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Generating Functions

Lecture 9 (September 21, 2010)
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What is a generating function
and why would | use one?

) A %3

n=0 k=0 k=0 n=k

Take r = n - k as the new dummy variable of
inner summation

e

k=0 n=k k=0r=0

We recognize the inner sum as x* (1 + x)*

231

what is this | don't even




Representation
<L1,L.”>
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What /S a Generating
Function?

We’ll just looking at a particular
representation of sequences...

2 - n |
1+l +1x°+ ... :z_:og; =

In general, when a,, is a sequence...

o

E anl'"

n=0



Counting 1,2,3...
Examples plx...?

Let’s talk about a particular
counting problem from two
lectures ago...

Danny owns 3 beanies and 2 ties.
How many ways can he dress up
in a beanie and a tie?

Choice 1 /‘
\

.
Choice 2 ‘
=




Counting 1,2,3...

Danny owns 3 beanies and 2 ties. How many
ways can he dress up in a beanie and a tie?

1L

Choice 1

Choice 2




Counting 1,2,3...

Danny owns 3 beanies and 2 ties. How many
ways can he dress up in a beanie and a tie?

How many beanies are we choosing?
How many hats?

Since we only care about the NUMBER,
we can replaces beanies and hats with ‘x’

(@ +@ +Q)(I+I) —
i+52+;2+ ;2+a+i =612

M N N N N -
That is, 6 is the number of ways to choose 2 things



Counting ...4,5,6,...

Danny owns 3 beanies and 2 ties. How many
ways can he dress up if he doesn’t always wear
a beanie or a tie (and wears at most one of each)?

How many ways for a beanie?

1) 1 way for no beanie 1 S 3.’,['
2) 3 ways for one beanie

How many ways for a tie?

1) 1 way for no tie 1 1 )r
2) 2 ways for one tie

(14 3x)(1+2z) =1+ 5z + 627



...And why would | use one?

They're fun!

Solving counting problems

Solving recurrences precisely

Proving identities



Counting Coins

Suppose we have pennies, nickels, dimes, and
quarters, and we want to know how many ways
we can make change for n cents.

Let C,, be the number of ways to make change
for n cents

For instance, how many ways can we make
change for six cents?

1) 6 pennies
2) 1 penny and 1 nickel

So, cg = 2



Counting Coins

Suppose we have pennies, nickels, dimes, and
quarters, and we want to know how many ways
we can make change for n cents.

We want to represent C,, as a generating function

What choices can we make to get n cents?

We choose pennies, nickels, dimes, and quarters
separately and then put them together



Counting Coins

Suppose we have pennies, nickels, dimes, and
quarters, and we want to know how many ways
we can make change for n cents.

We want to represent C,, as a generating function

Remember that the EXPONENT is the ‘n’ in Cp,
and the COEFFICIENT is the number of ways we
can make change for n cents

To choose pennies...

(14+xz+z°+...)



Counting Coins

Suppose we have pennies, nickels, dimes, and
quarters, and we want to know how many ways
we can make change for n cents.

We want to represent C,, as a generating function
Pennies: (1—|—aj—|—a:2 —I—)
Nickels: (1 + z° + 22*° + . ..)

Dimes: (1 + 210 4 42x10

(

N——"

_|_
Quarters: (1 4 2° 4+ p2%X%°



Counting Coins

Suppose we have pennies, nickels, dimes, and
quarters, and we want to know how many ways
we can make change for n cents.

Pennies: ( 4+ x + 2 + .. )
Nickels: (1 + z° + z2*° + . ..)

Dimes: ( + 710 + r2x10

)

Putting the pieces together...
I4+z4+22+.. )A+2"+20+. YA +20 4220+, )1 +2® +2°0+...)

+ ...
Quarters: (1 + 20 L ptX



Counting Coins

Suppose we have pennies, nickels, dimes, and
quarters, and we want to know how many ways
we can make change for n cents.

Pennies Nickels Dimes Quarters
I4+z4+22+.. )A+2"+20+. YA +20 +220+. )1 +2® +2°0+...)

Quick Check...does the GF give the
right answer for CG?

(I+z+2°+2° +2* 4+ 2° + 2% (1 +2°)(1)(1)

What is the coefficient of 1.6 ?
(2° x 2t x 1 x 1)+ (2 x 1 x 1)



Counting Coins

Suppose we have pennies, nickels, dimes, and
quarters, and we want to know how many ways
we can make change for n cents.

Pennies Nickels Dimes Quarters
I4+z4+22+.. )A+2"+20+. YA +20 +220+. )1 +2® +2°0+...)
1 1 1 1
1 —x 1 —x° 1 — 10 1 — %

The infinite sums are clunky, can we
find a simpler form?

o0=(=) (=7) (=) (=)




Technical Terminology

I4+z4+2+.. )A+2"+20+. )1 +20 +220+.. )1 +2® +2°0+...)

™~ This is the generating function
for the change problem

0= (=) (=) (=) (=)

"~ This is the closed form generating
function for the change problem

2" C(z) = cn
V.

Cn, is the coefficient of " in C(x)




Domino Domination

We have a 2 x (n — 1) board, and we would
like to fill it with dominos. We have two colors
of dominos: green and blue. The green ones
arel X 1, and the blue ones are 2 x 1.

How many ways can we tile our board using
non-staggered dominos?




Domino Domination

This is a non-obvious combinatorial question!
How should we proceed?!?!

Write a recurrence!



Domino Domination

2 2
n— 2 n—3
2 2
n—2 m— B
dp = 2dp—1 + 3dp—2
So we have a 2

recurrence...but now
what? m— 8B




Domino Domination
dn — 2dn—1 -+ 3dn—2
Now we derive a closed form

using generating functions!

Let D(x Z d,x" = dF—EEd-lCIJ—FZ @y 1 + 3d,—2)x"

d,, is the number of ways to tilea 2 x (n — 1) board.

We know the base cases:



Domino Domination

Now we derive a closed form
using generating functions!

Let D(z Zdna: = o+ Z (2dn—1 + 3dy—o)a™

—CIZ—I—Zan 1" +23dn ox"

=+ 2z Z d, 12"t + 322 Z d, ox™ 2

=1+ Qxidnw” + 3x2 idnx”
n=1 n=0

=z + 2x(D(x) — dy) + 333_2D(:1:)



Domino Domination

Now we derive a closed form
using generating functions!

Let D(x Z dpz"™ =z + 22(D(z) — do) + 322D(x)

D(z) =z + 2xD(x) + 32°D(x)
(1 -2z —32°)D(z) ==




Domino Domination

Why is the closed form of the
GF helpful or useful?

T B —1 1
Let D( Zdnx 1 — 2z —322 4A(l+x) +4(1—337)
Break |t mto smaller pieces!

A B _ —1

x _ T _ N A _
1-2zx—322 (1+x)(1—-3x) 14z 1-—3=x 4
r=(1-32)A+(1+2)B 1
| =-34A+B 4

0=A+10B



Domino Domination

Why is the closed form of the
GF helpful or useful?

T 1 1
Let D(x Zdnx =1 2r 3.2 i1+  I1-30)

S I N
=I;<—x> +1;<3x)

00
— X
— T
n=0




Domino Domination

Why is the closed form of the
GF helpful or useful?

Let D(z) = ;dnx“ - — 2;_ —; - _TZ %:ZO (32)"
ii{)( 1)t 4 203" o
:ii}(( )"t la™ + 3"2")
SIICIEERY
o =7 (-1 43



Rogue Recurrence
Gy, = DCp_1 — 8Qp—_o + 4a,_3 fOr n>2
CL():O, CL1:1, a,2:4
Solve this recurrence...or else!

©.@)
o0

Let A(x) = Z anaf;” — 4 A2y Z (B5an—1 — 8ap—2 + 4a,_3)z"

n=0 n=3



Rogue Recurrence
Gy, = DCp_1 — 8Qp—_o + 4a,_3 fOr n>2
CL():O, CL1:1, a,2:4
Solve this recurrence...or else!

o0

Let A(x) = Z A" =z + 422+ Y (5an-1 = 8an_o + dan_3)z"
S n=3
—r +42° + i SUp_12" — i 8y _ox" + i 4a,_3x"
n=3 n=3 n=3

xXO 0 O
= x4+ 42% + br E an_ 12"t — 822 E Qpox" ™2 + 423 E Up_32™ 3

n=3
0 o0 o0
— x +42° + 5z g anr™ — 8x° g anr™ + 4x° g anr"”

= + 42 + 5x(A(2) — ag — arxt) — 822 (A(x) — ag) + 42> A(x)



Rogue Recurrence
Gy, = DCp_1 — 8Qp—_o + 4a,_3 fOr n>2
CL():O, CL1:1, a,2:4
Solve this recurrence...or else!

o0

Let A(x) = Z 17 AL b (A(z) — ag — arz’) — 8% (A(x) — ag) + 4a° A(x)

n=0
Alx) =z + 42 + bx(A(z) — ') — 82 (A(x)) + 42° A(x)
(1 — 5z + 8z° — 42°)A(x) = = + 42 — 52?

A(z)

B x— T
1 —5x+ 8x2 — 443




Rogue Recurrence
Gy, = DCp_1 — 8Qp—_o + 4a,_3 fOr n>2
CL():O, CL1:1, a,2:4
Solve this recurrence...or else!

oC 2

Let A(z) = no_ i
(r) = ) _anz 1 — 57 + 822 — 423

(1l —x)

(1 —22)2(1 —x)
X

(1 — 2x)?

n=0

What next? Partial fractions?
We could! It would work, but...



Rogue Recurrence
No. Let’s be snheaky instead!

1 =
_x=;w

| .
_Qx—;(x)




Rogue Recurrence
Gy, = DCp_1 — 8Qp—_o + 4a,_3 fOr n>2
CL():O, CL1:1, CL2:4
Now back to the recurrence...

o0

Let A(z) = apx" — x
) nz:% (1—2x)2
1—2:6 ZnQn 1 "



Some Common GFs

Sequence Generqting
Function
1
(1,1,1,...) —
1
1,24,...) | —
1
<1,2,3,...> (1_33)2
X
0,1,1,2,3,...) | 7= =




Double Sums OMGWTFBBQ!

>3 ()

Our first step is to swap the summations.
Let’s try a small example...

10 n

>y (, "t -

n=0 k=0

G GE)) (G () e ()

10 10 10 10

L0 m () e me ()~ 5 ()

n=0 n= k=0 n=0



Double Sums OMGWTFBBQ!

>3 ()

Our first step is to swap the summations.

k=0 n=k

S5 ()

k:O n=0



Double Sums OMGWTFBBQ!
> > ())
ixkiw“(fi)

n=0




Double Sums OMGWTFBBQ!

0. @) . n 1
?;):1: l;)(ﬂ ) ZCB (14 z)" =1 o

From the table.. Z 1%

1—x—x2
SO... iFn_l_lxn: 1
o 1 —x — 22
n — — Fn n
N e DL
n=0 k=0 n=0



Generating Functions

 Counting with GFs

e Solving recurrences with GFs

* How to derive base cases of
recurrences

e Basic partial fractions

Here’s What
You Need to
Know...



