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1 Vertex Cover on Hypergraphs

We define a d-regular hypergraph H = (V,F) where F is a family of subsets of V of size d. The
vertex cover problem on hypergraphs is to find the smallest set S such that every edge X ∈ F
intersects S at least once.

We parameterize the vertex cover problem by size of the optimum solution. Then the parameterized
version of the problem is given a hypergraph H and an integer k, does H have a vertex cover of
size k?

We will now give a dkpoly(n) algorithm that solves the vertex cover problem and a O(d2d!kd) kernel
for d-regular Hypergraph Vertex Cover problem.

1.1 An algorithm for Hypergraph Vertex Cover

The algorithm is a simple generalization of the 2kpoly(n) algorithm for vertex cover over graphs.
We pick any edge, then branch on the vertex on this edge which is in the vertex cover.

Algorithm 1 VertexCover(H = (V,F), k)

1: if k = 0 and |F| > 0 then
2: return ⊥
3: end if
4: Pick any edge e ∈ F .
5: for v ∈ e do
6: H ′ = (V \ {v},F \ {f ∈ F : v ∈ f})
7: if VertexCover(H ′, k) 6=⊥ then
8: return {v} ∪VertexCover(H ′, k − 1)
9: end if

10: end for
11: return ⊥

Note that the recursion depth of this algorithm is k, and we branch on at most d points inside
each call. Therefore, total size of the recurrence tree is dk. Hence, this algorithm terminates in
dkpoly(n) time, where n = |V | + |F| is size of the input. We think of d as a fixed constant, and
hence |F| ∈ poly(|V |).
Further, if this algorithm returns a set S, then the set F \ {f ∈ F : f ∩ S 6= ∅} is empty. And
therefore, S hits all the edges. Therefore, if an algorithm returns a set, then it is a vertex cover of
size less than k.

Now we need to show that if H has a vertex cover of size ≤ k, then the algorithm above finds it.
We will do this by induction. The base case k = 0 is handled in the algorithm. Assume that the
algorithm works correctly for all t < k. Let S be a vertex cover of H with |S| ≤ k. Then for any
edge e ∈ F , S ∩ e 6= ∅. Let v ∈ S ∩ e. Therefore, the graph H ′ = (V \ {v},F \ {f ∈ F : c ∈ f})
has vertex cover S \{v} of size less than k−1. By induction hypothesis, VertexCover(H ′, k−1)
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Figure 3.1: A (k + 1)-sunflower.

correctly finds a vertex cover of H ′ of size at most k − 1. Since the algorithm returns {v} ∪
VertexCover(H ′, k − 1) or something better, it finds a vertex cover of size at most k for H
correctly.

1.2 Kernel for Hypergraph Vertex Cover

The kernel presented here is based on Sunflower Lemma. First, we define what a sunflower is

Definition 3.1. A family of sets S1, . . . , Sk+1 is called a k + 1-sunflower if and only if for all i, j

Si ∩ Sj =

k+1⋂
t=1

St

Note that if
⋂k+1

t=1 St is empty, then k + 1-sunflower is set of k + 1 disjoint sets/edges. This in
particular implies that F doesn’t have a vertex cover of size k.

Lemma 3.2 (Sunflower Lemma). [ER60] Let k ≥ 2 and F be a family of sets such that each
element of F has size d. Then if |F| > d! · kd, then F contains a k + 1 sunflower.

Proof. We will induct on d. If d = 1, then we want to find k + 1 distinct sets in F , since any two
sets in F would be disjoint. This holds when F > k. This covers the base case.

Greedily pick disjoint sets from F . If we can find k + 1 such sets, then we get a k + 1-sunflower.
Therefore, suppose this process stops after picking l ≤ k sets, say T1, . . . , Tl. Then

⋃l
i=1 Ti = T

has size at most ld ≤ kd, and every set in F intersects T . Since |F| ≥ d! · kd, there is an element v
which is contained in at least |F|/ld > (d− 1)! · kd−1 sets.

Let G = {X \{v} : X ∈ F , v ∈ X}. Note that each set in G has size d−1. Since |G| > (d−1)! ·kd−1
G contains a k + 1-sunflower by induction hypothesis. Let S1, . . . , Sk+1 be a k + 1-sunflower in G,
then S1 ∩ {v}, . . . , Sk+1 ∩ {v} is a k + 1-sunflower in G, which completes the induction step.

Note that we can compute T and G in O(k|F|) time. Then we have to solve a smaller problem
where value of d is dropped by 1. Therefore, we can actually find a sunflower in O(dk|F|) time.
This also proves the lemma below.

Lemma 3.3. If |F| > d! · kd then we can find k + 1-sunflower in poly(|V |, |F|) time.
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The known lower bound for sunflower lemma is cdkd for some constant c where d is size of the sets
in the family F . Erdős and Rado conjecture in [ER60] that upper bound should in fact be c(k)d

for some constant c(k) that depends only on k.

A recent improvement on sunflower lemma managed to get the upper bound down.

Lemma 3.4 (Improved Sunflower Lemma [ALWZ19]). In the same setting as the Sunflower Lemma,
if |F| > (log d)d((k + 1) · log log d)O(d) then F contains a sunflower.

Now we use the sunflower lemma to get a kernel for Hypergraph Vertex Cover problem

Theorem 3.5 ([CFK+15], Theorem 2.26). d-regular Hypergraph Vertex Cover admits a
kernel with at most d! · kd sets and at most d! · kd · d2 elements.

Proof. Let H = (V,F) be the hypergraph. We will relax the condition that each set in F has size
d, and only insist that each set in F has size ≤ d.

First we observe that if F contains a sunflower {S1, . . . , Sk+1}, then every vertex cover T of size
≤ k must intersect the core Y =

⋂k+1
t=1 St. If T does not intersect S, then it must intersect St \ Y

for all t. Since these sets are disjoint, that would imply that |T | ≥ k + 1, which is a contradiction.

For the reduction, we do the following: If F > d! · kd, then we find a k + 1-sunflower using the
sunflower lemma. Let S1, . . . , Sk+1 be the sunflower with core Y . Then we return the instance
H ′ = (V ′,F ′) where V ′ = V \ (

⋃k+1
t=1 Si \ Y ) and F ′ = (F ∪ {Y }) \ {S1, . . . , Sk+1}. This process

continues as long as |F| > d! · kd. The argument in paragraph above implies that the old instance
had a vertex cover of size ≤ k if the new instance has a vertex cover of size ≤ k, and any vertex
cover of the new instance is a vertex cover of the old instance. Therefore, the two instances are
equivalent.

At each step, we are decreasing |F|, as long as k ≥ 2. Therefore, the process eventually terminates.
Suppose process ends with H = (V,F), then by sunflower lemma, number of sets with size exactly
d′ ≤ d in F is less than d′! · kd′ . And hence |F| ≤ d! · kd · d.

Now we throw away all the vertices v that are not in any edge. Since each element in F contains
at most d elements, number of elements left is at most d! · kd · d2. Hence, the final instance has size
at most O(d! · kd · d2), giving us the required kernel.

2 Hitting Set and FPT reductions

The Set Cover or Hitting Set problem is very similar to Hypergraph Vertex Cover prob-
lem. Only difference is that now we remove the constraint that all edges have fixed constant size
d. More precisely, the problem is

Given a set V and F ⊂ P(V ), is there a set S ⊂ V such that |S| ≤ k and S ∩X 6= ∅ for all X ∈ F .

The branching algorithm may need to branch into n different branches at each point, and hence
takes nk time, which is worse than

(
n
k

)
runtime of the brute force algorithm. In fact, nothing much

better is known. We strongly believe that there are no FPT algorithms to solve the Hitting Set
problem. The main reason for this is that Clique can be reduced to Hitting Set by an FPT
reduction.

Clique ≤FPT Hitting Set

In fact, there is a whole hierarchy of complexity classes which “classifies” the hardnesss of the
problem in FPT sense. These classes are called W [0],W [1], . . .. The class W [0] contains all the
problems that are solvable in FPT time. We will formally define all the classes later in the course.
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It turns out that Clique is the W [1]-complete, and Hitting Set is W [2]-complete. Therefore,
and FPT algorithm for Hitting Set would imply W [0] = W [1] = W [2], which we believe to be
false. This belief is actually independent (rather not known to be dependent) of the belief that
P 6= NP, that is we have not proved P 6= NP implies W [0] 6= W [1].

Definition 3.6 (FPT reduction). φ : Σ∗ ×N → Σ∗ ×N is called a FPT reduction from A to B
(A ≤FPT B) if and only if

1. (x, k) ∈ A⇔ φ((x, k)) ∈ B

2. There exists a computable function g : N→ N such that if φ((x, k)) = (y, k′) then k′ < g(k)
for all x, k.

3. φ can be computed in f(k)|〈x, k〉|c time. Where |〈x, k〉|, the length concatenation of repre-
sentation of x and k, is the total input size.

(iii) and (ii) imply that if A ≤FPT B and B ∈ FPT then A ∈ FPT. Suppose we have an algorithm
that solves instance (y, k′) of B in time h(k′)|〈y, k′〉|c′ , then we can solve an instance of A in time
h(g(k))(|〈x, k〉|c + f(k)c

′ |〈x, k〉|cc′ ≤ h(g(k))f(k) · |〈x, k〉|cc′+O(1) by converting it to an instance of
B using the reduction. Therefore, A ∈ FPT.

Remark 3.7. Vertex Cover and IndSet (Independent Set) have a trivial polynomial time
reduction, since a graph has vertex cover of size k if and only if its complement has an independent
set of size n − k, but this is not an FPT reduction, since n − k is not a bounded by any function
of k and depends on n as well.

Theorem 3.8. (Theorems 13.5 to 13.9 in [CFK+15])

Clique ≤FPT Multicolored Clique ≤FPT Hitting Set

The Multicolored Clique problem is defined as follows: Given a k-partite graph, does it have
a k-clique? We parameterize the problem by k.
Note that since graph is k-partite, we must have one vertex in every part.

Proof. First, we will give the reduction Clique ≤FPT Multicolored Clique. The reduction
map is given by

〈G = (V,E), k〉 7→ 〈H = (V1 q . . .q Vk), Ẽ, k〉

where Vi = V × {i}, and {(v1, i), (v2, j)} ∈ Ẽ if and only if {v1, v2} ∈ E and i 6= j. Here q denotes
the disjoint union.

The map can clearly be computed in poly(n, k) time and k′ = k. Therefore, this reduction satisfies
the requirements (ii) and (iii). We only need to show that (i) holds as well. If G has as clique
{v1, . . . , vk} then (vi, i) and (vj , j) are connected by an edge by definition of Ẽ. Therefore, the set
{(v1, 1), . . . , (vk, k)} is a clique in H. On the other hand, if {(v1, 1), . . . , (vk, k)} is a clique in H,
then {vi, vj} ∈ E for all i 6= j. This implies that {v1, . . . , vk} forms a k-clique in G. Hence, two
instances of corresponding problems are equivalent and hence (i) also holds, making this a valid
FPT reduction.

Now we will reduce Multicolored Clique into Dominating Set, which is a special case of the
Hitting Set problem.

The Dominating Set problem is defined as follows: Given a graph G = (V,E) is there a set
S ⊂ V of size k such that for all v /∈ S, ∃u ∈ S such that {u, v} ∈ E?
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Note that a set S ⊂ V satisfies this condition if and only if S ∩ (N(v) ∪ {v}) 6= ∅ for all vertices
v ∈ V , where N(v) is the set of neighbors of v. Hence, Dominating Set is a special case of
Hitting Set problem. That is, Dominating Set ≤FPT HItting Set.

Hence, it suffices to show that Multicolored Clique ≤FPT Dominating Set. The reduction
map is given by

〈G = (V1 q . . . Vk, E), k〉 7→ (H, k′ = k)

where H is constructed from empty graph as follows:

1. For each i, add a copy of Vi to H, and add every edge inside this set to H.

2. For each i, add two new vertices pi, qi and connect them to every vertex in Vi.

3. For each pair e = {u, v} /∈ E, where u ∈ Vi and v ∈ Vj add a vertex we, and add edges
{we, w} for all w ∈ Vi \ {u} and for all w ∈ Vj \ {v}.

The graph H can be constructed from G in poly(n) time. Further, k′ = k. Therefore, (ii) and (iii)
hold. We just need to show the correctness of the reduction.

Suppose there is a k-clique {v1, . . . , vk} ⊂ G. Then each vi must belong to a different Vj . Let’s
assume that vi ∈ Vi. Then {v1, . . . , vk} is a dominating set for H. For every u ∈ Vi \ {vi}, {u, vi} is
an edge in H. For each i, {pi, vi} and {qi, vi} are edges in H. And for any we ∈ H, where e = {u, v}
with u ∈ Vi and v ∈ Vj , either vi 6= u or vj 6= v since e is a non-edge. Suppose u 6= vi, and hence
we is connected to vi. Therefore, the set {v1, . . . , vk} dominates all the vertices in H, and is a valid
dominating set of size k.

On the other hand, if S is a dominating set in H of size k, then S either contains a vertex from Vi
or S contains both pi, qi as it needs to hit the neighbor set of pi and qi. Therefore, S has size at
least k. But, since S has size exactly k, it cannot pick both pi, qi for any i. Hence, S must contain
exactly one element from each Vi. Further, if there are u, v ∈ S such that u ∈ Vi, v ∈ Vj and
e = {u, v} is a non-edge in G, then neither u nor v are connected to we in H. As we is connected
only to the vertices in Vi and Vj , this implies that we is not dominated by S. Therefore, for all
u, v ∈ S, {u, v} is an edge in G. Therefore, S forms a k-clique in G. This proves the other direction
for the correctness of the reduction.

Hence this is a valid FPT reduction.
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[ER60] Paul Erdős and Richard Rado. Intersection theorems for systems of sets. Journal of the
London Mathematical Society, 35(1):85–90, 1960. 3.2, 1.2

5


	Vertex Cover on Hypergraphs
	An algorithm for Hypergraph Vertex Cover
	Kernel for Hypergraph Vertex Cover

	Hitting Set and FPT reductions

