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Algebraic Structures:
Group Theory

Lecture 15 (October 12, 2010)

Number Theory
Naturals Integers Z,
closed under + closed under + closed under +,
atb = b+a a+b = b+a at,b=b+,a

(atb)+c = a+(b+c) (atb)+c=a+(b+c) (a+,b)+,c=a+, (b+.C)

a+0=0+a=& a+0 =§-a a+,0=0+ a

Number Theory
Matrices Integers Z,
closed under + closed under + closed under +,
A+B = B+A a+b =b+a at,b=b+, a
(A+B)+C = A+(B+C) (a+b)+c = a*+(b+c) (a+,b)+,c=a+, (b+.c)

A+ =l )  a+0=0+a

at,0=0+,a

A+(-A) =0 a+(-a)=0 a+, (-a)=0
closed under * closed under *  closed under *,
ditto (atb)*c=a*c+b*c  ditto

dit 1/a may not exist ditto
Atg bk plpchs

a+(-a)=0 at,(-a)=0
Number Theory
Invertible Mstrices Rationals Z, (n prime)
[

closed under + closed under + closed under +,
A+B = B+A atb = b+a at,b=b+ a
(A+B)+C = A+(B+C) (at+b)+c = a+(b+c) (a+,b)+,c = a+,(b+,c)

A+0 =0+A a+0=0+a at,0=0+,a
A+(-A)=0 at(-a)=0 at,(-a)=0
closed under * closed under *  closed under *,
ditto (atb)*c =a*ctb*c  ditto

ditto 1/a existsif a= 0 ditto

Abstraction:
Abstract away the inessential
features of a problem
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Today we are going to
study the abstract
properties of binary
operations
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Rotating a Square in Space

Imagine we can
pick up the
square, rotate it
in any way we
want, and then
put it back on
the white frame

WehoilV neang tliffetbas ev@ys ationse
qallicith s ysyuwmtriescl dhdlsetravmae?

Symmetries of the Square
Ysa = {Ro, Rgg, R1gos R270, F, F_, F , F }

R90 R1 80 R270 RO
F F_ F, Fo
Composition

Define the operation “¢” to mean “first do
one symmetry, and then do the next”

For example,
Rg * Rigo means “first rotate 90°
clockwise and then 180°”

=Rz70

F e Ryy  means “first flip horizontally
and then rotate 90

=F

Question: if a,b € Ygq, doesaeb € Ygo? Yes!

RO R90 R1 80 R270 F| F I:/ F\

Ry Ro | Reo |Rigo|Raro| F, | F F [ FS

F\ F\ I:I F/ F_ R90 R270 R180 RO




THOOTHHD
LHOQTHOO

How many symmetries for n-sided body? 2n
Ry, Ry, Ry, oo, Ry
Fos Fqs Foy oony Frg
R R; =Ry R F;=F;

FR = Fp, F.F,=R;
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Some Formalism

If Sisaset,SxSis:
the set of all (ordered) pairs of elements of S
SxS ={(a,b)]acsSandb e S}

If S has n elements, how many elements
does S x S have? n?

Formally, e is a function from Ygq x Ygq to Ygq
*:Ysqx Ysq— Ysa

As shorthand, we write ¢(a,b) as “a ¢ b”

Binary Operations

“e” is called a binary operation on Ygq

Definition: A binary operationon asetSisa
function ¢ : Sx8 — S

Example:

The function f: N x N — N defined by
o) =xy+y 9y / X+

is a binary operation on N

nws(ic\\»{g ﬂ*‘"” \\dm'

Associativity

A binary operation ¢ on asetSis
associative if:

for all a,b,ccS, (aeb)ec=ae(bec)

Examples:

Is f: N x N — N defined by f(x,y) = xy +y
associative?

(ab+ b)c+c=a(bc +c)+ (bc+c)? NO!

Is the operation ¢ on the set of symmetries
of the square associative? YES!

Commutativity
A binary operation ¢ onasetSis
commutative if
Foralla,bcS, aeb=bea
Is the operation e on the set of symmetries
of the square commutative? NO!

Rgo ° Fl * Fl L Rgo

Identities
R, is like a null motion
Is this true: Va € Ygq, aeR;=R,ea=a? YES!
R, is called the identity of e on Ygq
In general, for any binary operation ¢ on a set
S,anelemente € Ssuchthatforalla e S,

eesa=aee=a
is called an identity of ¢ on S
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Inverses

Definition: The inverse of an element a € Ygq
is an element b such that:

aeb=bea=R,

Examples:
Ry inverse: Ry7q

R,go inverse: R,g,

F, inverse: F,

Every element in Ygq
has a unique inverse

Ro Reo Rigo Rye F F_ F, F(

RO RO R90 R180 R270 FI F_ F/ F\

R90 R90 R180 R270 RO F\ I:/ F| F_

Groups

v
A group G is a pair (S,¢), where S is a set

and ¢ is a binary operation on S such that:

& S0 daoeh vl &

1. ¢ is associative

2. (Identity) There exists an element
e € S such that:
esa=aee=a, forallac S

3. (Inverses) For every a € S there is
beSsuchthat: aeb=bea=e

Commutative or “Abelian” Groups

If G=(S,¢)and ¢ is commutative, then
G is called a commutative group

remember,
“commutative” means
aeb=bea foralla,bin$S

To check “group-ness”

Given (S, )
1. Check “closure” for (S, ¢)

(i.e,forany a,bin S, checka ¢ balsoinS).

2. Check that associativity holds.
3. Check there is a identity

4. Check every element has an inverse




Some examples...
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Examples
Is (N,+) a group?
Is N closed under +? YES!
Is + associative on N? YES!
Is there an identity? YES: 0

Does every element have an inverse? NO!

(N,+) is NOT a group

Examples
Is (Z,+) a group?
Is Z closed under +? YES!
Is + associative on Z? YES!

Is there an identity? YES: 0

Does every element have an inverse? YES!

(Z,+) is agroup

Examples
Is (Odds,+) a group?
Is Odds closed under +? NO!

Is + associative on Odds? YES!

Is there an identity? NO!

Does every element have an inverse? YES!

(Odds,+) is NOT a group

Examples
Is (Ysq, ) a group?
Is Ygq closed under ¢?  YES!
Is e associative on Ygq? YES!
Is there an identity? YES: R,
Does every element have an inverse? YES!
(Ysq, ®) is a group

the “dihedral” group D,

Examples

Is (Z,,+,) a group?
(Z, is the set of integers modulo n)

IsZ, closed under +,? YES!
Is +, associativeonZ,? YES!

Is there an identity? YES: 0

Does every element have an inverse? YES!

(Z,, *,) is a group




10/12/2010

Examples

Is (Z,,*,) a group?
(Z, is the set of integers modulo n)

Is *, associative on Z,? YES!

Is there an identity? YES: 1

Does every element have an inverse? NO!

(Z,, *,,) is NOT a group

Examples

Is (Z,*, *,) a group?

(2, is the set of integers modulo n
that are relatively prime to n)

Is *, associative on Z * ? YES!

Is there an identity? YES: 1

Does every element have an inverse? YES!

(Z,%,*,) is a group

’Z (Z,%) No inverses...

Q (Q,*) Zero has no inverse...

the rationals

(Q\ {0}, ®) Yes

Groups

A group G is a pair (S,¢), where S is a set
and ¢ is a binary operation on S such that:

1. ¢ is associative
2. (Identity) There exists an element
e € S such that:

esa=aee=a, forallac S

3. (Inverses) For every a € S there is
beSsuchthat: aeb=bea=e

Some properties of groups...

Identity Is Unique

Theorem: A group has at most one identity
element

Proof:

Suppose e and f are both identities

of G=(S, )

Thenf=eef=¢e |

= exactly one identity
We denote this identity by “e”
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Inverses Are Unique Cancellation
Theorem: Every element in a group has a Theorem:If a e b=a ¢ c,thenb=c
unique inverse
Proof: Proof@fl) $eov) - @ @ (&00}
Suppose b and c are both inverses of a 2 C“/\ o 0.3 2 b - Q’C‘ ba) s
Thenb=bee=be(aec)=(bea)ec=c

n e e <« QL
2 b =C

Order of a group
A group G=(S, ¢) is finite if S is a finite set

Define |G| = |S] to be the order of the group (i.e.
the number of elements in the group)

What is the group with the least number of

Orders and generators elements? G=({e},¢)wheree ¢ e=¢

How many groups of order 2 are there?
e f

ele|f 3

flfle %,QQ,

o

Generators

A setT c Sis said to generate the group G = (S, ¢)
if every element of S can be expressed as a finite
“sum” of elementsin T

Question: Does {Ryo} generate Ygq? NO!

I v o

Question: Does {F|, Ry} generate Ygq? YES!

An elementg € S is called a generator of G=(S, ¢)
if the set {g} generates G

Does Ygq have a generator? NO!




Generators For (Z,,,+)

Any a € Z, such that GCD(a,n)=1 generates (Z,,+)

Claim: If GCD(a,n) =1, then the numbers
a, 2a, ..., (n-1)a, na are all distinct modulo n 0

Proof (by contradiction):
Suppose xa = ya (mod n) for x,y € {1,...,n} g

Thenn | a(x-y)

Since GCD(a,n) =1, then n | (x-y), which cannd
happen
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Order of an element
If G=(S,+),weuseatdenote (asae¢..¢a)

ttimes

Warning: Potential Confusion

If G =(Z,, +), this means “at” denotes (a+ a + ... + a)
=t*amod n ttimes

If G=(2Z,,*),“a'” now denotes at mod n

Please be careful when using notation “ at” !

Order of an element
If G=(S,+),weuseatdenote(aeae¢..¢a)

ttimes

Definition: The order of an element a of G is the
smallest positive integer n such thata"=e

The order of an element can be infinite!

Example: The order of 1 in the group (Z,+) is
infinite

What is the order of F|in Ygq? 2
What is the order of Ry in Ygq? 4

Remember

order of a group G = size of the group G

order of an element g in group G
= (smallest n>0 s.t. g"=e)

Orders

Theorem: If G is a finite group, then for all g in G,
order(g) is finite.

Proof: Considerg,g+g,g¢geg=g3 g4 ...
Since G is finite, gl = gk for some j < k
=g=gleg
Multiplying both sides by (gi)*

—>e=y

Remember
order of a group G = size of the group G
order of an element g = (smallest n>0 s.t. g"=e)

/\\\x* g is a generator of group G
if order(g) = order(G)




Orders

What is order(Z,, +,)? n

For x in (Z,, +,), what is order(x)?

order(x) = n/GCD(x,n)
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order(Z,, *.,)?

’ n

For x in (ZX ), what is order(x)?

N\
V\

o

O

Orders

¢(n)

At most ¢(n)

(Euler’s theorem)

K'S
‘dmﬁn* R )

Orders

Theorem: Let x be an element of G. The
order of x divides the order of G
Corollary: If p is prime, aP' =1 (mod p)

(remember, this is Fermat’s Little Theorem)

What group did we use for the corollary?
G=(Z,*, %), order(G) = p-1

sl Dl o1 = M= el

Groups and Subgroups

Subgroups

Suppose G = (S, ¢) is a group.

If TCS,andifH=(T, ¢)isalsoagroup,
then H is called a subgroup of G.

(Z, +) is a group

and (Evens, +) is a subgroup.
In fact, (Multiples of k, +) is also a subgroup.

Is (Odds, +) a subgroup of (Z,+) ?

Examples

No! (Odds,+) is not even a group!




Examples

M
(Z,, +,) isagroup andifk|n,
Is ({0, k, 2k, 3K, ..., (n/k-1)k}, +,) subgroup of (Z,,,+,) ?

Only if k is a divisor of n.

Is (Z,, ) a subgroup of (Z,,, +,)?

No! it doesn’t even have the same operation

Is (Z, +,) a subgroup of (Z,,, +,)?

No! (Z,, +,) is not a group! (not closed)

10/12/2010

Subgroup facts (identity)

If e is the identity in G = (S, ),
what is the identity in H= (T, ¢)?

Proof: Clearly, e satisfies
eesa=aee=a forallainT.

But we saw there is a unique such element
in any group.

Subgroup facts (inverse)

Ifbis a’sinversein G =(S,¢),
whatis a’s inverse in H=(T,¢)?

Proof: let c be a’s inverse in H.

Thenc ¢ a=e
—>ceaeb=ee¢b

Lagrange’s Theorem

Theorem: If G is a finite group, and H is a subgroup
then the order of H divides the order of G.

In symbols, |H| divides |G].

Corollary: If x in G, then order(x) divides |G|.
Proof of Corollary:
Consider the set T, = (x, x2=x ¢ x, x3, ...)

H=(T,, ¢)isagroup. (check!)
Henceitis a subgroup of G = (S, ¢).
Order(H) = order(x). (check!)

=cee=b
=c=b
Lagrange’s Theorem

Theorem: If G is a finite group, and H is a subgroup
then the order of H divides the order of G.

Curious (and super-useful) corollary:

If you can show that H is a subgroup of G
andH=G
then |H| is at most 'z |G|

“Right” way of looking at primality testing

Fermat: if n prime, then a"™' =1 (mod n)
forall0<a<n.

Suppose the converse was also true:
“if n composite, then exists gwith0 <g<n.
g™ !=1 (mod n)”

Then consider “bad elements” for this n:
elements b such that b™" =1 (mod n)

Bad elements form a subgroupof Z, = |Bad|<'%n

Picking random element, it is good with probability %-.

Sadly, converse not true. Fixing that gives Miller-Rabin.
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Here’s What  sybgroups
You Need to Lagrange’s theorem
Know...
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