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1 Outline

In this lecture, we will focus on the exponential runtimes of some NP-Complete problems and discuss several
algorithms that reduce the base of their exponential runtimes. We will focus on algorithms for the problems:

� 3SAT

� 3COLORING

� TSP

Our main focus this lecture is on the exponential growth of our runtimes for solving these problem. For
notation, let O��f� denote the exponential growth of f . For example, O�2nn2� will be abbreviated to O��2n�
as the exponential growth of 2nn2 is dictated by 2n.

2 Exact Algorithms for 3SAT

2.1 Recursing on 3SAT

3SAT is the problem of finding a satisfying assignment of n variables to a collection φ of m clauses, where
each clause consists of a disjunction of 3 literals. For example, the circuit

x3 , �x1 - x3 - x7�´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
clause

,�x2 - x3 - x7� . . .
is an instance of 3SAT. It is not hard to see that 3SAT has a simple O��2n� brute force algorithm, but can
we do better than that? Following the ideas presented in [DP60] on recursion and branching, we can hope
that a recursive algorithm of 3SAT has a good chance of beating the simple brute force method:

Algorithm 1 Recursive-3SAT(φ)

1: Pick a clause C �� �xi - xj - xk�
2: Recurse on Recursive-3SAT(φ, xi � 1)
3: Recursive-3SAT(φ, xj � 1)
4: Recursive-3SAT(φ, xk � 1)

Let T �n� denote the runtime of Algorithm 1. We immediately see that T �1� � 1 and T �n� B 3T �n�1�. Thus
T �n� B 3n, but this recursive approach is no better than the simple brute force /.

If we look more closely into our recursive steps in Algorithm 1, we notice there is a large overlap between the
assignments of Lines 2, 3, 4. If we were more efficient with the way we recursed in Algorithm 1, we can hope
to achieve a better exponential runtime than brute force. We present the modified version of Algorithm 1
due to [MS85].

Algorithm 2 Better-Recursive-3SAT(φ)

1: Pick a clause C �� �xi - xj - xk�
2: Recurse on Better-Recursive-3SAT(φ, xi � 1)
3: Better-Recursive-3SAT(φ, xi � 0, xj � 1)
4: Better-Recursive-3SAT(φ, xi � 0, xj � 0, xk � 1)
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And indeed we achieve a better runtime in Algorithm 2 than brute force.

Claim 6.1. The runtime of Algorithm 2 is O��1.83n�.
Proof. Let T �n� denote the runtime of solving 3SAT for n variables. From the recursive calls in Algorithm 2,
we deduce the runtime recursive formula

T �n� B T �n � 1� � T �n � 2� � T �n � 3� �O�n� (6.1)

Solving the recursive formula 6.1, we deduce the upper bound T �n� > O��αn� where α is a real number that
satisfies α3 � α2

� α � 1. The exact value of α comes out to be α � 1.83.

There is a homework problem that reduces this exponent from 1.83 to 1.65. While these changes seem minor,
they make a substantial difference in real life from 20 literals to 25 literals.

2.2 Using Randomization

Next, we present here a randomized algorithm for solving 3SAT due to [Sch99]. Before presenting the
algorithm, let’s first present one idea that will motivate our randomized algorithm. Consider all possible
solutions �0,1�n of our 3SAT instance. Construct a graph G on the set �0,1�n such that two strings are
connected if and only if they differ at one position. The goal for 3SAT is to find a vertex in G that satisfies
our 3SAT instance. A simple graph searching approach is to simply explore all potential solutions in a BFS
fashion. The BFS algorithm will go as follows:

Algorithm 3 BFS3SAT(φ)

1: s� 0
2: while φ�s� unsatisfied do
3: for clause C � xi - xj - xk in φ�s� do
4: if C unsatisfied then
5: x � �xi, xj , xk� uniformly
6: s� s�x� P s�x� is the same as s but with literal x flipped
7: end if
8: end for
9: end while

0

�000 . . .010 . . .0�

�00000 . . .10 . . .0�

�0 . . .00100 . . .00�

3t

Figure 6.1: The BFS search at 0. Here, t is the number of ones in a�.
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The running time of Algorithm 3 is 3t, where t is the number of 1’s in the the 3SAT instance’s solution.
Obviously, when t � n, this run time is terrible. Is there a way to amend the runtime?

The worst running time 3n happens when the solution is 1. Our BFS search algorithm will take forever
to reach the other side of the graph G and begin searching there. Rather than waiting until it the search
reaches there, let’s have the other side to its own search. More succinctly, instead of just running a BFS at
the string 0, let’s run BFS at both 0 and 1! As it turns out, this simple adjustment brings the running time
down to 2 � 3n~2 � O��3n~2� � O��1.73n�.
The deterministic approach of Algorithm 3 captures the essential idea of the randomized algorithm in [Sch99].
Simply fixing one starting assignment and BFSing the whole time from there, let’s randomly pick one starting
assignment a0 and inspect for a solution nearby it. If that fails, then select another starting assignment and
search around it for a solution. Formally, the algorithm is presented as follows:

Algorithm 4 BFSRandom3SAT(φ)

1: a0 � �0,1�n uniformly
2: for n

2 steps do
3: for clause C � xi - xj - xk in φ�a0� do
4: if C unsatisfied then
5: x � �xi, xj , xk� uniformly

6: a0 � a
�x�
0 P a

�x�
0 is the same as a0 but with literal x flipped

7: end if
8: end for
9: if φ�a0� satisfied then return ”YAY”

10: else Continue
11: end if
12: end for

Now we need to determine the probability P�Algorithm 4 finds a satisfying assigment�. Suppose a� is a
satisfying assignment.

Claim 6.2. The success probability of Algorithm 4 is at least P�Success� C 1
2 �

�1
3
�n

2

Proof. Since the starting assignment a0 is randomly selected, then P�a0 agrees with a� on at least n
2 bits� �

1
2 Moreover, an unsatisfied clause C in Line 4 has one literal that disagrees with the satisfying assignment
a�. The chance that our uniform flipping at Line 6 will flip the disagreed upon literal is 1~3. Hence
P�Increasing my agreement with a�� C

1
3 . The chance of φ�a0� satisfied after n

2 steps is thus at least 1
2 �

�1
3
�n

2 .

By Claim 6.2, the running time of Algorithm 4 will be O��º3
n� � O��1.73n�. Is the best bound we would

obtain for the running time? Could we improve the bounds in our analysis to show a better bound on the
running time?

2.3 Improving our Analysis

Suppose a0 was at a Hamming distance t from a�. That is, a0 differs from a� at t positions. Then we succeed

in one iteration with probability C �1
3
�t. Moreover, we can see that P�a0 and a� have Hamming distance t� �

�n
t
�~2n. Thus

P�Success� C Pnt�1 �nt� � �13�
t

2n
�
�1 � 1

3
�n

2n
� �2

3
�n

And hence we have shown the following claim.
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Claim 6.3. The success probability of Algorithm 4 is at least P�Success� C �2
3
�n

Claim 6.3 shows a better upper bound on the running time of Algorithm 4. Namely, our more accurate
analysis shows that we have a O��1.5n� running time. (This improved upper bound on the running time of
Algorithm 4 is due to Zyamicheal-Hesh?) With Claim 6.3, we have shown a stronger bound on the runtime
of Algorithm 4, but we still aren’t sure if it’s the best bound we could give. We can still in fact prove a
stronger bound by improving the success probability’s lower bound.

2.4 Papadimitriou

The next analysis, which will give the best known lower bound for the success rate of Algorithm 3 is motivated
by an idea of [Pap91], which used this idea to give a polynomial-time algorithm for 2SAT. Here is a question:
How long does it take to hit 0 with an unbiased random walk from n

2 ? An analysis of Papadimitriou shows
that E�time to hit 0� � O�n2�.

0 n
2

n

1
3

2
3

Figure 6.2: A random walk from n
2 to 0 with a 1

3 chance of going left and a 2
3 chance of going left.

We will follow Papadimitriou’s principle in our next analysis to prove the following claim.

Claim 6.4. The success probability of Algorithm 4 is at least P�Success� C �3
4
�n

Proof. Suppose I walk for 3t steps. The chance we will hit zero within 3t steps is

P�Success� C �3t

t
��1

3
�2t �1

3
�t

Using Stirling’s Approximation, which states the factorial approximation n! � �n
e
�nº2πn, we reduce the

success rate lower bound to

�3t

t
��1

3
�2t �1

3
�t � Θ� 1º

t
� �3t�3t
�2t�2ttt � �

1

3
�2t � �1

3
�t � Θ� 1º

t
�2�t

And so

P�Success� � �1 � 1
2
�n

2n
�
Θ�1�º
n

� �3

4
�n

Which shows a running time of O��1.33n�. This run time is considered to be quite fast in comparison to
the run time of the best 3SAT algorithm out there, which is O��1.31n� [HMS10].
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3 Exact Algorithms for 3COLORING

3.1 Simply Brute Forcing

Given a graph G with n vertices and m edges, the 3COLORING problem is the computational problem of
coloring the vertices of G with 3 colors such that no edge is monochromatic. That is, no two vertices of the
same color are neighbors of each other.

The easy brute force algorithm is to try all 3n possible 3-colorings and checking if any of them forms a
proper coloring. The runtime for brute force is O��3n�. By being more clever, we can improve the brute
force runtime by using spanning trees as follows:

Algorithm 5 Spanning-Tree-3COLORING(G)

1: Run DFS(G)
2: T � spanning tree of DFS(G)
3: S � all possible colorings on T
4: for coloring c > S do
5: if c is a proper coloring of G then return c
6: end if
7: end for
8: return None

Claim 6.5. Algorithm 5 has running time O��2n�.
Proof. There are 3 � 2n�1 possible colorings of T . The first vertex has 3 choices and every other vertex has 2
choices. Thus the loop at Line 4 iterates O��2n� times.

Figure 6.3: A spanning tree T in our graph G.

3.2 Using Independent Sets

Rather than enumerating over the colorings of the spanning tree T , we can enumerate over all possible
independent sets A (which is B 2n) and check if G�V �A� is 2-colorable. The running time is O��2n�, which
is as good as Algorithm 5.

In our independent set algorithm, was it necessary to check all possible independent sets? By the Pigeonhole
principle, we know that one of one of the 3 independent sets has size B

n
3 . The number of such independent

sets is

�# IS of size at most n~3� B Q
iBn~3

�n
i
� B �1.89�n

5



And so by enumerating over all these independent sets and 2-coloring over the remaining vertices, we obtain
the following claim.

Claim 6.6. 3COLORING can be solved in O��1.89n� runtime.

But in fact we do not need to enumerate over all possible independent sets of size at most n
3 vertices. We

use the following theorem to improve our runtime.

Theorem 6.7 ( [MM60], [MM65]). For any graph G with n vertices, there are at most 3
n
3 maximal

independent sets. Moreover, we can enumerate them in O��3n
3 �.

By using Theorem 6.7, we obtain a runtime for 3COLORING of O��2n
3 � � O��1.45n�.

Claim 6.8. 3COLORING can be solved in O��1.45n� runtime.

4 The Exponential Time Hypothesis

There are even further algorithms for 3COLORING with runtimes of O��1.33n� and O��1.31n�. However,
we believe these improvements will eventually stop due to the so-called Exponential Time Hypothesis [ETH]

Conjecture 1 (Exponential Time Hypothesis (ETH)). There exists ε A 0 such that there is no algorithm
for 3SAT that runs in 2εn time.

There is also the stronger version of ETH called the Strong Exponential Time Hypothesis [SETH].

Conjecture 2 (Strong Exponential Time Hypothesis (SETH)). Define the sequence of values Sk �� inf�δ �
there exists a O��2δn� time algorithm for k-SAT�. Then the limit of this sequence tends to 1 as k tends to
infinity. That is, limk�ª Sk � 1.

The ETH has strong implications for whether some problems belong to FPT or not. One notable example
is the k-CLIQUE problem.

Theorem 6.9. Assuming ETH is true, then k-CLIQUE ¶ FPT .

4.1 k-CLIQUE

The relation between k-CLIQUE and 3COLORING is

Theorem 6.10. If k-CLIQUE > FPT , then 3COLORING has a 2o�n� time algorithm.

This further proves that 3SAT has a 2o�n� time algorithm, which implies that ETH is false. We won’t delve
further into this part during this lecture.

Proof. By our assumption, we have an FPT algorithm of k-CLIQUE that runs in f�k�nc time. Given an
instance G � �V,E� of 3COLORING, partition the vertex set V into disjoint sets V1, . . . , Vk of size n~k
each. Let Ui be the set of all possible 3n~k 3-colorings on the induced graph G�Vi�. We construct a new
graph H on the sets U1, . . . , Uk where we connect any two colorings in the graph H when they are consistent
with each other.
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Colorings of G�V1�

U1 U2 Uk

Figure 6.4: Our constructed graph H consisting of all possible colorings on �V1, V2, . . . , Vk�.
Claim 6.11. The graph G has a proper 3-coloring if and only if H contains a k-clique.

Proof. The graph G has a proper 3-coloring if and only if there are colorings for each set V1, . . . , Vk such
that they are simultaneously consistent. From the definition of the graph H, this is equivalent to having
a k-clique in H with vertices c1, . . . , ck such that ci > Ui. Since no two colorings in the same group Ui are
connected to each other, all such k-cliques in H are of the same form as the k-clique c1, . . . , ck.

By Claim 6.11, solving 3COLORING G is equivalent to just solving k-CLIQUE on H. The time to
construct our graph H is O�N3� time, where N �� k � 3n~k. The runtime for running k-CLIQUE will be

F �k� �N c
� f�k� � kc � 3nc

k

Letting ε �� c
k , we see the runtime comes out to be f � cε� � � cε�c 3εn. Since k can be of any choice, we can

choose ε to be as small as we want.
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