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Abstract

The design of revenue-maximizing combinatorial auctions, i.e. multi-item auctions
over bundles of goods, is one of the most fundamental problems in computational
economics, unsolved even for two bidders and two items for sale. In the traditional
economic models, it is assumed that the bidders’ valuations are drawn from an
underlying distribution and that the auction designer has perfect knowledge of
this distribution. Despite this strong and oftentimes unrealistic assumption, it is
remarkable that the revenue-maximizing combinatorial auction remains unknown.
In recent years, automated mechanism design has emerged as one of the most prac-
tical and promising approaches to designing high-revenue combinatorial auctions.
The most scalable automated mechanism design algorithms take as input samples
from the bidders’ valuation distribution and then search for a high-revenue auction
in a rich auction class. In this work, we provide the first sample complexity analysis
for the standard hierarchy of deterministic combinatorial auction classes used in
automated mechanism design. In particular, we provide tight sample complexity
bounds on the number of samples needed to guarantee that the empirical revenue
of the designed mechanism on the samples is close to its expected revenue on the
underlying, unknown distribution over bidder valuations, for each of the auction
classes in the hierarchy. In addition to helping set automated mechanism design on
firm foundations, our results also push the boundaries of learning theory. In partic-
ular, the hypothesis functions used in our contexts are defined through multi-stage
combinatorial optimization procedures, rather than simple decision boundaries, as
are common in machine learning.

1 Introduction

Multi-item, multi-bidder auctions have been studied extensively in economics, operations research,
and computer science. In a combinatorial auction (CA), the bidders may submit bids on bundles of
goods, rather than on individual items alone, and thereby they may fully express their complex valua-
tion functions. Notably, these functions may be non-additive due to the presence of complementary
or substitutable goods for sale. There are many important and practical applications of CAs, ranging
from the US government’s wireless spectrum license auctions to sourcing auctions, through which
companies coordinate the procurement and distribution of equipment, materials and supplies.

One of the most important and tantalizing open questions in computational economics is the design
of optimal auctions, that is, auctions that maximize the seller’s expected. In the standard economic
model, it is assumed that the bidders’ valuations are drawn from an underlying distribution and that
the mechanism designer has perfect information about this distribution. Astonishingly, even with this
strong assumption, the optimal CA design problem is unsolved even for auctions with just two distinct
items for sale and two bidders. A monumental advance in the study of optimal auction design was
the characterization of the optimal 1-item auction [Myerson, [1981]]. However, the problem becomes
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significantly more challenging with multiple items for sale. In particular, Conitzer and Sandholm
proved that the problem of finding a revenue-maximizing deterministic CA is NP-complete [Conitzer
and Sandholm), [2004]]. We note here that it is well-known that randomization can increase revenue in
CAs, but we focus on deterministic CAs in this work because in many applications, randomization is
not palatable and very few, if any, randomized CAs are used in practice.

In recent years, a novel approach known as automated mechanism design (AMD) has been adopted
to attack the revenue-maximizing auction design problem [Conitzer and Sandholm, 2002, Sandholm)|
2003]]. In the most scalable strand of AMD, algorithms have been developed which take samples
from the bidders’ valuation distributions as input, optimize over a rich class of auctions, and return an
auction which is high-performing over the sample [Likhodedov and Sandholm} 2004} [2005}|Sandholm
and Likhodedovl [2015[]. AMD algorithms have yielded deterministic mechanisms with the highest
known revenues in the contexts used for empirical evaluations [Sandholm and Likhodedov}, 2015]].
This approach relaxes the unrealistic assumption that the mechanism designer has perfect information
about the bidders’ valuation distribution.

However, until now, there was no formal characterization of the number of samples required to
guarantee that the empirical revenue of the designed mechanism on the samples is close to its
expected revenue on the underlying, unknown distribution over bidder valuations. In this paper,
we provide that missing link. We present tight sample complexity guarantees over an extensive
hierarchy of expressive CA families. These are the most commonly used auction families in AMD.
The classes in the hierarchy are based on the classic VCG mechanism, which is a generalization of
the well-known second-price, or Vickrey, single-item auction. The auctions we consider achieve
significantly higher revenue than the VCG baseline by weighting bidders (multiplicatively increasing
all of their bids) and boosting outcomes (additively increasing the liklihood that a particular outcome
will be the result of the auction).

A major strength of our results is their applicability to any algorithm that determines the optimal
auction over the sample, a nearly optimal approximation, or any other black box procedure. Therefore,
they apply to any automated mechanism design algorithm, optimal or not. One of the key challenges
in deriving these general sample complexity bounds is that to do so, we must develop deep insights
into how changes to the auction parameters (the bidder weights and allocation boosts) effect the
outcome of the auction (who wins which items and how much each bidder pays) and thereby the
revenue of the auction. In our context, we show that the functions which determine the outcome of an
auction are highly complex, consisting of multi-stage optimization procedures.

Therefore, the function classes we consider are much more challenging than those commonly found
in machine learning contexts. Typically, for well-understood classes of functions used in machine
learning, such as linear separators or other smooth curves in Euclidean spaces, there is a simple
mapping from the parameters of a specific hypothesis to its prediction on a given example and a
close connection between the distance in the parameter space between two parameter vectors and the
distance in function space between their associated hypotheses. Roughly speaking, it is necessary to
understand this connection in order to determine how many significantly different hypotheses there
are over the full range of parameters. In our context, due to the inherent complexity of the classes we
consider, connecting the parameter space to the space of revenue functions requires a much more
delicate analysis. The key technical part of our work involves understanding this connection from a
learning theoretic perspective. For the more general classes in the hierarchy, we use Rademacher
complexity to derive our bounds, and for the auction classes with more combinatorial structure, we
exploit that structure to prove pseudo-dimension bounds. This work is both of practical importance
since we fill a fundamental gap in AMD, and of learning theoretical interest, as our sample complexity
analysis requires a deep understanding of the structure of the revenue function classes we consider.

Related Work. In prior research, the sample complexity of revenue maximization has been studied
primarily in the single-item or the more general single-dimensional settings [Elkind, [2007, |(Cole and
Roughgarden| 2014, Huang et al.| 2015, Medina and Mohri, 2014} Morgenstern and Roughgarden,
2015, Roughgarden and Schrijvers, [2016, [Devanur et al.| 2016]], as well as some multi-dimensional
settings which are reducible to the single-bidder setting [Morgenstern and Roughgarden, [2016f]. In
contrast, the combinatorial settings that we study are much more complex since the revenue functions
consist of multi-stage optimization procedures that cannot be reduced to a single-bidder setting. The
complexity intrinsic to the multi-item setting is explored in [Dughmi et al., 2014], who show that



for a single unit-demand bidder, when the bidder’s values for the items may be correlated, 2(2™)
samples are required to determine a constant-factor approximation to the optimal auction.

Learning theory tools such as pseudo-dimension and Rademacher complexity were used to prove
strong guarantees in [Medina and Mohri, 2014} Morgenstern and Roughgarden, |2015|, [2016]], which
analyze piecewise linear revenue functions and show that few samples are needed to learn over the
revenue function classes in question. In a similar direction, bounds on the sample complexity of
welfare-optimal item pricings have been developed [Feldman et al.,|[2015] |[Hsu et al.,|2016|]. Earlier
work of Balcan et al| [2008]] addressed sample complexity results for revenue maximization in
unrestricted supply settings. In that context, the revenue function decomposes additively among
bidders and does not apply to our combinatorial setting.

Despite the inherent complexity of designing high-revenue CAs, Morgenstern and Roughgarden
use linear separability as a tool to prove that certain simple classes of multi-parameter auctions
have small sample complexity. The auctions they study are sequential auctions with item and grand
bundle pricings, as well as second-price item auctions with item reserve prices [Morgenstern and
Roughgarden), [2016]]. In the item pricing auctions, the bidders show up one at a time and the
seller offers each item that remains at some price. Each buyer then chooses the subset of goods
that maximizes her utility. In the grand bundle pricing auctions, the bidders are each offered the
grand bundle in some fixed order, and the first bidder to have a value greater than the price buys it.
They show that bounding the sample complexity of these sequential auctions can be reduced to the
single-buyer setting.

In contrast, the auctions we study are more versatile than item pricing auctions, as they give the
mechanism designer many more degrees of freedom than the number of items. This level of
expressiveness allows the designer to increase competition between bidders, much like Myerson’s
optimal auction, and thus boost revenue. It is easy to construct examples where even simple
AMAs achieve significantly greater revenue than sequential auctions with item and grand bundle
prices. Moreover, even the simpler auction classes we consider pose a unique challenge because the
parameters defining the auctions influence the multi-stage allocation procedure and resulting revenue
in non-intuitive ways. This is unlike item and grand bundle pricing auctions, as well as second-price
item auctions, which are simple by design. Our function classes therefore require us to understand
the specific form of the weighted VCG payment rule and its interaction with the parameter space.
Thus, our context and techniques diverge from those in [Morgenstern and Roughgarden, 2016].

Finally, there is a wealth of work on characterizing the optimal CA for restricted settings and designing
mechanisms which achieve high, if not optimal revenue in specific contexts. Due to space constraints,
in Section [A] of the supplementary materials, we describe these results as well as what is known
theoretically about the classes in the hierarchy of deterministic CAs we study.

2 Preliminaries, notation, and the combinatorial auction hierarchy

In the following section, we explain the basic mechanism design problem, fix notation, and then
describe the hierarchy of combinatorial auction families we study.

Mechanism Design Preliminaries. We consider the problem of selling m heterogeneous goods to
n bidders. This means that there are 2™ different bundles of goods, B = {b1, ..., bam }. Each bidder
i € [n] is associated with a set-wise valuation function over the bundles, v; : B — R. We assume
that the bidders’ valuations are drawn from a distribution D.

Every auction is defined by an allocation function and a payment function. The allocation function
determines which bidders receive which items based on their bids and the payment function determines
how much the bidders need to pay based on their bids and the allocation. It is up to the mechanism
designer to determine which allocation and payment functions should be used. In our context, the
two functions are fixed based on the samples from D before the bidders submit their bids.

Each auction family that we consider has a design based on the classic Vickrey-Clarke-Groves
mechanism (VCG). The VCG mechanism, which we describe below, is the canonical strategy-proof
mechanism, which means that every bidder’s dominant strategy is to bid truthfully. In other words,
for every Bidder 7, no matter the bids made by the other bidders, Bidder ¢ maximizes her expected
utility (her value for her allocation minus the price she pays) by bidding her true value. Therefore, we
describe the VCG mechanism assuming that the bids equal the bidders’ true valuations.



The VCG mechanism allocates the items such that the social welfare of the bidders, that is, the
sum of each bidder’s value for the items she wins, is maximized. Intuitively, each winning bid-
der then pays her bid minus a “rebate” equal to the increase in welfare attributable to Bidder ¢’s
presence in the auction. This form of the payment function is crucial to ensuring that the auction
is strategy-proof. More concretely, the allocation of the VCG mechanism is the disjoint set of
subsets (b7, ..., b},) C B that maximizes 3 v; (b} ). Meanwhile, let (b1 ", ..., ;") be the disjoint

rvn

set of subsets that maximizes Y., v; (b; ). Then Bidder i must pay >, [v; (b;") —v; (b7)] =
v; (bF) — {Z vj (b5) = D254 0 (bj_l)} In the special case where there is one item for sale, the

VCG mechanism is known as the second price, or Vickrey, auction, where the highest bidder wins
the item and pays the second highest bid. We note that every auction in the classes we study is
strategy-proof, so we may assume that the bids equal the bidders’ valuations.

Notation. We study auctions with n bidders and m items. We refer to the bundle of all m items
as the grand bundle. In total, there are (n + 1)™ possible allocations, which we denote as the

vectors O = {51, ceey 5(n+1)m} . Each allocation vector 0; can be written as (0; 1, . .., 0; »), Where
0;; = by € B denotes the bundle of items allocated to Bidder j in allocation 6;. We use the
notation 7 = (v1 (b1),...,v1 (bgm)) and ¥ = (14,...,7,) to denote a vector of bidder valuation

functions. We say that rev A( v) is the revenue of an auctlon A on the valuation vector ¢. Denoting
the payment of any one bidder under auction A given valuation vector ¥ as p; 4 (¥/), we have that
reva (V) = Y7, pi,a (U). Finally, U is an upper bound on the revenue achievable for any auction
over the support of the bidders’ valuation distribution.

Auction Classes. We now give formal definitions of the CA families in the hierarchy we study. See
Figure [I] for the hierarchical organization of the auction classes, together with the papers which
introduced each family.

Affine maximizer auctions (AMAs). An AMA A is defined by a set of weights per

bidder (w1,...,w,) C Rso and boosts per allocation (A(1),...,A(Gpninym)) C R
An auction A uniquely corresponds to a set of these parameters, so we write A =
(wi,...,wy, A(G1),..., A (Gn+1ym)). To simplify notation, we write A; = A (;) interchange-

ably. These parameters allow the mechanism designer to multiplicatively boost any bidder’s bids
by their corresponding weight and to increase the likelihood that any one allocation is returned
as the output of an auction. More concretely, the allocation 0* of an AMA A is the one which

maximizes the weighted social welfare, i.e. 0" = argmax; . {Z L w;iv; (055) + A (oz)} . The

payment function of A has the same form as the VCG payment rule, with the parameters fac-
tored in to ensure that the auction remains strategy-proof. In particular, for all j € [n], the

payments are p; 4 (¥) = i {Z#j Weve (0—j,0) + A(0—5) — 3 gz weve (07) — A (6’*)] , where
0_j = argmax; .o {Z#j weve (04,0) + A (6'1-)} .

We assume that H,, < w; < He, \; < Hy, and v; (by) < H, for some H,,, Hy, Hx, H, € R>o.
It is typical to assume an upper bound (here, H,) on the bidders’ valuation for any bundle. This is
related to the fact that an upper bound on a target function’s range is always assumed in standard
machine learning sample complexity bounds. Intuitively, generalizability depends on how much any
one sample can skew the empirical average of a hypothesis, or in this case, auction. The bounds on
the AMA parameters are closely related to the bound on the bidders’ valuations H,, . For example, it
is a simple exercise to see that we need not search for a lambda value which is greater than H,,.

Virtual valuation combinatorial auctions (VVCAs). VVCAs are a subset of AMAs. The defining
characteristic of a VVCA is that each \ (;) is split into n terms such that A (6;) = >_7"_; X; (3;)
where \; (0;) = ¢; 5 for all allocations &; that give Bidder ¢ exactly bundle b € B.

A-auctions. A-auctions are the subclass of AMAs where w; = 1 for all ¢ € [n].

Mixed bundling auctions (MBAs). The class of MBAs is parameterized by a constant ¢ > 0 which
can be seen as a discount for any bidder who receives the grand bundle. Formally, the c-MBA is the
A-auction with \(0) = ¢ if some bidder receives the grand bundle in allocation ¢ and 0 otherwise.

Mixed bundling auctions with reserve prices (MBARPs). MBARPs are identical to MBAs though
with reserve prices. In a single-item VCG auction (i.e. second price auction) with a reserve price, the



item is only sold if the highest bidder’s bid exceeds the reserve price, and the winner must pay the
maximum of the second highest bid and the reserve price. We describe how this intuition generalizes
to MBAs in Section[3l

Generalization bounds. In order to derive sample complexity bounds which apply to any algorithm
that determines the optimal auction over the sample, a nearly optimal approximation, or any other
black-box procedure, we derive uniform convergence sample complexity bounds with respect to the
auction classes we examine. Formally, we define the sample complexity of uniform convergence over
an auction class A as follows.

Definition 1 (Sample complexity of uniform convergence over A). We say that N (e, ¢, A) is the
sample complexity of uniform convergence over A if for any €, € (0,1), if S = {v , ﬁN} is

a sample of size N > N(e 0, A) drawn at random from D, with probability at least 1 — 5 for all
auctions A € A, ‘N Z L reva (07) — Egup [reva(v )]‘ <e

3 Sample complexity bounds over the hierarchy of auction classes

In this section, we provide an overview of our sample complexity guarantees over the hierarchy of
auction classes we consider (Section and [3.2). We show that more structured classes require
drastically fewer samples to learn over. We conclude with a note about sample complexity guarantees
for algorithms that find an approximately optimal mechanism over a sample, as opposed to the
optimal mechanism. All omitted proofs are presented in full in the supplementary material.

3.1 The sample complexity of AMA, VVCA, and A-auction revenue maximization

We begin by analyzing the most general families in the CA hierarchy — AMAs, VVCAs, and
A-auctions — proving a general upper bound and class-specific lower bounds.

Theorem 1. The sample complexity of uniform convergence over the classes of n-bidder, m-item
AMAs, VVCAs, and \-Auctions is N = O ([Unm\/ﬁ (U + nm/2) /e} 2) . Moreover;, for A-Auctions,
N = Q(n™) and for VVCAs, N = Q (2™).

We derive the upper bound by analyzing the Rademacher complexity of the class of n-bidder, m-item
AMA revenue functions. For a family of functions G and a finite sample S = {x1,..., 2N} of size
N, the empirical Rademacher complexity is defined as R.s(G) = E,[sup gec 7 2 0ig(;)], where
o = (o1,...,0n), with o;s independent uniform random variables taking values in {—1,1}. The
Rademacher complexity of G is defined as Ry (G) = Eg.pn~ [ﬁS(G)]

The AMA revenue function, defined in Section 2] can be summarized as a multi-stage optimization
procedure: determine the weighted-optimal allocation and then compute the n different payments,
each of which requires a separate optimization procedure. Luckily, we are able to decompose the
revenue functions into small components, each of which is easier to analyze on its own, and then
combine our results to prove the following theorem about this class of revenue functions as a whole.

Theorem 2. Let F be the set of n-bidder, m-item AMA revenue functions revy such that A =
(wh ey Wh, )\1, ey )\(n+1)m) 7Hﬂ < |w2| < Hm, ‘)\z| < H,\. Then

B n™+2 (HgH, + H)) \/Wgn nH, (nHz + H)) m

where H, = max {H,,1}.

Proof sketch. First, we describe how we split each revenue function into smaller, easier to analyze
atoms, which together allow us to bound the Rademacher complexity of the class of AMA revenue
functions. To this end, it is well-known (e.g. [Mohri et al., 2012]) that if every function f in a class
F can be written as the summation of two functions ¢ and / from classes G and H, respectively, then
Rn(F) < Rn(G) + Rn(H). Therefore, we split each revenue function into n + 1 components
such that the sum of these components equals the revenue function.



Affine maximizer auctions [Roberts||1979]]

U U
Virtual valuation CAs [Likhodedov and Sandholml [2004]| ‘ ’ A-auctions [Jehiel et al., [2007]] ‘
U U
Mixed bundling auctions with reserve prices [Tang and Sandholml 2012] ‘
U

’ Mixed bundling auctions [Jehiel et al.,|2007]]

Figure 1: The hierarchy of deterministic CA families. Generality increases upward in the hierarchy.

With this objective in mind, let ¢% (¥) be the outcome of the AMA A on the bidding instance ¥,
i.e. 0% = argmax; .o {Z?zl w;v; (05,5) + )\i} and let ¢ 4, ;(7) be the weighted social welfare
of the welfare-maximizing outcome without Bidder j’s participation. In other words, ¢4 _,;(¥) =

maxg,co {Z#j weve (04,0) + )\i} . Then we can write

(n+1)™

revA Z wi — Z Z Z u}[l}g 0j, g )\ 151:574(17).

i=1 j=1 wj 045

We can now split rev 4 into n + 1 simpler functions: reva ;(¥) = --¢4,—;(¥) for j € [n] and
J

(n+1)7n

revany1(0) = — Z Z Zweve (0i,0) + Ai | 15,257 (5

i=1 j=1 wj 0£7

so reva(7) = ST pal 1 revy ; (). Intuitively, for j € [n], reva,; is a weighted version of what the

social welfare would be if Bidder j had not participated in the auction, whereas rev 4 ,,+1(7) measures
the amount of revenue subtracted to ensure that the resulting auction is strategy-proof.

As to be expected, bounding the Rademacher complexity of each smaller class of functions £; =
{reva ;| (wi,....wn, A1, .o, Ag1ym ) Hu < |wi| < H, [A;| < Hy} for j € [n+1] is simpler
than bounding the Rademacher complexity the class of revenue functions itself, and if F is the set
of all n-bidder, m-item AMA revenue functions, then Ry (F) < Znﬂ ~N(L£;). In Lemmaand

Lemma of Sectionin the supplementary materials, we obtain bounds onRy(L;) forj € [n+1]
which lead us to our bound on Ry (F). O

3.2 The sample complexity of MBA revenue maximization

Fortunately, these negative sample complexity results are not the end of the story. We do achieve
polynomial sample complexity upper bounds for the important classes of mixed bundling auctions
(MBAs) and mixed bundling auctions with reserve prices (MBARPs). We derive these sample
complexity bounds by analyzing the pseudo-dimensions of these classes of auctions. In this section,
we present our results in increasing complexity, beginning with the class of n-bidder, m-item MBAs,
which we show has a pseudo-dimension of 2. We build on the proof of this result to show that the
class of n-bidder, m-item MBARPs has a pseudo-dimension of O (m®logn).

We note that when we analyze the class of MBARPs, we assume additive reserve prices, rather than
bundle reserve prices. In other words, each item has its own reserve price, and the reserve price of a
bundle is the sum of its components’ reserve prices, as opposed to each bundle having its own reserve
price. We have good reason to make this restriction; in Section[C.I] we prove that an exponential
number of samples are required to learn over the class of MBARPs with bundle reserve prices.

Before we prove our sample complexity results, we fix some notation. For any c-MBA, let rev,. (¥)
be its revenue on ¥, which is determined in the exact same way as the general AMA revenue function
with the ) terms set as described in Section Similarly, let revy (c) be the revenue of the c-MBA
on ¥ as a function of c. We will use the following result regarding the structure of rev, (%) in order
to derive our pseudo-dimension results. The proof is in Section [C|of the supplementary materials.
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Figure 2: Example of revge (c).

Lemma 1. There exists ¢* € [0, 00) such that revg(c) is non-decreasing on the interval [0, ¢*] and
non-increasing on the interval (¢*,00).

The form of revy(c) as described in Lemmall]is depicted in Figure[2] The full proof of the following
pseudo-dimension bound can be found in Section [C|of the supplementary materials.

Theorem 3. The pseudo-dimension of the class of n-bidder, m-item MBAs is 2.

Proof sketch. First, we recall what we must show in order to prove that the pseudo-dimension of this
class is 2 (for more on pseudo-dimension, see, for example, [Mohri et al.| [2012]). The proof structure
is similar to those involved in VC dimension derivations. To begin with, we must provide a set of
two valuation vectors S = {171, 172} that can be shattered by the class of MBA revenue functions.
This means that there exist two targets z', 2> € R with the property that for any T C S, there exists
a cp € C such that if & € T, then TeVer (17") < 2% and if T ¢ T, then rev,, (17”) > 2. In other
words, S can be labeled in every possible way by MBA revenue functions (whether or not rev, (ﬁj )
is greater than its target z7). We must also prove that no set of three valuation vectors is shatterable.

the full proof of this theorem in Section [C|of the supplementary materials. We now show that no set
of size N > 3 can be shattered by the class of MBAs. Fix one sample ¢ € S and consider revy (c).
From Lemma I} we know that there exists ¢; € [0,00), such that revg: (c) is non-decreasing on
the interval [0, ¢;] and non-increasing on the interval (¢}, co). Therefore, there exist two thresholds
tl € [0,cf] and 2 € (¢}, 00) U {oc} such that revy: (c) is below its threshold for ¢ € [0,¢}), above
its threshold for ¢ € (t},¢?), and below its threshold for ¢ € (¢?, 00). Now, merge these thresholds
for all N samples on the real line and consider the interval (1, t2) between two adjacent thresholds.
The binary labeling of the samples in S on this interval is fixed. In other words, for any sample
7 € S, revg(c) is either at least 27 or strictly less than 27 for all ¢ € (t1,t3). There are at most
2N + 1 intervals between adjacent thresholds, so at most 2V + 1 different binary labelings of S.
Since we assumed S is shatterable, it must be that 2V < 2N + 1, s0 N < 2. O

Our construction of the set S = {17 L 172é]that can be shattered by the set of MBAs can be found in

This result allows us to prove the following sample complexity guarantee.

Theorem 4. The sample complexity of uniform convergence over the class of n-bidder, m-item MBAs
isN=0 ((U/e)2 (log(U/e) + 1og(1/5))).

Mixed bundling auctions with reserve prices (MBARPs). MBARPs are a variation on MBAs,
with the addition of reserve prices. Reserve prices in the single-item case, as described in Section [2]
can be generalized to the multi-item case as follows. We enlarge the set of agents to include the seller,
who is now Bidder 0 and whose valuation for a set of items is the set’s reserve price. Working in this
expanded set of agents, the bidder weights are all 1 and the A terms are the same as in the standard
MBA setup. Importantly, the seller makes no payments, no matter her allocation. More formally, given
a vector of valuation functions ¥, the MBARP allocation is 6* = argmaxzc Y o i (0;) + A (0) .
Foreach i € {1,...,n}, Bidder i’s payment is

pai(@ = D wviloni)+A@) - Y (o)) =A@,
J€{0,...,n}\{i} JE€{0,...,n 1\ {3}

where
0_; = argmax Z vj (0;) + A (0).
€0 icto,.. n\{i}



As mentioned, we restrict our attention to item-specific reserve prices. In this case, the the reserve
price of a bundle is the sum of the reserve prices of the items in the bundle.

Each MBARP is therefore parameterized by m + 1 values (¢,71,...,7m), where r;
is the reserve price for the i*® good. For a fixed valuation function vector v =
(v (1) ..., 01 (bam) ..., 05 (b1),..., 0, (bam)), we can analyze the MBARP revenue function
on ¥ as a mapping revy : R™1 — R, where revy (¢, 71, ...,7y) is the revenue of the MBARP

parameterized by (¢, 71, ...,y ) on .

Theorem 5. The psuedo-dimension of the class of n-bidder, m-item MBARPs with item-specific
reserve prices is O (m3 log n)

Proof sketch. Let S = {171, A } of size IV be a set of n-bidder valuation function samples that

can be shattered by a set C' of 2V MBARPs. This means that there exist N targets z', ..., 2" such
that each MBARP in C induces a binary labeling of the samples 7 in S (whether the revenue of the
MBARP on %/ is greater than or less than z7). Since S is shatterable, we can thus label S in every
possible way using MBARPs in C.

This proof is similar to the proof of Theorem [3} where we split the real line into a set of intervals
7 such that for any I € Z, the binary labeling of S by the c-MBA revenue function was fixed for
all ¢ € I. In the case of MBARPs, however, the domain is R™t!, so we cannot split the domain
into intervals in the same way. Instead, we show that we can split the domain into cells such that
the binary labeling of S by the MBARP revenue function is a fixed linear function as we range over
parameters in a single cell. In this way, we show that N = O (m?logn). O

This is enough to prove the following guarantee.

Theorem 6. The sample complexity of uniform convergence over the class of n-bidder, m-item
MBARPs with item-specific reserve prices is N = O ((U/vs)2 (m3lognlog (U/e) + log (1/6))) .

3.3 Sample complexity bounds for approximation algorithms

It may not always be computationally feasible to solve for the best auction over S for the given
auction family. Rather, we may only be able to determine an auction A that has average revenue
over § that is within a (1 4+ a) multiplicative factor of the revenue-maximizing auction over S
within the family. Nonetheless, in Theorem [TT]of the supplementary materials, we prove that with
slightly more samples, we can ensure that the expected revenue of A is close to being with a (1 + «)
multiplicative factor of the expected revenue of the optimal auction within the family with respect to
the real distribution D. We prove a similar bound for an additive factor approximation as well.

4 Conclusion

In this paper, we proved strong bounds on the sample complexity of uniform convergence for the
well-studied and standard auction families that constitute the hierarchy of deterministic combinatorial
auctions. We thereby answered a crucial question in the study of (automated) mechanism design:
how to relate the performance of the mechanisms in the search space over the input samples to
their expectation over the underlying—unknown—distribution. Specifically, for a fixed class of
auctions, we determine the sample complexity necessary to ensure that with high probability, for
any auction in that class, the average revenue over the sample is close to the expected revenue with
respect to the underlying, unknown distribution over bidders’ valuations. Our bounds apply to any
algorithm that finds an optimal or approximately optimal auction over an input sample, and therefore
to any automated mechanism design algorithm. Moreover, our results and analyses are of interest
from a learning theoretic perspective because the function classes which make up the hierarchy of
deterministic combinatorial auctions diverge significantly from well-understood hypothesis classes
typically found in machine learning.
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CCF-1422910, 11S-1618714, 11S-1617590, 1IS-1320620, 11S-1546752, ARO award W911NF-16-
1-0061, a Sloan Research Fellowship, a Microsoft Research Faculty Fellowship, an NSF Graduate
Research Fellowship, and a Microsoft Research Women’s Fellowship.



A Additional Related Work

In this section, we discuss additional related work regarding multi-dimensional auction design.
The simplicity of Myerson’s optimal single-item auction might lead one to hope that the optimal
multi-item auction could be so elegantly characterizable [Myerson, |1981]]. Recent work has made
considerable progress toward this end (e.g. [Alaei et al., 2013} [Bhalgat et al., 2013 Bhattacharya
et al.,|2010,|Cai et al., [2012bllal 2013 [Daskalakis et al., 2014, [Kleinberg and Weinberg, |2012]) but
there is still relatively little known about optimal multi-item auction design. The problem has also
garnered significant interest from a more applied perspective, resulting in significant advances from
the artificial intelligence and machine learning communities (e.g. [Parkes and Ungar, [2000, Lahaiel
2011, Wurman and Wellmanl, 2000, |Parkes et al., 2004} /Amin et al., 2013, Mohri and Munoz, 2014},
2015[D).

Revenue-maximizing mechanism design complements an active research area in theoretical computer
science which strives to answer the question: can simple mechanisms achieve near-optimal revenue?
This question was posed by |[Hartline and Roughgarden| [2009]], who left the precise definition
of a simple mechanism open for interpretation. Recently, [Morgenstern and Roughgarden| [2015),
2016| proposed an auction class’s pseudo-dimension as a formal means of defining simplicity. In
particular, Morgenstern and Roughgarden| [2016] complemented pseudo-dimension bounds with
known approximation guarantees for the corresponding simple auction classes. See Morgenstern and
Roughgarden| [2016]] and references therein for descriptions of these guarantees.

In contrast, most analyses of the revenue achieved by the classes that make up the hierarchy of
deterministic CAs have been empirical [[Sandholm, 2003} [Likhodedov and Sandholml 2004} 2005,
Tang and Sandholml 2012} |[Sandholm and Likhodedov, 2015]]. However, from a theoretical standpoint,
Roberts, when introducing the class of AMAs [Roberts} [1979]], proved that they are the only ex post
strategy-proof mechanisms over unrestricted domains of Valuations{ﬂ Lavi et al.|[2003]] went on to
prove that under certain natural assumptions, every incentive compatible CA is almoslﬂ an affine
maximizer.

B Proofs from Section 3.1

B.1 AMA Upper Bound Proofs

Proof of Theorem([I] This bound follows from Theorem [2] and standard Rademacher complexity
bounds (e.g. [Mohri et al.}2012]). The lower bounds are proved in Theorems B] andE] O

Proof of Theorem 2] First, we describe how we split each revenue function into smaller, easier to
analyze atoms, which together allow us to bound the Rademacher complexity of the class of AMA
revenue functions. To this end, it is well-known (e.g. [Mohri et al., 2012]) that if every function f in a
class F can be written as the summation of two functions g and h from classes G and H, respectively,
then Ry (F) < Rn(G) + Rn(H). Therefore, we split each revenue function into n + 1 components
such that the sum of these components equals the revenue function.

With this objective in mind, let ¢% (¥) be the outcome of the AMA A on the bidding instance ¥,
ie. 0 = argmax; {2?21 w;v; (0;,5) + )\i} and let ¢ 4, ;(7) be the weighted social welfare
of the welfare-maximizing outcome without Bidder j’s participation. In other words, ¢4 _;(¥) =

maxg, e {Z#j weve (04,0) + )\i} . Then we can write

(n+1)™

reva (V) = Z 112¢A7_j(17) - Z Z wi Zweve(oz',z) +Ai | 1g=a7 (9)-
j=1

i=1 g=1 7 u#j

' A mechanism is ex post strategy-proof if truthful bidding is an ex post Nash equilibrium in which all bidders
always receive nonnegative utility. By ex post Nash equilibrium, we mean that for each player, no matter the
valuations of the other players but given that they are bidding truthfully, that player will maximize her utility if
she bids truthfully as well.

2 A mechanism is an almost affine maximizer if it is an affine maximizer for sufficiently high valuations. [Lavi
et al|[2003]] conjecture that the “almost” qualifier is merely technical, and can be removed in future research.



We can now split rev, into n + 1 simpler functions: reva ;(7) = -=¢4,—;(7) for j € [n] and
J

(s )™/
o 1
reva p1 (V) = — E E JE weve (0i0) + i | 15,254 (@)
i=1 j=1 7 1#j

s0 revy (0) = Z;L;l reva ; (). Intuitively, for j € [n], reva ; is a weighted version of what the
social welfare would be if Bidder j had not participated in the auction, whereas rev4 ,,+1(¥) measures

the amount of revenue subtracted to ensure that the resulting auction is strategy-proof.

As to be expected, bounding the Rademacher complexity of each smaller class of functions £; =
{reva;| (wi,...,wn, A1, .o, Ag1ym ) Hu < |wi| < H, [A;| < Hy} for j € [n+1] is simpler
than bounding the Rademacher complexity the class of revenue functions itself, and if F is the set
of all n-bidder, m-item AMA revenue functions, then Ry (F) < Z?:ll Rn(L;). In Lemma2{and
Lemma[3|of Section[B.1in the supplementary materials, we obtain bounds on R (£L;) for j € [n+1].
In fact, we have that 3 ;> Rn(L;) = O (Rn(Ln+1)). Therefore,

Rn(F) <O (Rn(£)))

m+2 (_H, + H 1 H, (nHy + H
:0(" (;’I ot *)\/mﬁfgn<n ‘(nHW+ A)+\/7W>>,

as claimed. O

Lemma 2. For j € [n],

nmﬁu(nHm—i—H)\) mlogn
Rn(L;) =0 ( . \/ ~ .

Proof. At a high level, we will show that every function ¢ 4,_;, which is the weighted version of
what the social welfare would be under the AMA A if Bidder j had not participated in the auction,
can be written as the maximum over O (n™) linear functions. Each linear function maps from the
high dimensional space R™2" +1, but its corresponding weight vector has a small ¢; norm, which is a
good sign in Rademacher complexity analyses, as we describe below. We take advantage of these
structural properties in our Rademacher analysis, as follows.

First, we fix the notation that we will need for this proof. Let ®; be the set of functions ¢4 _;
for all AMAs A. In other words, ®; = {¢a,—; | A = (w1,...,Wn, A15. ., Ay ), Hy <
|w;| < Hz, |A\;| < Hy}. Recall that the vector ¥ has the form and ¢ = (¢4, ...,7,) where ¥; =
(vi (b1),...,v; (bam)) for some ordering of all 2™ bundles by, . .., bam. In this proof, we will make
use of the function o : [#(allocations)] x [#(bidders)] — [#(bundles)], where o (4, t) is the index
of the bundle that Bidder ¢ receives in allocation ¢;. For example, if Bidder 7 receives the bundle by
in outcome 0j, then o (4, 7) = 2.

Recall that ¢ 4 _; (¥) = maxy, {Z I weve(0;.0) + )\L} We will now show that for every allocation
0;, wWe can write Z[# weve(0;,¢) + A; as a linear function. In particular, Z#j weve(0;0) + A isa
linear function £y ; from R"2”+1 to R, since we can write by ;(7,1) = (¥,1) - @, ;, where
wy fl=2"(t—-1)+o0(i,t)andt # j
@yl =4 N ife=n2m 41
0 otherwise ,

To see why @’y ; has this form, notice that if £ = 2"™(t — 1) 4 o (4, ), then £ is the index in ¥ of

Bidder #’s valuation for bundle it receives in allocation ;. In other words, 7[¢] = vy (0;,¢). We set
@y ;€] to w; so that when we dot @y ; with (7, 1), we obtain the summand w;v; (0;¢). We repeat
this process for all ¢ # j. If we also set the final index of E‘AJ to \;, 1.e. d’LAﬁj [n2™ + 1] = A;, then

(17, 1) . C?Aj = Zé;éj U)gU[(Oi/) + A

Notice that each vector @ ; 18 high-dimensional but very sparse. In fact, its £;-norm is relatively
small: [|@% ;|1 < nHw + Hy. Moreover, the set of all “input” vectors (¢, 1) has a bounded /o
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norm: ||(#,1)||se < max{H,,1} = H,. Therefore, we may use special bounds for sets of linear
functions with small ¢;-norm. Specifically, it is well known that if K is the set of linear functions
in R? of the form K = {# + @ - 7| ||@||; < B} and if with probability one, ||#||oc < Xo0, then
Ry (K) < XooBy/2log d/N. Therefore, if ’HZ is the class of linear functions h, 4(0) = d'i"j (0,1)
for all AMAs A, i.e.

{h A,j |A wla"'awnaAla'"aA(n-i-l)m)aHQ S |w2| S Hﬁv |A7.| S H)\}v

then
2log(n2m + 1)

R (M%) < Hy(nHg + Hy) N

Now, for two hypothesis sets H and H' of functions mapping from X to R,
Ry ({max(h,h') | h € H,h' € H'}) <R (H) + Ry (H'), M
where max(h, ') denotes the function x — max(h(x), h'(x)) [Mohri et al.,|2012]. Therefore,

2log(n2™ + 1)

Ry (®;) < (n+ 1)™Ry(H}) < (n+ 1) Hy(nHg + Hy) ~ 7

which means that,

1 n+1 mH nH + Hy) [2lo n2m
R (L)) = -Ra(e,) < O ), 2o
_0 (n’”H (nHz + H)y) /mlogn)

O

Lemma 3.

nnL+2 HEHv + H mlogn ’I’Lgv ’I’LHU‘F H
Ra(Gasn) =0 (Mt ), i (nL e £ 4 g ) )
Hy N Hy
Proof. Recall that
(n+1)™ [ n
revane (7)== ) Z D_weve (00e) + M | 15—53,)
i=1 j=1 wj 045
and £n+1 = {revAJ \ (wl, ce Wiy AL, - -’)\(n+1)m) 7H£ = |w@| < H, |>‘i| < Hk}' In

essence, for a fixed AMA A, reva n41 is the sum of (n + 1) linear functions multiplied by a
binary function. In this proof, we will analyze the complexity of the linear and binary functions
separately. Then, we can combine our analyses by making use of the following helpful lemma, which
is similar to Lemma 3 in [DeSalvo et al. [2015]].

Lemma 4. Let F be a family of functions mapping X to |—c, c|, let G be a a family of functions
mapping X to {0,1}, and let H = {fg | f € F,g € G}. Then

Rn(H) < (¢ + 1)(Rn(F) + Rn(9))-

Proof of Lemma] Notice that for any f € F,g € G, wehavethat fg = [(f+9)%— (f — 9)]

For z € [—c, c+ 1], the function z — +2? is 3 (c+ 1)-Lipschitz. The same holds for z € [—c—1,¢].

Therefore, by Talagrand’s lemma (see Mohri et al.|[2012], for example), we have that

~ ~ ~

Rs(M) < §(C+1)[Rs(f+g)+73s(f 9)] < (c+1)(Rs(F) + Rs(9))-

Therefore, Ry (H) < (¢ + 1)(Rn(F) + Rn(G)). O

11



To use Lemmad] we first define a set of functions for each i € [(n + 1)™] which will function as the
set of real-valued functions in the lemma statement. In particular, let

-F:L' = {fA,i ‘ A= (wh"~7wn7)‘17°"7)‘(7L+1)7")7H£S |wj| < HE?‘)\” < H)‘}’

where
n

fa,i(0) = Z wi Z weve(05.0) + N

j=1 "7 e#j

As in the proof of Lemma , we can write each f4 ; as a linear function from R"2™+1 {9 R as follows.
Letha(¥,1) = (¥,1) - @a,, Where

ths#w% if ¢ =2m(t — 1)+ o(i,t)
aaill) =< N>, wi if ¢ =n2m +1

0 otherwise

Then fa;(7) = hai(7,1). As before, we have that ||(7,1)||sc < max{H,,1} = H,. Moreover,
1G4l < HLw(nHm + H)). Again, using the same ¢;-norm Rademacher complexity bound for
linear functions as in Lemma 2] we have that

nf], 2log(n2™ + 1
Rn(Fi) < H—z(nH@+H,\) % 2

Now, we define a set of functions G; for each ¢ € [(n + 1)™] which will function as the set of
binary-valued functions in the statement of Lemma] Let

gi = {gAJi | A= (’LU]_, e ,U}n7)\1, o -7)\(n+1)m>7Hﬂ S |wj| S HE7 |)\j| S HA} )
where g4 ;(¥) = 1 if and only if ¢ = &% (7), i.e.
. 1 ifi= argmax {2?21 w;v;(0; ;) + )\i}
94.i(0) = i€((n+1)™] :
0 otherwise

If we multiply f4 ;(¥) and g4 ;(7), then we get (2?21 wi Ze# weve (04,0) + )\i) 15,5+ (5)> Which
is one of the summands in rev g 41 (7).

We now bound the Rademacher complexity of the class G; so that we can apply Lemmad] Notice that
we can also write each function g4 ,(?) as an intersection of (n 4 1)™ — 1 binary-valued functions
{ce}, where £ € [(n+ 1)™] \ {i}, as follows.

L {1 if 3250 wiv(015) + X 2 3oy wivsoe,) + A 3)

() 0 otherwise

Indeed, ¢, (¥)) = 1 for all £ # i if and only if g4 ;(¥) = 1, i.e.

n

= argmax Z W;Vj (Oi,j) + /\Z
i€[(n+1)™] j=1

Each function ¢, can be written as a linear separator over R"2", so the VC dimension of {c;} is
n2™ 4 1. This allows us to use Lemma 3.2.3 from [Blumer et al.|[1989] to bound the VC dimension
of Ql

Lemma 5 (Lemma 3.2.3 from Blumer et al.| [1989]]). Let C' be a concept class of finite VC dimension

d>1 Foralls > 1, let Co{Ni_yc; | ¢; € C,1 < i < s}. Then forall s > 1, the VC dimension of
Cs is less than 2ds1og(3s).

12



Therefore, the VC dimension of G; is less than 2(n2™ + 1)(n + 1)™log(3 - (n + 1)™) =
O(mn™logn). By Corollary 3.1 in Mohri et al.| [2012], we have that

RN(gi)O<\/mnmlognlogN)' @

N

Putting Equations (2) and (@) together with Lemma[d] we conclude that if H; = {fa,:94,i | fa,i €
Fi,gai € Gi}, then

n?(HgyH, + Hy) nH, \/mlogn \/mnm log nlog N

This follows from Lemma since the range of any function in F; is [0, n(n — 1) (HzH, + H))/Huy).

Finally, since
(n+1)™

revanii(®) =— > fai(@)gai(®),
=1

we have that

RN (‘CTL-I—l)
m (M2 (HpH, + Hy) nH, \/mlogn \/mnm lognlog N
=0 (n < . ) T, (nHz + H)) ~ + N .
By rearranging terms, we get the desired result. O

B.2 Lower Bound on Sample Complexity for \-Auctions

In this section, we show that it is not possible to learn over the set of A-auction revenue functions
under an arbitrary distribution with subexponential sample complexity. Since A-auctions are a subset
of AMAs, this lower bound applies to AMAs as well. In particular, we prove Theorem [8] which
states that no algorithm can learn over the class of n-bidder, m-item A-auction revenue functions with
sample complexity o (n"™). This holds even when the bidders’ valuation functions are additive.

To prove Theorem we construct a set V' of n-bidder, m-item valuation functions taking values in
{0, 1} where, under each valuation function, each bidder is interested in a specific subset of items,
and these subsets are all pairwise disjoint. Moreover, |V| = n™ — n. The high level idea is to show
that for any subset H of V, there exists a A-auction that has high revenue over valuation functions in
H, but low revenue on the valuation functions in V' \ H. Theorem describes V' in more detail. Now
suppose that the distribution over the bidders’ valuation functions is the uniform distribution over
V. This means that if a learning algorithm’s input samples consist of only a small subset of V, then
we cannot guarantee that any output revenue function will achieve average revenue over the sample
which is close to its expected revenue over the distribution, as we require. This immediately implies
hardness for learning over the uniform distribution on V. See Theorem [§]for the formal proof.

We now present Theorem [7] wherein we describe the set V' of valuation functions which we will use
to prove Theorem 8]

Theorem 7. For any n,m > 2 and any v € (0, 1), there exists a set of N = n"™ — n n-bidder,
m-item additive valuation functions V = {171, . ,ﬁN} such that for any H C V, there exists a
\-auction A with revenue 0 on 0 if ©* ¢ H and revenue at least 2 — 2+ on " otherwise.

Proof. We define the set V' = {171, .. ,17N } of n-bidder, m-item additive valuation functions, where
7 = (v{({u), v mY), i (1)) .,Ug;({m})), with N = n™ — n. Recall that every

allocation vector 0 is written as (05,1, . ..,0;,) Where 0; 1,...,0; 5 are disjoint subsets of the m
items being auctioned. First, let 0; be the allocation where Bidder j receives all m items. Next, let
01,...,0n be a fixed ordering of the n™ — n allocations where all m goods are allocated except
{61,...,0,}. Let the bundles allocated to the n bidders in 6, be (64,1, . . ., 0¢,») and let N, be the
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set of bidders who are allocated some item in allocation é,. In other words, N, = {j | o, ; # 0}. For
a sanity check, notice that U?:l 0y,; 1s the grand bundle.

We will now define the valuation vectors {17 Lo oN } in terms of this set of special allocations
{61,...,0N}. Specifically, we define ¢ for £ € [N] as follows.
Ifi & Ny (ie. o0 = 0), set vi({j}) = 0 forall j € [m]. Otherwise, set

. 0 ifj ¢ o
dwn={] e

We proceed to prove that for any subset H C V, there exists a A-auction with 0 revenue on all
valuation functions in V' \ H and at least 2 — 2+ revenue on all valuation functions in H. To define
this A-auction, we set the \ terms such that

R 0 if 5; = 6, for some #¢ € H
)\(Oj):{ J .

1 —~ otherwise
Lemma 6. If 7° € H, then the revenue on @' is at least 2 — 2.

Proof of Lemmal6] First, note that Y"1, v¢ (¢;) + A (0¢) = m, and for all allocations &; # &y,
S vf(0j4) + A (05) <m —1+1—~ < m. Therefore, the \-auction allocation is 0.

=1 "1

In order to analyze the revenue of this A-auction, we must understand the payments of each bidder,
which means that we must investigate what the outcome of this A-auction would be without any one
bidder’s participation. To this end, suppose ¢ € Ny, so Bidder 4 is allocated some item in 0y, i.e.
0¢,; # 0. Then Zj# Uf (0¢,) + A (67) = m — |0g,;| because Bidder ¢’s valuation for the bundle 6 ;
is exactly [0g,;]-

By construction, no bidder receives all m items in op, so we know that there exists some i’ € Ny, i’ # 1.
With this fact in mind, let 0_; be the allocation where all bidders in /N, are allocated the same items
as they are in o, and Bidder ¢ receives the empty set. This is one possible allocation of the A-auction
without Bidder ¢’s participation, and therefore the social welfare of the other bidders will be at least
as high under this allocation as it would be in the true allocation of the A-auction without Bidder i’s
participation. By construction, A (0—;) = 1—. Therefore, },_, vf (0—i ;) FA(0—;) =m—10¢| +
1 — -y which means that Bidder ¢ must pay at least (m — |6,;| +1 — ) — (m — [6¢:]) =1 — . We
know that | Ny| > 2, i.e. there are at least 2 bidders who receive a non-empty bundle and therefore
must pay at least 1 — ~, so the revenue of this A-auction is at least 2 — 2. O

Lemma 7. If ¢ ¢ H, then the revenue on @' is 0.

Proof of Lemmal7} First, note that 7, v¢ (6¢;) + A (6¢) = m + 1 — ~, and for all allocations
0 # 00, Yoy v (05,4) + A () < m —1+1—v < m, so the A\-auction allocation is 5,. Now,
suppose ¢ € Ny. Then E#i Uf (0¢,5) + A (6¢) = m— 04,5 + 1 —~. Since Bidder i is the only bidder
with nonzero valuations for the items in 6, ; under o, any allocation ¢_; without his participation
will have social welfare at most -, vf (0 ;) + A (0—;) <m —|0g,i| + 1 — ~. Therefore, Bidder
1 pays nothing.

Of course, for any Bidder i ¢ Ny, her presence in the auction makes no difference on the resulting

allocation because her valuation function under #* is 0 on all items, so she pays nothing as well.
Therefore, the revenue on 7 is 0. O

Putting Lemmas [6|and [7] together, we have the desired result. O

We now use Theorem [7to prove Theorem [§]

Theorem 8. Let ALG be an arbitrary learning algorithm that uses only a polynomial number of
training samples drawn i.i.d. from the underlying distribution and produces a \-auction. For any
€ € (0,1), there exists a distribution D and a \-auction A* such that, with probability 1 (over the
draw of the set of training samples S),

1 Z reva- (T) — [revas (V)] > e.



Proof. Let v = 1 — € and let V' be the set of valuation functions proven to exist in Theorem
corresponding to 7y (i.e. for any H C V/, there exists a A-auction Ay with revenue O on ¢'if ¥ € H
and revenue at least 2 — 2+ on ¥ otherwise). Let D be the uniform distribution on V.

Suppose that ALG uses a set S of £ < n¢ samples, where c is a constant. Of course, S C V, so let
A* be the M-auction with 0 revenue on every valuation function not in the sample and revenue at least
2 — 2+ on every valuation function in the sample. We know that A* exists due to Theorem 7]

Notice that the average empirical revenue of A* on § is at least 2 — 2. Meanwhile, the probability,
on a random draw ¢ ~ D that rev 4~ (¥) is 0 is exactly the probability that ¥ ¢ S. Given that the set

.. ¢
of training examples has measure —— < %, we have that

nm_n

1
= .(0)- E @) >2-2y—(2-29) P_[¢
|S|;rev,4 () ﬁwp[revA (¥)] > v —( V)END[UES]
>2-2%—(1-7)
:67

as desired. O

B.3 Lower Bound on Sample Complexity for VVCAs

In this section, we prove that it is not possible to learn over the set of VVCA revenue function
under and arbitrary distribution with subexponential sample complexity. In particular, we prove that
no algorithm can learn over the class of n-bidder, m-item VVCA revenue functions with sample
complexity o (2). This holds even when the bidders’ valuation functions are additive.

The format of this proof similar to that of Theorem 8] Namely, we construct a set V' of n-bidder,
m-item valuation functions such that |[V| = 2™ — 2. We then show that for any subset H of V,
there exists a VVCA that has high revenue over valuation functions in H, but low revenue on the
valuation functions in V' \ H. The set V is described in more detail in Theorem@ As described in
Theorem [§] this immediately implies hardness for learning over the uniform distribution on V. Given
the parallel proof structure, we present Theorem [9] and refer the reader to Theorem [8]to see how it
implies hardness for learning.

Theorem 9. For any m > 2 and any y € (0, 1), there exists a set of N = 2™ — 2 2-bidder additive
valuation functions V = {ot,..., oV} such that for any H C 'V, there exists a VVCA with revenue 0
on V" ifv" € V and revenue 1 — yon " if 0" € V.

Proof. We define the set V. = {#',... oV} of 2-bidder valuation functions, where &/ =
(W ({1}),...,vi({m}), v5({1}) ..., vd({m})), with N = 2™ — 2. Recall that every allocation
vector 0; can be written as (05,1, 0;,2) where o0; 1 and o; 5 are disjoint subsets of the m items being
auctioned. In order to define the valuation functions in V, we define by, ..., by tobe a arbitrary, fixed
ordering of all subsets of [m] except the empty set and the grand bundle. In other words, 51, ceey by
is an ordering of 2(™)\ {(), [m]}. We will define each valuation function in V" in terms of this ordering.
In particular, let o, = (5@, Eg) be the allocation where Bidder 1 receives ZN);? and Bidder 2 receives E[.
Finally, let ¢ for ¢ € [N] be defined as follows.

1 ifiebg
0 otherwise

ottt = {

and ~
1 ified
oy ¢
va(t}) = {0 otherwise -
Clearly, if w; = wy = 1 and A\1(6) = A2(6) = 0 for all 6 € O, then the VVCA allocation on any

# € S is the one in which Bidder 2 receives b§ and Bidder 1 receives b,. This has a social welfare of
m, whereas any other allocation has a social welfare at most m — 1.
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We claim that for any H C V, there exists a VVCA with revenue 0 on ¥ 7 if 7 € H and revenue
1 —~yon " if * ¢ H. The VVCA has bidder weights w; = wy = 1, and for all #* € H, we set
A1(00) = ¢ be = Coy, = A2(6¢) = 0. Otherwise, we set A;(0) = (1 — 7)/2 for each ¢ € {1,2}.

Lemma 8. If 7 € H, then the revenue on t* is 1 —

Proof of Lemmal8] First, note that vl(i)g) + 1)2(5@) + A1(0¢) + A2(6¢) = m, and for all allocations
0j # 64, v1(05,1)+v2(0j.2) +A1(05)+A2(0;) < m—1+1—~. Therefore, the VVCA allocation is o,.
However, this is neither Bidder 1 nor Bidder 2’s favorite weighted allocation, since v; (l;;) +M1(0p) =
1051 < vi([m]) + erpm) = (6] + (1 = 7)/2 and va(be) + Aa(Ge) = |be| < v2([m]) + co,pm) =
|be| 4+ (1 — ) /2. ThlS follows from the fact that by # [m] and b§ # [m] for all £ € [N], it must be
that Ay ([m]) = Aa([m]) = (1 —7)/2.

Since \Bﬂ and |I~)[| are Bidder 1 and 2’s highest valuations for any allocation, respectively, and because
(1 —7)/2 is the highest value of any A term, vy ([m]) + ¢1,[mm) and va([m]) + ¢z, () are the maximum
weighted valuation that either bidder has for any allocation under this VVCA. Therefore, the revenue

of this VVCA on @ is |be| + |05 + 1 — v — |be] — 5] =1 — . O

Lemma 9. If 7 ¢ H, then the revenue on that valuation function pair is 0.

Proof of Lemmal[g) First, note that vy (b5) 4 va(by) + A1 (6¢) + Aa(6¢) = m + 1 — ~, and for all
allocations 0; # 0g, v1(0j,1) + v2(05,2) + A1 (0;) + X2(0;) <m—14+1—v <m+1—17,s0
the AMA allocation is 6,. Moreover, vy (b5) + A1 (6¢) = 05| + (1 —~)/2 > v1(0j1) + A1 (d;) and
va(be) + X2(6¢) = |be| + (1 —7)/2 > v2(05.2) + X2(5;) for all allocations &; € O. Therefore, both
bidders receive one of their favorite weighted allocations, so the revenue is O. O

O

C Proofs from Section3.2]

Proof of Lemmal[l] We will show that revy can be decomposed into simple components, each of
which can be easily analyzed on its own, and by combining these analyses, we prove the lemma
statement. To this end, recall that under the VCG mechanism, each winning bidder pays her bid
minus a “rebate” equal to the increase in welfare attributable to her presence in the auction. In a
c-MBA, each winning bidder pays the boosted version of this amount. In other words, suppose 7*
is the resulting allocation of a certain c-MBA A and 6_; is the boosted social-welfare maximizing
allocation without Bidder i’s participation. More explicitly, 0" = maxg, {>_"" | v; (0;:) + A (5;)}
and 0_; = maxg; § > _j; Uk (04,6) + A (6']-)}, where )\ (0;) is set according to the MBA allocation

boosting rule for all ;. Then Bidder ¢ pays

piz(c) = Zv] )+ (%) Zv] 0—ii)+A0G_) ||,

J#i

where c is the parameter of the c-MBA, factored into the A terms. This means that
revg(c) = ZPM(C) =(1 —n)Zvi (0f) —nA (o —‘rZZ’l}J 0—ij)+ A(0_).
i=1 i=1 i=1 j#i
The revenue function can be split into n + 1 functions:
fio(e) =3 v (o_ij) +A(@-;) fori € {1,...,n}

J#i
and

(I-n sz 0;) —nA(T").
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We claim that f; 7(c) is continuous for all ¢, whereas g;(c) has at most one discontinuity. This means
that revg(c) = Y1, fi,5(c) + gs(c) has at most one discontinuity as well. Moreover, the slope of
Yoi, fi#(c) is between zero and n, whereas the slope of gi(c) is zero until its discontinuity, and
then is —n. Therefore, the slope of revz(c) is at least zero before its discontinuity and at most zero
after its discontinuity. This is enough to prove the lemma statement.

To see why these properties are true for the functions f; z(c), first let 6 ; be the VCG allocation
without Bidder ¢’s participation. In other words, 6 ; = maxg, {Z ki Uk (ojyk)}. If one bidder
is allocated the grand bundle in outcome &' ,, then this allocation will only be more valuable
as ¢ grows, so ¢, = maxg, {Zk# v (0j5) + A (6})} for all values of ¢, which means that

fiw(e) =305 (0L ;) + A (%) = 22,405 (0L, ;) + cfor all values of ¢ as well. Clearly, in
this case, f; 7(c) is increasing and continuous. Otherwise, there exists some value ¢; such that

Zvj (oli,j) +A(0%;) = Zvj (oii,j) > max {vr (Im))} + ¢ ife <¢
J#i J#i
Zvj (olﬂ»)j) <r}€12x{vk (Im])} + ¢ ife>¢.
i '

This means that 6" ; is the allocation of the c-MBA without Bidder i’s participation for ¢ < ¢;, and
the allocation of the c-MBA without Bidder ¢’s participation for ¢ > ¢; is the one where the highest
bidder for the grand bundle (excluding Bidder ) wins the grand bundle. Therefore,

fiale) = {Z#i v (02, ife<e

T Y maxg {or (M)} + ¢ ife> e

Notice that } -, ; v; (oii’j) = maxyx; {Ux ([m])} + ¢, so f; (c) is continuous. Finally, it is clear
that the slope of each f; 7(c) is between 0 and 1, so the slope of >, f; 7(c) is between 0 and n.
Similarly, let o' be the allocation of the VCG mechanism run on #. Then there exists some ¢* such

that ¢ is the allocation of the c-MBA for ¢ < ¢* and the allocation of the c-MBA for ¢ > ¢; is the
one where the highest bidder for the grand bundle wins the grand bundle. More explicitly,

n n

Zvi (of) + A (a") :Zvi (0f) = max {vy ([m])} + ¢ ife<c”
Zvi (0}) < max {vy ([m])} +¢ ife > c".

Therefore,
9v

(c) = {(1 — i vi o) if e < c*

(1 —n)max {vg (Im])} —nc ifec > c*.

Therefore, gz(c) has at most one discontinuity, which falls at ¢*. Moreover, the slope of gz(c) is 0 for
¢ < ¢* and —n for ¢ > ¢*. As described, these properties of f; 5(c) and gi(c) are enough to show
that the lemma statement holds. O

Proof of Theorem First, we show that the pseudo-dimension of the class of n-bidder, m-item
MBAs is at most 2. Let S = {171, oo } of size N be a set of n-bidder valuation functions that

can be shattered by a set C' of 2V MBAs. This means that there exist IV witnesses z*, ..., 2V such
that each MBA in C' induces a binary labeling of the samples #/ of S (whether the revenue of the
MBA on % is at least 27 or strictly less than 27). Since S is shatterable, we can thus label S in every
possible way using MBAs in C.

Now, fix one sample o € S and consider revyi (c). From Lemma |1} we know that there exists
¢ € [0,00), such that revy: (c) is non-decreasing on the interval [0, ¢}| and non-increasing on the
interval (¢}, 00). Therefore, there exist two thresholds ¢} € [0,c}] and t? € (¢}, o0) U {00} such
that revy: (c) is below its threshold for ¢ € [0,t}), above its threshold for ¢ € (t},?), and below

its threshold for ¢ € (t?, 00). Now, merge these thresholds for all N samples on the real line and
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cvalue Revenueon ¢! Revenue on 72
0 0< 2t 2< 22
1.5 3< 2t 5> 22
2.5 5> 21 4< 22
2 4> 21 6> 22

Table 1: Example of a shattered set of size 2

consider the interval (¢1,¢2) between two adjacent thresholds. The binary labeling of the samples
in S on this interval is fixed. In other words, for any sample & € S, revy; (c) is either at least 27
or strictly less than 27 for all ¢ € (t1,t2). There are at most 2N + 1 intervals between adjacent
thresholds, so at most 2V + 1 different binary labelings of S. Since we assumed S is shatterable, it
must be that 2V < 2N + 1,s0 N < 2.

Finally, we show that the pseudo-dimension of the class of n-bidder, m-item MBAs is at least 2 by
constructing a set S = {1717 172} that can be shattered by the set of MBAs. To construct this sample
S, let

0 if |b;] < |m/2]
and v? (b;) = v3 (b;) = ¢ 3 if [m/2] < |bs| <m
4 if |b| = m.

o [0 b < [my2)
o0 (b,) = VU, (bz) = {3 if Lm/QJ < |b1|

Finally, let Bidders 3 through n have all-zero valuations in both 7" and 2.

Now, let 2! = 3 and 22 = 4. We define four MBAs parameterized by the coefficients ¢; = 0, ¢y =
1.5,c3 = 2.5,¢4 = 2. It is easy to check that this set of MBAs shatters S, witnessed by 2! and 22.
For example, see Table O

Proof of TheoremH] This follows from standard pseudo-dimension sample complexity bounds (e.g.
Theorem 19.2 of |Anthony and Bartlett [2009]) and TheoremE}

Proof of TheoremB] Let S = {&',..., 0"} of size N be a set of n-bidder valuation function

samples that can be shattered by a set C of 2V MBARPs. This means that there exist N witnesses
2%, ..., 2"~ such that each MBARP in C induces a binary labeling of the samples 7 in S (whether
the revenue of the MBARP on 7 is greater than z’ or at most z7). Since S is shatterable, we can

thus label S in every possible way using MBARPs in C.

This proof is similar to the proof of Theorem 3] where we split the real line into a set of intervals
7 such that for any I € Z, the binary labeling of S by the c-MBA revenue function was fixed for
all ¢ € I. In the case of MBARPs, however, the domain is R™ 1!, so we cannot split the domain
into intervals in the same way. Instead, we show that we can split the domain into cells such that the
binary labeling of S by the MBARP revenue function is fixed as we range over parameters in a single
cell. In this way, we show that N = O (m3 log n)

Now, fix ¢ € S. First, for each T C [m], let O be the set of allocations where exactly the elements

of T are allocated, and let
o' = argmax {Z vl (Oi)} .

oeOr i=1

Notice that regardless of the reserve prices, if T comprises of the items allocated in the allocation
of an MBARP, then &7 will be the allocation. After all, if (r1,...,7rm) are the reserve prices of an
arbitrary MBARP, then it will always be the case that

S ot o)+ 3 > Y et )+ 3

i=1 JjgT i=1 jigT

for any allocation &' € O by definition of 57 .
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Now, consider an MBARP parameterized by (¢, 71, ..., 7). The allocation will be

o7 = argmax ivz( [m]) +c, Z JrZrJ

i=1 i=1 jeT T4 (m]

For any T' C [m)], let Rgf be the subset of R™*! such that if an MBARP is parameterized by

(¢,71,...,7m) € R, then the allocation of the MBARP on " is 6. This means that if T' # [m]
Sovt () + Y=Yt (o) + Y VT’ ¢ {T, [m]} and
i=1 JgT i=1 JET
va (o) + er > va ( [m]) +c.
i=1 €T i=1
In other words, (¢,71,...,7m) € Rgf if and only if it falls in the intersection of 2™ — 1 halfspaces:
dori- Zn>Z (oF") =t (o) VI' ¢ {7, [m])
JE€T JET’
Sriez ook (o) <ok o).
JET

Similarly, if T = [m], it is not hard to see that we can write R? as the intersection of 2™ — 1
halfspaces.

We can also analyze the allocation of an MBARP parameterized by (¢, 1, . . ., 7y, ) without Bidder
i’s participation for any ¢ € [n], which we need to do in order to analyze the revenue function. To
this end, for all T C [m], let Or_, be the set of all allocations where exactly the elements of T are
allocated to all of the bidders except ¢, and let

o=t = argmax g vl (05)
oe0r_,; j#i

Again, regardless of the reserve prices, if 1" consists of the items allocated by an MBARP without
Bidder 7’s participation, then 67— will be the allocation. Now, for an MBARP parameterized by
(¢,r1,...,7m) without Bidder i’s participation, the allocation will be

61— = argmax Zvj (og-m]"i) +ec, Z ( ;‘F 1) ZW

J#i J#i £gT T+#[m]

For any T' C [m], let R%il be the subset of R™*! such that if an MBARP is parameterized by

(¢,r1y...,1Tm) € R%ii, then the allocation of the MBARP without Bidder ¢’s partitipation on @' is
o7, This means that if T # [m], then just as before, (¢, 71,...,7,) € RT if and only if it falls in

the intersection of 2" — 1 halfspaces:

ng — Z re > Zvj (O]T/_i) — Zvj (0?_”’) vT' & {T,[m]}

egT ogT j#i j#i
m|_; T_;
Sore—ezd o () =2 (o).
LgT J#i J#i
Similarly, if T' = [m], we can write RT as the intersection of 2™ — 1 halfspaces.
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Clearly, {Rgf} - partition R™*1, since there will always be some allocation of an MBARP
TC[m

parameterized by an arbitrary point in R™*!, Similarly, {Rl}il }Tg[m] partition R™*! for every
i € [n].
Now, suppose

(¢,r1y...,Tm) € R?o mR%l ﬂﬂR%t_" =R

for some 79, T, ... T™ C [m]. We show that revy: (¢, 71, ..., 7,,) is linear on R by splitting the
analysis into four cases.

LT, T ..., T™ # [m] we can write
n TL o
revgt (C, 71,y Tim) = Z Z (v§ (0j1'> — ; (0? )) + Z re — Z re| . (5)
i=1 | ji egT £¢TO

2. If TV # [m] and T? = [m] for some i € {1,...,n}, then we replace the summand of
Equation [5|indexed by ¢ with

) (U; (oj) ! (050)) fem Y

J#i ¢gTO

3. IfT° = [m] and T, ..., T;, # [m], then

revgt (71, ... Tm) = i Z <v§ <0T‘> f’u§ (0?0)> + Z re—cl. (6)

i=1 | j#i egT?
4. If T° = [m] and T® = [m] for some i € {1,...,n}, then we replace the summand of
Equation [6|indexed by i with
e T, t( 1°
3 ( ( > ot (o )) .
J#i
In all of these cases, revg: (¢, 71, ... ,Ty) is a linear function over

(¢, 71y vy Tm) €R§to nR%lﬂ“'ﬂR%tjn =R.

To summarize, we fixed o € S and introduced n + 1 partitions of R™*+1, Each partition is made up
of 2™ cells and each cell is defined as the intersection of 2" — 1 halfspaces. If we restrict the domain
of the revenue function to the intersection of any n + 1 cells, one from each of the n + 1 partitions,
then the revenue function on that restricted domain is linear and therefore, there is one subregion
where revg: (¢, 71, ..., 7m) exceeds its target revenue and one subregion where it does not.

One generous upper bound on the number of different regions induced by taking the intersection of
any n + 1 cells, one from each of the n + 1 partitions, is the number of different regions induced
by the (n + 1)2™ (2™ — 1) total hyperplanes. This is at most (m + 1) ((n 4 1)2™ (2™ — 1)) ! <
(m + 1) ((n + 1)4™)™ ! because the number of regions induced by k hyperplanes in R is at most
Z?:l (f) < dk®. Again, if we restrict the domain of the revenue function to any of these induced
regions, the revenue function will be linear. As we saw in cases (1)-(4) of our case analysis, depending
on the region, the revenue function will take a specific linear form. For a given region R, denote this
specific linear form of the revenue function on by R as revy; |g. With this in mind, we define one

more hyperplane per region: revg;|r > 27. In total, this contributes at most (m+ 12 ((n 4 1)am)y™*!
more hyperplanes, since this is the maximum number of induced regions on R™ "1, We are therefore

left with at most & = (m + 1) (n+ 1)4™)™ " 4 (n + 1)27 (27 — 1) = O (mnm8m2> total

hyperplanes per valuation vector function &/ € S.
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If we merge all of the N sets of o hyperplanes, R™*! will be split into at most (m + 1)(Na)™ !

regions, each of which induces a specific binary labeling of S (whether or not ¢/ exceeds its target
revenue). Therefore, it must be that 2V < (m + 1)(Na)™ ", so N = O(mlog o) = O (m®logn).
O

C.1 Bundle Reserve Prices Lower Bound

In this section, we justify our choice to concentrate on MBARPs with item-specific reserve prices. In
particular, we prove that no algorithm can learn over the class of n-bidder, m-item MBARP revenue
functions with bundle-specific reserve prices using sample complexity o (4™ //m).

As in the proof of Theorem [§] we construct a special set V' of valuation functions. In this case, V'
is a set of single-bidder, m-item valuation functions and |V| = Q (4™ /+/m). We then show that
for any subset H of V/, there exists a setting of the bundle reserve prices that has high revenue over
valuation functions in H, but low revenue on the valuation functions in V' \ H. We describe V' more
formally in Theorem[T0] As we show in Remark [I] this construction can trivially be extended to a set
of n-bidder, m-item valuation functions of the same size. Then, as in Theorem@ this immediately
implies hardness for learning over the uniform distribution on V. We provide the construction of
V and, given the parallel proof structure, we refer the reader to Theorem|§]to see how this implies
hardness of learning.

We now present the construction of the set of valuation functions V.

Theorem 10. For any m > 2, there exists a set of N = ) (%) single-bidder, m-item valuation

function vectors V = {171, N } such that for any H C V, there exists a set of monotone bundle

reserve prices such that the resulting auction has revenue 0 on ¥ if v' € H and revenue 1 — ~y on v
ift" & H, forany vy € (0,1).

Proof. We define the set V = {171, o oN } of single-bidder valuation functions, where o/ =
(v{ (b1),... ,v{ (me)). Assume for now that m is even, and let 131, ce by be a fixed ordering of
the subsets of 2[" of size m,/2, so N = (%) Let #* for £ € [N] be defined as follows.

0 if |b;] <m/2

1 ifb;=b

0 4 14
b)) = i -
) =0 it 1] = my2 and b o by
1 if |b2| > m/2

We claim that for any H C V, there exists a set of monotone bundle reserve prices
{r(b1),...,r (bam)} such that the resulting auction has 0 revenue on all valuation functions "
such that v* ¢ H and 1 — «y revenue on all valuation functions ¥* € H. The reserve prices are defined
as follows:

0 if |b;] < m/2
1—v ifb;=0and 0" ¢ H
bi) =1 (b;) = : e '
vo (bi) =7 (b;) 0 if b; = b and 7* € H

1=y |b] > m/2

Regardless of whether or not ¢ is in H, (Eg, l;g) = argmax ., {vo (00) + 0§ (01)} and 1 — y =
max;, coim {Vo (b;)}. Therefore, Bidder 1 pays

- 11—y ifd*eH
1—’}’—11()(5@):{ 7

0 ifot ¢ H'
O
Remark 1. For any m > 2,n > 1, there exists a set of N = Q (4™ /\/m) n-bidder valuation
function vectors V. = {1717 oY } such that for any H C 'V, there exists a set of monotone bundle

reserve prices such that the resulting auction has revenue 0 on T if 6 &€ H and revenue 1 — € on "
ifv" € H.
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This follows simply by setting v{ as in the proof of Theorem [10|and setting vf (b;) = 0 for all
(e[N]ie2m,j# L.

D Sample complexity bounds for approximation algorithms

Theorem 11. Let S = {z1,...,zn} be a sample drawn from D and €, € (0,1) be given. Sup-
pose that N is sufficiently large to ensure that with probability at least 1 — §/2, for any h € H,

E [0(ha)] - & Not(ha) <e

Suppose h* € H is a function that minimizes expected loss with respect to the distribution, h is
a function that minimizes average loss over the sample S, and h € H is a function such that the
average loss of h over S is within an additive p factor of the average loss of h over S. In other words,

+ Zil 1 (iz, xz> - % vazl 14 (iL, x2> < pfor some p > 0. Then with probability at least 1 — 0,

Lo [g (i“”)} - E [t o) <ete % 4.

Meanwhile, if ~ Zil 14 (fl, xl) <(1+a)% Zf\il 1 (iz, Jsi) for some o € [0,1), then

x~D x~D 2N z~D

- In(4/6
E {E(hx)} CE [((ha)] <et(1+a) <c n(4/ )> Yo E_[((h* ).
Moreover, both bounds are tight in the worst case.

Proof. First, let € = 2Ry (H) + ¢y/ %]\?/5). For ease of notation, for any h € H, let Ls(h) =
+ Zf\il £(h,x;) and Lp(h) = E,.p[l(h,x)]. Suppose that h* is the optimal hypothesis in H (i.e.
it minimizes Lp(h), the expected loss over the distribution D), his the empirical risk minimizer
(i.e. it minimizes Ls(h), the average loss over the sample S), and & is a hypothesis such that

Ls (ﬁ) —Ls (ﬁ) < p for some p > 0. Then with probability at least 1 — 4,

Lp (h) —e<Lg (h) (7
<Ls (k) +p (8)
< Ls(h")+p 9)

. [21n(4/4)

Inequality [/|follows from Equation standard Rademacher complexity uniform convergence bounds:
with probability at least 1 — §/2, Lp (71) — Lg (iz) < € (see, for example, Shalev-Shwartz and
Ben-David| [2014]). Inequality 8| follows from the fact that Ls (ﬁ) < Ls (il) + p. Inequality

follows because h is the empirical risk minimizer (i.e. it minimizes Ls(h)). Finally, inequality
is a result, again, of Hoeffding’s inequality, which guarantees that with probability at least 1 — §/2,

Ls (h*) < Lp () + ey 2152

Rearranging, we get that

- 21n(4/6
Lp (h>—LD(h*)§e+c %—&-p,

as claimed.
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Next, suppose that hisa hypothesis such that Ls (iz) <(l+a)Ls (ﬁ) . We similarly can deduce
that with probability at least 1 — &,

Lp (h) —e<Ls (h) (11)
<(1+a)Ls (h) (12)
< (1+a)Ls (h*) (13)
<(1+a) <LD (k") + ¢ 2111;:@) : (14)
Rearranging, we get that
Lo (R) < e+ (1+a)Lp () + (1 + a)e w
which means that
Lp (h) —Lp(h*)<e+(1+a)e %ﬁ/é) +aLp (h*),

as desired.

We remark that inequalities [/{14|could be tight in the worst case, so both bounds are tight.
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