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lterated Separating Conjunction

(assert) ;1= | ®§$§E>>=<exp> (assert)

O p = (pfv—e) * (pfv—e+1) % - x (plv— €.

More precisely,

s,h E Of_, p iff
let m = [elexps, n = [€'lexps; I={i|m <i<n}in
JdH € I — Heaps.
Vi,5€l.1% j5implies Hi 1 Hj
andh=U{ Hi|iel}
andViel.[s|v:i], Hi E p.



Axiom Schemata

m>n= (O, p(i) < emp)
m=n= (O, & p(m))
E<m<n4+1= (@ L. p(i) & (@ Lp(i) * Q?zmp(i)»
O, p(i) & OIZF _ p(i+k)

m<n = ((@ mp(@)) * g O, (p(i) * CI))
when g is pure and i ¢ FV (q)

m <n= ((OL,,p()) Aa s O, (p() Ag))
when ¢ is pure and i ¢ FV (q)

m<j<n= ((@ mp(Z)) = (p(J) * true))



Array Allocation

(comm) ::= ... | (var) := allocate (exp)

Store: x:3,y:4
Heap : empty
x .= allocate y [}
Store : x:37,y:4
Heap: 37:—, 38:—,39: —, 40: —

Nonoverwriting Inference Rules
e The local nonoverwriting form (ALLOCNOL)

{emp} v := allocate e {@U_'_e lim -1,
where v ¢ FV (e).
e The global nonoverwriting form (ALLOCNOG)

{r} v := allocate e {(@v_l_6 i —) % rl,
where v ¢ FV (e, r).



General Inference Rules
e The local form (ALLOCL)

v—I—e— i s _},

{v=1"Aemp} v :=allocate e {O,;_
where v’ is distinct from v, and ¢’ denotes e/v — .

e The global form (ALLOCG)

{r} v := allocate e {30’ (@H—e Tt —) x 7'}

where v’ is distinct from v, v’ ¢ FV (e, ), €’ denotes e/v —
v/, and r’ denotes r /v — v/,

e The backward-reasoning form (ALLOCBR)

{ 1 (@ ”‘l‘e 1. 7 — ) — p”} v .= allocate e {p},

where v" is dlstlnct from v, v ¢ FV(e,p), and p” denotes

p/v — v,



Arrays that Denote Sequences

array « (a, b) def #Ha=b—-—a+ 1A @E’:ai — Qa1

(Since the length of a sequence is never negative, the assertion
array « (a, b) implies thata < b 4 1.)

Properties

array a (a,b) = #a=b—-a+1

array a(a,b) =i — aj_,41 Whena <i<b
array e (a,b) & b=a—1Aemp

array x (a,b) & b=aAar x
array x-a (a,b) & ar—x * arraya(a+ 1,b)
array a-x (a,b) < arraya(a,b—1) * b—x

array o (a,c) * array 3 (c+ 1,b)
Sarraya-f(a,b) Ac=a+ #a -1
& array a3 (a,b) Ac=b — #3



Partition
{array a(a, b)}
newvar d, x,y in (c:=a— 1;d:=b+4+1;
{3aq, an, 3. (array a1 (a,c) * arrayas (c+ 1,d — 1)
« array a3 (d, b)) Aaj-asaz ~aA{ar} <*rA{az} >*r}
whiled > c+ 1 do (x:z [c 4+ 1];
if x < r then
{Jaq, an, az. (array a1 (a,c) * c+1 +— x * array ap (c+2,d—1)
x array a3 (d, b)) A ag-x-as-az ~ aA{ayx}t < rA{az} >*r}
c.=c+1
else (y = [d — 1];
if y > r then
{Jaq, as,a3. (array aq (a,c) * array ap (c+1,d—2) x d—1 —y
x array a3 (d, b)) Aaj-asy-az~an{ar} < rA{y-az} >*r}
di=d-1
else
{Jaq, as,a3. (array aq (a,c) * ¢+ 1 +— x (%)
x arrayaos (c+2,d—2) * d—1+—y * array az (d,b))
Nagxasyaz~ah{ar} < rA{az} > rAx>rAy <r}
([c+1]:=y;[d—1]:=x;c:=c+1;d:=d— 1))))
{Jaq1, ap. (array a1 (a,c) * array ans(c+ 1,b))
Najap~aA{ar} <FrAar<* {as}}



A Subtlety

In the assertion marked (x):

{3aq, as,a3. (array aq (a,c) * c+ 1 +— x
x arrayao (c+2,d—2) * d—1+—y * array a3z (d, b))
A agxasyaz~alA{ar} <FrAa{az} > rAx>rAy <r}

it is the while-testd > c 4 1, plus
c+1—>xAd—1—=yAx>rAy<r=c+1+d-1,
that guarantees thatc + 1 < d — 1, so that
array ao (c+ 2,d — 2)

makes sense.



From Partition to Quicksort

If we define
partition(c; a, b,r) =
newvar d, x,y in (c:=a— l1:d:=b+4+1;
whiled >c+ 1 do
(x:z [c+ 1];if x <rthenc:=c+ 1 else
(y:=[d—1];ify>rthend:=d— 1 else
([c+1]:=y;[d=—1]:=x;ci=c+1;d:=d— 1)))),
then
{array a(a, b)}
partition(c; a, b, r){a}
{Jaq1, ap. (array a1 (a,c) * array as(c+ 1,b))
Najay ~aA{ar} <FrAar<*{ar}}.
Then we can use partition to define a procedure satisfying
{array o (a, b)}
quicksort(; a,b){a}
{38. array B (a,b) A B ~ a A ord 3}.



Quicksort (continued)

{array o (a, b)}
if a < b then newvar c in
({Elxl,ozo,XQ. (ar—>xq * arrayag(a+ 1,b—1) * b xp)
A X1-QgXp ~ a}
newvar x1,x2,r in
(xl = [a] ; x2:=[b];
if x1 > x2 then ([a] :=x2; [b] :=x1) else skip ;
rr=xl+x2)+~2;
{3x1,ap,xp. (a—xq * arrayag(a+1,b—1) * b+ x5)
AX1-agxp ~aAxy <r<xpy}
{array ag(a+ 1,b— 1)} )
partition(c; a+1,b—1,r){ap}
{3aq, as. (array a1(a + 1,c¢)
* array an(c+1,b—1))
N o1-ap ~ o
Na1} <Frar<*{as}}
{3xq1, a1, ap, xo.
(ar— xy*xarrayag(a+ 1,c)xarrayas(c+ 1,b— 1) xb — x5)
Ax1-ag-apxp~aAxy <r<xoA{a1} <FrAar<® {ag}});
{3aq, ap. (array a1 (a,c) * array ao (c + 1,b))
ANaj-ap ~aA{a} <" {az}}

(ar—x1 * b—x»o)
px | AXpragxo ~afsdxy, ag,xo
AXx1 <r<Xxo

/ /



{Jaq1, ap. (array a1 (a,c) * array an (c+ 1,b))
ANaj-ap ~aA{ar} <" {az}}
faray oy (a,0)} |

1,b

quicksort(: 2. ) (s} ar/r\ay az(c+1,b) o
a1-Qn» ~ X

138. array 8 (2, <) >k 1-¢2 ¢ 3], 3D

A B~ ai Aord B} Aea) <7 az)

{381, ap. (array 1 (a,c) * array ap (c+ 1,b))
A Br-ag ~aAn{B1} <* {a} Aord 31}

{array ap (c 4+ 1,b)} ) / array 31 (a, c) \ \

quicksort(;c + 1,b){as} A B1-an ~

{36. array 8 (c + 1,b) ¥ A{B1} <* {ao) e 301, Jao
N B~ ap Aord 8} \ A ord (34

{381, B. (array B1 (a,c) * array B (c 4 1,b))

ABrB2 ~a A{B1} <* {82} Aord By Aord B2})
else skip

{36. array 8 (a,b) A B ~ a A ord (5}
Thus we may define:
quicksort(a,b) =
if a < b then newvar c in
(newvar x1,x2,r in
(xl = [a] ; x2:=[b] ;
if x1 > x2 then ([a] :=x2; [b] :=x1) else skip ;
r:=(x1+x2) =2 ;partition(a+ 1,b—1,r; c)) ;

quicksort(a, c) ; quicksort(c + 1, b))
else skip.



A Cyclic Buffer Using an Array

We assume that an n-element array has been allocated at loca-
tion I, and we write x @ y for the integer such that

rPy=x+ymodulon and [ <j<I|+4n.

We will use the variables

m number of active elements
| pointer to first active element
j pointer to first inactive element

Let R abbreviate the assertion

Rdﬁf0<m<n/\|< <I+nAl<j<l4+nAj=iEm

It is easy to show that

{RAm< n}
m:=m-+1;ifj=I4+n—1thenj:=lelsej.=j+4+1
{R}

and

{RAm>O0}
m:=m-—1:ifi=|l4+n—1theni:=lelsei:=i+41

1R}

When the buffer contains a sequence «, it should satisfy

((@ l@k'—>04k-|-1) (@n g 1J69k|—> — ) Am = #aAR.



Inserting an Element

{((OFyidk— 1) * (OIZD Hj@dk— -))
Am—#aARAm<n}

{((@ _ iEBk|—>ak_|_1) * (@E OjEBk|—>—) *
(@E T 1JEBk+—> —)Am=#FaARAmM<n}

{((@_ l@k'—>0ék_|_1)*J@Ol—>—>l<
(@nm 1J69k|—> —)Am=#aARAmM<n}
] :=x;
{((Q_ i@kl—>ak+1)*j@OHX*
(@ET 1J€Bk'—>—))/\m—#a/\R/\m<n}
{((@_ IEBkl—>ak_|_1)>l<|€Bml—>x>k
(@nm 1J69kl—> —)Am=#aARAmM<n}

{((OFgi@k— (X)) * i®m— (@xX)mt1 *
(@n m 1JEBk+—> — ) Am=F#aARAmM< n}

{(OF—gi@k— (X)) * (O, i@k (@x),q1) *
(@n m o jOk— =) Am=#aARAmM<n}

{((OP_gi@k— (ax)y1) * (OZT tidk— )
Am+1=#(ax) ARAm<n}

{((OP_gidk— (ax)r1) * (OZ8 ?j@k®1— —))
Am+1=#(ax) ARAm<n}

m:=m-+41;ifj=I4+n—1thenj:=lelsej:=j+1

{((Ofyidk— (@x)p1) * (OIZ8 tiok— —))
/\m— #(ax) A R}



Connecting Two Views of Lists

g1 g2 On
| l l
| — 1 a2 On
ot ot il
|f
list € der emp A i = nil
list (a-cv) i det Jj.i—a,j * list o]
and
listN €1 & emp A i = nil
listN (b-o)i & b= iAT. i+ 1]« listN o],
then

list i < 0. #o = #a A (lstNoi * OF o), > ay).

The proof is by induction on «.



Specifying Subset Lists

We use the following variables to denote various kinds of se-
guences:

« . sequences of integers
B,~ : nonempty sequences of addresses
o . nonempty sequences of sequences of integers.

Our goal is to write a procedure subsets satisfying
def

H

subsets
{list i}

subsets(j; i){a}

{30, 8. ss(a,0) A (Iistai x list 3] * (Q(o,8) A R(B)))},
where

def

HHextyo = H#o
def
(extao); = a-o;
ss(e, o) e, = [€]
ss(a-a, 0) e 557, ss(a, 0') N o = (extao’)-o’
Q(o,8) ¥ #8 = #0 AVE] (list ;5 * true)

R(B) € (Bus = nil Aemp) =

O] ' (Fa,k i <k <#BAB - 2,8,



The Storage Used by subsets
By induction on the definition of ss,
ss(e, o) e, = [€]
ss(a-a, o) e 55 ss(a, ') Ao = (extao’) o,

using #extao = #o':
ss(a, 0) = #o = 27,
By the definition of Q,

Qo,8) ¥ #8 = #0 AVE (list 0; 5, * true),
we have
#0 = #o.
By induction on the definition of list:
list « describes a heap containing #a two-cells,
list 5 describes a heap containing # 3 two-cells.
By the definition of R(3):

R(8) € (Bug = nil Aemp) *

OF 7 (Fa,k. i<k < #BABi— a,B),
and of ©:

R(B) describes a heap containing #3 — 1 two-cells.



The Storage Used by subsets (continued)

Thus the postcondition of the specification of subsets:

{30, 8. ss(a,0) A (listai * list 8) * (Q(o,8) A R(5)))}
describes a heap containing three disjoint parts:

e a list containing #« two-cells (the input list),

e a list containing 2% two-cells,

e a list containing 2% — 1 two-cells.



Some Properties

The predicates

Q(o,8) ¥ #8 = #0 AvE (list ;3 * true)

R(B) déf (ﬁ#ﬁ — nil A emp) =*

OF 7 (Fa,k. i<k < #BAB— a,8)
W(B,7,2) & #y = #8A 0% 4 — a, 3
satisfy

Q([e], [nil]) < true
R([nil]) & emp

W(ﬁavaa) * g'_>aab<:>W(b'ﬁag"Yaa) (1)
Q(o,B) * W(B,v,a) = Q((extac)-c,7:5) (2)
R(B) * W(B,v,a) = R(v-8) (3)

(Q(e,8) NR(B)) * W(B,7,a) = Q((extac)-0,7-8) N R(y-8).



Proofs (1)

W(B,v,a) * g+ a,b
& Hy = H#BA (g|—>a,b * @iﬁvlﬂ’i |—>a,ﬁi)
o #gy = #b8A ((OL,(g7)i— a, (b:8);) *
(o787 (g)it1 — a, (b8)ix1))
& #gy = #bB A0S (g7)i — 2, (b:8);
& W(b-B,g7,2).



Proofs (2)

Let

p() Elisto; 8 q(i) € a8

0E oL a() nE #o.

Then
Q(o,B) « W(B,7,a)
= (#B8=n AV p(i) = true) * (#y = #8A O] q())
= #B=n N F#F#y=n A ((V=1p(i) * true) x O)
= #O=nAFy=nA((Vi. 1 <i<n=p() *x true) *x O)
= #0=n A#F#y=n A Vi. (L <i<n=p(i) = true) * O))
= #0=nAN#y=n A Vi. (1 <i<n= (p(i) * true * O))
= #B=n A #Fy=n AVL,(p(i) * true * O)
= #B=n N F#Fy=n AV (p(i) * true) A
Vv, (p(i) * true x O)
= #B=n N #Fy=n AV (p(i) * true) A
Vi, (p(i) * true x q(i))
= #PB=n N #F#y=n AV (p(i) * true) A
VL, (list oy B; * true * ~; +— a, ;)
= #y=n N #B=n AV, (list o; §; * true) A
ViL_; (list (extac);y; * true)
= #~-0 = #(extao) -0 A
VYO (list ((extao)-0); (v-B)i = true)
= Q((extao)-0,v:0).



Some Details

#OB=nA#y=nA(Vi. 1 <i<n=p(i) * true) * O)
= #B=nA#H#y=n A Vi. (1 <i<n=p(i) * true) = O))
by the semidistributive law for * and V.

#HB=n A #~vy=n A V. ((1 <i<n=p(i) * true) * O))
= #B=n AN#y=n A M. (1 <i<n= (p(i) x true * O))

since ((p=q) * r) = (p= (g * r)) when pis pure.



Proofs (3)

R(B) * W(B,7,a)
= (B4 = nil A emp) *
@,# 17— a, b *
#ﬁ 1(Ela k. i <k < #BAGi— a,b)
= (('y 6)#7,5 = nil A emp) *
OF (Fak. i < #y <k < #vBA (v-B)i— a, (vB)) *
OFLL L Gak i <k <#yBA(1B)i — 3, (18))
= ((v'B)#~.3 = nil Aemp)
O (Fa k. i < k < #1-BA (18) = a, (-B))
= R(v:0).
From (2) and (3), we have

(Q(o,8) NR(B)) * W(B,7v,a)
= (Q(0,8) * W(B,v,a)) AN (R(B) * W(B,7,a))
= Q((extac)-a,v-8) N R(v-B).



A Subsidiary Recursive Procedure

extapp(k; a,i,j) =
if i = nil then k :=j else
newvar b,i’, g in
(b:=[i];i’:=[i—|—1];
extapp(k; a,i’,]) ;
g :=cons(a,b) ; k := cons(g, k))

satisfies
{list B i}

extapp(k; a, i,j){8}
{3y. list Bi * Isegy (k,j) * W(B,7,a)}



since
{list 31}
if i = nil then k :=j else
(3b,i", 8. B="bG A+ b,i * list 3i")}
newvar b, i, g in
(b:=[i];i’::[i—|—1];
{3". B=0bB' A(i—b,i" * list 3')}
{list 3"} ‘
extapp(k; a,i’,j){8'} G=bp
{3y. list BV * Iseg v (k,j) * W(&,v,a)} (*
{35, list 'V * Iseg v (k,]) * W(ﬁ’,w’,a)})
{36,7. B=bp" A
(list (b-B')i * Iseg~' (k,j) * W(B',7',2))}
g :=cons(a,b);
{38',7. B=b-p' A
(list (b-B')i * lseg ' (k,j) * W(b-5',g',2))}
k := cons(g, k)
{38",4". B="Db-0"A
(list (b-B") i * lseg gy (k,j) * W(b-6',g+,3))}
)

{3y. list Bi * Isegy (k,j) * W(B,7,a)}

> 3




The Main Recursive Procedure

subsets(j; i) =
if i = nil then j := cons(nil, nil) else
newvar a, i, in
(a:z[i];i’::[i—l—l];
subsets(j’; i) ;
extapp(j; 2,1, ')
satisfies
{list avi’}
subsets(j; i){a}
{30, 8. ss(a,0) A (Iistai x list 3] *x (Q(o,8) A R(ﬁ)))}
since

{list i}

if i = nil then j := cons(nil, nil) else



{Fa,i,d/. a=aad' A (i a,i’ * listd' ')}

newvar a,i’,j in (a =1[];/:=[+1];
{3a/. a=ad AN(i—a,i x lista’i)}
{list &' '}

subsets(j’; ") {a/}
{30, 8. ss(d, o) A

(lista/i" x list B)) * (Q(o,B) AR(B)))}
{307, 8. ss(a’,0") A

(list o/ ! * list B * (Q(a’,ﬁ’)/\R(ﬁ’)))}}

* (o =a-a/ Nia,i)
J

{3, 0", 3. (oz = a-o/ Ass(d/,0’') A

~~

s Ja

(list (a-a’)i * (Q(o’, 8) AR(B)))) = list 8]}

{list 3"}
extapp(j; a,j’, i) {8}

0

{Fy. listB'j * Iseg v (j, ') » W(B,v,a)}
* (a = a-a/ Ass(a/, o) A

(list (a-a’)i % (Q(o’,8)) AR(3)))) |

{3, 0/, 5. (a = a-a/ Ass(a/,0’) A

(list (a-c/)i * (Q(o’, 8) A R(B)))) =

(Fy. list B')" « Iseg v (j, i) * W(B',v,2))}
{3,0',8",v. a=a-a/ Ass(a-d, (extac’)-c’) A

(Iist (a-a’)i * list (4v-B")] =
(Q((extac”)-o’,v-B) A R(v-8)))})

» 3o/, o, B

{30, 8. ss(a,0) A (Iistai x list B3] * (Q(o,8) /\R(B)))}



Exercise 1

Derive the axiom scheme

m<j<n= (O, p@i)) = (p(j) * true))

from the other axiom schemata for iterating separating conjunc-
tion.



Exercise 2

The following is an alternative global rule for allocation that uses
a ghost variable (v'):
e The ghost-variable global form (ALLOCGG)

{v =1v"Ar}v:=allocate e {(@”_I_e T —) o '}
where v’ is distinct from v, ¢’ denotes e/v — o/, and r’/
denotes r /v — v'.

Derive (ALLOCGG) from (ALLOCG) and (ALLOCL) from (AL-
LOCGG).



Exercise 3

Write an iterative version (in which recursion or, for that matter,
procedures are not used) of the program for subset lists in the
class notes. Since it is natural for efficent iterative programs to
reverse lists, your program will not give exactly the same results
as the one in the notes.

Specifically, you will need to replace the predicates ss and W by

ss'(e,0) e, = [€]

ss'(a-av,0) = e 5. (ss’(oz o) Ao = (extsoc)T-o )

and

W/(B,7,a) = #y = #8A0O%] v — a, (8D



Then your program should contain a nest of two while com-
mands. It should satisfy

{list i}

“Set j to list of lists of subsets of i”

{30,8. sd(al,o) A (list Bj « (Q(o,8) AR(B)))}.
The invariant of the outer while should be

Jo/,a”,0,8. o/T-a” = anss'(a,0) A
(lista”i * list B3] * (Q(o,B) AN R(B))),
and the invariant of the inner while should be
3o/, o, 0,08, 8", . o/Taa =anss(d,0) A
(list a1 * lIseg v (1,j) * Iseg B' (j,m) * list 3" m x
(Q(o,8"-8") NR(B-B")) » W(B',~,2)).

At the completion of the inner while, the assertion

3o/, 0", 0,8,y oTad =anss'(a,o) A
(lista” i x lseg v (I,j) * list 3] *
(Q(o,8") NR(B)) * W(B',7,2))
should hold.



