ROUTING WITHOUT REGRET:
ON CONVERGENCE TO NASH EQUILIBRIA OF
REGRET-MINIMIZING ALGORITHMS IN ROUTING GAMES y
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Abstract.  There has been substantial work developing simple, etcient no-regret algorithms for a
wide class of repeated decision-making problems including online routing. These are adaptive strate-
gies an individual can use that give strong guarantees on per formance even in adversarially-changing
environments. There has also been substantial work on analy zing properties of Nash equilibria in
routing games. In this paper, we consider the question: if ea ch player in a routing game uses a no-
regret strategy, will behavior converge to a Nash equilibri  um? In general games the answer to this
question is known to be no in a strong sense, but routing games have substantially more structure.

In this paper we show that in the Wardrop setting of multicomm  odity °ow and in nitesimal
agents, behavior will approach Nash equilibrium (formally , on most days, the cost of the °ow will be
close to the cost of the cheapest paths possible given that °0 w) at a rate that depends polynomially
on the players' regret bounds and the maximum slope of any lat ency function. We also show that
price-of-anarchy results may be applied to these approxima te equilibria, and also consider the Tnite-
size (non-in nitesimal) load-balancing model of Azar [2].  Our nonatomic results also apply to a more
general class of games known as congestion games.

1. Introduction.  There has been substantial work in learning theory and game
theory on adaptive no-regret algorithms for problems of repeated decision-making.
These algorithms have the property that in any online, repeated game setting, lieir
average loss per time step approaches that of the best xed strategy in hindsigh
(or better) over time. Moreover, the convergence rates are quite good: in Hannag'
original algorithm [19], the number of time steps needed to achieve a gap ¢f with
respect to the best "xed strategy in hindsight|the \per time step regret”|is linear
in the size of the gameN . This was reduced toO(log N ) in more recent exponential-
weighting algorithms for this problem [23, 6, 16] (also called the problem b\combining
expert advice”). Most recently, a number of algorithms have been developed for
achieving such guaranteegzciently in many settings where the number of choiceN
is exponential in the natural description-length of the problem [21, 30, 31].

One speci ¢ setting where these excient algorithms apply is online routing. Given
a graph G = (V;E) and two distinguished nodesvsit and Veng, the game for an
individual player is de ned as follows. At each time stept, the player's algorithm
chooses a pathP; from vggt 10 Veng, and simultaneously an adversary (or nature)
chooses a set of edge coste.ge;e. The edge costs are then revealed and the player
pays the cost of its path. Even though the number of possible paths can be exponeant
in the size of the graph, no-regret algorithms exist (e.g., [21, 31]) that agieve running
time and convergence rates (to the cost of the best xed path in hindsight) which
are polynomial in the size of the graph and the maximum edge cost. Moreover, a
number of extensions [1, 24] have shown how these algorithms can be applied even to
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the \bandit" setting where only the cost of edges actually traversed (or even just the
total cost of P;) is revealed to the algorithm at the end of each time stept.

Along a very di®erent line of inquiry, there has also been much recent work on
the price of anarchy in games. Koutsoupias and Papadimitriou [22] de ned theprice
of anarchy, which is the ratio of the cost of an optimal global objective function to
the cost of the worst Nash equilibrium. Many subsequent results have studied the
price of anarchy in a wide range of computational problems from job scheduling to
facility location to network creation games, and especially to problems of outing in
the Wardrop model, where the cost of an edge is a function of the amount of tratc
using that edge [7, 8, 22, 27, 11]. Such work implicitly assumes that sel sh indidual
behavior results in Nash equilibria.

In this work we consider the question: if all players in a routing game use no-
regret algorithms to choose their paths each day, what can we say about the ovell
behavior of the system? In particular, the no-regret property (also called Hanna
Consistency) can be viewed as a naturabe nition of well-reasoned self-interested
behavior over time. Thus, if all players are adapting their behavior in such a vay, can
we say that the system as a whole will approach Nash equilibrium? Our main rast
is that in the Wardrop setting of multicommodity °ow and in nitesimal agents, the
°ows will approach equilibrium in the sense that a 1j 2 fraction of the daily ows will
have the property that at most an 2 fraction of the agents in them have more than
an 2 incentive to deviate from their chosen path, where2 approaches 0 at a rate that
depends polynomially on the size of the graph, the regret-bounds of the algorithms,
and the maximum slope of any latency function?

Moreover, we show that the one new parameter|the dependence on slopelis
necessary. In addition, we give stronger results for special cases such as theea$n
parallel links and also consider the "nite-size (non-in nitesimal) load-balancing model
of Azar [2]. Our results for nonatomic players also hold for a more general cts of
games called congestion games, although ezcient regret-minimizing algorithms need
not exist for the most general of these games.

One way our result can be viewed is as follows. No-regret algorithms are very
compelling from the point of view of individuals: if you use a no-regret algoithm to
drive to work each day, you will get a good guarantee on your performance nmatter
what is causing congestion (other drivers, road construction, or unpredictable events)
But it would be a shame if, were everyone to use such an algorithm, this produced
globally unstable behavior. Our results imply that in the Wardrop routing model, so
long as edge latencies have bounded slope, we can view Nash equilibria as not just a
stable steady-state or the result of adaptive procedures speci cally designed to nd
them, but in fact as the inevitable result of individual sel shly adaptive behavior by
agents that do not necessarily know (or care) what policies other agents are using.
Moreover, our results do not in fact require that users follows strategies thatare no-
regret in the worst-case, as long as their behavior satis es the no-regret propertgver
the sequence of °ows actually observed.

1A more traditional notion of approximate Nash equilibrium r equires that no player will have
more than 2 incentive to deviate from her strategy. However, one cannot hope to achieve such a
guarantee using arbitrary no-regret algorithms, since suc h algorithms allow players to occasionally
try bad paths, and in fact such experimentation is even neces sary in bandit settings. For the same
reason, one cannot hope that all days will be approximate-Nash. Finally, our guarantee may m ake
one worry that some users could always do badly, falling in th e 2 minority on every day, but as we
discuss in x5, the no-regret property can be used to further show that no p layer experiences many
days in which her expected cost is much worse than the best pat h available on that day.
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1.1. Regret and Nash equilibria. At rst glance, a result of this form seems
that it should be obvious given that a Nash equilibrium is precisely a set of stategies
(pure or mixed) that are all no-regret with respect to each other. Thus if the learning
algorithms settle at all, they will have to settle at a Nash equilibrium. In fact, for
zero-sumgames, no-regret algorithms when played against each other will approach
a minimax optimal solution [17]. However, it is known that even in small 2-player
general-sumgames, no-regret algorithms need not approach a Nash equilibrium and
can instead cycle, achieving performance substantially worse than any Nash atib-
rium for all players. Indeed simple examples are known where standard algoriths
will have this property with arbitrarily high probability [32].

1.2. Regret and Correlated equilibria. It is known that certain algorithms
such as that of Hart and Mas-Colell [20], as well as any algorithms sddfying the
stronger property of \no internal regret" [15], have the property that the empir ical
distribution of play approaches a correlated equilibrium. On the positive side, such
results are extremely general, apply to nearly any game including routing, and do
not require any bound on the slopes of edge latencies. However, such results dot
imply that the daily °ows themselves (or even the time-average °ow) are at all clse
to equilibrium. It could well be that on each day, a substantial fraction of t he players
experience latency substantially greater than the best path given the °ow (and we
give a speci ¢ example of how this can happen when edge-latencies have unbounded
slope inx2.4).

1.3. Related work.  Fischer and VAcking [13] consider a speci ¢ adaptive dy-
namics (a particular functional form in which °ow might naturally change over t ime)
in the context of sel sh routing and prove results about convergence of this dynamics
to an approximately stable con guration. In more recent work, they study the con-
vergence of a class of routing policies under a speci ¢ model of stale informatiod4].
Most recently, Fischer, Raecke, and VAcking [12] give a distributed procedureiti es-
pecially good convergence properties. The key di®erence between that work and ours
is that those results consider speci ¢ adaptive strategies designed to quickly appezh
equilibrium. In contrast, we are interested in showing convergence foany algorithms
satisfying the no-regret property. That is, even if the players are using many d-
ferent strategies, without necessarily knowing or caring about what strategiethers
are using, then so long as all are no-regret, we show they achieve convergence. In
addition, because excient no-regret algorithms exist even in the bandit setting where
each agent gets feedback only about its own actions [1, 24], our results can apply
scenarios in which agents adapt their behavior based on only very limited inforration
and there is no communication at all between di®erent agents.

Convergence time to Nash equilibrium in load balancing has also been studied.
Earlier work studied convergence time using potential functions, with the limitation
that only one player is allowed to move in each time step; the convergence times
derived depended on the appropriate potential functions of the exact model [25, 9].
The work of Goldberg [18] studied a randomized model in which each user can se-
lect a random delay over continuous time. This implies that only one user tries to
reroute at each speci c time; therefore the setting was similar to that menticmed
above. Even-Dar and Mansour [10] considered a model where many users are allowed
to move concurrently, and derived a logarithmic convergence rate for users falving
a centrally-moderated greedy algorithm. Most recently, Berenbrink et al. [4] shaved
weaker convergence results for a speci ¢ distributed protocol. To summarize, previ-
ous work studied the convergence time to pure Nash equilibria in situations witha
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centralized mechanism or speci ¢ protocol. In contrast, we present fast converqnce
results for approximate Nash equilibria in a non-centralized setting, and our ony
assumption about the player strategies is that they are all no-regret.

2. Preliminaries.

2.1. Nonatomic congestion games. Let E be a nite ground set of elements
(we refer to them as edge$. There are k player types1;2;:::;k, and each player
type i has an associated set of feasible pathB;, where P; is a multiset of subsets of
E. Elements of P; are called paths or strategies For example, player type i might
correspond to players who want to travel from nodeu; to node v; in some underlying
graph G, and P; might be the set of alluj-v; paths. The continuum A; of agents of type
bIS represented by the interval [Q a;], endowed with Lebesgue measure. We restrict

iz1 & =1, so there is a total of one unit of “ow. Each edgee 2 E has an associated
tratc-dependent, non-negative, continuous, non-decreasindatency function “. A
nonatomic congestion gameas de ned by (E; ; P;A).

A °ow determines a path for each player:f; : Ai KQ i wherg Q; is the set of
&—1 vectors in P with e>ﬁlctly one 1. RWe write f = ( AL fa;io; A fk), where by
A fi we mean (A (f)*; A; (fi )2"::' (f )IPii). A °ow thus induces a distribution

g,ver paths, which we write for a path P in P; asfp = (f;)P for P of type i. Thus,

pop, fp = @& for all i, and fp is the measure of the set of players selecting path
P. Each °ow induces algnique °ow on edges such that the °owf, on an edge
e has the,property fe = .., fp. The latency of a path P given a °ow f is
p(f) = op elfe), ie., the sum of the latencies of the edges in the path, given
that °ow, and the cost incurred by a player is simply the latency of the path she
plays.

We de ne JEj = m and write n for the number of edges in the largest path inP.
We will assume all edge latency functions have range [Q], so the latency of a path
is always between 0 anch. Let f1;f2;:::;f T denote a series of 9 Igws from time 1 up
to time T. We usef’ to denote the tlme average °ow, i.e.,fe = % | fe

Remark 2.1. Network games are a special case of nonatomlc congestion ges
where there is an underlying graphG and players of typei have a start nodeu; and
a destination nodev;, and P; is the set of allu;-v; paths.

2.2. Equilibria and social cost. A °ow f is at Nash equilibrium if no user
would prefer to reroute her traxc, given the existing °ow.

Definition 2.2. A °ow f on game(E;"; P;A) is at equilibrium if and only if
for every player typei, and pathsPq;P, 2 P; with fp, > 0, p,(f) - “p,(f).

It is useful to note that in this domain, the °ows at equilibrium are those for whi ch
all °ow-carrying paths for a particular player type have the same latency. In addition,
given our assumption that all latency functions are continuous and non-decreasing,
one can prove the existence of Nash equilibria:

Proposition 2.3.  (Schmeidler [29], generalization of Beckman et al. [3]) Evey
nonatomic congestion game admits a °ow at equilibrium.

We de ne the social cost of a °ow to be the average cost incurred by the players:

Definition 2.4. De ne the costC(f) of a ow f to beC(f)= ¢ "e(fe)fe:

In addition, for any nonatomic congestion game, there is a unique equilibrium
cost:

Proposition 2.5.  (Milchtaich [26], generalization of Beckman et al. [3]) Distinct
equilibria for a nonatomic congestion game have equal sodiaost.
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2.3. No-Regret Algorithms. Definition 2.6. Consider a series of °ows

The per-time-step regret of the user is the di®erence between her average latency and
the latency of the best "xed path in hindsight for players of ér type i, that is,

(. H ~ ty.

c min — fo):

T | P2P | e( e)
t=1 t=1 e2P

1)@— l)@-X

An online algorithm for selecting paths at each time stept is no-regret if, for any
sequence of °ows, the expected regret (over internal randamess in the algorithm)
goes to 0 asT goes to in nity.

Here and in the rest of this paper, excludingx7, we consider in nitesimal users
using a nite number of di®erent algorithms; in this setting, we can get rid of the
expectation. In particular, if each user is running a no-regret algorithm, then the
average regret over users also approaches 0. Thus, since all players have bounded per
timestep cost, applying the strong law of large numbers, we can make the fawing
assumption:

Assumption 2.7. The series of “owsf 1;f?;::: satis'es

1 X X et 1 X . X X e
T e(f e)fe - R(T)+ T g Pn;L‘n‘ e(f e)
t=1 e2E i=1 t=1 e2P
where R(T) ! O0asT !1 . The function R(T) may depend on the size of the
network and its maximum possible latency. We then de nd: as the number of time
steps required to getR(T) - 2.
For example, for the case of a routing game consisting of only two nodes and

m parallel edges, exponential-weighting algorithms [23, 6, 16] giv@. = O(z logm).
For general graphs, results of Kalai and Vempala yieldT: = O(mnz'#) [21]. For
general graphs where an agent can observe only its path cost, results of Awerbuch
and Kleinberg yield T = O(".™) [1].

2.4. Approaching Nash Equilibria. We now need to specify in what sense
°ow will be approaching a Nash equilibrium. The rst notion one might consider
is the L, distance to some true Nash °ow. However, if some edges have nearly-°at
latency functions, it is possible for a °ow to have regret near 0 and yet still be &r in
L, distance to a true Nash °ow. A second natural notion would be to say that the
°ow f has the property that no user has cost much more than the cheapest path given
f . However, notice that the no-regret property allows users to occasionally takéong
paths, so long as they perform well on average (and in fact algorithms fortie bandit
problem will have exploration steps that do just that [1, 24]). So, one cannot expect
that on any time step all users are taking cheap paths.

Instead, we require that most users be taking a nearly-cheapest path giverf .
Speci cally,

Definition 2.8. A °ow f is at 2-Nash equilibrium if the average cost un-

Ber this °ow is \Mthin 2 of the minimum cost paths under this °ow, i.e. C(f) j

Kk . N
iz & MiNpop,  p e(fe) - 2.

Note thab De nition 2.8 implies that at most a P fraction of tratc can have
more than a~ 2 incentive to deviate from their path, and as a result is very similar
to the de nition of ( 2 £)-Nash equilibria in [12].
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We also are able to show that one can apply price-of-anarchy results t8-Nash
°ows; we discuss this inx6.

We will begin by focusing on the time-average®ow f, showing that for no-regret
algorithms, this °ow is approaching equilibrium. That is, for a given T. we will give
bounds on the number of time steps beford” is 2-Nash. After analyzing f", we then
extend our analysis to show that in fact for most time stepst, the ow f! itself is
2-Nash. To achieve bounds of this form, which we show irx 5, we will however need
to lose an additional factor polynomial in the size of the graph. Again, wecannot
hope to say that f! is 2-Nash for all (suxciently large) time-steps t, because no-
regret algorithms may occasionally take long paths, and an \adversarial'set of such
algorithms may occasionally all take long paths at the same time.

2.5. Dependence on slope. Our convergence rates will depend on the maxi-
mum slopes allowed for any latency function. To see why this is necessary, consider
the case of a routing game with two parallel links, where one edge has latency 0 up
to a load of 1=3 and then rises immediately to 1, and the other edge has latency 0
up to a load of 2=3 and then rises directlylg,o 1. In this case the Nash cost is 0, and
moreover for any *ow f%we have mimbop  ,p e(f) = 0. Thus, the only way f°
can be2-Nash is for it to actually have low cost, which means the algorithm must
precisely be at a £3-2=3 split. If players use no-regret algorithms, tratc will instead
oscillate, each edge having cost 1 on about half the days and each player incurring ¢os
1 on not much more than half the days (and thus not having much regret). However,
none of the daily “ows will be better than %-Nash, because on each day, the cost of
the °ow f is at least 1/3.

3. In nitesimal Users: Linear Latency Functions. We begin as a warm-up
with the easiest case, in nitesimal users and linear latency functions, which simpli es
many of the arguments. In particular, for linear latency functions, the latency of any
edge under the time-average cowf’ is guaranteed to be equal to the average latency
of that edge over time, i.e. "o(fe) = Ti th1 “e(fd) for all e.

Theorem 3.1. Suppose the latency functions are linear. Then fofT | T, the
average °owf" is 2-Nash, i.e.

X X
Cc(f) - 2+ a min P‘e(f’é):

i e2

PProof. From the linearity of the latency functions, we have for all e, “o(f%) =
L [Tzl “e(fl). Since o(fl)f{ is a convex function of the °ow, this implies

X
W 1 T

t=1

Summing over all e, we have

P
cfy - FEaCl) b
© 2t m?npzpi F% =1 e2p “e(fl) (by ASSL_Impti_on 2.7)
= 2+ amineae,  gp e(fe): (by linearity)
0
Corollary 3.2. Assume that all latency functions are linear. In general roding

games, if all agents use the Kalai-Vempala algorithm [21], # average °ow converges
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to an 2-Nash equilibrium at T = O(%). On networks consisting of two nodes and
m parallel links, if all agents use optimized \combining expd advice"-style algorithms
(with ealch edge an expert), the average °ow converges to &Nash equilibrium at
T. = O(% .

Note that we not only proved that the average °ow approaches am?-Nash equi-
librium, but as an intermediate step in our proof we showed thatactual average cost
incurred by the users is at most2 worse than the best path in the average °ow.

4. Innitesimal Users: General Latency Functions. The case of general
latency functions is more complicated because the “rst and third transitions in the
proof above do not apply. Here, the additive term depends on the maximum slope of
any latency function.

Theorem 4.1. Let20= 2+ 2p sZn. Then for general functions with maximum
slopes, for T, T, the time-average °ow is2%Nash, that is,

WP 2+2P e+ X a min X “o(fe):
e2E i P2Pi e2P

Before giving the proof, we list several quantities we will need to relate:

X
(4.1) “o(fe)fe (cost of )
e2E
(4.2) Ti “o(FHfe (\cost of f"in hindsight")
t=1 e2E
(4.3) Tl Te(fOfE (avg cost of °ows up to time T)
t=1 e2E
X X 1 X
(4.4) a; min T “e(fd (cost of best path in hindsight)
i F;(ZP "e2P | (51
(4.5) a min “o(fe) (cost of best path givenf’)
[ "e2p

Our goal in proving Theorem 4.1 is to show that (41) is not too much greater
than (4:5). We will prove this as follows. We know that (4:3) - 2+ (4:4) by the
no-regret property and that (4:2) - (4:3) by convexity. So, what remains to show
is that (4:4) is not much greater than (4:5) and that (4:1) is not much greater than
(4:2). We prove these in Lemmas 4.2 and 4.3 below. D

Lemma 4.2. For general latency functions with maximum slopes, (4:4) - = s?n+
(4:5).

Proof. First, observe that, because our latency functions are non-decreasing, the
average latency of an edge must be less than or equal to the latency of that edge as
seen by a random user on a random day. That is, for alk,

1. X 1 X
Tf/\e e(fé)'

t=1 t=1

Te(fe)fer

_ P P
Demez2.= 1 [ “o(fDfLi ife [ “e(fl) to be the gap between the above two

terms. Now, notice that the right-hand side of the above inequality, summed oer all
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edges, is precisely quantity (4.3). By the no-regret property, this is at most? larger
than the time-average cost of the best paths in hindsight, which in turn is clearl at
most the time-average cost off". Therefore, we have:

1,0 X 1 XX
?fl\e e(fetz)' f e(fé)fé
t=1 e2E t=1 e2E
1,0 X
c 24 f e(fe):
t=1 e2E

That is, we have \sandwiched" the °ow-average latency between the time-average
latency and the time-average latency plus2. This implies that for every edge e, its
time-average cost must be close to its °ow-average cost, hamely,

X
2 . 2
e 2

e2E

We now use this fact, together with the assumption of bounded slope, to show that
edge latencies cannot be varying wildly over time. Speci cally, we can rewrite the
de nition of 2, as:

(4.6) 2, = Ce(fl)i “e(fe)(fli fe), O

P P
where we are using the fact thatfe = £ [, flandsod [, “e(fe)(féi fe)=0.
From the bound on the maximum slope of any latency function, we know that
jfé i f/\ej L Te(f é) i \e(f/\e)j:S and thus

r _s ‘3

j\e(fé)i \e(fl:a)j' s Te(fl)i ‘e(f/\e) féi f/:a

for all e.
We then get
X P_x q
2TCD ) = Celtd i e )

t=1 t=1

Using equation (4.6) above, this yields

1 X

4.7) Cof i "e(fy) - P

t=1
Finally, let P;® be the best path of t¥pei ggven f'\.pSumm'kpg equation (4.7) over
the edges inP, and using the factthat ;& ,p. S% - SN, we have

X 1%
@5)+ Psm 17y | @y

e2p-® t=1

as desired. O
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Lemma 4.3. For general latency functions with maximum slopes, (4:1) - P sn+
(4:2).

Proof. Equation (4.7) above directly gives us

X
@1 Psfir@
e2E

We then use the fact that f - 1 for all e to obtain the desired result. d
Given the above lemmas we now present the proof of Theorem 4.1.
Proof. [of Theorem 4.1]
Since (43) - 2+ (4:4) by Assumption 2.7, and (42) - (4:3) by convexity, we get

(4:1) - pﬁ+(4:2)
s2n + (4:3)

- 24 80+ (4:4)

: 2+2pﬁ+(4:5)

as desired. 0

Corollary 4.4. Let 20 = 2 + ZPﬁ. Assume that all latency functions are
positive, non-decreasing, and continuous, with maximum sloe s. In general routing
games, if all agents use the Kalai-Vempala algorithm [21], #h average °ow converges
to an 2%Nash equilibrium at T. = O(M9n) = O(W). On networks con-
sisting of two nodes andm parallel links, if all agents use optimized \combining ex-
pert advice"-style algorithms, the average °ow converges tan 2-Nash equilibrium at
T. = O(%%m) = O(t=am).

Once again we remark that not only have we proved that the average °ow ap-
proaches2®Nash equilibrium, but as an intermediate step in our proof we showed
that actual average cost obtained by the users is at most® worse than the best path
in the average °ow.

5. In nitesimal Users: Bounds on Most Timesteps. Here we present re-
sults applicable to general graphs and general functions showing that omost time
stepst, the °ow f' will be at 2-Nash equilibrium.

Theorem 5.1. In general routing games with general latency functions wit
maximumpslopes, for all but a (ms'=#2174) fraction of time steps up to time T, f!
isa(2+2" s2n +2m3*4s!¥42174)_Nash °ow. We can rewrite this as: for all but an2°

fraction of time steps up to Tz, f! is an 2%-Nash °ow for 2 = - ﬁ
Proof. Based on equation (4.6),

1 N . .
e . = (ST

for all edges. Thus, for all edges, for all butst=422** of the time steps,
ST el i (R

Using a union bound over edges, this implies that on all but ans=*21=* fraction
of the time steps, all edges have

sl j e(f) i e(fei
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From this, it follows directly that on most time steps, the cost of the best path given
ft di®ers from the cost of the best path givenf' by at most m3=4s!=421=4  Also on
most time steps, the cost incurred by °owf ! di®er?) from the cost incurred by cowf"
by at gnost m3=4s1=421=4  Thys sincef" is an 2 +2" s2n)-Nash equilibrium, f! is an
(2+2" $2n +2m34s!¥42174).Nash equilibrium on all but a ms=421=4 fraction of time
steps. O

Corollary 5.2. In general routing games with general latency functions wit
maximum slopes, for all buta (ms'=421=4) fraction of time steps up to time T = Tz,
the expected average cos% thl ¢' incurred by any user is at most(2 + 2" s2n +
m3=4s1=421=4) worse than the cost of the best path on that time step.

This demonstrates that no-regret algorithms are a reasonable, stable response &
network setting: if a player knows that all other players are using no-regret algoithms,
there is no strategy that will signi cantly improve her expected cost on more than a
small fraction of days. By using a no-regret algorithm, she gets the guarame that on
most time steps her expected cost is within some epsilon of the cost of the best gat
given the °ow for that day.

Proof. From the proof of Theorem 5.1 we see that on most days, the cost of the
best path given the °ow for tBat day is within m3=4s1=421=4 of the cost of the best path
given f*, which is at most 2 s2n worse than the cost of the best path in hindsight.
Combining this with the no-regret property achieved by each user gives the desired
result. 0

6. Regret Minimization and the Price of Anarchy. In this section, we
relate the costs incurred by regret-minimizing players in a congestion game to theost
of the social optimum. We approach this problem in two ways: First, we showthat any
2-Nash equilibrium in a congestion game is closely related to a true Nash equiliium
in a related congestion game. This allows us to apply Price of Anarchy resultfor
the congestion game to the regret-minimizing players in the original game. In or
second result in this section, we give an argument paralleling that of Roughgarden
and Tardos [28] that directly relates the costs of regret-minimizing users to the cst
of the social optimum.

Theorem 6.1. If f is an 2-Nash eBuiIibri%m °ow for a nonatomic congestion
gamej , then C(f) - ﬁi—f (C(OPT)+ s 2n+ ' 2+ 2), where OPT is the min cost
°ow and Y%is the price of anarchy in a related congestion gamg ° with the same class
of latency functions asj but with additive o®sets.

For example, Theorem 6.1 implies that for linear latency functions, an2-Nash
°ow f will have cost at most %(C(OPT) + P 2(n +1)+ 2). Note that for regret

minimizing players, Theorem 6.3 below improves this to%C(OPT) + 2,

The proof idea for this theorem is as follows: For every nonatomic congestion
game j and °ow f at 2-Nash equilibrium on j, there exists a nonatomic congestion
game % that approximates j and a °ow f ° that approximates f such that: (a) f°is
a Nash °ow on % (b) the cost of f ®on i °is close to the cost off on j, and (c) the
cost of the optimal °ow on j %is close to the cost of the optimal °ow on j. These
approximations allow one to apply price-of-anarchy results fromf®and j °to f and

|-

Proof. Note that since f is at 2-Nash equilibgum on j, then at most a Pz
fraction of users are experiencing costs more thar{J 2 worse than the cost of their
best path givenf. We can modify j to j » to embed the costs associated with these
\meandering" users such that the costs experienced by the remaining users do not
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change. Call the remaining (1j %) usersf,.
Then C(f onj) - C(foonij,)+ 2C(f onj)+ 2. We can rewrite this as

C(f on i) - 4P (ClTz on i)+ 2):

We now construct an alternate congestion game 3 (not necessarily a routing
game, even if the original game was a routing game) such thdt, interpreted on j 3 is
a Nash equilibrium. To do this, we create a new edge for each commaodity, and include
that edge in every allowable path for that commodity. We can now assign costgo
these new \entry edges" to cause the minimum cost of any available path for each
commodity to be equal to the cost of the worst °ow-carrying path for that commodity
in f, onj 2. The maximum cost we need to assign to any entry edge in order to achieve
this is © 2, since we already removed all users paying more thaE 2 plus the cost of
the best path available to them. Thus C(f, on j,) - C(f, interpreted on j 3), SO we
have

C(f onj) - l—lp—j (C(f, interpreted on j 3) + 2):
|

De ne %to be the price of anarchy of the new congestion game 3 when played
with one unit of °ow. The price of anarchy when played with less than one unit of
°ow can only be lower. Thus, de ning OP Tg(H) to be the min-cost °ow of size® in
gameH, we have

C(f oni) - ;b5 (COPTy s )+ 9):

Since we added at mostp 2 to the cost of any solution in going from j, to j 3, this
gives

Vo B ¢
C(f onj) - 1—|29—i 'C(OP Ty, +(i 3) interpreted on j ») + Payo :
i
and sinceOP Ty; (i 2) is the min-cost °ow of size (1j %) on j 2,
Yo i p. .¢
C(f onij) - 1 Pz C(OPTy +(i2)+ 2+ 2
i

We now must quantify the amount by which the cost of OPTy; + on 'bz could
exceed the cost ofOP T; on . Since the cost of any edge in j, is at mosts™ 2 more
than the cost of that edge in j, this gives
p ¢

§+2:

oo p-
C(f onj) - ?p—z C(OPT)+ s 2n+
a
In particular, when all latency functions are linear, we can apply results of Rough-
garden and Tardos bounding the price of anarchy in a congestion game with linear
latency functions by 4=3 [28].
We can also directly characterize the costs incurred by regret-minimizing players
without going through the intermediate step of analyzing 2-Nash °ows by arguing
from scratch paralleling the Price of Anarchy proofs of Roughgarden and Tados [28].
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Definition 6.2.  Let L be the set of cost functions used by a nonatomic congestion
game, with all *(»)» convex on[0;1 ). For a nonzero cost function™ 2 L, we de ne

®(") by
&)= sup [P (@i !
n>0:"(n)>0
where the marginal social cost2(») = “e(»)+ »¢3(»), , 2 [0;1] satises **(,n) = “(n),
and! = “(,n)="(n) 2 [0; 1]. We de ne ®L) by

®&L)= sup @():
06 2L

Theorem 6.3. If | is a nonatomic congestion game with cost functiong. with
all “(»)» convex on[0;1 ), then the ratio of the costs incurred by regret-minimizing
players to the cost of the global optimum °ow is asymptoticf at most ®& L) (which
is the Price of Anarchy bound given by Roughgarden and Tardd28]).

action distributions obtained by regret-minimizing players. We can lower bound the
optimum social cost using a linear approximation of the function “¢(»)» at the point
. &f &, where, | 2 [0; 1] solves'g(, £ ) = “e(f?):

Zf;
"l efe), efe * “e(f) dx

s e e f
“e(Lefe). efe +(fei L efe) e, ofe)
= e efe) efe +(fei L efe)elfe)

for all edges and time steps, and thus

“e(fe)fe

v

o 1 . o .
CU™). T [l UOUEH(121 LY (T
t=1 e2E
We can rewrite this as
a 1 % X 1t tgt . t tr t X o, tr ty.
C(f )> ? [ es efe+(1 | >e)fe] e(fe)+ [fe ! fe] e(fe)1
t=1 e2E e2E

wheretl = “¢(, Lf })="e(f ). By the regret minimizing property,

1)@- X et X ) 1)@- X et
T, el i Ay o{le)
t=1 e2E i t=1 e2E
and thus
1)@— X et 1)@— X o et
? fe e(fe) S ? fe e(fe);
t=1 e2E t=1 e2E
which gives us
a 1)6- X totgt tyfts t
C(f )+ 2 B f [1e: efe+(1 i >e)fe] e(fe):

t=1 e2E
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By demition, *L L+ (1 ,L), 1=@L) for eache and t, so 1} Lfl+ (1
O e(fL) and "o (fE)fE di®er by at most a multiplicative ®(L) factor for every e

and t. This gives us

. 1 1 X X C(x
O BT (1= 5
t=1 e2E
as desired. O
7. Discrete Users: Parallel Paths. In contrast with the previous sections, we
now consider discrete users, where we denote théh user weight asyy;. Without loss

of generality, we assume that the weights are normalized such that i”:l w; =1. We
limit ourselves in this section to the single-commodity version of the paralél paths
routing game model and to functions with latency equal to the load, that is, for a pah
e we have’ = fe. For each useri, we let the latency excluding hefzown pathe at
time t be “¢(f ! ni) and her average latency on pathe be “o(feni) = I thl “e(fini),
wheref{ni = f! if useri is not routing on path eand f{ ni = f!j w; otherwise. We
always exclude theith player from the latency function, since the ith player always
pays for its weight.

Next we observe that at time t, there always exists a path with load at most the
average load.

Observation 7.1. At any time step t, for every useri, there exists a pathe such
that “e(feni) - 2w,

The following theorem di®ers from other theorems in the paper in the sense that
it is an expectation result and holds for every user.

Theorem 7.2. Consider the parallel paths model, with latency functions wch
that the latency equals the load. Assume that each discreteser i uses an optimized
best expert algorithm. Then for all users, for allT | O('%&,™m),

1 X . 1w
- Ee»q[[ E'(f(tanl)] - — 2;
T =1 m

where ¢ is the distribution over the m paths output by the best expert algorithm at
time t.

Proof. By Observation 7.1 we have that there exists a path with average cost at
most LTW Since user is using an optimized best expert algorithm and the maximal
latency is 1, we have that

r

1 X . . oo . logm
?t:l Ee»qt[E(fénl)] ) rérzllg e(fl\enl)+ G
r
1i w . logm
m T
1i w 42
m
where the last inequality holds for T | O('°g,™). 0

Consider an instance of this model where every user plays uniformly at random.
The resulting °ow is clearly a Nash equilibrium, and the expected latency for the
ith player is “TW excluding its own weight. We thus have shown that the expected
latency experienced by each user is at most 2 worse than this Nash latency.
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8. Conclusions. In this paper, we consider the question: if each player in a
routing game (or more general congestion game) uses a no-regret strategy, wilk-
havior converge to a Nash equilibrium, and under what conditions and in what sense?
Our main result is that in the setting of multicommodity °ow and in nitesimal agen ts,

a 1lj 2 fraction of the daily °ows are at 2-Nash equilibrium for 2 approaching 0 at a
rate that depends polynomially on the players' regret bounds and the maximum slog
of any latency function. Moreover, we show the dependence on slope is necessary.

Even for the case of reasonable (bounded) slopes, however, our bounds for general
nonlinear latencies are substantially worse than our bounds for the linear case. [Fo
instance if agents are running the Kalai-Vempala algorithm [21], we get a bound ©
O(%) on the number of time steps needed for the time-average °ow to reach

an 2-Nash equilibrium in the linear case, butO(m) for general latencies. We
do not know if these bounds in the general case can be improved. In addition, our
bounds on the daily °ows lose additional polynomial factors which we suspectr@ not
tight.

We also show that Price of Anarchy results can be applied to regret-minimizing
players in routing games, that is, that existing results analyzing the quality of Nash
equilibria can also be applied to the results of regret-minimizing behavior. Recent
work [5] shows that in fact Price of Anarchy results can be extended to cover regt-
minimizing behavior in a wide variety of games, including many for which this behav-
ior may not approach equilibria and where Nash equilibria may be hard to "nd.
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