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Counting binary trees
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Solving with Generating Functions

Q= Qg+ Q,, k=2
ao:o, 01:1
We assume that f(x) is a generating
function

fx)= iakxk




a,=a4+ta,,, k=2

What are the generating
functions for sequences

Ak, k-1, Qg2
whenk=2,3,4,.?

fx)= iakxk

What is the generating function
fora,,k=2,3,...?

k _ 2 3 4
Zakx =(a,x"+a,x" +a,x" +...)
k=2

=(a, +a,x+a,x" +a,x’ +...)— (a, + a,x)
= f(x)—(a,+a,x)
= f()-x

K 2 3 4
Zak_lx =(a;x"+a,x” +a;x" +...)

k=2

What is the generating function
fora,,k=2,3,...7

= x(a,x+a,x" +a;x’ +...)

= x(a, + a,x+a,x> +a,x’ +...)

= xf (x)

What is the generating function
fora,,, k=0,1,2,...7?

k _ 2 3 4
Zak_zx =(a,x"+ax +a,x +...)
k=2

=x"(a, +ax+a,x’ +...)

=x"f(x)




Solving with Generating Functions

Qe=0q 1+ 0a,, k>1
GO:O, 01:1

In terms of generating functions

f=x=xf(x)+x"f(x)

ag=ag tag,

fx)=x=xf () +x° f(x)
fOI=-x-x")=x

flo)=—=
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F,+ Fx+ Ex’ +...

Simple Transformations

If f(x) is a generating
function for q,, then

Qg > X f(x)

ayp -> X% f(x)




ay=2, a;=4,0,=31
a,=4a, +3q, ,-18q, 5
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% Find a GF for

iakxk =77
k=0

To=1, T4=1,
0 To=To T+ Ty Tt 4T, Ty

g Counting binary trees

To=1,T,=1,
Tn = TO Tn-1 + T1 Tn—2+"°+Tn-1 TO

Let f(x) be a generating function

Jx)= iTHX”

Then summing-up the above recurrence,

yields o
f=1+> Q. T,T,  )x"

n=1 k=0

Power series multiplication

Let us multiply formal power series

P(X) = ag + ay X +a, X% + ...
q(x) = by + byx + b, x2 + .

P(x)q(x) = agbg + (agby+ajbg) x +
(00b2+01b1+02b0) X2+,




To=1, Ty=1,

Power series multiplication T, =Ty Ty + Ty Togt 4Ty Ty

If o n—1
- - f(x)y=1+> Q. T,T, . )x"

p(x)ZZanx" q(x):anx" n=1 k=0
n=0 n=0 f(x) =1+ Z (Z Tan_k)xn+l

then n=0 k=0

P(X)CI(X)ZZ(Zakbn_k)x” f(x)=1+ x(zo T, x" ) Z::O T, x")
=0 k=0 F e

To=1, T4=1, : :
T =Ty Ty # Ty Togh tToy T Counting Binary Trees
1-1-4x _

f)=1+x f(x)* > iTnx”

f(x)zli\/1—4x g
2x




Applying some calculus...

téj 1
Catalan
Numbers

Newton’s Binomial Theorem

1-4x =(1+(—4x))"* = i[ J—4)k

k=0

1

Newton’s Binomial Theorem

n n! n(n D...n—k+1)
k k'(n k)' k!




Proving ldentities

Use generating functions to
show that

5100

o\ k n
Consider the right hand side

=[x"](1+x)*"
n

£

Use the binomial theorem to obtain

A+ =( " [+ " et " ey
X = O 1x nx

What is the coefficient by x"?

+ Solving recurrences via GFs
+ Power series manipulations
+ Proving identities via GFs

Study Bee




