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Abstract Restricted-orientationconvexity is the study of geometricobjectswhoseintersectionwith
linesfrom somefixedsetis emptyor connected.Wehave studiedthepropertiesof restricted-orientation
convex setsanddemonstratedthatthisnotionisageneralizationof standardconvexity. Wenow describea
restricted-orientationgeneralizationof halfspacesandexplorepropertiesof thesegeneralizedhalfspaces.
In particular, weestablishanalogsof thefollowing propertiesof standardhalfspaces:� Theintersectionof a halfspacewith every line is empty, a ray, or a line� Every halfspaceis convex� A closedsetwith nonemptyinteriorandconvex boundaryis a halfspace� Theclosureof thecomplementof ahalfspaceis ahalfspace

1 Intr oduction

Thestudyof convex setsis a branchof geometrythathasapplicationsin optimization,statistics,geometric
numbertheory, andcombinatorics[8], aswell asin morepracticalareas,suchasVLSI design,computer
graphics,architecturaldatabases,geographicdatabases,andmotionplanning.Researchershaveexploreda
numberof nonstandardnotionsof convexity, drivenby applicationareas.Someexamplesare: orthogonal
convexity [6, 7], NESWconvexity [5, 13], finitely orientedconvexity [4, 10], andlink convexity [1, 12].

Rawlins introducedthenotionof restricted-orientationconvexity, alsocalled
�

-convexity, in hisdoctoral
thesis,asageneralizationof standardconvexity [9]. Rawlins, Wood,andSchuiererstudiedplanar

�
-convex

setsanddemonstratedthattheirpropertiesaresimilar to thepropertiesof standardconvex sets[11, 12].
Researchon nontraditionalconvexities hassofar beenlimited to two dimensions.Thepurposeof our

work is to studynontraditionalconvexities in threedimensions.Wedemonstratedthatrestricted-orientation
convexity canbeextendedto threedimensionsanddescribedmajorpropertiesof this extension[3].

We now presenta restricted-orientationgeneralizationof halfspaces,explorepropertiesof thesegener-
alizedhalfspaces,anddescribetheir relationto

�
-convex sets. In particular, we establishanalogsof the

following propertiesof standardhalfspaces:� Line intersection Theintersectionof a halfspacewith every line is empty, a ray, or a line� Convexity Everyhalfspaceis convex� Boundary convexity A closedsetwith nonemptyinteriorandconvex boundaryis a halfspace� Complementation Theclosureof thecomplementof a halfspaceis a halfspace
We restrictour attentionto theexploration of closedsets.We conjecturethat mostof theresultsalso

hold for nonclosedsets;however, someof ourproofswork only for closedsets.
We should give a word of warning. The resultsare not completelyunexpected,yet their proofs

are often surprisingly hard [3]; intuition servesus badly. We presentthe proofsin the full paper [2].

2 Planar
�

-convexity and
�

-halfplanes

Webegin by reviewing thenotionof
�

-convexity in twodimensions[9] anddefiningan
�

-convexity analog
of halfplanes.

We candescribestandardconvex setsthroughtheir intersectionwith straightlines: a setof points is
convex if its intersectionwith every line is emptyor connected.We define

�
-convexity by consideringthe
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Figure1: Planar
�

-convex sets(b–d)and
�

-halfplanes(e–g).

intersectionof a setof pointswith lines from a certainset(ratherthanall lines). In otherwords,we pick
somecollectionof linesandsaythatasetis

�
-convex if its intersectionwith every line from thiscollection

is emptyor connected.
To definethis restrictedcollectionof lines,we introducethenotionof anorientationset. We definean

orientation set
�

asa(finiteor infinite)setof linesthroughafixedpoint � . An exampleof afiniteorientation
setis shown in Figure1(a). A line parallelto oneof the linesof

�
is calledan

�
-line. For example,the

dashedlinesin Figure1 are
�

-lines. We define
�

-convex setsin termsof their intersectionwith
�

-lines.

Definition 1 (
�

-Convex sets) A closedsetis
�

-convex if its intersectionwith every
�

-line is emptyor
connected.

For theorientationsetin Figure1(a),thesetsin Figures1(b)–(d)are
�

-convex (some
�

-linesintersecting
thesesetsare shown by dashedlines). Note that, unlike standardconvex sets,

�
-convex setsmay be

disconnected(seeFigure1d).
We next observe thathalfplanescanalsobecharacterizedin termsof their intersectionwith lines: aset

is ahalfplaneif andonly if its intersectionwith every line is empty, a ray, or a line. We usethisobservation
to definean

�
-convexity analogof halfplanesin termsof their intersectionwith

�
-lines. We call a closed

setan
�

-halfplane if its intersectionwith every
�

-line is empty, a ray, or a line. We show examplesof�
-halfplanesin Figures1(e)–(g).Notethattheemptysetandthewholeplaneareconsidered

�
-halfplanes.

This conventionsimplifiessomeof theresults.
We now givebasicpropertiesof

�
-halfplanes,which readilyfollow from thedefinition[2]:

1. Every translationof an
�

-halfplaneis an
�

-halfplane.
2. Everystandardhalfplaneis an

�
-halfplane.

3. (Convexity) Every
�

-halfplaneis
�

-convex.
4. If anorientationset

�
containstwo lines,thenan

�
-halfplaneis eitherconnectedor consistsof two

connectedcomponents.
5. If

�
containsthreeor morelines,thenevery

�
-halfplaneis connected.

3
�

-halfspaces

We now extend the notion of
�

-convexity to threedimensionsand describean
�

-convexity analogof
halfspaces,called

�
-halfspaces.An orientationset

�
in threedimensionsis a setof lines throughsome

fixedpoint � (just like in two dimensions).We assumethatnoplanecontainsall elementsof
�

; thatis, the
elementsof

�
arenot “coplanar.” This assumptionis essentialfor mostof theresults[3, 2].

Definition 2 (Orientation setand
�

-lines) Anorientation set
�

in threedimensionsis a nonemptysetof
linesthrougha fixedpoint � such thatnoplanecontainsall theselines. A line parallel to oneof theelements
of
�

is calledan
�

-line.
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Figure2:
�

-convex sets(b–e)and
�

-halfspaces(f–h) in threedimensions.

Notethatevery translationof an
�

-line is an
�

-line anda particularchoiceof thepoint � is not important.
In Figure2(a), we give an exampleof a three-dimensionalorientationset. This setcomprisesthree

mutuallyorthogonallines;we call it theorthogonal-orientation set.
We define

�
-convex setsin threedimensionsin the sameway as in two dimensions:a closedset is�

-convex if its intersectionwith every line is emptyor connected.For example,thesetsin Figures2(b)–(e)
are

�
-convex for theorthogonal-orientationsetshown in Figure2(a). The notionof

�
-halfspacesis the

three-dimensionalanalogof
�

-halfplanes.

Definition 3 (
�

-halfspaces)A closedsetis an
�

-halfspaceif its intersectionwith every
�

-line is empty,
a ray, or a line.

In Figures1(f)–(h), we give examplesof
�

-halfspacesfor theorthogonal-orientationset. We usedashed
linesto show infinite planarregionsin theboundariesof these

�
-halfspaces.

4 Basicpropertiesof
�

-halfspaces

We next presentsomebasicpropertiesof
�

-halfspacesandcomparethemwith propertiesof
�

-halfplanes.
We begin by looking backat thepropertiesof

�
-halfplaneslisted in theendof Section2. We readily

concludethat Properties1, 2, and3 hold in threedimensions:a translationof an
�

-halfspaceis an
�

-
halfspace,every standardhalfspaceis an

�
-halfspace,and every

�
-halfspaceis

�
-convex. The third

propertyis a generalizationof the“convexity” propertyof standardhalfspaces(seeSection1). In thenext
result,we statea necessaryandsufficientconditionunderwhichan

�
-convex setis an

�
-halfspace.

Lemma 1 A set � is an
�

-halfspaceif andonly if
1. � is an

�
-convex set

2. and,for everypoint � in � andevery
�

-line � , oneof thetwoparallel-to-� rayswith endpoint�
is containedin � .

Accordingto Property4 of
�

-halfplanes,a disconnected
�

-halfplaneconsistsof two components.We
show thatan

�
-halfspacemayhave up to four connectedcomponentsandcharacterizean

�
-halfspacein

termsof its components.In Figure3, we give anexampleof a four-componentdisconnected
�

-halfspace
for theorthogonal-orientationset. Thecomponentsof this

�
-halfspacearerectangularpolyhedralangles

(“quadrants”)verticalto theanglesof thedottedcube.

Theorem 2 (Disconnected
�

-halfspaces)
1. A disconnected

�
-halfspaceconsistsof at mostfour connectedcomponents.
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Figure3:
�

-halfspacewith four connectedcomponents.
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Figure4: Proofof Theorem2.

2. A disconnectedsetis an
�

-halfspaceif andonly if everyconnectedcomponentof thesetis an�
-halfspaceandno

�
-line intersectstwocomponents.

Sketchof a proof.
(1) Weshow that,for everyfivepoints � 1 � � 2 � � 3 � � 4 � � 5 of an

�
-halfspace� , two of thesepointsarein

thesamecomponent.We pick threelines � 1 � � 2 � � 3 	 �
thatarenot in thesameplane(not “coplanar”)and

denotetheplanethatcontains� 2 and � 3 by 
 (seeFigure4a).For everypoint ��� , oneof thetwoparallel-to-� 1
rayswith endpoint� � is in � (seeFigure4b). Thus,wegetfiveparallelraysin � andat leastthreeof them
point in thesamedirection.We assume,for convenience,thatthesethreerayscorrespondto thepoints � 1,
� 2, and � 3. We selecta plane 
�
 , parallelto 
 , that intersectsthesethreeraysanddenotetheintersection
points � 1, � 2, and � 3, respectively (Figure4b).

Wenow pick parallel-to-� 2 rays,with endpoints� 1, � 2, and � 3, thatarecontainedin � andselecttwo of
themthatpoint in thesamedirection. We assumethatthesetwo rayscorrespondto � 1 and � 2. Finally, we
selectaparallel-to-� 3 line thatintersectsthesetwo raysanddenotetheintersectionpoints � 1 and � 2. Clearly,
thesegmentbetween� 1 and � 2 is in � . We thusgetapolygonalline ��� 1 � � 1 � � 1 � � 2 � � 2 � � 2 � , containedin � ,
thatconnectstwo of theoriginal five points.

(2) If � is theunionof
�

-halfspacesandno
�

-line intersectstwo of them,then,clearly, � is an
�

-
halfspace.If someconnectedcomponentof � is notan

�
-halfspace,thentheintersectionof thiscomponent

with some
�

-line � is not empty, a ray, or a line; therefore,����� is not empty, a ray, or a line. Finally, if
some

�
-line � intersectstwo components,then ����� is disconnected. �

5 Boundariesand complementsof
�

-halfspaces

We now presentanalogsof the“boundary-convexity” and“complementation”propertiesof standardhalf-
spaces(seeSection1). We first observe that all pointsin the boundaryof an

�
-halfspaceare“infinitely

close”to theinterior; thatis, every
�

-halfspaceis equalto theclosureof its interior.

Lemma 3 Let � bean
�

-halfspaceand � int betheinterior of � . Then,Closure��� int ��� � .

We call setssatisfyingthe propertystatedin Lemma3 interior -closedsets: a set � is interior-closedif
Closure��� int ��� � . Ournext goalis topresentan

�
-convexity analogof thefollowing“boundary-convexity”

characterizationof standardhalfspaces:
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Figure5: Theboundaryof this
�

-halfplane(a)and
�

-halfspace(b) is not
�

-convex.

Lemma 4 An interior-closedsetis a halfspaceif andonly if its boundaryis a nonemptyconvex set.

We first generalizethe“if ” partof thischaracterization.

Lemma 5 An interior-closedsetwith
�

-convex boundaryis an
�

-halfspace.

Theconverseof Lemma5 doesnot hold: the boundaryof an
�

-halfplane(in two dimensions)or an�
-halfspace(in threedimensions)maynot be

�
-convex. In Figure5(a),we show an

�
-halfplanewhose

boundaryisnot
�

-convex: theintersectionof itsboundarywith thedotted
�

-line isdisconnected.Similarly,
theboundaryof the

�
-halfspacein Figure5(b) is not

�
-convex. Wenow presentanecessaryandsufficient

characterizationof
�

-halfspacesin termsof theirboundary.

Theorem 6 (Boundary characterization) An interior-closedset � is an
�

-halfspaceif and only if, for
every

�
-line � , oneof thefollowing twoconditionsholds:

1. Theintersectionof � with theboundaryof � is emptyor connected.
2. Theintersectionof � with theboundaryof � consistsof twodisconnectedraysandthesegmentof

� betweentheseraysis in � .

Sketchof a proof. Supposethat,for every
�

-line, oneof thetwo conditionsholds.Then,theintersection
of � ’s boundarywith every

�
-line is empty, a segment(or point), a ray, a line, or two disconnectedrays.

An analysisof thesefivepossiblecasesshowsthat,if � is interior-closed,then,in all cases,theintersection
of the

�
-line with � is empty, a ray, or a line.

Theproofof theconverseis trickier. We have to show that,if � is an
�

-halfspaceandtheintersection
of � ’s boundarywith some

�
-line � is notconnected,thenthis intersectionsatisfiesCondition2. Sincethe

boundaryis closed,we canselecttwo pointsin the intersectionof � with theboundarysuchthatall points
of � betweenthemis not in theboundary. Sincetheintersectionof � with � is connected,thesegmentof �
betweenthesetwopointsis in � . Wethenshow thatall pointsof � outsidethissegmentarein � ’sboundary. �

Observe that,if theintersectionof � ’s boundarywith a line � consistsof two raysandthesegmentof �
betweentheseraysis in � , then � is in � . We usethisobservationto simplify Condition2 in Theorem6.

Corollary 7 Aninterior-closedset� isan
�

-halfspaceif andonlyif, for every
�

-line � , oneof thefollowing
twoconditionsholds:

1. Theintersectionof � with theboundaryof � is emptyor connected.
2. The

�
-line � is containedin � .

We next characterizethe closureof the complementof an
�

-halfspace. We call the closureof the
complementof a settheclosedcomplement. We observed in Section1 that theclosedcomplementof a
standardhalfspaceis a halfspace.We losethis propertyin thegeneralizationto

�
-convexity: theclosed

complementof an
�

-halfplanemaynot bean
�

-halfplaneandtheclosedcomplementof an
�

-halfspace
maynotbean

�
-halfspace.For example,theclosedcomplementof the

�
-halfplanein Figure5(a)is notan�

-halfplane,becauseits intersectionwith thedottedline in notempty, a ray, or a line. Similarly, theclosed
complementof the

�
-halfspacein Figure5(b) is not an

�
-halfspace.We statea necessaryandsufficient

conditionunderwhich theclosedcomplementof an
�

-halfspaceis an
�

-halfspace.
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Theor
�

em 8 (Complementation) Theclosedcomplementof an
�

-halfspace� is an
�

-halfspaceif and
only if theboundaryof � is

�
-convex.

Sketch of a proof. We denotethe closedcomplementof � by � . Note that � is interior-closedand
the boundaryof � is the sameasthe boundaryof � . If the boundaryof � is

�
-convex, then � is an

interior-closedsetwith an
�

-convex boundary, which impliesthat � is an
�

-halfspace(Theorem6).
Suppose,conversely, that � is an

�
-halfspace.If theboundaryof � is not

�
-convex, thenthereare

points � , � , and � onsome
�

-line � suchthat � and � arein theboundary, whereas� , locatedbetweenthem,
is not in theboundary. Then, � is eitherin theinteriorof � or in theinteriorof � , which impliesthateither
����� or ����� is disconnected,contradictingthefact that � and � are

�
-halfspaces. �

6 Conclusions

We have describeda generalizationof halfspacesin the theory of restricted-orientationconvexity and
demonstratedthat the propertiesof thesegeneralizedhalfspacesaresimilar to the propertiesof standard
halfspaces.

Thework wehavepresentedhereextendsourpreviousstudyof
�

-convex sets[3]. In thefull paper[2],
we demonstratethattheresultsholdnotonly in threedimensionsbut alsoin higherdimensions.

Thework leavessomeopenresearchproblems,which wearecurrentlytrying to address.For example,
wehavenotestablishedthecontractabilityof

�
-halfspaces.Weconjecturethateveryconnected

�
-halfspace

is contractable.We alsoplanto studycomputationalpropertiesof
�

-convex setsand
�

-halfspaces.
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