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Abstract

This paper provides an overview of non-
parametric Bayesian models relevant to
natural language processing (NLP) tasks.
We first introduce Bayesian paramet-
ric methods, followed by nonparametric
Bayesian modeling based on the most
common nonparametric prior, the Dirich-
let Process. We give characterizations
of the Dirichlet Process via the Polya
urn scheme, the related Chinese restau-
rant metaphor, and the stick-breaking con-
struction. We will also introduce two gen-
eralizations of Dirichlet Processes: Hier-
archical Dirichlet Processes and Pitman-
Yor Processes. We also review four re-
cently proposed nonparametric Bayesian
solutions to the NLP tasks of word seg-
mentation, phrase extraction and align-
ment, context free parsing, and language
modeling.

1 Introduction

Probabilistic models now play a major role in
nearly every natural language processing task.
These models define a probability distribution over
the output space, where the output can be any
structural or analytical representation of the input,
such as part of speech tags, parse trees or even the
translation of the input in another language. In
general, these models have adjustable parameters
that determine the distribution.
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Essentially there are two possible ways to de-
fine the parameters of these models. Maximum-
likelihood estimation, which finds the value of the
parameter that maximizes the likelihood of the cur-
rent data; and Bayesian modeling, which assigns
a probability distribution on the parameters them-
selves.

The number of the parameters of the model can
be assumed to be fixed, or it can be assumed to be
variable and possibly infinite. The term nonpara-
metric refers to the latter set of models. Not com-
mitting to a fixed number of parameters can have
the advantages of making the model conceptually
simpler, as well as more adaptable to the size of
the training corpus.

There can be Bayesian and non-Bayesian non-
parametric models. K-Nearest-Neighbor (KNN)
models are examples of non-Bayesian nonpara-
metric probabilistic models. The parameters that
the KNN models can not fix in advance are the size
of the window into which the K nearest neighbors
will fall, for each data point in the input.

There can also be Bayesian nonparametric mod-
els. These models use priors with an infinite
number of parameters to model the data. Be-
ing Bayesian allows the model to avoid having to
choose a single value for each parameter, and be-
ing nonparametric allows the model to increase the
dimensionality of the parameters as more data be-
comes available.

In this paper, we provide an overview of non-
parametric Bayesian models relevant to natural
language processing tasks. Section 2 starts with
a background on Bayesian parametric models, the
Dirichlet distribution, and Bayesian parametric
mixture modeling. We then extend our formulation



of parametric Bayesian modeling to nonparametric
models, introducing the most common nonpara-
metric prior, the Dirichlet Process, and a general-
ization, the Hierarchical Dirichlet Process, which
allows the model’s components to have depen-
dency relations between themselves. We will also
introduce the Pitman-Yor Process, another gen-
eralization of Dirichlet Processes. In Section 3,
we will review the results of four recent appli-
cations based on models introduced in Section 2:
word segmentation, phrase extraction and align-
ment, context free parsing, and language model-
ing. We conclude in Section 4, giving some pos-
sible future directions and references for further
reading.

2 Bayesian Methods

2.1 Background

Given the task of learning to predict a label y for
an observed variable x based on an iid sample of
training instances x1, . . . , xN and usually their re-
spective labels y1, . . . , yN , the statistical estima-
tion approach is to devise a class of joint proba-
bility distributions—also called a model—pθ(x, y)
over x and y, parameterized by θ. Predicting the
label then becomes the task of finding

arg max
y

pθ(y|x) = arg max
y

pθ(x, y) .

A common method for determining the parame-
ters θ is maximum-likelihood estimation (MLE),
chosing the θ that maximizes the probability of the
training corpus D = (x1, y1), . . . , (xN , yN ):

θ̂ = arg max
θ

pθ(D)

= arg max
θ

pθ(x1, y1) · · · pθ(xN , yN )

or, if the labels are not given,

θ̂ = arg max
θ

pθ(x1) · · · pθ(xN )

= arg max
θ

N∏
i=1

∑
y∈Y

pθ(xi, y)

where Y is the set of possible labels.

Maximum-likelihood estimation is prone to
overfitting: The estimated distribution only ac-
knowledges events that occurred in the training
data. As a result, new, previously unseen, events

occurring during testing are assigned probabil-
ity zero. An elegant way to avoid overfitting is
treating the model parameters as random variables
themselves, thus assigning prior distributions to
them. Instead of choosing θ to maximize the like-
lihood of the data, we now work with a posterior
distribution

p(θ|D) =
p(D|θ)p(θ)
p(D)

∝ p(D|θ)p(θ) .

2.2 The coin flip example

As a simple example, consider the case of a
weighted coin: x is a constant, and y is the out-
come of a coin flip, ‘head’ or ‘tail’. Our model is
the class of Bernoulli distributions indexed by θ:

pθ(x, y) =
{
θ if y =‘head’
1− θ else

Therefore, the likelihood function pθ(D) is Bino-
mial:

pθ(D) = θ#H (1− θ)#T

where #H is the number of heads encountered in
the training data D, and #T the number of tails,
and it is easy to show that maximum-likelihood es-
timation will estimate θ as the relative frequency of
heads in the training corpus:

θ̂ =
#H

#H + #T

Imagine now what happens to our estimator when
we toss a typical sequence such as ‘head’, ‘tail’,
‘tail’ and repeatedly estimate based on the training
data obtained so far: After the first toss, the MLE
(and thus the estimated probability of the coin’s
tossing ‘head’) is θ̂ = 1, i.e., we are certain that
the coin only tosses head. Then the MLE changes
to θ̂ = 0.5, a fair coin. After the third toss, the
MLE decreases to 1/3, now estimating the coin as
strongly biased towards tails.

To counter this problem of overfitting on small
training samples, we can equip θ with a prior. It is
convenient to chose the prior in such a way that the
resulting posterior distribution is of the same fam-
ily as the prior and thus has a closed-form solution.
Such priors are called conjugate to the model dis-
tribution. The conjugate prior to the Binomial is
the Beta distribution Beta(αH , αT ), given (up to
proportionality) by the pdf:

p(θ;αH , αT ) ∝ θ(αH−1)(1− θ)(αT−1)



The resulting posterior is thus:

p(θ|D) ∝ p(D|θ)p(θ)
∝ θ#H (1− θ)#T θ(αH−1)(1− θ)(αT−1)

= θ(#H+αH−1)(1− θ)(#T +αT−1)

and therefore we have:

θ|D ∼ Beta(#H + αH ,#T + αT )

To estimate e.g. the probability of a ‘head’ toss
given our sequence of ‘training’ tosses in this
Bayesian setting, we compute that probability di-
rectly, marginalizing over the prior θ:

P (‘head’|D) =
∫
θ
P (‘head’|θ) p(θ|D) dθ

=
∫
θ
θ p(θ|D) dθ

As observed above, p(θ|D) is the pdf of the
Beta(#H + αH ,#T + αT ) distribution. There-
fore, our ‘head’ toss probability is the mean of that
Beta distribution, which is given by

#H + αH
#H + αH + #T + αT

Note how this term is dominated by the prior pa-
rameters αH and αT when the training sample D
is small, and how it converges to the maximum-
likelihood estimate θ̂ = #H/(#H + #T ) as
D becomes large. A maximum-likelihood way
of interpreting the Bayesian model for this sim-
ple example is imagining the training data to be
prepended by some pseudo coin flips: αH head
tosses and αT tail tosses.

2.3 The Dirichlet Distribution

Let us now generalize the coin flip example to
the case where y can have K different outcomes,
which we will simply call 1, 2, . . . ,K. Each
toss is thus distributed according to a single-trial
Multinomial(β = 〈β1, . . . , βK〉) (where β is non-
negative and

∑
i βi = 1) with pmf:

p(k;β) = βk

Now let the parameter vector β itself be drawn
from a Dirichlet(α1, . . . , αK) distribution (where
all αi > 0), the multivariate generalization of the

Beta distribution. It has the following pdf, defined
for all non-negative β with

∑
i βi = 1:

p(β;α1, . . . , αK) ∝
K∏
k=1

β
(αk−1)
k

As the reader might have guessed already, this
distribution is conjugate to the Multinomial:
Given n iid tosses y1, . . . , yn according to
Multinomial(β), the posterior distribution of β,
and thus the distribution of the distribution of a
new toss yn+1 given the previous tosses, is as fol-
lows (where nk =

∑n
i=1 I(yi = k) is the total

number of outcomes k amongst tosses y1, . . . , yn):

p(β|y1, . . . , yn) ∝ p(y1, . . . , yn|β)p(β)

∝
K∏
k=1

βnk
k ×

K∏
k=1

β
(αk−1)
k

=
K∏
k=1

β
(nk+αk−1)
k

Therefore, β|y1, . . . , yn has a

Dirichlet(n1 + α1, . . . , nK + αK)

distribution. Marginalizing over β gives us the ex-
pected probability of a new toss to have a certain
outcome:

p(yn+1 = k) = E [βk| y1, . . . , yn]

=
nk + αk

n+
∑K

j=1 αj
(1)

where the last equality results from the fact that the
mean of Dirichlet(γ1, . . . , γK) is given by:(

γ1∑
j γj

, . . . ,
γK∑
j γj

)

To ease the transition to the Dirichlet Process, in-
troduced later in this paper, it is convenient to think
of our Multinomial parameter β not as a vector in
[0, 1]K , but rather as a mapping β : {1, . . . ,K} →
[0, 1]. This way, β can directly be interpreted
as a probability distribution over the event space
{1, . . . ,K}, and we can express the two-step gen-
erative story without the Multinomial notation:

y ∼ β

β ∼ Dirichlet(α1, . . . , αK)



2.4 Bayesian finite mixture models

To pave the way for typical applications of the
nonparametric Dirichlet Process and Hierarchical
Dirichlet Process models, we follow (Liang et al.,
2007) and consider the example of a Bayesian
finite mixture model: We have K components
1, . . . ,K, distributed as in Subsection 2.3 accord-
ing to a distribution β, with β itself drawn from a
Dirichlet(α1, . . . , αK) distribution.

Each mixture component’s parameters are
drawn from some prior distribution G0. Based
on the parameter vector φθ of component θ ∈
{1, . . . ,K}, a data point x is generated ac-
cording to a data model F (x;φθ). Given
the model parameters β, φ1, . . . , φK , the sample
(x1, θ1), . . . , (xn, θn) is generated by choosing for
each i = 1, . . . , n a component θi and then gener-
ating xi from the component’s data model:

1. Choose i’s component θi ∼ β

2. Generate xi ∼ F (·;φθi
) where the φθ are the

component parameters, which are themselves
distributed according to some prior G0.

Typically, the Dirichlet hyper-parameters are cho-
sen as a single α1 = · · · = αK = α, yielding
a mean of 1/K for all β1, . . . , βK . The higher
the value of α is chosen, the more uniform the
sampled distribution β of the components tends
to become, and the more uniform β|θ1, . . . , θn be-
comes, analogously to how the posterior distribu-
tion of θ given D gets close to 0.5 in our coin
flip example if we choose αH = αT � |D|.
Picking α < 1, on the other hand, leads to spar-
sity: In contrast to α > 1, where the distribu-
tion of β has a single mode at its mean β =
(1/K, . . . , 1/K), it now has K modes at β =
(1, 0, . . . , 0), (0, 1, 0, . . . , 0), . . . , (0, . . . , 0, 1), fa-
voring component distributions that assign most of
the probability mass to a single component.

An application of the mixture model is docu-
ment clustering based on Latent Dirichlet alloca-
tion (LDA) (Blei et al., 2003): Each x is a doc-
ument represented by its term-frequency vector,
a vector whose components are indexed by the
words of the vocabulary, and have as value the
frequency of the respective word in the document.
The data model F (·;φz) of the multinomially cho-
sen components (clusters) z, specifying a distribu-
tion over bags of words, i.e., possible documents,

is itself multinomial, and therefore it is customary
to use the conjugate Dirichlet(α′, . . . , α′) priorG0

over φz , with the maximum-likelihood interpreta-
tion of adding α′−1 pseudocounts for each vocab-
ulary word.

2.5 Dirichlet Processes

One limitation of using the Dirichlet distribution
for mixture models is the need to specify the num-
ber K of mixture components a-priori. If the true
number of components is less thanK, the Dirichlet
model will learn this and infer the remaining com-
ponent’s probabilities βi to be close to zero. Con-
sider, however, the case where the number of com-
ponents is inherently infinite. Fixing the number of
mixture components to a specific number K and
modeling them with Dirichlet priors would prob-
ably not be very elegant, and could still result in
under-fitting of the data. Unfortunately, this situa-
tion is very common in natural language process-
ing tasks like word segmentation, language model-
ing, grammar induction, etc. In these situations, a
solution can be the use of nonparametric priors.

Dirichlet Processes (Ferguson, 1973) are cur-
rently among the most common nonparametric pri-
ors. A Dirichlet Process(DP) is a distribution over
distributions, with special properties which will be
explained below. An example application for the
nonparametric model is the task of unsupervised
word segmentation (Goldwater et al., 2008), where
the goal is to decide about a potential word bound-
ary, and the mixture components are the word
types. The DP provides an alternative prior model
over the mixture components, with an unbounded
complexity. This model allows for introduction of
new mixture components as more data is observed.
In the word segmentation example, this means that
the number of word types increases as more data is
seen, and there is always a non-zero probability of
adding a new word type.

2.5.1 Definition

Let H be a distribution over event space Θ, and
let α be a positive real number. A distribution G
over Θ is said to be a draw from a Dirichlet Pro-
cess with base distribution H and concentration
parameter α,

G ∼ DP (α,H) ,



if for every measurable partition A1, . . . , Ar of Θ:

(G(A1), . . . , G(Ar)) ∼
Dirichlet(αH(A1), . . . , αH(Ar)) (2)

2.5.2 The Polya urn construction

In order to understand this definition, consider
first the following intuitive urn metaphor for the
Dirichlet distribution (Blackwell and MacQueen,
1973). Imagine an urn containing balls of r dif-
ferent colors. Initially the urn contains a possibly
fractional count of α1 balls of color c1, α2 balls
of color c2, and so on. We perform N draws from
the urn, where after each draw, the ball is placed
back into the urn, along with another ball of the
same color. In the limit, as the number of draws ap-
proaches infinity, the proportions of different col-
ors in the urn will be distributed according to the
Dirichlet distribution Dirichlet(α1, . . . , αr).

This metaphor can be extended to explain the
DP. We can say that draw G ∼ DP (α,H) defines
a distribution over partitions of the event space Θ
(where Θ is the set of all possible unique colors) as
follows: For each measurable partitionA1, . . . , Ar
of Θ, the distribution defined by G is the limit of
the color proportions of the urn, when the initial
count of each color k has been αH(Ak), and, as
above, at each step a ball is drawn and placed back
into the urn along with a copy of the same color.

In practice, we are usually not interested in G
itself, and this distribution is marginalized out. We
can also use the urn metaphor without referring to
G directly, and model only successive independent
draws θ1, θ2, . . . from G: Imagine that there is an
urn that is empty in the beginning. First, color θ1 is
drawn fromH , a ball is colored with it, and the ball
is added to the urn. In each subsequent step n+ 1,
either color θn+1 is drawn fromH with probability
α

α+n and a ball is colored with it and is added to the
urn, or, with probability n

α+n , a ball is drawn from
the urn, its color is used to color a new ball and
both balls will be added to the urn.

In the segmentation example, colors are word
types and the balls in the urn are the set of all pre-
vious word tokens. For chosing the next word to-
ken, with probability α

α+n a new word type is gen-
erated. And with probability n

α+n , the next word
token will take value drawn from the distribution
of the previously seen word types.

2.5.3 Properties

Dirichlet Processes have special properties. The
base distribution H is the mean of the Dirichlet
Process, and for any measurable A ⊆ Θ, we have
E[G(A)] = H(A). Also, the concentration pa-
rameter, α, can be understood as an inverse vari-
ance:

V [G(A)] =
H(A)(1−H(A))

α+ 1

The larger α becomes, the more the Dirichlet Pro-
cess concentrates its mass around the mean. As α
goes to infinity, we will have G(A) → H(A) for
any measurable set A.

In the word segmentation example, Θ is the set
of all possible words in the language. H is a base
distribution over Θ, and DP (α,H) is a distribu-
tion over possible distributions over Θ. A draw
from the DP, G ∼ DP (α,H), is one distribution
over Θ, with the α parameter deciding how close
G is to H for each word type. As we will see in
the next sub-section, a smaller value of α means a
lower tendency to add new word types.

Given a sequence of independent samples,
θ1, · · · , θn from G, the posterior distribution of G
given θ1, · · · , θn can be calculated as a direct re-
sult of the conjugacy between Dirichlet and multi-
nomial distributions:

G | θ1, · · · , θn ∼

DP (α+ n,
α

α+ n
H +

n

α+ n

∑n
i=1 δθi

n
)

where δθi
is a distribution concentrated at θi, i.e.,

δθi
(x) is the identity function I(x = θi), andPn

i=1 δθi
n is the empirical distribution of draws from

event space Θ.

Using this formula we can compute the predic-
tive probability of θn+1, conditioned on the pre-
vious draws θ1, . . . , θn. For each measurable set
A ∈ Θ

P (θn+1 ∈ A | θ1, · · · , θn)
= E[G(A) | θ1, · · · , θn]

=
1

α+ n
(αH(A) +

n∑
i=1

δθi
(A)) (3)

where δθi
(A) is one if θi ∈ A and zero otherwise.



The Dirichlet(α1, · · · , αK) distribution is a
special case of DP (α,H) with Θ = {1, · · · ,K},
α =

∑K
k=1 αk and H({k}) = αk/α for all k =

1, . . . ,K. Note how Equation 3 for A = {k} then
coincides with Equation 1 from Subsection 2.3,
since H(A) = αk/α and

∑n
i=1 δθi

(A) is the to-
tal number of samples with outcome k, denoted nk
in Equation 1.

2.5.4 Chinese Restaurant Process
Representation

An alternative metaphor for the urn scheme con-
struction of the posterior distribution of the DP (cf.
Subsection 2.5.2) is the Chinese Restaurant Pro-
cess (CRP) representation, which will also turn out
useful for understanding the generalizations of the
DP later on. Consider a Chinese restaurant with an
unbounded number of tables and unbounded seat-
ing capacity for each table. Customers i enter the
restaurant one by one, choose to sit at a table zi
based on the seating arrangement of the previous
customers, and order a dish θi ∈ Θ. In the CRP,
the probability of customer i + 1 choosing table
zi+1 = k is

P (zi+1 = k | z1, . . . , zi) ={ Pi
j=1 I(zj=k)

i+α 1 ≤ k ≤ K(z1, . . . , zi)
α
i+α k = K(z1, . . . , zi) + 1

(4)

where K(z1, . . . , zi) is the total number of tables
occupied by the i customers so far.

If customer i + 1 chooses to sit at an existing
table k (1 ≤ k ≤ K(z1, . . . , zi)), he will order
the same dish θi+1 as others on that table. If he
chooses to sit at a new table k = K(z1, . . . , zi)+1,
he will order a dish from base probability distribu-
tionH over all possible dishes. The so constructed
θ1, . . . , θn can now be interpreted as draws from a
hidden distributionG, which itself was drawn from
a DP (α,H).

Let φ1, . . . , φK ∈ Θ denote the dishes being
served at tables 1, . . . ,K (note that identical dishes
can be served at different tables). In the word seg-
mentation example, the set Θ of all possible dishes
is the set of word types in the language. Each table
is a mixture component. Each customer i corre-
sponds to a word position in the text, and his dish
θi to the word at position i. Based on Equation (4),

the next word i + 1 takes the form φk with proba-
bility proportional to the number of previous word
tokens having already taken the form φk. And with
probability α

i+α , it is associated with a new mixture
component, and the mixture label φK+1 is drawn
from a base distribution over word types.

2.5.5 Stick-breaking Construction

Yet another way to characterize the Dirichlet
Process is by the stick-breaking construction. As
shown by Sethuraman (1994), a distribution G ∼
DP (α,H) can be constructed as follows:

βk ∼Beta(1, α)

πk =βkπk−1
l=1 (1− βl)

θ∗k ∼H

G =
∞∑
k=1

πkδθ∗k

The distribution over π = (π1, π2, . . .) is com-
monly referred to as the stick-breaking distribution
and denoted:

π ∼ GEM(α)

We can imagine its construction as breaking a
length-one stick at ratio β1, assigning π1 the length
of the broken-off part, and recursively breaking the
remaining stick at ratio βk to obtain πk.

2.5.6 Dirichlet Process Mixture Models

The most common application of DPs is the use
in mixture modeling (Antoniak, 1974). Unlike
other Bayesian models, nonparametric models al-
low for an unbounded number of mixture compo-
nents. For these problems, input is usually a se-
quence of observations xi, . . . , xn, generated from
latent variables θ1, . . . , θn. Each θi is an indepen-
dent draw from G, and each xi is drawn from the
distribution F (θi).

G | α,H ∼ DP (α,H)

θi | G ∼ G

xi | θi ∼ F (θi)

The word segmentation task is an example of
this application of the DP, where the word tokens
are hidden variables, θi, drawn from the infinite
mixture components, and observations are char-
acter sequence of xis. Given the observations,



the posterior inference on the hidden variables
can be performed by Markov Chain Monte Carlo
(MCMC) sampling procedures such as Gibbs sam-
pling. For some applications, the sampler can be
designed to be tractable (DeNero et al., 2008).

2.6 Hierarchical Dirichlet Processes

Dirichlet Processes provide a solution to the com-
ponent number selection in mixture models. How-
ever, in many settings, especially in the area of nat-
ural language processing, it is often the case that
the mixture components have latent dependencies
between themselves. For instance, in n-gram lan-
guage models, the distribution of the next word
depends on the previous n-1 word choices. As
another example, in inferring the derivation tree
from a word sequence under a context free gram-
mar model, the choice of each nonterminal affects
the choices for the re-write selections. These inter-
component dependencies are captured by Hierar-
chical Dirichlet Process (HDP) models (Teh et al.,
2006).

Depending on the application, HDP models
can introduce different dependency networks (Teh
et al., 2006). A simple way to add hierarchy
of mixture models is to assume one underlying
DP (α0, G0(τ)), and consider each mixture model
Gj to be a conditionally independent draw from
the base DP.

Gj | α0, G0(τ) ∼ DP (α0, G0(τ))

Although this model allows clusters to arise within
each mixture component, in the case where G0(τ)
is a continuous distribution, the Gjs do not neces-
sarily have any atoms in common, and thus, differ-
ent mixture components can not share clusters be-
tween themselves. However, if G0 itself is a draw
from another DP then we have a discrete base dis-
tribution, and in that case the mixture components
can share atoms.

There are other notions of the HDP. For in-
stance, Muller et al. (2004) propose that each
group is an interpolation of draws from two DPs:
Gj = εF0 + (1 − ε)Fj . This formulation im-
poses a common distribution on clusters within all
group. However, in NLP applications we need to
have a partial sharing of clusters between groups
so that the power-law property can be imposed on
the shared clusters as well. Thus, in this review we

will only focus on the model proposed by Teh et
al. (2006).

2.6.1 Definition

A hierarchical Dirichlet process is a distribution
over a set of random probability measures over
(Θ, β). The process defines a set of random prob-
ability measures Gj , one for each group, and a
global random probability measureG0. The global
measure G0 is distributed as a DP with concentra-
tion parameter γ and base probability measure H:

G0 | γ,H ∼ DP (γ,H)

The random measures Gj are conditionally inde-
pendent given G0, with distributions given by a
Dirichlet process with base probability measure
G0:

Gj | αj , G0 ∼ DP (αj , G0)

The hyper-parameters of the hierarchical Dirich-
let process consist of the baseline probability mea-
sure H, and the concentration parameters γ and αj .
This model can be extended to more than two lev-
els, and the formulas can be easily derived for ad-
ditional levels.

2.6.2 Chinese Restaurant Franchise

The CRP metaphor used for the Dirichlet pro-
cess can be extended to explain the HDP as well.
The extension introduces the concept of a Chinese
restaurant franchise, in which multiple restaurants
share the same menu.

Each restaurant corresponds to one group, (i.e.
left-hand side nonterminal symbol in the CFG
derivation, or the previous word in the bigram lan-
guage model). Each table in the restaurant corre-
sponds to clusters within group (i.e. values that
rule type can take, or values that the second word
can take in bigram language model), and customer
corresponds to factors (i. e. next rule type choice,
or second word choice in the bigram language
model). Based on this definition, probability of
ith customer sitting at table which has dish ψjt
in restaurant j is calculated by first integrating out
Gj :

θji | θj,i−1, . . . , θj,1 ∼
mj.∑
t=1

njt.
i− 1 + αj

δψjt(θij) +
αj

i− 1 + αj
G0(θij)



where mj. means total number of tables occupied
in restaurant j, and njt. represents count of cus-
tomers seated at restaurant j and table t. Like be-
fore, δ is the identity function. This formula means
that each customer i in restaurant j either joins a
table that serves ψjt with probability proportional
to the fraction of customers seated at tables with
dish ψjt, or sits at a new table and orders a dish
from G0 with probability αj

i+1+αj
.

At the next level,G0 can also be integrated out,
leading to

ψjt | ψ1,1, . . . , ψ2,1, . . . , ψj,t−1, γ,H ∼

K∑
k=1

m.k

m.. + γ
+

γ

m.. + γ
H(ψjt)

where m.. is the total count of tables occupied in
the franchise.

To obtain samples of θji we first sample them
according to P (θji | θj,i−1, . . . , θj,1) , and if a new
sample from G0 is needed, we use the above equa-
tion to obtain a new sample ψjt and set θji = ψjt.

2.6.3 Problem Setting and Inference

HDP nonparametric models have been exten-
sively used in several Natural Language Process-
ing tasks, because on one hand, they provide ca-
pability to model shared properties among un-
bounded mixture components. On the other hand,
this added power does not cognitively complicate
the model’s inference procedures. The MCMC
samplers usually become computationally more
expensive though. HDP models have been used
for PCFG induction, synchronous grammar induc-
tion, alignment and phrase extraction, and context
based segmentation. We will see some examples
of HDP models more closely in Section 3.

2.7 Pitman Yor

The Pitman Yor Process (Pitman and Yor, 1997) is
another extension of the Dirichlet Process, which
adds a discount parameter d toDP (α,H) to allow
the nonparametric model to have more control over
the increase rate in the number of mixture compo-
nents. A draw G from a Pitman-Yor is denoted as:

G ∼ PY(d, α,H)

Following the urn metaphor, in the DP model, as
the number n of observed data points increases, the

probability of a value coming from H decreases
at the fixed rate of α0

n+α0
. Pitman Yor processes

change this probability to α0+d×t
n+α0

,with t being the
total number of draws from H so far and 0 <=
d < 1 being the discount parameter of the model.
Compared to the DP, the Pitman Yor process can
have higher component growth rate, and in fact, the
number of unique values (e.g. words in a language
model application) generated by this model scales
asO(α0n

d) when d 6= 0. When d = 0, Pitman Yor
reduces to the Dirichlet Process, with a new value
generation rate of O(α0 log n).

Pitman-Yor processes can thus produce power-
law distributions, and therefore have been argued
to be more suitable to applications in natural lan-
guage processing Goldwater et al. (2006).

3 Applications

In this section we will examine applications of
each of the models discussed in Section 2. We will
first discuss the task of transcribed speech segmen-
tation using DP and HDP models. The next appli-
cation is bilingual phrase extraction and alignment,
in which the authors propose two models based
on DP and HDP. We will then review the task of
context-free parsing based on the HDP model, and
finally we will give an overview of the Hierarchi-
cal Pitman-Yor Process model used for language
modeling.

3.1 Word Segmentation with DP and HDP

Goldwater et al. (2008) apply the DP and HDP
models to the task of transcribed speech segmenta-
tion. They define two models. The first model is a
Unigram model based on a DP prior. The advan-
tage of using DP is that the number of word types
is not assumed to be finite, and at each point, the
probability of viewing a new word is always non
zero.

3.1.1 Unigram Generative Model

The unigram model consists of generating sen-
tences independently, and in each sentence, gen-
erating words independently with probability (1−
p$)P (w), and generating the end of sentence mark
with probability of p$. Each word is drawn from
a Dirichlet Process prior DP (α0, P0), which basi-
cally means that for each word, it is first decided



Figure 1: Hypotheses h1 and h2 to sample from by
Gibbs Sampler.

if it is a novel word, and if yes, the word is from
the base distribution P0. And if it is not novel, it is
chosen from the current lexicon:

P (wi = l | wi−1, . . . , w1) =

nl
i− 1 + α0

+
α0P0(wl = l)
i− 1 + α0

Where nl is the number of wjs that have taken the
value l before.

The authors define the base distribution as a un-
igram model over phonemes:

P0(wl = x1 · · ·xM | wi is novel) =

pstop(1− pstop)M−1
M∏
j=1

P (xj)

Where pstop is the probability of stop, and P (xj)
is a uniform distribution over phonemes.

3.1.2 Inference for Unigram Model

The generative model allows to compute the
probability of any segmentation of a given input,
and in order to infer the best segmentation, a Gibbs
sampler is defined. The Gibbs sampler considers
each potential segmentation boundary in text, (i.e.
sampler’s variables are boundary positions). At
each potential boundary, the sampler considers two
hypotheses h1 in which the segmentation bound-
ary is set to true, and h2 in which the segmentation
boundary is set to false. Figure 1 shows h1 and h2.

The Gibbs sampler’s transition probabilities can
be calculated from the generative model’s DP and
Base model formulas. The sampler is run for
20,000 iterations, and outputs the sampler’s state
at iteration 20,000 as the final segmentation.

3.1.3 Bigram Generative Model

The authors then define a bigram model to incor-
porate contextual dependencies in their segmenta-
tion task. As mentioned in section 2.3, hierarchi-
cal Dirichlet processes are one extension of DPs
which allow shared factors among mixture com-
ponents. The bigram model defined in this gener-
ative model contains HDP prior which defines one
DP per word.

The model proceeds by choosing each word,
conditioned on the previous word, until the sen-
tence end mark is generated. Going back to the
Chinese Restaurant Franchise metaphor, each cus-
tomer (i.e. a word) first decides whether to go to
a restaurant with customers (i.e. be second part
of part an existing bigram), or choose an empty
restaurant (i.e. be part of a new bigram). If it enters
a restaurant with customers, the customer then de-
cides which table to sit based on the Dirichlet pro-
cess of that restaurant. If it goes to a new restau-
rant, it then proceeds to sit on an empty table and
orders dish d (i.e. be of a word type d) with the
base probability P0(d). After integrating out the
HDP prior, the predictive probability of the word
wi given the previous words wi−1, . . . , wi is:

P (wi | wi−1, . . . , w1) =

n〈wi−1,wi〉 + α1
twi+α0P ′

0(wi)

t+α0

nwi−1 + α1

Where n〈wi−1,wi〉 is the number of bigrams
〈wi−1, wi〉 previously seen, and twi is total number
of bigrams starting with wi, and t is the total num-
ber or bigrams. And since stop mark is also gener-
ated depending on the previous word, the model
defines P ′

0(wi) which is p$, if wi = $, and is
(1− p$)P0(wi) for all other wis. P0 is the same as
in unigram model.

3.1.4 Inference for the Bigram Model

The inference for bigram model is performed
similarly, by a Gibbs sampler which moves over
all segmentation positions and selects the segmen-
tation variable (true/false) at each location, and
after enough iterations, it converges to the cor-
rect segmentation. The only note about the sam-
pler for bigram model is that in deciding between
s1 = βw1γ and s2 = βw2w3γ one word to the
left and one word to the right of the w1 and w2w3

should also be considered in the formulations.



Model F0 (tokens) F0 (types)
Unigram-based

NGS-u 68.9 52.0
MBDP-1 68.2 52.4

DP 53.8 57.2
Bigram-based

NGS-b 68.3 55.7
HDP 72.3 59.1

Table 1: Word segmentation accuracy of unigram
and bigram systems.

3.1.5 Results and Discussions

The two models are tested on the CHILDES cor-
pus, which contains 9790 sentence, 33399 word to-
kens, and 1321 word types. The average number of
words per sentence is 3.4, and average word length
(in Phonemes) is 2.48. Evaluation metrics are Pre-
cision, Recall and F measure on word tokens and
on word types, and also on potentially ambiguous
boundaries.

Unigram model has two hyper-parameters, pstop
and α0. Lower values for pstop results in under-
segmentation, in which longer words are preferred.
Higher α0 results in a higher novel word type gen-
eration rate, which leads to segmentation of long
chunks into shorter words. Given this trade-off
where high novel word rate improves Recall on
word types and decrease the precision on word To-
kens, there is no single best value for pstop and α0.
Thus, the authors have simply fixed these two pa-
rameters to pstop = 0.5 and α0 = 20.

They compare their result with two other
segmentation models: N-Gram Segmentation
method(NGS) (Venkataraman, 2001), and Model
Based Dynamic Programming(MBDP)(Brent,
1999). NGS finds the maximum likelihood
solution, when in fact, optimal solution is the
unsegmented text in theory and its result are based
on the search procedure rather than correct model.
MBDP method tries to remove this problem by as-
suming a prior over segmentation hypothesis, but
is not capable of handling n-gram dependencies.
Some of the result of the methods are shown in
Table 1.

The results confirm that the performance of the
maximum likelihood approach comes from its ap-
proximate search strategy rather than the likeli-
hood function definition. As bigram dependencies

are introduced to the models, it can be seen that
improvement of HDP over the DP is more signif-
icant than the improvement of NGS-bigram over
NGS-unigram. Also, based on the results, type
accuracy in DP model is better than token accu-
racy, which indicates many errors on the frequent
words. But in the HDP model, the opposite behav-
ior is observed, showing that frequent words are
more likely to be segmented correctly by the HDP
model.

3.2 Alignment and Phrase extraction with DP
and HDP

In phrase based translation models, phrase transla-
tion information is usually achieved by inferring
the alignment, and collecting phrase translation
pairs by a set of heuristics. The computation of
alignment expectations under general phrase mod-
els is a P-hard problem, and this has prevented
the extensive use of probabilistic phrase alignment
models. Another problem in learning phrase align-
ment is potential degeneracy, which is a common
theme in any maximum likelihood model. At a
position to choose between large and small struc-
tures, the maximum likelihood models prefer the
large structures. DeNero et al. (2008) propose two
new models based on DPs and HDPs to solve the
problem of degeneracy, and also design a tractable
sampling algorithm to compute the phrase count
expectations for phrase pairs.

3.2.1 Generative Model

Each sentence pair in the corpus is generated
independently. To generate one sentence pair, a
number of (l) independent phrase pairs are gener-
ated, and these phrases are then reordered on the
foreign side. The ordering of phrases on the En-
glish side is assumed to be fixed by generation or-
der.

In order to model cases where phrase pairs con-
tain non-equal information, each phrase pair can
be null aligned with probability Pφ. And condi-
tioned on whether it is null aligned, or not, the
phrase pair is then drawn from θN and θJ accord-
ingly. θN is a multinomial distribution that gen-
erates the null aligned phrases on both source and
target side. θJ is a DP that generates pairs of non-
null phrases.

Based on this model, the joint probability of



phrase segmentation and alignment is calculated:

P ({〈e, f〉}, a) =

p$(1− p$)
l−1P (a | {〈e, f〉})

∏
〈e,f〉

PM (〈e, f〉)

Where
PM (〈e, f〉) =

PφθN (〈e, f〉) + (1− Pφ)θJ(〈e, f〉)

Probability of alignment given phrase pairs is
simply defined as a product of position based dis-
tortion penalties for each phrase pair.

Because of the unbounded space of phrase pairs,
nonparametric modeling is used to model θJ . The
authors define a DP prior for the non-null phrase
pairs, and try to reduce the degeneracy problem
by making the base distribution of this Dirichlet
prior to give higher probabilities to shorter phrases.
They use IBM Model 1 probabilities to incorporate
the prior knowledge into the model:

θJ ∼ DP (α,M0)

M(〈e, f〉) =

[Pf (f)Pe(e)PWA(f | e)PWA(e | f)]
1
2

Also, Pe(e) and Pf (f) are defined in a way to en-
courage shorter phrases:

Pe(e) = PG(|e|;Ps).(
1
ne

)|e|

Pf (f) = PG(|f |;Ps).(
1
nf

)|f |

While DP is a good model for non-null phrases,
it is not a good choice for null-aligned phrase pairs.
The reason is that the DP imposes a rich-get-richer
property over the phrase pair distributions, and
common words that has had null alignments at first
tend to align with null more and more. For this rea-
son, the null aligned distribution was defined as a
unigram model, uniform over word types.

θN (〈e, f〉) =
{

1
2 .Pe(e) if e=null
1
2 .Pf (f) if f=null

3.2.2 Collapsed Gibbs Sampling

After the definition of the model, the paper in-
troduces a novel Gibbs sampler. The sampler will
sample over all possible phrase segmentations at
source and target side, as well as the alignment
links between the source and target phrases. To do
exact inference, computing the alignment expec-
tations under a general phrase model is a #P-hard
problem(DeNero and Klein, 2008). But the sam-
pler proposed in this paper uses polynomial-time
computable operators to calculate the approxima-
tion of phrase alignment expectations.

The authors define two sampler operators SWAP
and FLIP, that together form a complete sampler.
SWAP operator creates new states by swapping
alignment links between two phrase pairs. SWAP
operator can arbitrarily shuffle the phrase align-
ments but another operator is needed to actually
change the phrase boundaries. FLIP operator is re-
sponsible for changing the status of one single seg-
mentation position at each step. Transition proba-
bility for each of these operators can be calculated
based on the DP prior for θJ . The collapsed sam-
pler integrates out this prior by replacing it with
the Chinese Restaurant Process representation of
the DP:

P (〈e, f〉 | zm) =

count〈e,f〉(zm) + α.M0(〈e, f〉)
|zm|+ α

Where zm is the set of all non-null phrases ob-
served in the fixed part of the hypothesis. Probabil-
ities of each operator’s two possible outcomes are
then calculated accordingly. A degeneracy anal-
ysis of the size of the sampled phrases confirms
that this model yields a non-degenerate distribu-
tion over phrase lengths.

To estimate the expected phrase counts, after
each iterations(after each operator has been ap-
plied to every position at each sentence), the counts
are accumulated.

1
N

N∑
i=1

count〈e,f〉(x, zi) −→ E[count〈e,f〉(x, .)]

3.2.3 HDP Model

As a generalization of the DP model, this paper
also defines a hierarchical Dirichlet process prior
for θJ . Instead of defining one DP from which



Figure 2: From DeNero et al. (2008): Distribution of phrase pair sizes, denoted as English phrase size ×
Foreign phrase size.

Phrase extr. model NIST-BLEU
Baseline (‘grow-diag-final-and’) 29.8

DP 30.1
HDP 30.1

Table 2: Translation accuracy (NIST-BLEU score)
of standard-SMT phrase extraction based on
the ‘grow-diag-final-and’ method vs. Dirichlet-
Process and Hierarchical-Dirichlet-Process based
phrase extraction models.

phrase pairs are drawn, in the HDP model, two
languages E, and F each have an independent DP
prior over the monolingual phrases. The pairs are
then derived from these phrases based on an HDP
process.

θj ∼ DP (α,M ′
0)

M ′
0(< e, f >) =

θF (f)θE(e)[PWA(f | e)PWA(e | f)]
1
2

3.2.4 Results and Discussions

The experiments have been done for Spanish to
English translation task, with the baseline system
trained on Europarl sentences of length up to 20.
The sampling was done for 100 iterations, and the
initialization of the sampler is based on the word
alignments generated by the baseline. For the DP
model, the result has been independent of α pa-
rameter, and it has been fixed to 100.

Table 2 shows the result of the two nonparamet-
ric models compared to the baseline. Both DP and

HDP based models achieve a modest improvement
over the heuristic-phrase-extraction baseline.

One possible problem could be that the sampler
had been run for 100 iterations only, and the paper
does not provide any information about the conver-
gence of the sampler at this number of iterations.
Compared to the segmentation task whose sam-
pler has taken 20,000 iterations, these experiments
seem unconvincing on the convergence side. Note,
however, that the number of training instances is
several orders of magnitudes larger compared to
the segmentation application, so one would expect
this model to converge earlier in terms of number
of iterations than the segmentation model.

3.3 Context-free Parsing with HDP Priors

Most state-of-the-art parsers, as e.g. the one by
Charniak and Johnson (2005) for the task of tree-
bank parsing, are based on Probabilistic Context-
Free Grammars (PCFGs). Although the final task
in treebank parsing is producing the correctly-
labeled phrase-structure tree for a given sentence,
the nonterminals of the PCFG grammar learned
by state-of-the-art parsing models tend to be more
complicated than the treebank labels (e.g., parent-
annotated), giving rise to PCFG trees with labels
that are more complicated than the original tree-
bank labels, but from which these labels can easily
be recovered. This technique is called grammar
refinement and has been applied e.g. by Collins
(2003) and Klein and Manning (2003). Determin-
ing how fine-grained the model should be can be a
challenge: The more grammar symbols a treebank



label is split into, the more powerful the grammar
becomes at capturing linguistic dependencies oc-
curing in the training data, but at the same time it
becomes more prone to overfitting.

3.3.1 The infinite PCFG

Liang et al. (2007) address this problem directly
by equipping an infinite-nonterminal-set PCFG
with a Hierarchical Dirichlet Process prior, which
regularizes the number of nonterminal symbols
effectively used in the estimated grammar. The
model, which they call HDP-PCFG, is based on
PCFGs in Chomsky Normal Form, i.e., grammar
rules can be of either of the following two forms:

A→ BC

A→ a

where A,B,C ∈ N are nonterminals and a ∈ T
is a terminal symbol. We can thus think of a
PCFG derivation in terms of transitions (expressed
by the former type of rule) and emissions (the lat-
ter) as for Hidden Markov Models, except that
each derivation step makes a choice between ei-
ther a transition or an emission, and that a transi-
tion forks off into two next states instead of a single
one.

The generative story of the growth of an HDP-
PCFG forest now goes as follows: First, a top-
level distribution β over the countably infinite set
of grammar nonterminalsN = {1, 2, . . .} is drawn
according to the stick-breaking DP representation
(cf. Subsection 2.5.5):

β ∼ GEM(α)

Now, for each nonterminal symbol z ∈ {1, 2, . . .},
we draw its rule type probabilities φTz ∈ [0, 1]2

(emission vs. transition), its emission probabili-
ties φEz ∈ [0, 1]T (one for each terminal symbol),
and its binary-production transition probabilities
φBz ∈ [0, 1]N

2
(one for each possible pair of non-

terminals 〈zL, zR〉 ∈ {1, 2, . . .}2, expressing the
probability of z rewriting into zL, zR):

φTz ∼ Dirichlet(αT )

φEz ∼ Dirichlet(αE)

φBz ∼ DP (αB, ββT )

where ββT is the outer product, resulting in a
doubly-infinite matrix whose elements sum up to

K F1

(PCFG)
F1 (smoothed
PCFG)

F1 (HDP-
PCFG-GR)

1 60.47 60.36 60.5
2 69.53 69.38 71.08
4 75.98 77.11 77.17
8 74.32 79.26 79.15

12 70.99 78.8 78.94
20 64.44 79.27 77.81

Table 3: Parsing scores of PCFG models vs. HDP-
PCFG-GR for the scarce-date scenario. The trun-
cation level K determines the models’ maximum
number of subsymbols per treebank symbol.

one. This matrix, itself based on the outcome of
a Dirichlet Process, now serves as the base distri-
bution for the inner Dirichlet Process determining
the production probabilities.

The generative story continues by drawing for
each tree to be generated, and for each such tree’s
node i to be generated, from the prior distributions
above as follows (zi ∈ N denotes the label of i,
with z1 being the start symbol of the grammar;
L(i) and R(i) denote yet-to-be generated left and
right child nodes of i):

ti ∼ φTzi

If ti =‘EMISSION’:

xi ∼ φEzi

Else:

Add new nodes L(i), R(i) to tree

〈zL(i), zR(i)〉 ∼ φBzi

3.3.2 Tackling Grammar Refinement

In the grammar-refinement scenario, each tree-
bank symbol s is refined into a set Nsof subsym-
bols, and the resulting nonterminal set of the PCFG
is the disjoint union of all subsymbol sets. To re-
main uncommitted about the number of subsym-
bols to allocate for a given treebank symbol s,
we keep each Ns countably infinite, and draw its
distribution βs given s from a DP. The individ-
ual treebank-symbol specific DP distributions are
tied together in the binary production generation
step: The base distribution of its DP is now an
outer product between distribution vectors βs′ and
βs′′ from generally different symbol-specific dis-
tributions. The complete generative model for this



Grammar-Refinement HDP-PCFG variant, dubbed
HDP-PCFG-GR is given below:1

For each treebank symbol s:

βs ∼ GEM(α)
For each subsymbol z ∈ {1, 2, . . .}:

φTsz ∼ Dirichlet(αT )

φEsz ∼ Dirichlet(αE(s))

φbsz ∼ Dirichlet(αb)
For all treebank symbols s′, s′′:

φBszs′s′′ ∼ DP (αB, βs′βTs′′)
For each parse tree node i:

ti ∼ φTsizi

If ti =‘EMISSION’:

xi ∼ φEsizi

Else:

Add new nodes L(i), R(i) to tree

〈sL(i), sR(i)〉 ∼ φbsizi

〈zL(i), zR(i)〉 ∼ φBsizisL(i)sR(i)

3.3.3 Experiments and Discussion

Liang et al. (2007) first empirically evaluate
their HDP-PCFG-GR model on the task of recov-
ering a simple synthetic grammar from a treebank
with hidden dependencies that can be resolved
by grammar refinement: Given an original PCFG
grammar with one start symbol S and four regu-
lar nonterminal symbols X1, . . . , X4, 2000 trees
are sampled, and then all four regular nontermi-
nals are collapsed into one. Given the result-
ing treebank, a baseline PCFG model as well as
the HDP-PCFG-GR model are trained to recover
the refined grammar productions. Whereas the
baseline PCFG model, allowed to use 20 subsym-
bols per tree symbol, spreads the probability mass
roughly equally over all subsymbols, thereby cre-
ating a huge number of nonzero-probability gram-
mar rules, the HDP-PCFG-GR model recovers the
original grammar nearly perfectly.

While this is certainly a nice result demonstrat-
ing the merits of the HDP-PCFG-GR model, it
could be argued that it is not the ‘job’ of the
PCFG model to find the simplest explanation for

1Liang et al. (2007) also allow the case of unary rules,
which we have omitted here for the sake of simplicity.

the training trees it is presented, but simply to
find a model maximizing their joint probability and
thus to be able to distinguish them from trees that
could not have come from the original grammar. It
therefore would have been interesting to see if the
learned PCFG grammar generates the same tree-
bank (i.e., nonterminal-collapsed) trees as the orig-
inal grammar, with the same probabilities. Con-
sider for example a potentially learned model that
has five copies of the non-startsymbol rules of the
original grammar, which differ only in the non-
terminal labels X1, . . . , X4, which are mapped to
X1×j , . . . , X4×j in the j-th copy. By further split-
ting the four start symbol rules of their synthetic
grammar into 4 × 5 rules, one for each nontermi-
nal copy, and with 1/5 of the original weight, we
arrive at a larger grammar using all 20 X subsym-
bols, but nevertheless producing the same treebank
with the same frequencies as the original grammar.

More interesting is the second empirical evalu-
ation, in which the HDP-PCFG-GR model is ap-
plied to parsing the Peen Treebank. To demon-
strate how Bayesian modeling can be an effective
guard against overfitting, an ordinary grammar-
refinement PCFG estimated with maximum likeli-
hood Matsuzaki et al. (2005) is compared to HDP-
PCFG-GR for a scarce-resource task simulated by
training only on Section 2 of the Penn treebank in-
stead of the normally used combined Sections 2-
21. As additional baseline model, a variant of the
grammar-refinement PCFG smoothed with a non-
refined PCFG model is provided. Table 3 shows
the resulting parsing accuracy for different levels
K of subsymbols per treebank symbol. Whereas
the PCFG clearly overfits for values of K > 4,
HDP-PCFG-GR increases its performance with in-
creasing K up to K = 8. For values higher than
K = 8, it starts to slightly deteriorate. Unfortu-
nately (or fortunately for the pragmatist favoring
the simple and fast), the smoothed PCFG is able
to gain just the same parsing accuracy when in-
creasing K up to 8, and shows even less deterio-
ration than HDP-PCFG-GR when K is increased
further. In a full-scale experiment with models
trained on all 20 treebank sections, the smoothed
PCFG model obtains an F1 score of 88.36, clearly
outperforming HDP-PCFG-GR, which obtained a
score of 87.08. On a positive (or negative) note,
the number of rules of the trained HDP-PCFG-GR
grammar tends to be around 30-50 percent lower
compared to the smoothed PCFG.



In conclusion, nonparametric PCFG models can
be applied to real-world parsing tasks, and over-
come the overfitting problem that PCFGs trained
by maximum-likelihood have. While estimating
the choice of the right number of parameters based
on the available training data in a principled way,
they have not yet been shown to actually outper-
form simple hacks tackling the same problem.

3.4 Language Modeling based on
Hierarchical Pitman-Yor Processes

The task of language modeling is to assign a prob-
ability distribution to the set of all possible utter-
ances in a certain language and domain. It has a
wide range of applications, for instance in speech
recognition, machine translation, and spelling cor-
rection, to mention but a few. Most state-of-the-
art models fall into the class of n-gram models,
modeling the probability of an utterance of words
w1, . . . , wM (where w1 is usually a special start
symbol and wM a special stop symbol) as:

P (wM1 ) =
M∏
i=1

P (wi|wi−1
1 )

≈
M∏
i=1

P (wi|wi−1
i−n+1)

Maximum-likelihood estimation for these models
essentially amounts to counting chunks of n words
(n-grams) in a training corpus of utterances. For
any training corpus size, the choice of n is a
dilemma: The higher the value of n, the more
accurate the approximation above becomes, and
the more powerful our model gets at capturing
longer-distance dependencies between words. At
the same time, the higher the value of n, the more
prone the model becomes to overfitting the train-
ing data, and the higher the expected number of
unknown events in testing utterances becomes, as
more and more sequences of n-grams simply will
not have occurred during training. This problem
is amplified in the case of human language, whose
words are distributed roughly according to a power
law, with a lot of word types occurring only very
rarely. The most common solution to this prob-
lem is smoothing, where multiple k-gram models
for k = 1, . . . , n are combined together by either
back-off or interpolation.

Teh (2006) proposes a nonparametric Bayesian
approach to this problem, with the aim of a prin-
cipally justified framework, and of understanding
more about why and how certain methods work
better than others. The model, based on the hier-
archical Pitman-Yor Process, is a generalization of
an HDP language model previously proposed by
Mackay and Petoy (1995).

3.4.1 Model definition

Remember that an n-gram language model as-
signs a probability to a word given a context u =
u1 · · ·um consisting of up to n − 1 words. Let
Gu(w) be that probability for each word w in the
vocabularyW . Then we can use a Pitman-Yor pro-
cess as prior over the distribution 〈Gu(w)〉w∈W :

Gu1···um ∼ PY (dm, θm, Gu2···um)

where discount dm and strength θm are themselves
randomly distributed as we will see below, and the
base distribution Gu2···um , the vector of probabil-
ities of the current word given all but the earliest
word in the context u, is drawn recursively from
a Pitman-Yor process in the same manner. This is
repeated until we get to Gε, the distribution of the
current word given the empty context, which we
assign a prior as follows:

Gε ∼ PY(d0, θ0, G0)

where the base distribution G0 is the uniform dis-
tribution over W :

G0(w) = 1/|W | for all w ∈W

Finally, a uniform prior is placed on the discount
parameters dm and a Gamma(1, 1) prior on the
strength parameters θm.

Teh (2006) shows that interpolated Kneser-Ney
smoothing, a state-of-the-art smoothing method in
language modeling, can be interpreted as an ap-
proximation of the hierarchical Pitman-Yor model.
The paper also describes in detail how to do the
inference, using Gibbs sampling.

3.4.2 Experiments and Discussion

To evaluate the language model empirically, per-
plexity experiments were performed on a 16 mil-
lion word corpus from APNews. Table 4 shows a
subset of the results for interpolated Kneser-Ney



T n IKN MKN HPY HPYCV HDP
2M 3 148.8 144.1 145.7 144.3 191.2
4M 3 137.1 132.7 134.3 132.7 172.7
8M 3 125.9 122.3 123.2 121.9 154.7

14M 3 116.7 113.6 114.3 113.2 140.5
14M 2 169.9 169.2 169.6 169.3 180.6
14M 4 106.1 102.4 103.8 101.9 136.6

Table 4: Perplexities of different n-gram language
models for varying n and training corpus sizes T .

(IKN), modified Kneser-Ney (MKN), hierarchical
Pitman-Yor (HPY), cross-validation-trained hier-
archical Pitman-Yor (HPYCV), and the hierarchi-
cal Dirichlet Process (HDP) language models for
various sizes of training data. HPY consistently
outperforms IKN, which is reassuring given that
IKN can be regarded as an approximation of it.
MKN’s performance is slightly better than HPY.
Teh (2006) explains this by the fact that certain pa-
rameters in the Kneser-Ney models are optimized
using cross-validation, whereas HPY is not opti-
mized towards predictive performance. To validate
this claim, he creates an HPY variant HPYCV, in
which strength and discount parameters are esti-
mated using cross-validation.2 The resulting per-
formance is indeed slightly better than MKN.

HDP stands out as extremely badly performing
compared to the other models. This should ring
alarm bells, as most nonparametric Bayesian mod-
els currently used in NLP are based on DPs and
HDPs. Whether we buy the power-law argument
or not: Since Pitman-Yor includes DP as a special
case, we cannot possibly fare worse with it in the-
ory. In practice, however, devising inference algo-
rithms becomes less straight-forward.

4 Conclusion and Future Directions

In this work we gave an overview of several
common nonparametric Bayesian models, and re-
viewed some recent applications of these models
to problems in natural language processing. The
use of Bayesian priors in general and nonparamet-
ric ones in particular is an elegant way of mastering
the trade-off between being able to have a power-
ful model to capture as much detail in the data as
possible on the one hand, and having enough evi-
dence in the data to support the model’s inferred
parameters on the other hand. By providing an

2Because of computational limitations, the CV step was
based on IKN and therefore approximate.

explicit generative story for the data relying typi-
cally on only a handful of non-random parameters,
Bayesian methods are conceptually much cleaner
than their maximum-likelihood estimation based
alternatives, in which the optimal solution under
the model is typically not the best solution of the
given task, and where ‘meta’-techniques outside of
the original model, such as held-out estimation and
smoothing, are necessary to produce good practi-
cal results.

However, these clean models typically come at
the cost of computationally expensive and non-
exact inference algorithms. Further, from a prag-
matic point of view, none of the applications we re-
viewed could boast results improving significantly
over a smoothed non-Bayesian version of the same
model. (Goldwater et al. (2008), who had sig-
nificant improvements over the best existing seg-
mentation model, did not employ such a baseline
model in their experiments, and it could be ar-
gued that it would be difficult to come up with
a smoothed maximum-likelihood version of their
model.)

Nevertheless, the employment of nonparametric
Bayesian methods in machine learning and NLP is
a field still in its infancy. More insight into what
kind of inference algorithms work best in what sit-
uation is still needed. Also, new Dirichlet Process
variants and generalizations more suitable to spe-
cific applications are being found every year.

Indian Buffet Processes To mention just one
recent generalization of the Dirichlet Process for
which we are not aware of any applications in the
NLP community yet, consider the Indian Buffet
Process (Griffiths and Ghahramani, 2005). The
nonparametric models mentioned so far all enable
modeling of data points as belonging to hidden
clusters, exactly one cluster per data point. How-
ever, consider describing data elements with sev-
eral latent features. Dirichlet nonparametric mod-
els do not support this distributed representation of
the data, because cluster membership is exclusive.

Indian Buffet Processes are an extension of
Dirichlet Processes that allow a data point to be-
long to more than one cluster, and be modeled as
a set of unbounded latent features. Indian Buffet
Processes are thus priors over unbounded binary
matrices, with each row being one data point, and
each column being one latent feature.



The application task given by Griffiths and
Ghahramani (2005) was for the problem of image
reconstruction. We believe that Indian Buffet Pro-
cess models could be useful to natural language
tasks. In part-of-speech tagging based on hidden
Markov models, for example, potentially useful
features in addition to the standard ones could be
the set of words the current word to be tagged co-
occurs with in the current sentence: Each element
fv of that feature vector, indexed by the vocabu-
lary V , is one if the current word co-occurs with v
and zero otherwise. A natural way of modeling the
emission probabilities in a Bayesian fashion would
be the Indian Buffet Process.

Further Reading An excellent introduction to
Dirichlet Processes is given by Teh (2007). For
a deeper treatment of Hierarchical Dirichlet Pro-
cesses, confer Teh et al. (2006).

The focus of this paper has been on nonpara-
metric models rather than on algorithms to do in-
ference, but for any practical application, finding
efficient inference algorithms to estimate the pos-
teriors is crucial. Liang et al. (2007), Goldwater et
al. (2008), and DeNero et al. (2008) give detailed
descriptions of their variational and/or sampling-
based inference algorithms, introduced in a way
that can help the reader to adapt them for her own
similar nonparametric model. Neal (2000) sur-
veys Markov-Chain Monte Carlo (MCMC) sam-
pling algorithms for inference in Dirichlet Process
mixture models. Some MCMC algorithms for in-
ference in HDP mixtures are described by Teh et
al. (2006). In a recent paper, Gao and Johnson
(2008) compare the quality and efficiency of the
Gibbs sampler and variational inference methods,
and conclude that for smaller datasets and for the
task of HMM sequence labeling, when the number
of states are small, Gibbs sampling produces bet-
ter results at the cost of longer convergence time.
Based on their experiments on large datasets, how-
ever, variational methods give comparable results
to Gibbs sampling with shorter runtime.
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