it exists. If cis pX, then rst extend the spine
pre x of z and remove the cell of p from Rps No further
changeis neededif x is in Rps Otherwise, create a cell
in Rpsabove that of p (or z if p is not in Rpsanymore)
and let it contain x with key c. Also eject the bottom
cell from the spinepre x of p and re-assaiate the result
with x instead.

Now supposex has a left brother w and x is being

fused into w. No changeis neededif x is not in Rps
Otherwise, update the cell of x to contain w instead
and adjust the o set in the cell accordingly.

Sharing. Considera node x, with the nger under
it. Supposex is sharing from its right brother y and p
is the right parent with key c. We only needto update
Rpsif x is not originally in it. First create a new cell
above that of p and let it contain x with key c. Then
shorten the spine pre x of p by ejecting the bottom cell
and re-assaiate the result with x instead.

Now suppose x has a left brother w where x is
sharing from. There are four possible casesdepending
on whether x is in Rpsand similarly for p. In ead of
thesecasesthe structure of Rpsdoesnot changeexcept
that the o set in the cell of x needsto be updated to
re ect the new key(s) in x.

Split. Consider a overfull node x, with the nger
under it and c as its median key. Suppose after c is
promoted to the parent p, a new right brother y of x is
created. Let the nger be under x[j ] and z be the right
parent of p, if it exists. We break down the analysis
into three cases.In the rst two, if p is the new root,
then inject an empty cell at the bottom of Rpsand let
it contain p.

Supposex! is smallerthan c. If pis on Rps then no
change is needed. Otherwise, shorten the spine pre x
of z, create a new cell under that of x and let it contain
p with key c.

Supposex! is ¢ and let d be x)*1. If pis not on
Rps then shorten the spine pre x of z, create a new
cell under that of x and let it contain p with key c.
Now remove the cell of x from Rpsand create a new cell
containing y with key d. Finally, inject the new cell at
the bottom of the spine pre x of x and re-asseiate the
result with p.

Suppose x! is larger than c. If p is on Rps then
incremert the o set in its cell. Also, if x is on Rps then
update its cell to contain y instead and adjust the o set
accordingly.

Insertion. As we assumed the list maintains
unique elemerns, t must be absert and the hands are
on eithert ort*. Obserethat at leastoneoft and
t* isin aleaf. Here we assumet® is in the leaf x with
the handsplacedonit. If t* is aninternal node instead,
then perform a decremert to obtain the handsont and
the rest is the same.

To begin the insertion, rst incremert the o set of
the top cell of Rps Notice that Rpsis a valid hand on
t, but x may have too many keysand a split or sharing
will be needed. After we have handled x, its parent p
may have onemore key and another split or sharing may
occur at its depth. We will repeat until the propagation



stops. It should be clear that at ead depth involved in
the propagation, we spert only O(1) time.

Deletion. Here we assumewe have the hands on
the leaf x containing t. Obsene that if t is not in a leaf,
then t** is. By Invariant 3.2, t** will be at the top
of the spine stadk assaiated with x. We replacet with
t** in x, perform an incremert to obtain the handson
the tail x% which contains the original t** . Now we
will consider deleting t** from x° instead. A further
decremen will put the handsbacdk ont** in O(1) time.

To begin the deletion, considerthe leafx. If t is xX,
then rst extend the spine pre x of the right parent of
x and remove the cell of x from Rps If t is not x¥, then
update the top cell of Rpsto contain t** instead oft. In
both casesnotice that Rpsis still a valid right hand on
t (it isont* now), but x may have too few keysand a
fusion or sharing will be need. After we have handled x,
its parent p may have onelesskey and another fusion or
sharing may occur at its depth. We will repeat until the
propagation stops. At the end, if the root is empty and
it is on the Rps then we can simply eject the bottom
cell. 1t should be clear that at ead depth involved in
the propagation, we spert only O(1) time.

Theorem 5.3. (Inser tion and Deletion) The
handscan be updated synchronously during an insertion
or a deletion in time proportional to the total numker
of structural changesin the tree.

6 Discussion

In this paper, we have shovn how to support nger
seardiesin a degree-balancedseard tree with a worst-
caseO(logd) time bound using the hands as an auxil-
iary data structure. The hands are compact sincethey
canberepresened in O(log n) spacefor an n-node tree,
and can be updated during insertions and deletionse -
ciently while preservingall existing time bounds proven
on these operations. We note that the hands can also
be updated similarly during the split and join opera-
tions. In fact, most of the structual changesinvolved
are already analyzed in Section 5.4. The analysis of
the dissectionof the handsinto multiple spinelists and
the reasserbling processis also straightforward. The
details are documerted in our technical report (CMU-
CS-02-184),which alsoincludesa discussionon how the
hands can be usedto improve performancein database
applications by utilize the pre-fetching capability avail-
able in many modern computer architectures. Finally,
we note that the purely-functional catenablesorted lists
of Kaplan and Tarjan [12] alsosupport nger seardiesin
worst-caseO(log d) time and with a logarithmic space
overhead. We provide a brief comparisonbetweentheir
designand ours in Appendix C.
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A Finger search pseudo-code

We provide the pseudo-cale of the forward nger search
algorithm on a complete BST we preserted in Sections 3.3
and 4 for reference.

ExtendRightLeftSpine (x;8)
1 if jsj= 0 ( atlasvs.therest )

2 then y  x:right

3 else y s:Front ():nodeleft

4 if y 6 nil

5 then s:Push((y; MakeDeque ()))
CompleteRightLeftSpine (x; 8)

1 if jsj= 0 ( atlasvs.therest )

2 then y  x:right

3 else y s:Front ():nodeleft

4 while y 6 nil

5 do s:Push((y; MakeDeque ()))
6 y yleft

Increment ()
(Xeur r; Scur 1)
2 if jRpg> 0
3 then (Xrp;Srp) RpsFront ()
4 ExtendRightLeftSpine

5 RpsPrepend (scurr)

RootedSear ch(b)
1 (Xcurr;Scurr)
2 if jRpg> 0
then (Xrp;Srp)
else (Xrp;Srp)

while Xcyr r 6 nil

do ( restore invariants while desending )
if b Xcur r:Key
then (Xrp;Srp)  (Xeur r; MakeDeque ()
RpsPush ((Xrp; Srp))

10 Xeur r Xcur r:left

11 else ExtendRightLeftSpine

12 Xeur r Xeur r:right

For wardSubTreeSear ch(b)

(Xcur v ; Scur 1) RpsPop ()

( asend along the inverted spine )

while jRpg > 0" RpsFr ont ():nodekey b
do (Xcurr;Seurr)  RpsPop()

RpsPush ((Xcur r; Scur r))

( desend asin a binary tree search )

RootedSear ch(b)

Obt ainInitFinger  (T)

1 Rps MakeDeque ()

2 RpsPush ((T:root; MakeDeque ()))
3 RootedSear ch(1 )

For wardFingerSear ch(b)

1 ( assumeshandis not at 1 and Xcur r:key< b )
Xeur r RpsFr ont ():node
if jRpg 2

then (Xrp;Srp)  RpsFront ():next (
if b Xip:key ( case(i) )

then Increment ()

For wardSubTreeSear ch(h)
return

(Xrp;Srp) RpsPop() ( case(ii) and case (i) )
10 while jRpg > 0" RpsFr ont ():nodekey b

11 do (Xrp;Srp)  RpsPop()

12 RpsPush ((Xrp;Srp))

=

RpsPop()

(Xrp;Srp)

RpsPop ()

RpsFr ont ()
(Xcur r; MakeDeque ())

©Co~NOOTh W

(Xrp;Srp)

~NoO o~ WNE

2 cell )

CoO~NO O WN

13 CompleteRightLeftSpine (Xrp;Srp)
14 Increment ()
15 ForwardSubTreeSear ch(b)

B Handling k-ary nodes

We only require a slight adjustment to the cells when we
extend the hands to handle k-ary nodes. In particular,
instead of storing a pointer to a k-ary node x, we now also
store the o set, which indicates the sub-tree that contains
the nger. For example, if the nger is under xJ[j], then x
will appear on the Rpsas (x; j) instead of just x. This is to
re ect the fact that x/ is the right parent key. For concision,
we will simply say x/ in our discussionand a cell will be
written as (x) ;s). Here we presert the increment algorithm
that has beenadapted to handle k-ary nodesas an example
of how we can adapt our algorithms.

Increment ()
1 (chur r3Seurr)
2 ifj<k _
3  then RpsPush (x5, ;nil)
4 else if Rpg> 0
5
6
7

RpsPop()

then (x}p;srp)  RpsFront ()
ExtendRightLeftSpine
RpsPrepend (Scur r)

(Xjrp;srp)

C Hands and inverted spines

In this paper, we have demonstrated that our view of nger
seard as a property, rather than an operation, allows us a
much bigger design space. In fact, there are other previous
works that do not usean elemert pointer. A recert exception
to this is the purely-functional catenable sorted list designed
by Kaplan and Tarjan [12] in 1996. Instead of an elemert
pointer, their structure allows splitting the list at the d-th
position in worst-case O(log d) time and catenating in time
doubly logarithmic in the size of the smaller list. Finger
seardh can thus be realized by splitting and catenating
between two instances of their structure, with the nger
pointing at the elemert at the break.

Although it was not mentioned explicitly , the modi ed
2-3 nger seard tree represertation in their paper actually
usesonly O(log n) extra storage for an n-elemert list. The
key to their designis to carefully relax the degreeconstraint
on the spinesto allow a suitable storage redundancy, which
canin turn be usedto absorb the propagation of structural
changes due to splits and catenations. We can view their
design as an improvemert upon the heterogeneous nger
seard trees [21] in which splits and joins have an amortized
time bound. (See Booth [4] (Ch. 2), Mehlhorn [16] and
Kosaraju [15] for the analysis.) As we have pointed out
in Section 4, the power of the hands also comesfrom the
inverted spine technique used in the heterogeneous nger
seardh trees. However, instead of relaxing the degree
constraint on the spines, we showed that it is possible to
avoid the splits and joins if we view the \in verted spine" by
the way of the hands.



