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Abstract

An eigenvaluemethodis developedfor analyzingperiodicstructurein
speech.Signalsareanalyzedby a matrix diagonalizationreminiscentof
methodsfor principal componentanalysis(PCA) andindependentcom-
ponentanalysis(ICA). Ourmethod—calledperiodiccomponentanalysis
( � CA)—usesconstructive interferenceto enhanceperiodiccomponents
of the frequency spectrumanddestructive interferenceto cancelnoise.
Thefront endemulatesimportantaspectsof auditoryprocessing,suchas
cochlearfiltering,nonlinearcompression,andinsensitivity to phase,with
the aim of approachingthe robustnessof humanlisteners.The method
avoidstheinefficienciesof autocorrelationat thepitchperiod:it doesnot
requirelong delay lines, and it correlatessignalsat a clock rateon the
orderof the actualpitch, asopposedto the original samplingrate. We
derive its costfunctionandpresentsomeexperimentalresults.

1 Introduction

Periodicstructurein thetimewaveformconveys importantcuesfor recognizingandunder-
standingspeech[1]. At theendof an Englishsentence,for example,rising versusfalling
pitch indicatestheaskingof a question;in tonal languages,suchasChinese,it carrieslin-
guisticinformation.In fact,earlyin thespeechchain—priorto therecognitionof wordsor
theassignmentof meaning—theauditorysystemdividesthefrequency spectruminto peri-
odic andnon-periodiccomponents.This division is gearedto the recognitionof phonetic
features[2].Thus,a voicedfricative might be identifiedby the presenceof periodicity in
thelowerpartof thespectrum,but not theupperpart. In complicatedauditoryscenes,peri-
odiccomponentsof thespectrumarefurthersegregatedby their fundamentalfrequency[3].
This enableslistenersto separatesimultaneousspeakersandexplainsthe relative easeof
separatingmaleversusfemalespeakers,asopposedto two recordingsof thesamevoice[4].

The pitch andvoicing of speechsignalshave beenextensively studied[5]. The simplest
methodto analyzeperiodicity is to computethe autocorrelationfunction on sliding win-
dowsof thespeechwaveform.Thepeaksin theautocorrelationfunctionprovideestimates
of the pitch andthe degreeof voicing. In cleanwidebandspeech,the pitch of a speaker
can be trackedby combininga peak-pickingprocedureon the autocorrelationfunction
with someform of smoothing[6], suchasdynamicprogramming.This method,however,



doesnot approachthe robustnessof humanlistenersin noise,andat best,it providesan
extremely grosspicture of the periodic structurein speech. It cannotserve as a basis
for attackingharderproblemsin computationalauditorysceneanalysis,suchasspeaker
separation[7], which requiredecomposingthe frequency spectruminto its periodic and
non-periodiccomponents.

Thecorrelogramis a morepowerful methodfor analyzingperiodicstructurein speech.It
looks for periodicity in narrow frequency bands.Slaney andLyon[8] proposeda percep-
tual pitch detectorthat autocorrelatesmultichanneloutput from a model of the auditory
periphery. The auditorymodel includesa cochlearfilterbankandperiodicity-enhancing
nonlinearities.Theinformationin thecorrelogramis summedover channelsto producean
estimateof thepitch. Thismethodhastwo compellingfeatures:(i) by measuringautocor-
relation,it producespitch estimatesthatareinsensitive to phasechangesacrosschannels;
(ii) by working in narrow frequency bands,it producesestimatesthatarerobust to noise.
This method,however, alsohasits drawbacks.Computingmultiple autocorrelationfunc-
tionsis expensive. To avoid aliasingin upperfrequency bands,signalsmustbecorrelated
at clock ratesmuchhigher than the actualpitch. From a theoreticalpoint of view, it is
unsatisfyingthatthecombinationof informationacrosschannelsis notderivedfrom some
principleof optimality. Finally, in theabsenceof conclusive evidencefor long delaylines
( � 10 ms) in theperipheralauditorysystem,it seemsworthwhile—forbothscientistsand
engineers—tostudywaysof detectingperiodicitythatdo not dependon autocorrelation.

In this paper, we developaneigenvaluemethodfor analyzingperiodicstructurein speech.
Ourmethodemulatesimportantaspectsof auditoryprocessingbut avoidstheinefficiencies
of autocorrelationat thepitch period. At thesametime, it is highly robust to narrowband
noiseandinsensitive to phasechangesacrosschannels.Notethatwhile certainaspectsof
themethodarebiologically inspired,its detailsarenot intendedto bebiologically realistic.

2 Method

We developthemethodin four stages.Thesestagesaredesignedto convey themaintech-
nical ideasof the paper: (i) an eigenvaluemethodfor combiningandenhancingweakly
periodicsignals;(ii) theuseof Hilbert transformsto compensatefor phasechangesacross
channels;(iii) themeasurementof periodicityby efficient sinusoidalfits; and(iv) thehier-
archicalanalysisof informationacrossdifferentfrequency bands.

2.1 Cross-correlation of critical bands

Considerthe multichanneloutputof a cochlearfilterbank. If the input to this filterbank
consistsof noisy voicedspeech,the outputwill consistof weakly periodicsignalsfrom
differentcritical bands.Canwe combinethesesignalsto enhancethe periodicsignature
of thespeaker’s pitch? We begin by studyinga mathematicalidealizationof theproblem.
Given � real-valuedsignals,
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imizesthe periodicstructureat somefundamentalfrequency � � , or equivalently, at some
pitch period ! �#"�$ � � ? Ideally, the linear combinationshoulduseconstructive interfer-
enceto enhanceperiodiccomponentsof thespectrumanddestructiveinterferenceto cancel
noise.We measuretheperiodicityof thecombinedsignalby thecostfunction:% 	'&)( ! 
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Here,for simplicity, we have assumedthat thesignalsarediscretelysampledandthat the
period ! is anintegermultipleof thesamplinginterval. Thecostfunction % 	�&8( ! 
 measures
thenormalizedpredictionerror, with theperiod ! actingasapredictionlag. Expandingthe



right handsidein termsof theweights
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Note that the denominatorand numeratorof eq. (2) are both quadraticforms in the
weights

� �
. By the Rayleigh-Ritztheoremof linear algebra,the weights

� �
minimizing

eq.(2) aregivenby theeigenvectorof thematrix
=JI � ;K	 ! 
 with thesmallesteigenvalue.

For fixed ! , this solutioncorrespondsto theglobalminimumof thecostfunction % 	�&8( ! 
 .
Thus,matrix diagonalization(or simply computingthebottomeigenvector, which is often
cheaper)providesa definitiveanswerto theabove problem.

Thematrix diagonalizationwhich optimizeseq.(2) is reminiscentof methodsfor principal
componentanalysis(PCA) andindependentcomponentanalysis(ICA)[9]. Our method—
which by analogywe call periodiccomponentanalysis( � CA)—usesaneigenvalueprinci-
ple to combineperiodicitycuesfrom differentpartsof thefrequency spectrum.

2.2 Insensitivity to phase

The eigenvaluemethodin the previous sectionhasone obvious shortcoming: it cannot
compensatefor phasechangesacrosschannels.In particular, thereal-valuedlinearcombi-
nation � 	���
L� � �M� � � � 	���


cannotalign thepeaksof signalsthatare(say) � $ON radiansout
of phase,eventhoughsuchanalignment—priorto combiningthesignals—wouldsignifi-
cantlyreducethenormalizedpredictionerrorin eq.(1).

A simple extensionof the methodovercomesthis shortcoming. Given real-valuedsig-
nals,
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computedby Hilbert transforms[10]. TheFourierseriesof thesesignalsarerelatedby:����	���
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Wenow reconsidertheproblemof theprevioussection,looking for thelinearcombination
of analyticsignals,� 	���
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, thatminimizesthecostfunction in eq.(1). In this
setting,moreover, we allow theweights

� �
to becomplex sothat they cancompensatefor

phasechangesacrosschannels.Eq.(2) generalizesin a straightforwardway to:% 	�&8( ! 
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. Again, the optimal weights
� �

aregiven by the eigenvector
correspondingto thesmallesteigenvalueof thematrix

=JI � ;J	 ! 
 . (Notethatall theeigen-
valuesof this matrixarerealbecausethematrix is Hermitian.)

Our analysisso far suggestsa simple-mindedapproachto investigatingperiodicstructure
in speech. In particular, considerthe following algorithm for pitch tracking. The first
stepof thealgorithmis to passspeechthrougha cochlearfilterbankandcomputeanalytic



signals,
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, via Hilbert transforms.Thenext stepis to diagonalizethematrices
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on sliding windowsof
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over a rangeof pitch periods,!srpt:!
u2v w ( !xuzyk{7| . Thefinal step
is to estimatethepitch periodsby thevaluesof ! thatminimize thecostfunction,eq.(1),
for eachsliding window. Onemight expect suchan algorithmto be relatively robust to
noise(becauseit can zero the weightsof corruptedchannels),as well as insensitive to
phasechangesacrosschannels(becauseit canabsorbthemwith complex weights).

Despitetheseattractive features,the above algorithmhasseriousdeficiencies.Its worst
shortcomingis theamountof computationneededto estimatethepitchperiod, ! . Notethat
theanalysissteprequirescomputing� 3 cross-correlationfunctions,

� + P� l� 	���
 P�O9�	��}/ ! 
 , and
diagonalizingthe ��~�� matrix,

=JI � ;K	 ! 
 . Thisstepis unwieldyfor threereasons:(i) the
burdenof recomputingcross-correlationsfor differentvaluesof ! , (ii) the high sampling
ratesrequiredto avoid aliasingin upperfrequency bands,and(iii) thepoorscalingwith the
numberof channels,� . We addresstheseconcernsin thefollowing sections.

2.3 Extracting the fundamental

Furthersignalprocessingis requiredto createmultichanneloutputwhoseperiodicstruc-
ture canbe analyzedmoreefficiently. Our front end,shown in Fig. 1, is designedto an-
alyzevoicedspeechwith fundamentalfrequenciesin the range � �sr@t:��uDv w ( ��u�yk{X| , where��u�yk{.� N ��u2v w . Theone-octave restrictionon � � canbelifted by consideringparallel,over-
lappingimplementationsof our front endfor differentfrequency octaves.

The stagesin our front endareinspiredby importantaspectsof auditoryprocessing[10].
Cochlearfiltering is modeledby a Bark scalefilterbankwith contiguouspassbands.Next,
wecomputenarrowbandenvelopesby passingtheoutputsof thesefilters throughtwo non-
linearities:half-wave rectificationandcube-rootcompression.Theseoperationsarecom-
monly usedto modelthecompressive unidirectionalresponseof innerhair cells to move-
mentalongthebasilarmembrane.Evidencefor comparisonof envelopesin theperipheral
auditorysystemcomesfrom experimentson comodulationmaskingrelease[11]. Thus,the
next stageof our front endcreatesa multichannelarrayof signalsby pairwisemultiply-
ing envelopesfrom nearbypartsof thefrequency spectrum.Allowedpairsconsistof any
two envelopes,including an envelopewith itself, that might in principle containenergy
at two consecutive harmonicsof thefundamental.Multiplying theseharmonics—justlike
multiplying two sinewaves—producesintermodulationdistortionwith energy at thesum
anddifferencefrequencies.Theenergy at thedifferencefrequency createsa signatureof
“residue”pitch at � � . Theenergy at thesumfrequency is removedby bandpassfiltering to
frequenciest:� u2v w ( � u�yA{ | andaggressively downsamplingto a samplingrate � � ��� � u2v w .
Finally, we useHilbert transformsto computethe analyticsignalin eachchannel,which
we call

P� �
	���
 .
In sum,the stagesof the front endcreatean arrayof bandlimitedanalyticsignals,

P� � 	���
 ,
that—whilederivedfrom differentpartsof thefrequency spectrum—have energy concen-
tratedat the fundamentalfrequency, � � . Note that the bandlimitingof thesechannelsto
frequenciest:��u2v w ( ��u�yk{X| where ��u�yk{�� N ��u2v w removes the possibility that a channelcon-
tainsperiodicenergy at any harmonicother thanthe fundamental.In voicedspeech, this
hastheeffect thatperiodicchannelscontainnoisysinewaveswith frequency� � .

P� �
	���

Figure1: Signalprocessingin thefront end.



How can we combinethese“baseband”signalsto enhancethe periodic signatureof a
speaker’s pitch? The natureof thesesignalsleadsto an importantsimplification of the
problem.As opposedto measuringtheautocorrelationat lag ! , asin eq.(1), herewe can
measuretheperiodicityof thecombinedsignalby asimplesinusoidalfit. Let � �_N �B� � $ � �
denotethe phaseaccumulatedper sampleby a sinewave with frequency � � at sampling
rate � � , andlet � 	���
�� � � � � P� � 	���


denotethecombinedsignal.We measuretheperiodic-
ity of thecombinedsignalby% 	'&)( � 
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wherethe matrix
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is againformedby computingequal-timecross-correlations,andthe
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;K	 � 

haselements;<�:9�	 � 
L� 4 + ? P� l� 	���
�P� 9�	���
X/�P� l� 	��7/s"}
fP� 95	��}/�"�
�1 a I ��� P� l� 	���
�P� 95	��}/s"}
�1 a ��� P� l� 	��7/s"}
fP� 95	���
 G 6

For fixed � , the optimal weights
� �

are given by the eigenvector correspondingto the
smallesteigenvalueof thematrix

=JI � ;K	 � 

.

Note thatoptimizing the costfunction in eq. (5) over thephase,� , is equivalentto opti-
mizing over the fundamentalfrequency, � � , or the pitch period, ! . The structureof this
costfunction makesit mucheasierto optimizethanthe earliermeasureof periodicity in
eq.(1). For instance,thematrix elements

;<�:9�	 � 

dependonly on theequal-timeandone-

sample-laggedcross-correlations,whichdo not needto berecomputedfor differentvalues
of � . Also, thechannels

P� � 	���
 appearingin this costfunctionaresampledat a clock rate
on theorderof � � , asopposedto theoriginal samplingrateof thespeech.Thus,the few
cross-correlationsthat arerequiredcanbe computedwith many fewer operations.These
propertiesleadto a moreefficient algorithmthantheonein theprevioussection.Theim-
provedalgorithm,workingwith basebandsignals,estimatesthepitchby optimizingeq.(5)
over

&
and � for slidingwindowsof

P� �
	���
 . Oneproblemstill remains,however—theneed
to invertanddiagonalizelargenumbersof �n~m� matrices,wherethenumberof channels,� ,
maybeprohibitively large.Thisfinal obstacleis removedin thenext section.

2.4 Hierarchical analysis

We have developeda fast recursive algorithmto locatea goodapproximationto the min-
imum of eq.(5). The recursive algorithmworksby constructinganddiagonalizing

N ~ N
matrices,asopposedto the �^~J� matricesrequiredfor anexactsolution.Ourapproximate
algorithmalsoprovidesahierarchicalanalysisof thefrequency spectrumthatis interesting
in its own right. A sketchof thealgorithmis givenbelow.

Thebasestepof the recursionestimatesa value � �
for eachindividual channelby mini-

mizing theerrorof a sinusoidalfit:% ��	 � ��
�� � +��� P� �A	��D/_"�
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Theminimumof the right handsidecanbecomputedby settingits derivative to zeroand
solvinga quadraticequationin thevariable

a ���L�
. If this minimumdoesnot correspondto

a legitimatevalueof � ��r_t:��uDv w ( ��u�yk{X| , the � th channelis discardedfrom futureanalysis,
effectively settingits weight

� �
to zero. Otherwise,thealgorithmpassesthreearguments

to ahigherlevel of therecursion:thevaluesof � �
and % � 	 � � 


, andthechannel
P� � 	���
 itself.

The recursive step of the algorithm takes as input two auditory “substreams”, �7� 	���

and �7� 	���
 , derived from “lower” and “upper” partsof the frequency spectrum,and re-
turns as outputa single combinedstream, � 	���
�� � ���7� 	���
m/ � ���X� 	���
 . In the first step



f
0
 = 104.6 Hz

1/ε  = 123.3

f
0
 = 104.4 Hz

1/ε  = 119.7

f
0
 = 104.2 Hz
1/ε  = 72.8

f
0
 = 104.2 Hz
1/ε  = 64.7

f
0
 = 102.8 Hz
1/ε  = 9.5

f
0
 = 104.4 Hz

1/ε  = 111.4

f
0
 = 104.9 Hz
1/ε  = 91.0

f
0
 = 102.3 Hz
1/ε  = 70.1

f
0
 = 104.8 Hz

1/ε  = 115.0

f
0
 = 105.1 Hz

1/ε  = 113.7

f
0
 = 105.6 Hz
1/ε  = 30.0

f
0
 = 104.7 Hz

1/ε  = 108.8

f
0
 = 100.9 Hz
1/ε  = 70.2

f
0
 = 96.3 Hz

1/ε  = 25.8
f
0
 = 101.2 Hz
1/ε  = 67.6

Figure2: Measuresof pitch ( � � ) andperiodicity ( % I � ) in nestedregionsof the frequency
spectrum.The nodesin this treedescribeperiodicstructurein the vowel /u/ from 400–
1080 Hz. The nodesin the first (bottom) layer describeperiodicity cuesin individual
channels;thenodesin the � th layermeasurecuesintegratedacross

N R I �
channels.

of therecursion,thesubstreamscorrespondto individual channels
P� ��	���
 , while in the � th

step,they correspondto weightedcombinationsof
N R I �

channels.Associatedwith the
substreamsarephases,�J� and �J� , correspondingto estimatesof � � from differentparts
of the frequency spectrum.Thecombinedstreamis formedby optimizingeq.(5)over the
two-componentweightvector,

&�� t � � ( � � | . Notethattheeigenvalueproblemin thiscase
involvesonly a

N ~ N
matrix,asopposedto an ��~K� matrix. Thevalueof � determinesthe

periodof thecombinedstream;in practice,we optimizeit over theinterval definedby �J�
and �J� . Conveniently, this interval tendsto shrinkateachlevel of therecursion.

The algorithmworks in a bottom-upfashion. Channelsare combinedpairwiseto form
streams,which are in turn combinedpairwiseto form new streams.Eachstreamhasa
pitch periodanda measureof periodicity computedby optimizing eq. (5). We orderthe
channelssothatstreamsarederivedfrom contiguous(or nearlycontiguous)partsof thefre-
quency spectrum.Fig. 2 shows partial outputof this recursive procedurefor a windowed
segmentof the vowel /u/. Note how asoneascendsthe tree,the combinedstreamshave
greaterperiodicity and lessvariancein their pitch estimates.This shows explicitly how
thealgorithmintegratesinformationacrossnarrow frequency bandsof speech.Therecur-
sive outputalsosuggestsa useful representationfor studyingproblems,suchasspeaker
separation,thatdependongroupingdifferentpartsof thespectrumby theirestimatesof � � .
3 Experiments

We investigatedthe performanceof our algorithmin simpleexperimentson synthesized
vowels.Fig. 3 showsresultsfrom experimentsonthevowel /u/. Thepitchcontoursin these
plotswerecomputedby therecursivealgorithmin theprevioussection,with ��u2v w �,�M�

Hz,� u�yk{ ��"X�j�
Hz, and60 ms windows shifted in 10 ms intervals. The solid curvesshow

the estimatedpitch contourfor the cleanwidebandwaveform, sampledat 8 kHz. The
left panelshows resultsfor filtered versionsof the vowel, bandlimitedto four different
frequency octaves.Theseplotsshow thatthealgorithmcanextractthepitch from different
partsof thefrequency spectrum.Theright panelshowstheestimatedpitchcontoursfor the
vowel in 0 dB white noiseandfour typesof -20dB bandlimitednoise.Thesignal-to-noise
ratioswerecomputedfrom the ratio of (wideband)speechenergy to noiseenergy. The
white noiseat 0 dB presentsthemostdifficulty; by contrast,the bandlimitednoiseleads
to relatively few failures,even at -20 dB. Overall, the algorithmis quite robust to noise
andfiltering. (Notethattheparticularfrequency octavesusedin theseexperimentshadno
specialrelationto thefilters in ourfront end.)Thepitchcontourscouldbefurtherimproved
by someform of smoothing,but thiswasnot donefor theplotsshown.
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Figure3: Trackingthepitch of thevowel /u/ in corruptedspeech.

4 Discussion

Many aspectsof thiswork needrefinement.Perhapsthemostimportantis theinitial filter-
ing into narrow frequency bands.While narrow filtershave theability to resolve individual
harmonics,overly narrow filters—whichreduceall speechinput to sinewaves—donotad-
equatelydifferentiateperiodicversusnoisyexcitation. We hopeto replacetheBark scale
filterbankin Fig. 1 by onethatoptimizesthis tradeoff. Wealsowantto incorporateadapta-
tion andgaincontrolinto thefront end,soasto improve theperformancein nonstationary
listeningconditions.Finally, beyond the problemof pitch tracking,we intendto develop
thehierarchicalrepresentationshown in Fig. 2 for harderproblemsin phonemerecognition
andspeakerseparation[7]. Theseharderproblemsseemto requirea method,like ours,that
decomposesthefrequency spectruminto its periodicandnon-periodiccomponents.
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