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Abstract.  We consider the problem of Simultaneous Source Location {
selecting locations for sourcesin a capacitated graph such that a given
set of demandscan be satis ed. We give an exact algorithm for trees and
show how this can be combined with a result of Radke to give a solution
that exceedsedge capacities by at most O(log? n loglogn), where n is
the number of nodes. On graphs of bounded treewidth, we show the
problem is still NP-Hard, but we are able to give a PTAS with at most
O(1+ ) violation of the capacities, or a (k+ 1)-approximation with exact
capacities, where k is the treewidth and can be made arbitrarily small.

1 Intro duction

Supposewe are given a capacitated network and we have various demandsfor
servicewithin this network. We would like to selectlocations for sernersin order
to satisfy this demand. Sudch problems arise naturally in a variety of scenarios.
One example of this would be the placemen of web cacesin the Internet, or
le senersin an intranet. Another example would be choosing the locations of
warehousesn a distribution network.

What doesit mean for a serner to \serve" a demand? Most previous work
has assumedthat eat sener can serviceead demand for somecost (typically
this costis linear in someunderlying distance betweensener and demand) [20,
16,3]. In somecasesthe seners have been consideredto be capacitated (eath
one can provide for only somenumber of demands)[17]. Still, the primary goal
can be consideredas minimizing the aggregatedistance of demandsto seners.

In many natural applications, there is no meaningful notion of distance.Con-
sider serving a web pageacrossthe internet. The latency (travel time of a single
small packet) under low-congestionconditions tends not to be noticeable to the
end-users.The real di cult y hereis the underlying capacity of the network. If
links becomecongested then latency will increaseand throughput will su er. In
the caseof a distribution network, there may be somerelation (typically non-
linear) of coststo distance traveled. But we will de nitely have to considerthe
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available throughput! The transportation network hascapacitiesaswell ascosts,
and previous work (assumingcostsonly) tended to ignore this constraint except
at the warehouseghemseles.

We considerthe problem of Simultaneous SourcelLocation (SSL) { selecting
locations for sourcesin a capacitated network in order to satisfy given demands.
Our goalis to minimize the number of sourcesused.Arata et al. previously gave
an exact algorithm for the Source Location problem, in the scenariowhere the
sourcesmust be able to satisfy any single demand [2]. They also show that the
SourceLocation problem is NP-hard with arbitrary vertex costs.In our problem
we must satisfy all demandssimultaneously (th us the name Simultaneous Source
Location). This is a better model of the natural problems described above. Si-
multaneous Source Location is easierthan the Source Location problem with
arbitrary vertex costsexplored by Arata et al. { our version of the problem can
be reducedto theirs using a high-cost super-sink that is satis ed if and only if
all other demandsare met. However, we show that our version of the problem is
NP-Hard aswell and describe various approximations for it.

Our results take several forms. We describe techniquesfor solving Simultane-
ous SourcelLocation on a variety of simple graphs. We give an exact algorithm
on trees and an approximation for graphs of bounded treewidth. We obsene
that, in contrast to many other NP-Hard problems (for example vertex cover),
Simultaneous SourcelLocation is still NP-Hard even on graphs of treewidth two.
Using our algorithm for trees combined with a result of Radke et al. [18,6] and
later Harrelson et al. [11], we shov how to solve sourcelocation on a general
undirected graph while over owing the capacity by an O(log? n loglogn) factor.
Combining this with a hardnessresult for directed graphs allows us to shawv
that no tree decomposition similar to Racke's decomposition can be found in
the directed case.We shonv Simultaneous Source Location is at least hard on
generalundirected graphs, but there remains a signi cant gap betweenthe best
approximation algorithm and the known lower bound.

2 Problem Statement

An instance of Simultaneous Source Location (SSL) consists of a graph G =

(V;E) along with a capacity function u : E ! R* on the edgesand a de-
mand function d: V ! R* on the vertices. We must selectsomesubsetof the
verticesS  V to act as sources.A sourceset is consideredto be feasible if
there exists a ow originating from the nodes S that simultaneously supplies
demandd, to ead nodev 2 V without violating the capacity constraints. This

is single-commality o w { we canimagine adding a single\sup er-source"that is
connectedto ead node of S with an in nite capacity edge,and a single\sup er-
sink" that is connectedto ead node of V with an edgeof capacity d,, and asking
whether the maximum o w equalsthe sum of the demands.Our goal is to select
sudh a sourceset S of the smallest size.



From the above description, it is clearthat the problemisin NP. A sourceset
S can be cheded for feasibility by simply solving a o w problem. Unfortunately,
nding the setS of minimum sizeis NP-Hard.

At times we consider various generalizations of this problem. For example,
we might have certain nodesin V that are not permitted to act as sources,or
have costsassaiated with making various nodessourcesand seekto nd asetS
of minimum cost. We will also considersimpli cations of the problem that place
restrictions on the graph G (for example by bounding the treewidth).

3 Solving Simultaneous Source Location on Trees

Supposeour graph G = (V;E) is a tree. This special caseallows us to solve SSL
exactly by dynamic programming. For ead vertex v and number of sourcesi,
we de ne f (v;i) to bethe amourt of ow that must be sert to v by its parent in
order to satisfy all demandsin the subtree of v, assumingthis subtree contains i
sources.Our algorithm assumesghat the tree is rooted and binary; in generalwe
can create an equivalert binary tree by creating virtual nodesand connecting
them by edgesof in nite capacity, as shovn in Figure 2. For convenience,for
ead node v we de ne u(v) to be the capacity of the edgefrom v to its parent.
Our algorithm is described in Figure 1.

Algorithm BinaryT ree(G; d)

1. Initialize f(v;i)=1 forallv2V and0 i jVj
2. For ead leaf vertex v 2 V:
(a) Setf(v;0)= dy.
(b) Setf(v;i)= u(v)foralli 1.
3. Consider any vertex v with children vi; v, for whom f has been computed:
(@) Loop over all valuesofi; andi, with 0 ig;i2  jVj.
(b) If f(va;i1) u(va) and f (vz2;i2) u(v2) then:
i. Setf (v;ig+i2) = min(f (v;ig+i2);max(f (vi;i1)+ f(ve;i2)+ dv; u(v))).
ii. Alsosetf(v;jiz+iz+ 1)= u(v).
4. Continue until f is de ned at all vertices.
5. Return the minimum k such that f (r;k) 0 wherer is the root.

Fig. 1. Algorithm for SSL on a Binary Tree

Assumingthat the above algorithm computesf (v;i) correctly for eat vertex,
the correctnessof the result is immediate. We needto shaw that f (v;i) correctly
represerts the minimum amount of ow that must be sert from the parent of v
provided the number of sourcesin the subtreeis i.

Theorem 1. The algorithm descrited produces an exact solution to the source
location problemon a binary tree.



Proof. The proof will be by induction. Our basecaseis at the leaves. Either a
leafis a sourceor it is not. If the leafv is a source,then it requiresno ow from
its parent, and can sendat most u(v) ow upwards along its edge.This yields
f(v;1) = u(v). On the other hand, if the leaf is not a sourceit requires ow dy
(its demand) from the parent, sof (v;0) = dy. Of course,it might not be feasible
to sendthis amount of demandif d, > u(v).

We now considerany node v. Supposewe have correctly computed f (v1;i1)
and f (vo;i) for all valuesis;i, for the children of node v. Supposewe would
like to compute f (v;i). There are i sourcesto be placedin this subtree. If v is
not a sourceitself, then all the sourcesare in the child trees. The total demand
sert into v will have to be enoughto satisfy the demandd, and additionally to
satisfy any residual demandon the children. This meansf (v;i) = min(max(d, +
f(vy;ig) + f(vo;i i1); u(v))) wherethe minimum is over choicesof i; and the
\max" term ensuresthat a child node cannot provide more ow to its parent
than the capacity of their connectingedge.This is exactly what will be computed
in the algorithm, in step 3b(i). Notice that if satisfying either child tree in this
way would require over owing a capacity u(vy) or u(vy) then this allocation
of sourcesto subtreesis not feasible and so should not be considered;this is
resolved in step 3b. Howewer, it is also possiblethat v is itself a source.In this
case,provided there is somechoiceofi; i 1sud that f(vq;i1) u(vy) and
f(vo;i ip 1) u(vz), wewill beableto producea solution. This solution can
sendu(v) upwards sincev itself is a source.This is dealt with in step 3b(ii). It
follows that the algorithm computes exactly the correct valuesf (v;i) and the
algorithm solves SSL.

Theorem 2. We can solve SSL in time O(n®) on a tree, evenif some nodes
are disallowed as sources.

If our tree is non-binary we canreplaceany node with more than two children
by multiple nodesas shawn in Figure 2. This increasesthe number of nodes by
at most a constart factor.
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Fig. 2. By adding additional nodes linked by in nite capacity, we can convert any
non-binary tree into an equivalent binary tree by only doubling the number of nodes
in the tree.



We can also modify our algorithm to disallow certain nodes as sources.If a
leaf v cannot be a source,then we ignore step 2b and instead set f (v;i) = d, for
all i. If somehigher node cannot be a source,then we remave step 3b(ii) for that
node (this step considersthe casewherev is a source). The correctnessproof is
the sameas before.

4 Using Racke's Result

In recert work, Harold Radke shaved that for any undirected graph, it is pos-
sible to construct a tree which approximately captures the ow properties of
the original graph[18]. Later work [6,11] improved the result and described a
polynomial-time algorithm to construct such a tree. The most recert result is
stated more preciselyin the following theorem:

Theorem 3. Given any capacitated, undirected graph G = (V;E;u:E ! R*),
there exists a capacitated tree T = (Vr;Et;u : Er ! R*) with the following
properties:

1. The verticesof V are the leavesof T.

2. For any multicommadity ow F which is feasible on G, there existsa ow
of equal value between the correspnding leaveson T.

3. For any ow Fr feasiblebetween the leavesof T, there is a feasible LF; ow

on G for some = O(log?nloglogn).

This gives us an approximation for the source location problem. We rst
construct atree T asdescribed above. We then solve SSL on the tree, permitting
only the leavesto act as sources,using the algorithm of Section 3. We consider
using the sourceswe have obtained on the original graph. We know there exists
a ow F1 on the tree from our selected source nodes which satis es all the
demands. It follows that 1F is feasibleon the graph. We concludethat if we

violate the capacities by a factor of = O(log®nloglogn), then we have a
feasiblesolution to sourcelocation. On the other hand, any feasiblesolution on
the graph must also be feasibleon the tree. This allows us to produce an exact
solution (in terms of the number of sources)while increasing the capacities by
O(log? n loglogn).

Theorem 4. We can produce an optimum (in terms of number of sources) so-
lution to SSLin polynomial time, if we permit O(log? nloglogn) stretch on the
capacities.

Our results also have interesting implications for directed graphs. Consider
the possibility of a Radke-like represeniation of a directed graph by a tree, where
the capacity on an edgewhen routing \up wards" might di er from the \down-
wards" capacity. Supposesuc a thing existed, and could be computed in poly-
nomial time, for somefactor . This would enable us to solve SSL exactly on
directed graphs, while exceedingcapacitiesby a factor of . But this is NP-Hard,
aswill be showvn in Section 6.2. Thus we have the following:



Theorem 5. No Reacke-likedecomposition of a directed graphinto an -approximately
ow-c onservingtree can be computed in polynomial time, for any valueof poly-
nomial in n.

Note that our hardnessresult is a computational hardnessresult and assumes
a tree-like structure decomposition. Azar et al. [5] have found an existertial
haBjnessresult which is true for any decomposition, but their bound is weaker:
o(" n).

5 Simultaneous Source Location with Bounded Treewidth

5.1 Dening Treewidth

The notion of treewidth was introduced by Robertson and Seymour[19]. Many
problemsthat are in generalintractable becomepolynomial-time solvable when
restricted to graphs of bounded treewidth. Furthermore, many graphs arising
from natural applications have bounded treewidth. A good survey on the topic
is given by Bodlaender [7]. Here is one of the many equivalert de nitions of
treewidth:

De nition 1. A graph G = (V;E) has treewidth k if there exists a tree =
(V ;E ) along with a mappingf : vV ! 2V with the following properties:

1. Forall 2V ,jf()] k+1

2. For any (u;v) 2 E there existssome 2 V suchthat u;v2 f( ).

3. Forany ; ; 2V wher Ilies alongthe path from to , if for some
x 2V wehavex 2 f( )andx 2 f( ), then we mustalsohavex 2 f ().

The above conditions essetially state that ead tree vertex represerts some
subset of at most k graph vertices, ead edgein the graph has its endpoints
represened together in at least one of the tree vertices, and the set of tree
vertices which represent a single graph vertex must form a cortiguous subtree.

We obsene that it is possibleto produce suc a tree decomposition for a
graph of treewidth k in time linear in the number of nodes and vertices (but
exponertial in k). Assuming k is constart, we are able to produce a tree de-
composition { and thereby implicitly detect graphs of constart treewidth { in
polynomial time. In general, however, computing the treewidth of an arbitrary
graph is NP-Hard.

5.2 Nice Decomp ositions

Bodlaender [8] also intro duced the notion of a nice decomposition and proved
that any tree decomposition of a graph can be transformed into a nice decom-
position still of polynomial size.In a nice decomposition, eac node 2 V has
one of the following types:

{ A leaf node hasno children, andjf( )j=1



S
{ An addnode hasonechild with f( )=f( ) fvgforsomenodev 2V
{ A subtract node hasonechild with f( )= f( ) fvgfor somenode
v2f()
{ A mergenode hastwo children ; with f( )=f( )="f()

In addition, the nice decomposition hasa root node (which is a subtract node)
with f () empty.

5.3 Appro ximation for Graphs of Bounded Treewidth

Supposewe are given a graph G = (V; E) with treewidth k, for which we would
liketo approximate the SSL problem. Our algorithm takesin someset of current
sourcesS along with a graph (V;E) and returns a set S° of sourceswhich are
feasiblefor the given graph. Our algorithm for this problem appearsin Figure 3.

Algorithm SL(S;V;E)

1. Chedck whether the sourceset S is feasible for (V;E); if soreturn S
2. If not, nd setsX and Bx that have the following properties:
(@ jBxj k+1
(b) F%all (x;y) 2 E with x2 X andy2V X, wehavex 2 Bx
() S<(V X)is not a feasible source set
d s (v X) Bx § a feasible sougce set
3. Recursively solve SL(S Bx;(V X) Bx;E)

Fig. 3. Algorithm for SSL with treewidth k

We claim that the set SR of returned sourceshasjSRj (k + 1)jS j where
jS j is the smallestfeasibleset of sourcesfor (V; E) which includesthe given set
S asa subset.

Lemma 1. Assumingwe are alwaysableto nd setsX and By with the prop-
erties descrited, algorithm SL is a (k + 1)-approximation for the source location
problem.

The prove is done by induction on the number of sourcesrequired by the opti-
mum solution.

Of course,we still needto prove that we canalways nd the setsX;Byx with
the required properties in polynomial time. In a general graph, such a pair of
setsmight not even exist, but we will usethe assumption of treewidth k to prove
existenceand the ability to nd the setsin polynomial time.

Lemma 2. If the current set of sources S is not feasible for the graph G =
(V; E) with treewidth k, then there exists a pair of sets X ; By with the required
properties; furthermore, such a pair of setscan be found in polynomial time.



Proof. We produce a tree decomposition ( ;f) of G. For eah tree node , we
dene to bethe subtree of roof§d at .Wedenef( )=, f(). For
ead node we will testémhether S (Vv f( )) isafeasibleset oésources.We
nd node sucthat S (V f( )) isinfeasible,but suchthat S (V f( ))
is feasible for eadh child of . Note that such an  must exist; we simply
travel upwards from the ead leaf of the tree until we nd one.We now consider
returning X = f( ) and Bx = f( ). We will shov that these sets satisfy the
required properties.

Sincethe graph hastreewidth k weknow jBx j = jf ( )] k+ 1. Considerany
(x;y) 2 Ewith x2 X andy 2 V X. From the de nition of treewidth, there
must exist somenode with x;y 2 f( ). Sincey is not in f( ) we conclude
that isnotin . On the other hand, there is somenode 2 sud that
x 2 f () (this follows from x 2 X). The path from to must passthrough
so the treewidth de nition implies xSZ f( ) and therefore x 2 Bx as desired.
The selectionof guaranteesthat S (V  X) is not a feasiblesourceset. This
leavesonly the fourth condition for usto prove. T

We considerthe children of . A pair ofthem i; , musthavef ( 1) f( 2)2
f () becauseof the cortiguity property of tree decomposition. Thus the sets of
nodesrepreserted by the subtreesof the children can intersectonl;gin the nodes
of Bx = f( ). We know that for eadh child , the setof nodesS (V f( ))
would be feasible. It follows that we can cover all the demand of f () using
nodes of S and nodes external to the set. Since the children sets are disjoint
except for nodeswhich we have declaredto be sources,the ows to satisfy eat
child subtree are edge-disjoirt; any ow from external nodessmust also pass
through By , and we concludethat we can cwgrf ( ) usingS S Bx .ét follows
that we can cover all of X usingthe sourcesS By, makingS Bx (V X)
a feasiblesourceset for the ertire graph.

Theorem 6. Algorithm SL producesa k + 1-approximation to the SSL problem
on a graph of treewidth k.

5.4 Bounded Treewidth with Capacit y Stretc h

We will describe an exact algorithm for the SSL problem on graphs of bounded
treewidth. The running time of this algorithm will be exponertial in the treewidth,
and also depends polynomially on the maximum edge capacity. In the general
casewherethe capacitiesmay be large, we will usethe technique of Appendix A
to obtain a solution with 1+ stretch on the edgecapacities.

Supposewe have found a nice tree decomposition ( ;f). We will construct a
set of vectors of dimensionk + 3. Each vector has the following form:

(i fafarnnfeen)

Here 2V ,0 i jVj, andthe f; are feasible ow values (we assume
theseare from a polynomially-b oundedrangeof integers).Let S =f( ) f( )
represen the nodesrepresenied by the subtreerooted at  minus the nodes of



its boundary (the nodesof f ( ) itself). A feasiblevector represents the excess
ow neededto be sert directly from the nodesof f ( ) to S to satisfy all the
demandin S if S contains i sources.

We obsene that if k is a constart and ow is polynomially-b ounded, then
the number of possiblevectors is polynomial in size. We will determine which
sudh vectors are feasible in polynomial time, then use this to solve SSL. Our
algorithm is as follows:

1. Start with the empty set of feasiblevectors.
2. Considereat node from the bottom up:

{ If s aleaf, then add vector ( ;0;0).

{ If isanaddnodewith child ,then for eat feasiblevector for , copy
that vector for , placing ow 0 in the new position corresponding to
the additional nodein f( ) f( ).

{ If is a merge node with children ; then for ead pair of feasible
vectors x ;x for the children, create a vector for : x = x + X
(adding the number of sourcesand the o ws while changing the choice
of node from V to ).

{ If is asubtract node with child , then consideread feasible vector
x for the child. Let the subtracted nodebeb2 f( ) f( ). This node
requires some ow ry which is the sum of the demand d, and the ow
value for b in x . We consider all feasible allog,ations of ow F(a) to
nodesa 2 f( ) such that jF(a)j u(b;a) and ¢ yF(a) rp. For
ead sud allocation we construct a vector x whosenumber of sources
is equalto x and with ow value at a equalto the ow valuein x plus
F (a). This correspondsto refusingto make b a source.We now consider
making b a source. This corresponds to creating a vector x  with one
more sourcethan the vectorx . Wesetthe ow valuefor anodea?2 f ( )
to bethe ow valuein x minus u(b;a).

3. Now considerall vectors for the root node . Theseare simply pairs (; i)
sincef () is empty. We return the minimum value of i such that (; i) isin
the feasibleset.

Theorem 7. If there are F possible ow values,the above BTW algorithm runs
in time O(kn?NF2*2) where n = jVj and N = jV j and k is the treswidth.

This running time is polynomial assumingthat F is polynomial and k is a
constant. If the number of possible o w valuesis not polynomial, we can usethe
result of Appendix A to e ectiv ely reducethe number of ow values. This will
causeus to exceedthe graph capacitiesby a factor of 1+

5.5 Lower Bound for Treewidth 2 Graphs
We show that the SSL problem is NP-Hard even on graphs with treewidth two.

Theorem 8. SSLis NP-Hard evenon graphswith treewidth two.



Proof. The proof is by reduction from subsetsum. We are given a set of numbers
fX1;X2;::1;Xn0, and would like to determine whether somesubsetof the given
inputs sumsto A. Supposethe sum of all the numbersis S. We construct an SSL
instance with 2n + 2 nodes. Each number will be represerted by a pair of nodes
of demand S with an edgeof capacity S betweenthem. Our exampleis a four
level graph. On the rst level we have a node of demand A which connectsto one
side of every pair of nodesthat represert a number. The capacity on the edge
betweenthe A node and the number x; node is exactly x;. The number nodes
from the secondlevel are paired with the nodesfrom level 3. All nodesfrom level
3 are connectedto a singlenode at level 4 with an edgeof capacity corresponding
to their number. The node at level 4 hasdemandS A. This graph is showvn
in Figure 4. If there exists a subset of the numbers summing to A, then we
can place sourceson the lefthand node for ead of the numbersin that subset
and the righthand node for all the other numbers; it is straightforward to see
that this is a feasible SSL making use of n sources.On the other hand, consider
a SSL solution. We must select one of the two nodes for eat of the nhumbers
(otherwise there is not enoughcapacity to satisfy them). It follows that the SSL
usesat leastn sources.If exactly n sourcesare used,then the result corresponds
to a subsetsum solution. It follows that solving sourcelocation exactly on this
graph will solve subsetsum. The graph given hastreewidth two; we can seethis
becauseif we remove the node of demand A, the remaining graph is a tree. We
take the (treewidth one) tree decomposition and add the node of demand A to
the subsetf ( ) for all . This is a tree decomposition of width two.
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Fig. 4. Simultaneous Source Location is NP-Hard even on graphs of treewidth two.
To satisfy each demand in this graph using only n sourceswe must nd a partition of
fX1;X2;::: ;Xng Whosesumsare A and S A.

6 Simultaneous Source Location on Directed Graphs

6.1 Greedy Of(log n) Appro ximation

We are given a directed graph G = (V;E) for which we would like to approx-
imate the SSL problem. We proposea simple greedy algorithm. We start with



no sourcesand no demand satis ed. We add the sourcewhich maximizesthe in-
creasein the total satis ed demand. We repeat this until all demandis satis ed.

Theorem 9. The greedy algorithm givesan O(log n) approximation on the num-
ber of sources with no violation of the capacities.

Proof. Supposethat the optimum solution usest sources.At somepoint in time,
supposeour current set of sourcescan cover demand d and the total demand
in the graph is D. Consider the residual graph after adding the o ws from our
sourcesto satisfy demand d. The residual demandis D d, and if we were to
add all the optimum sourceswe would be able to satisfy the full residual demand
(note that this is essetially singlecommadity o w sincesourcesare equivalen).
It follows that we can add one sourceto the residual graph to satisfy demand
Dt—d. We apply the standard greedy analysisfor problemslike SETCOVER to
shaw that the full demandwill be coveredin O(log D) steps.Assuming that the
maximum and minimum demandare within a polynomial factor of one another,
we are done. Otherwise, we can apply scaling argumerts of Appendix A to give
the desiredO(log n) factor.

6.2 Lower Bound for Directed Graphs

We show that O(log n) is the best approximation factor we can expect to obtain
for the directed SSL problem in polynomial time, due to a reduction from set
cover.

Theorem 10. We cannot approximate directed SSL to better than O(logn) in
the worst case, unlessNP  DTIM E (n©(cg log n)y,

Proof. Supposewe would like to solve a set cover instance. We construct a graph
with one node for eat set, one node for ead elemen, and one additional node.
The additional node is connectedby a directed edge of capacity oneto ead of
the sets. Each set is connectedby a directed edge of capacity N, where N is
more than the sum of the number of setsand elemeris, to ead of its elemerts.
The additional node has demand one, eat set has demand one, eat elemert
has demand N . We solve the SSL problem to someapproximation factor on
this graph. We rst obsene that no elemen should be selectedas a source;
otherwise we could simply selectone of the sets containing that elemen as a
sourceinstead. Second,we obsene that the additional node will be selectedas
a source. We have a solution consisting of t nodes, where t is the optimum.
Considerthe set nodesthat we selectedas sources.Every elemert node must be
connectedto one of theseset nodesin order for its demandto be satis ed (note
N is greater than the number of sets). It follows that we have a set cover of
sizet 1. Similarly, obsene that any set cover, plus the additional node, forms
a feasible SSL solution. So we have obtained a % approximation to set
cover. This is unlikely for smaller than logn due to the results of Feige[10].

We obsene that even if we are allowed to violate edge capacities by some
large factor (say lessthan N), the reduction from set cover still holds.



7 Lower Bound for Undirected Graphs

We shaw that SSL doesnot have a polynomial-time approximation schemevia
an approximation-preserving reduction from vertex cover.

Assumewe can approximate SSL on any graph to a constart . Now for an
instance of Vertex Cover on a graph G=(V,E), we will setup an instance of SSL.
For every vertex the demand is equal to its degreeand all edge capacities are
unit.

The main obsenation is that a vertex cover set and a sourcelocation set
on this graph are equivalent. It is easyto seethat a feasible vertex cover is a
feasible source location: for every edgeat least one end is in the vertex cover
and therefore a source.Thus every vertex will have its demand satis ed. On the
other hand a sourcelocation set can't have a two hop path over a non source
vertex, becausethis vertex will be starved. Henceevery edgehasat leastoneend
in the sourcelocation set, i.e. the sourcelocation set is a feasiblevertex cover.

Using the assumptionwe can approximate the SSL problem on G. Therefore
we nd asetS V which covers all edgesin E and is within  of the optimal
Vertex Cover. However as Hastad [12] shoved Vertex Cover is inapproximate if

< 7=6 (although an approximation factor better than 2 would be a surprising
improvemen on existing vertex cover results).

Theorem 11. Simultaneous Source Location is 1:36067 hard on geneal undi-
rected graphsif edge capacities are not violated.

The proof follows from the reduction above and the recen hardnessresults
by Dinur and Safra[9].

8 Conclusions

We de ne the Simultaneous Source Location problem and solve the problem
exactly on trees. We presert a (1+ ) violation of the capacitiesPTAS for graphs
of boundedtreewidth. On generalgraphswe nd a solution with exact number of
sourceswhich can exceedthe capacitiesby at most a factor of O(log? n loglogn).
We shov a O(logn) factor approximation on the number of sourceswith no
violation of the capacities for general directed graphs. We believe that many
interesting applications of this problem involve graphs of low treewidth; many
of the connectivity graphs of real networks have beenobsened to have low tree
width [8].

The main open problem is the approximabilit y of SSLon undirected graphsof
large treewidth. No constart approximation on the number of sourcesis known,
even if we allow constart violation of the capacities. The only lower bound on
approximabilit y with exact capacitiesis 1:36067 . An approximation factor
asymptotically better than 2 would be a surprising improvemert on existing
vertex cover results [15]. One can also consideradding costson the edgesand/or
the vertices.
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A Dealing with Super-Polynomial Capacities

Someof our analysesassumethat there are only a polynomial number of capac-
ities. Here we present a method to extend those analysesto when the capacities
are super-polynomial, allowing us to satisfy demandswhile exceedingcapacities
by al+ factor in those cases.

When capacities are super-polynomial, we expressthe ow and capacity of
eah edgeas F' for somevalueofi (which might bedi erent from edgeto edge)
and somevalue of  which is betweenF and F 2. This can be done by rounding
every ow up to the nearestvalue. Oncethis is done, we might no longer have a
feasible o w. The new capacities (which might be larger than the old capacities
by al+ Fl factor) will not be exceeded.Howewer, ow consenation may no
longer hold. Considerany node. If the original in o w wasf then the out o w was
f also.But it is possiblethat after this rounding upwards, the in o w is still f
and the out o w hasincreasedto f (1+ Fl). We considersuch a ow to befeasible.
This meansthat a node might e ectiv ely \generate" someamount of ow, but
this amourt is at most  of the in o w.

Now consider any graph with a feasible ow under the represenation de-
scribed above. We would like to transform this into a real ow. If we consider
splitting the \generated" ow equally among outgoing edges,we will seethat
as ow passeghrough a node the percertage of \real" ow might decreaseby a

factor of % In the worst case,someedgemight have a fraction of \real" ow

equalto (F£)" 1 2.

Welet F = . It follows that we can satisfy at least 1 of each demand
while exceedingcapacitiesby a factor of 1+ —. Sincewe can scalethe ows and
capacities, this meanswe can satisfy the demandswhile exceedingcapacitiesby
1+ factor.

This is useful in bounding the running time and approximation factor of
various techniques for approximating SSL.




