HMM and Neural Network

Xi Chen
(HMM Modified Based
on Amr’s Recitation)
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Factorization

P(zi,....27,y1, ... yr) = Ply)p(@i|y)p(y2\v1) - - - Pye|y) Plar|yr)
= P(y1) | I, P(yelys—1) P(xe|yz)

e

Initial State P(yl p(yl = ’L

Transition  p(ye+1lye)  aij = p(Yet1 = Jlye = 1) K*(K-U
Emission p(xe|ye) bio = p(xy = 0|y, = 1) K*(M-1)




Tasks

Inference (known parameters):
y — MAP: argmax,P(y; = i[x)

» — Veterbi: argmax,,

v

..... yTp(yla"'ayTlmla"'axT)

» Learning (learn parameters):

— Fully Observed Data: Count and Normalize
— Partially Observed Data: EM
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Inference MAP (given the parameters)

» Find: argmax,; P(y; = i|x)

p(ys =i, 21,...,27)
p(z1,....27)
p(yt — ?:3:1:13' v ?mt)p(:’vt—l_]—" v JmT|yt — ?:JZI:]-J' . 3It)
p(z1,...,27)
Py =0, 21, .., T )P(Toyq,. . XY = i
p(:I:]-’"'J:ITT)

p(yt — i|$1a <. JIT)

a3y

p(xla s 3‘TT)

o = plyr=i,21,...,T¢)

r = p(azt+1,...,xT|yt :Z)




Compute: {ai,a9,...,ar}

o = plyr =i,21,...,7¢)

oy 1 = p(yt—l :j7$17"'7xt—1)

Divide variable into three sets:
{X1,-- X 1,Y 1} (to be able to see
o 1)1y}, {x.}, then apply chain rule

P(.?Cl:, -3 ,«1? .r'r k) Zp(xl‘* "3 tl? I?JII?}I _k)

Y1

:Zh—1 P(xln“'&xr—lfryr—l)P(yr :k‘yr—lﬂxlﬂ'“&xr—l)P(xr |y.r :k:xln'"&xr—lryr—l)
:Zyr_lP(xlv'“:xr—lfryr—l)P(yr :k‘yr—l)P(xx |;V; :k)
=P(x, |y, =k)) P, iy =DP(y, =k |y, =1)

=P(x, |y, :k)zi ala., Trick: add a variable and

marginalize over it to



Forward Algorithm

all = P(x, ‘.}"1 =1)r,

— Yy — E-a_ ]_
O& 3 Oz% —P(xz |}’z l)zf o, d; Qp




Compute: 3y, 35,..., 07

B = p(weyr,..., o7y =1)
Bl = p(@ig2,. . 27|y = J)

Divide variable into three sets: {y,,,},

{X.,1h1X.,,- X} (to be able to see B.,,)
then apply chain rule

B =P(x, X1 %, =K)
=2, P Xp Vi |y, =F)
=> P(y,, =i
:ZiP(}"m =i|ly, =k)p(x, |y, =i)P(X, 5p0s Xy | V.., =1)
=Y 0, P(oy | Ve = DB

e, 7

yr :k)p(le yr+1 :i:yr :k)P(xHE?“'?xT ‘xr+1ﬁyr+l :i-‘*yr :k)




Backward Algorithm

8% Zi a,,pr | yr = 3)/91:* ﬁr}_l Iﬁ’} =1
By D a4, Py [y =D, | Bk =1

p—



Viterbi Algorithm

» Find the globally maximal posterior

segquence:

» Goal:
argmax, . P(Y1,-- -, Y7|T1, - TT) X P(Y1, - YT, T, -, TT)
VF=argmaxg, o ap(T1 . 1, Y Y1, Ty = K)

VI =plyr = k,21) = of

» Maximal Probability of ending in state k at
time fwhere we maximize over .- ¥:-1}




Viterbi Algorithm

Vri =max. P(Xy5ees X5 Visoons Vs Xy Vi =K)
=1max,, yt}P( 3 Xy Viseoos VOP(X Vg = K[ XX, Vs 1)

=HnmX,, ) P(x g Vi =k YIPX ey X, s Viseos V5 X5 V)

=max, P(x,, YV, =k|y, =Dmax g, 3 P(X,e, X, Viseos Vo Xp0 Yy =1)

=max, P(x,,, | v,,,=k)a, V'

= P(XHL | yr+1 = k) H'HXI._ az‘.k[/j

Scaling: log(V}",) = log p(z¢41|ye1 = k) + max (log(aik) + log(V;" 1))

Keeping track of i
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Viterbi Algorithm

— a,ll Vll N ‘/21 =p(332|y2 = ]_) max; a,z-,lVf' V’ll’—l Vr}’
Vﬂz—l‘;\
\\ .
Vi
- ; _ _ . 0 K K
_ X VK Vi |7 p(x2|y = K) max; a; g VY | V44 Vir
; z
Hidden J
State:

V’I% — p(xT|yT — Z) maxs; a/?l,zv'}'_l

. _ ] i
J = argmax;a; ,Vp_
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Tasks

v

4
4

<

v

4

Inference (known parameters):
- MAP: argmax;P(y; = i|x)

- Veterbi: argmax,

..... yTp(ylv---ayTlmla"'axT)
Learning (learn parameters):

— Fully Observed Model: count and normalize
- No Observed Hidden State: EM
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Learning

» Fully Observed Data D = {(xuyu)}im

» Initial State: p(y.1) ~ Multinomial(ny, ..., 7x)
K K

p(ynl) — H(ﬂi)Ci’n: Ci,n € {07 ]-}3 Z Cz',n —

=1 1=1

» Transition: ai; = p(yer1 = jlye = 19)

» Emission:  bio = p(@: =oly; = i)
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Learning: Fully Observed

LL(®) =log p(X,Y)

= log H[p(yn.l)]_[ P [ v | P, | xm)J
= log H[Hﬂ' 1_[(1U Jﬁw b J

i.j=l1 =l.o0=1

= C logm +) A HlogaiJerBmlogbm
=2 Z 4, lga,+ Y

i.j=l1 i=l.o=1

Cin = 0(yn,1 = 1): if the first hidden state is i

Aijn = f:ll d(yt+1 = J,ye = 1) : counts that state ¢ moves to j in (x,,¥yn)

Bion = Z?:l O(z¢ = 0,y = 1) : counts that state ¢ emits o in (x,,y,)
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Example

Takey=1,2,3,1,2 x=1,3,5,1,1
Then
Which

LR FPAC PR A EP Rl e BPl « PPAR o Pl o RN ¥

=T, %(a,)7%ay3%a3, " (b)) *b,ys by ™ by,

T T
p(Xf‘ y) — p(yn.l)H p(yn._.f | yn.e‘—l)H p(x:w.f | II'.'..")
=2 t=l1
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Learning: Fully Observed

K.M

LL(§) = Z Z( log 7, +ZAU Joga, + » B, logh,

i,j=l i=l.o=1

» All parameters are decoupled

» Take the gradient w.r.t each parameter and
set it to zero

» Simple count and normalization

ML _ #(i — ]) , AU'JI

ij #( —> o) Z”Z}/lﬁr_”

J
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Learning: partially observed
» EM: E-Step

00.6")=> > p©,|x,.0")log p(x,.y, | 0)

n=ly,

K.M

Iog p(Xn?erJ) Z( i.n Iog ﬂ- +Z‘/47_} n Iog ay T Z io.n Iog br'r:.-

i.j=l i=l.0=1
0(0,0"") =
ZZP(y X . OF(")[ZC log 7, +ZA Joga, + EZUB log b, J
=l.o
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Learning: partially observed

Q(B., 90!@’) _
K K K.M
Z[Z<Cf_”>log TT, +Z<Aﬁ‘”>10g a; + Z<Bm>10g bmJ
no\i=l i.j=1 i=1.0=1

All expectations are under pgy |x .07

<C””> - Zp(yn | Xy, OOM)C;'__” <Bf0- > - Zp(y | X, BOM)B

—P(yl—z|x OM) —ZP(y,—z|x 9”)

~N ¢

Forward-Backward Algorithm
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Learning: partially observed

O‘rd ?: — — - LY .j
< U”> Zp(yﬂ |X11"9 )AU n Y p(yt 1 mt)
: old t+1 t+2y - -y LT Yt+1
Zp(y?-‘f_lyn.f+1_.]|xnﬂe )
t=1:T-1

P(yn.f = i: y;;_.;_,_l — _] | X“’BOM —

a;P(‘xf.r.,f+1 | yn..“+1 .])a.’_j' t+1
Plx, [07)

p(Yt =i, Y41 = J, T1, ..., Tn)
= p(yr =4,21,. ., ) p(Yea1 = Jy Tpa1|Yt = 4, X1, ..., T¢) -
P(Ttyo, . TT|Ytr1 = J, Teq1, Yt = 4, T1, ..., Tt)
aip(yer1 = Jr Te1lye = D)p(@eg2, - - o 20|y = 7)
aip(xig1|yeer = Jyye = DpWerr = jlys = )61,

arp(Ti1|yir1 = j)a@'jﬁfﬂ 9




Learning: partially observed

» EM: M-Step
Q((‘),Oom)z
Z[i(a.nﬁog 7+ (4, ) oga, + Y(B,,)le bJ

i=1 i.j= i=l.o

Solve MLE as in fully observed case:

aME #(i— J) _ Zn<Aff-”>
T H(i—>e) Z” ZJI<A{?,‘”>

p—
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EM Summary for HMM Learning

* |nitialize HMM model parameters

* Repeat
— E-Step
* Run forward-backward over every sequence (x,,)

* Compute necessary expectations using oo and [3 (or their
normalized versions)

— M—Step

* Re-estimate model parameters

— Simply count and normalize
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Neural Network

_"{ }H“"--..__;'- > {'H.:'u + Wy + ...+ 'I'.ﬂﬂ::-ﬂ] 'Dllt].'.l"l.lt

Compare with
desired output

Adjust weights

Outputo(x) = f (w, + iwi X
=1

n
net = w, + 2. W, X
=1

o(x) = f (net)
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Activation Function

Linear activation

“f(}t)_net
/. .

Sigmoid activation
f (net)=
( ) 1+ efnet
A
1
0 >

Threshold activation

1
f (net) =sign(net) =<
(net) =sign(net) {—1, if net<O

if net>0|

Hyperbolic tangent activation

—2net
f (net) =tanh(net) = 1_2_2net
A
1
0 Z
-1
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Sigmoid Unit

1 WI IO =1

IS e

' S ." *q = ' =
i—0 0 = O(net) o7
| +e

o(x) i1s the sigmoid function
1
1 + et

Nice property: dfﬁ") =o(x)(1 —o(x))




Multilayer Multiple Output NN

net; =y ., Wit z; = o(net;)

Ok = D WkjZj

Forward Propagation

n
net; =) .| Wjx;

z; = o(net;)

Ok = D ; WkjZj
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Back Propagation

X1

net; =y . Wj;T; z; = o(net;)

Ok = D WkjZj

j k
K 2
Eq =53 -1 (0x — tr)

OEg 0z; Onet;
8zj (9?’L€tj 8’(Uji

823'
— — (1 — .
x; Onet; o(net;)(1 — o(net;))
> (ok — tr)wr;
k

Z(Ok — ty)wijo(net;)(1 — o(net;))x;
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