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Today: Readings:
Linear regression _
Bias/Variance/Unavoidable Required:
errors » Bishop: Chapt. 1 through 1.2.5

Bishop: Chapt. 3 through 3.2

Optional:
* Mitchell: Chapt. 6.4

Regression

So far, we've been interested in learning P(Y|X) where Y has
discrete values (called ‘classification’)

What if Y is continuous? (called ‘regression’)
« predict weight from gender, height, age, ...

» predict Google stock price today from Google, Yahoo,
MSFT prices yesterday

» predict each pixel intensity in robot’s current camera
image, from previous image and previous action




Regression

Wish to learn f: XY, where Y is real, given {<x,y'>...<x"y">}

Approach:

1. )choose some parameterized form for P(Y|X; 0)
( © is the vector of parameters)

2. derive learning algorithm as MLE or MAP estimate for 6

1. Choose parameterized form for P(Y|X; 6)
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Assume Y is some deterministic f(X), plus random noise

g;zf(.g)—kﬁ where € ~ N(0,0),

Therefore Y is a random variable that follows the distribution

plylz) = N(f(z),0

and the expected value of y for any given x is E, ,[y]=f(x)




Consider Linear Regression
p(ylz) = N(f(z),0)

E.g., assume f(x) is linear function of x

:L‘ :w0+ E Wi

p(ylz) = N(wo + Z w;T;, o
Bz y]z] = wo + Z Wy

Notation: to make our parameters explicit, let’s write
W =< wy,w; ... w, >
(y|ac W wO"‘szxu

Training Linear Regression:

p(ylz; W) = N(wo + w1z, 0)

How can we learn W from the training data?




Training Linear Regression:

p(ylz; W) = N(wg + wiz, 0)

How can we learn W from the training data?

Learn Maximum Conditional Likelihood Estimate!
— ~—
WMCLE = arg mV%XHp(qul,W) k’“« ’*Ycuvna, axqmy[c

— 1 I 5.0
WicLe argmvgle: np(y |z’ W)

where X
_1y—f(@W)\2
x, = e f( O )

p(ylz; W) — S

Training and Regression

Learn Maximum Conditional Likelihood Estimatez}(‘;f’»,c,,,’,y,,/.,,:

1.1
afgmvgxglnp(y |z, W)

~WwuceLe = ::2:‘\_’1/\//

where W) =

Do) e () r (W (- E)

w = axgmax 2

McrLe
- a:/jrj; Mmjnx%_ 3\(—6':{ (yjj~ Q G(':T) WB\){
= Wé;/mwg% (= LE5w)




Training and Regression

s

Learn Maximum Conditional Likelihood Estimate:jf,,;f”*f

WicLe = Inp(y'|z', W ’
MCLE = aIrg mﬁ; np(y |$ ) )
Where p(y'x, W) — 1 ei%(y_fo:’mw )2

V2mo?
> np(y'lh; W) =
l

. _ (i l. 2
sO: WMCLE—arng[f}le: (y' — f(z"; W)

= argmin zl:(yl — f(ahW))?

Training Linear Regression:

Learn Maximum Conditional Likelihood Estimate:;(«»of‘“'}/

Wucore = argmin D (y— flaW))?

Can we derive gradient descent rule-for training?
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Training Linear Regression:

Learn Maximum Conditional Likelihood Estimate:j,f,off’i”39

_ - el 2
WwycerLe = arg min ;(y f(z; W)

Can we derive gradient descent rule for training?

03y — flzW))* _ 2y - Pl - Iy - Pl

o  Jwr
Wy
s
L6 = W, T Zwix oW,

O (v - X"Cn) é\?\é\/ \AMXX\

Andif f(z ) = wO"‘szxz
p w; — w; +7]Z(?Jl — f(a" W) =
l

Training Linear Regression:

Learn Maximum Conditional Likelihood Estimate:;f:;,,,,:,/.u,,),

_ : . . 2
WwyceLe = arg min ;(?J flz; W)

Can we derive gradient descent rule for training?

0>y auj;(w W)) 22 y— Fa W) (y—gu(:;W))

Of(x; W)

=Y 2l S W)L

And if f(x —U)()+Zwl$z

Gradient descent rule: \w; < w; + nZ(yl — fla" W) =




How about MAP instead of MLE estimate?
W map & {7 CY ?< W>?\C_l'*/)

Let's assume Gau33| |or eac w ~N(0, o)

Then MAP estimate is

— _ Iyl
W—argmvzl}x Zw—i— Z In P(Y'| X" W
szW l€training data
1 (v ?(\"J)
_ : 2 l l. 2
= argmin - Zwﬂ‘ Z (v = f(z"s W))
w;eW l€training data

Gradient . o 4 1 l. I
descent: | W A%ﬂ;(y f @ W))

Consider Linear Regression
p(ylz) = N(f(2),0) |

E.g., assume f(x) is linear function of x

x) = wp+ Z W;T;
p(ylz) = N(wo + Zwm,

w; — w; — Aw; + nZ(yl — f(z; W) 2!
l




Consider Linear Regression

plylz) = N(f(z),0) R

E.g., assume f(x) is linear function of |¢;(z)

W, 6 < easr + i DG = C<s 3
fla) = > wigia), | - < g

pylz) = N [ Y wigi(z), o] £69 = wooux,

Wi <= w; — Aw; + UZ(?JZ — f(z; W) ¢i(a!)
l

Regression — What you should know
Under general assumption  p(y|z; W) = N(f(z; W), 0)

1. MLE corresponds to minimizing Sum of Squared prediction Errors
2. MAP estimate minimizes SSE plus sum of squared weights

3. Again, learning is an optimization problem once we choose our
objective function

* maximize data likelihood
* maximize posterior probability, P(W | data)

4. Again, we can use gradient descent as a general learning algorithm
+ aslong as our objective fn is differentiable wrt W

5. Nothing we said here required that f(x) be linear in x -- just linear in W
6. Gradient descent is just one algorithm — linear algebra solutions too




Decomposition of Error in Learned Hypothesis
1. Bias
2. Variance

3. Unavoidable error

Bias and Variance E[xk] =Z pcr=

given some estimator A for some parameter 6, we define

bias(A) = E[A] — 6 [ | |
_ N—*—’_"_ 9 %\,L@J__L%
var(4) = B4 - BA) = @y 5 &
e.g., 0 is probability of heads for a coin, A is the MLE
estimate for 8, based on n independent coin flips

L MUepenaetit coin ps
A is a random variable, sampled by reflipping the coins
Expected value is taken over different M

is A biased or unbiased estimator for 8 7% %o

N\

\
>

variance decreases as sqrt(1/n)




Bias — Variance decomposition of error
Reading: Bishop chapter 3.2 (different notation)

» Consider simple regression problem f:X->Y

y="1(x) +¢

\
‘ noise N(0,0)

deterministic

What is expected error of a hypothesis learned (estimated)

from randomly drawn training g apD? _wtvuay cx,,,,f,(,g_

Ep [ / / ho(e) — 5 huln)p(@) dyda:]

Iearned estimate of f(x), from training data D

Sources of error . &

mL G
+ What if we have perfect learner, infinite data?
— Our learned h(x) satisfies h(x)=f(x)
— Still have remaining, unavoidable error
because of ¢

= f(x) +[&; ¢ ~N(0,0)
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Sources of error

« What if we have only n training examples?
« What is our expected error

— Taken over random training sets of size n,
drawn from distribution D=p(x,y) ?

Decomposition of error: y = f(x) + &; ¢~ N(0,0)
Iearned estimate of f(x), from training data D

[ / / (ha(z) — v)p(yla)pl >dydz}
\

= unavotdable Error + bias? + variance
unavoidableError = o> — @
cﬁﬁ WLU:V\
F (Q"\

bias? — / (Eplhp(@)] — f(@) p@)da o el

Ho ve ?¢ Svve

variance:/ED[(hD(x)—ED[hD( N2 p(z )da:
x Res? LL)(/\.CV\ Lrav [}

ot of2z¢ ¢S Swiv
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Error Decomposition: Summary

Expected true error of learned P(y|x) for regression
(and similarly for classification) has three sources:

1. Unavoidable error: even with perfect estimate
— non-determinism in world prevents perfect predictions

2. Bias:

— even with infinite training data, hypothesis h(x) might
not equal true f(x). E.g., if learner's hypothesis
representation cannot represent the true f(x)

3. Variance

— Whenever we have only finite training data, the sample
of just n training examples might represent an empirical
distribution that varies from the true P(Y|X). i.e., if we
collect many training sets of size n, the empirical
distribution they represent will vary about P(Y|X).
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