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Abstract Restricted-orientatiorcornvexity is the study of geometricobjectswhoseintersectionwith
linesfrom somefixedsetis emptyor connectedWe have studiedthe propertief restricted-orientation
cornvex setsanddemonstratethatthisnotionis ageneralizatioof standaradorvexity. Wenow describea
restricted-orientatiogeneralizatioof halfspaceandexplore propertieof thesegeneralizedhalfspaces.
In particular we establistanalogsf thefollowing propertiesof standarchalfspaces:

¢ Theintersectiorof a halfspacewith every line is empty aray, or aline

o Every halfspaces convex

¢ A closedsetwith nonemptyinteriorandcorvex boundaryis a halfspace

¢ Theclosureof the complemenbf a halfspaces ahalfspace

1 Intr oduction

Thestudyof corvex setsis a branchof geometrythathasapplicationdgn optimization statisticsgeometric
numbertheory andcombinatoricg8], aswell asin morepracticalareassuchasVLSI design,computer
graphicsarchitecturabatabasegeographicatabasegndmotionplanning.Researchersave exploreda
numberof nonstandardotionsof corvexity, drivenby applicationareas.Someexamplesare: orthogonal
corvexity [6, 7], NESW corvexity [5, 13], finitely orientedcorvexity [4, 10, andlink convexity [1, 12].

Rawlinsintroducedhenotionof restricted-orientatioorvexity, alsocalledO-corvexity, in hisdoctoral
thesisasageneralizatiof standaraornvexity [9]. Rawlins, Wood,andSchuierestudiedplanar®-cornvex
setsanddemonstratethattheir propertiesaresimilar to the propertieof standarccornvex sets[11, 12.

Researclon nontraditionalkcornvexities hassofar beenlimited to two dimensions.The purposeof our
work is to studynontraditionatorvexitiesin threedimensions We demonstratethatrestricted-orientation
cornvexity canbeextendedo threedimensionsanddescribednajorpropertieof this extension[3].

We now presenrestricted-orientatiogeneralizatiorof halfspacesgxplore propertieof thesegener
alized halfspacesanddescribetheir relationto (-corvex sets. In particular we establishanalogsof the
following propertiesof standardhalfspaces:

e Line intersection Theintersectiorof a halfspacevith everyline is empty aray, oraline

e Convexity Everyhalfspaces convex

e Boundary corvexity A closedsetwith nonemptyinteriorandcornvex boundaryis a halfspace
e Complementation Theclosureof thecomplemenbf a halfspaces a halfspace

We restrictour attentionto the exploration of closedsets. We conjecturethat mostof the resultsalso
hold for nonclosedsets;however, someof our proofswork only for closedsets.

We should give a word of warning. The resultsare not completely unexpected,yet their proofs
are often surprisingly hard [3]; intuition servesus badly. We presentthe proofsin the full paper [2].

2 Planar O-convexity and O-halfplanes

We begin by reviewing thenotionof (-cornvexity in two dimension$9] anddefiningan-corvexity analog
of halfplanes.

We candescribestandardcorvex setsthroughtheir intersectionwith straightlines: a setof pointsis
corvex if its intersectiorwith every line is emptyor connectedWe define(O-cornvexity by consideringhe
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Figurel: PlanarOQ-cornvex sets(b—d)andO-halfplanege—g).

intersectiorof a setof pointswith linesfrom a certain set(ratherthanall lines). In otherwords,we pick
somecollectionof linesandsaythatasetis O-corvex if its intersectiorwith every line from this collection
is emptyor connected.

To definethis restrictedcollectionof lines,we introducethe notion of an orientationset. We definean
orientation setQ asa(finite or infinite) setof linesthroughafixedpointo. An exampleof afinite orientation
setis shavn in Figure1(a). A line parallelto oneof thelinesof O is calledan O-line. For example,the
dashedinesin Figurel areO-lines. We defineO-cornvex setsin termsof theirintersectiorwith O-lines.

Definition 1 (O-Convex sets) A closedsetis (O-corvex if its intersectionwith every O-line is emptyor
connected.

Fortheorientatiorsetin Figurel(a),thesetsn Figuresl(b)—(d)areO-cornvex (someO-linesintersecting
thesesetsare shavn by dashedines). Note that, unlike standardcorvex sets,O-corvex setsmay be
disconnectedseeFigureld).

We next obsenre thathalfplanesanalsobe characterizeth termsof theirintersectiorwith lines: aset
is ahalfplaneif andonly if its intersectiorwith everyline is empty aray, or aline. We usethis obsenation
to definean O-corvexity analogof halfplanesn termsof theirintersectiorwith O-lines. We call aclosed
setan O-halfplane if its intersectiorwith every O-line is empty a ray, or aline. We shav examplesof
O-halfplanesn Figuresl(e)—(g).Notethattheemptysetandthewholeplaneareconsidered-halfplanes.
This corventionsimplifiessomeof theresults.

We now give basicpropertief O-halfplaneswhich readilyfollow from thedefinition[2]:

1. Everytranslationof an O-halfplaneis an O-halfplane.

2. Every standardalfplaneis an O-halfplane.

3. (Convexity) Every O-halfplaneis O-corvex.

4. If anorientationset© containgwo lines,thenanO-halfplaneis eitherconnectear consistof two
connecteccomponents.

5. If O containghreeor morelines,thenevery O-halfplaneis connected.

3 O-halfspaces

We now extend the notion of O-corvexity to threedimensionsand describean (-corvexity analogof
halfspacescalled O-halfspaces.An orientationset in threedimensionss a setof lines throughsome
fixedpointo (justlike in two dimensions) We assumehatno planecontainsall elementf O; thatis, the
elementof O arenot“coplanar’ Thisassumptiorns essentiafor mostof theresults[3, 2.

Definition 2 (Orientation setand O-lines) Anorientation setQ in threedimensionss a nonemptysetof
linesthrougha fixedpointo sud thatnoplanecontainsall thesdines. Aline parallel to oneoftheelements
of O is calledan O-line.
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Figure2: O-corvex sets(b—e)andO-halfspacegf—h) in threedimensions.

Notethatevery translatiorof an O-line is an O-line anda particularchoiceof the point o is notimportant.

In Figure 2(a), we give an exampleof a three-dimensionabrientationset. This setcompriseshree
mutuallyorthogonalines;we call it the orthogonal-orientation set.

We defineO-corvex setsin threedimensiongn the sameway asin two dimensions:a closedsetis
O-corvex if its intersectiorwith everyline is emptyor connectedFor example thesetsin Figures2(b)—(e)
are O-corvex for the orthogonal-orientatiosetshovn in Figure2(a). The notion of O-halfspacess the
three-dimensionanalogof O-halfplanes.

Definition 3 (O-halfspaces) A closedsetis an O-halfspaceif its intersectiorwith every O-line is empty
aray, or aline.

In Figures1(f)—(h), we give examplesof O-halfspacedor the orthogonal-orientatioset. We usedashed
linesto shaw infinite planarregionsin theboundarie®f these?-halfspaces.

4 Basicpropertiesof O-halfspaces

We next presensomebasicpropertief O-halfspacesindcompareghemwith propertiesof O-halfplanes.
We bagin by looking backat the propertiesof O-halfplanedistedin the endof Section2. We readily
concludethat Propertiesl, 2, and 3 hold in threedimensions:a translationof an O-halfspaces an O-
halfspace every standardhalfspaceis an O-halfspace,and every O-halfspaceis O-corvex. The third
propertyis a generalizatiorof the “convexity” propertyof standarchalfspacegseeSectionl). In the next
result,we statea necessargndsufiicient conditionunderwhich an O-corvex setis an O-halfspace.

Lemmal AsetP isanO-halfspacaf andonlyif
1. Pisan O-corvex set
2. and,for everypointz in P andeveryO-line [, oneof thetwo parallel-to-/ rayswith endpointz
is containedn P.

Accordingto Property4 of O-halfplanesadisconnected-halfplaneconsistf two componentsWe
shav thatan O-halfspacemay have up to four connecteccomponentsindcharacterizean O-halfspacen
termsof its componentsin Figure3, we give anexampleof a four-componentlisconnected-halfspace
for the orthogonal-orientatioset. The component®f this O-halfspacearerectangulapolyhedralangles
(“guadrants”verticalto theanglesof thedottedcube.

Theorem 2 (Disconnected?-halfspaces)
1. Adisconnected)-halfspaceconsistf at mostfour connectedcomponents.
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Figure3: O-halfspacewith four connectedcomponents.
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Figure4: Proofof Theorem?.

2. Adisconnectedetis an O-halfspacef andonlyif everyconnectedomponenofthesetis an
O-halfspaceandno O-line intersectswo components.

Sketchof a proof.

(1) We shaw that,for everyfive pointsz1, z2, 23, 24, x5 of an O-halfspace”, two of thesepointsarein
thesamecomponentWe pick threelines!y, I, I3 € O thatarenotin the sameplane(not “coplanar”)and
denoteheplanethatcontaind, andi; by H (seeFigureda). For everypointz, oneof thetwo parallel-to#;
rayswith endpointz, isin P (seeFigure4b). Thus,we getfive parallelraysin P andatleastthreeof them
pointin the samedirection. We assumefor cornveniencethatthesethreerayscorrespondo the pointsz1,
z2, andzz. We selectaplaneH’, parallelto H, thatintersectghesethreeraysanddenotetheintersection
pointsy1, y2, andys, respectrely (Figure4b).

We now pick parallel-tof, rays,with endpointsy1, y», andys, thatarecontainedn P andselecttwo of
themthatpoint in the samedirection. We assumehatthesetwo rayscorrespondo y1 andy,. Finally, we
selectaparallel-to#; line thatintersectshesawo raysanddenoteheintersectiorpointsz; andz,. Clearly
thesggmentbetweerz; andz; isin P. We thusgetapolygonalline (z1, y1, 21, 22, y2, z2), containedn P,
thatconnectgwo of theoriginalfive points.

(2) If P istheunionof O-halfspacesindno O-line intersectdwo of them,then,clearly P is an O-
halfspacelf someconnecte@omponendf P is notanO-halfspacethentheintersectiorof thiscomponent
with someO-line [ is notempty aray, or aline; therefore,P N/ is notempty aray, or aline. Finally, if
someQ-line [ intersectswo componentshen P N [ is disconnected. |

5 Boundariesand complementsof O-halfspaces

We now presentanalogsof the “boundary-comexity” and“complementation’propertiesof standarchalf-
spacegseeSectionl). We first obsere thatall pointsin the boundaryof an O-halfspaceare “infinitely
close”to theinterior; thatis, every O-halfspaces equalto the closureof its interior.

Lemma3 Let P bean O-halfspaceand P betheinterior of P. Then,Closue(Fint) = P.

We call setssatisfyingthe propertystatedin Lemmaa3 interior -closedsets: a set P is interior-closedif
Closurd Pint) = P. Ournext goalisto presenan(-corvexity analogof thefollowing “boundary-comexity”
characterizationf standarchalfspaces:
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Figure5: The boundaryof this O-halfplane(a) andO-halfspacgb) is not O-corvex.

Lemma4 Aninterior-closedsetis a halfspacef andonlyif its boundaryis a nonemptycorvex set.
We first generalizehe“if ” partof this characterization.
Lemma5 Aninterior-closedsetwith O-corvex boundaryis an O-halfspace

The corverseof Lemmab doesnot hold: the boundaryof an O-halfplane(in two dimensions)pr an
O-halfspacd(in threedimensions)may not be O-corvex. In Figure5(a), we shav an O-halfplanewhose
boundarys notO-corvex: theintersectiorof its boundarywith thedottedO-line is disconnectedSimilarly,
theboundaryof the O-halfspacen Figure5(b)is not O-corvex. We now presenanecessargndsufiicient
characterizationf O-halfspace termsof their boundary

Theorem 6 (Boundary characterization) Aninterior-closedset P is an O-halfspaceaf andonly if, for
every O-line [, oneof thefollowing two conditionsholds:
1. Theintersectiorof [ with theboundaryof P is emptyor connected.
2. Theintersectiorof / with theboundaryof P consistof two disconnectedaysandthe sggmentof
[ betweertheseraysisin P.

Sketchof aproof. Supposehat,for every O-line, oneof thetwo conditionsholds. Then,theintersection
of P’s boundarywith every O-line is empty a sgment(or point), aray, aline, or two disconnectedays.
An analysiof thesefive possiblecaseshavsthat,if P isinterior-closedthen,in all casestheintersection
of the O-line with P is empty aray, or aline.

Theproofof thecorverseis trickier. We have to shaw that,if P is an O-halfspaceandtheintersection
of P’s boundarywith someO-line [ is notconnectedthenthis intersectiorsatisfiesCondition2. Sincethe
boundaryis closed,we canselecttwo pointsin theintersectiorof I with the boundarysuchthatall points
of [ betweerthemis notin the boundary Sincetheintersectiorof ! with P is connectedthe sgmentof [
betweernthesdawo pointsisin P. Wethenshow thatall pointsof [ outsidethissegmentarein P’sboundaryd

Obserethat,if theintersectiorof P’s boundarywith aline / consistf two raysandthe segmentof [
betweertheseraysisin P, thenl isin P. We usethis obsenationto simplify Condition2 in Theoremb.

Corollary 7 Aninterior-closedsetP is anO-halfspacef andonlyif, for everyO-line [, oneofthefollowing
two conditionsholds:

1. Theintersectiorof [ with theboundaryof P is emptyor connected.

2. TheO-line ! is containedn P.

We next characterizehe closureof the complemenof an O-halfspace. We call the closureof the
complemenof a setthe closedcomplement. We obsered in Sectionl thatthe closedcomplemenbf a
standardhalfspaces a halfspace.We losethis propertyin the generalizatiorto O-cornvexity: the closed
complemenbf an O-halfplanemay not be an O-halfplaneandthe closedcomplemenbf an O-halfspace
maynotbeanO-halfspace For example theclosedcomplemenof the O-halfplanein Figure5(a)is notan
O-halfplane becauséts intersectiorwith thedottedline in notempty aray, or aline. Similarly, theclosed
complemenof the O-halfspacan Figure5(b) is not an O-halfspace.We statea necessarandsufiicient
conditionunderwhich the closedcomplemenbf an O-halfspacas an O-halfspace.
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Theorem 8 (Complementation) Theclosedcomplemenof an O-halfspaceP is an O-halfspacef and
onlyif theboundaryof P is O-corvex.

Sketch of a proof. We denotethe closedcomplemenof P by ). Notethat( is interior-closedand
the boundaryof @ is the sameasthe boundaryof P. If the boundaryof P is O-corvex, then( is an
interior-closedsetwith an O-corvex boundarywhich impliesthat is an O-halfspacgTheoremg).
Supposecorversely that () is an O-halfspace.If the boundaryof P is not O-corvex, thenthereare
pointsz, y, andz onsomeQ-line [ suchthatz andz arein theboundarywhereag,, locatedbetweerthem,
is notin theboundary Then,y is eitherin theinterior of P or in theinteriorof ¢, whichimpliesthateither
Pnlor@nlisdisconnected;ontradictinghefactthat P and() areO-halfspaces. O

6 Conclusions

We have describeda generalizationof halfspacesn the theory of restricted-orientatiorcorvexity and
demonstratedhat the propertiesof thesegeneralizechalfspacesre similar to the propertiesof standard
halfspaces.

Thework we have presentedhereextendsour previousstudyof O-corvex setd[3]. In thefull paper2],
we demonstratéhattheresultshold notonly in threedimensionsut alsoin higherdimensions.

Thework leavessomeopenresearctproblemswhich we arecurrentlytrying to addressFor example,
wehavenotestablishethecontractabilityof O-halfspacesWe conjecturghatevery connected’-halfspace
is contractableWe alsoplanto studycomputationapropertieof (-corvex setsand-halfspaces.
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