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Abstract
Distributed resource allocation, where a set of agents must assign their re-

sources to a set of dynamic tasks, is a challenging, open problem in current
multi-agent systems research. In this article, we present three advances in ad-
dressing distributed resource allocation. First, we propose a systematic for-
malization of the problem and a general solution strategy that maps a formal
model of resource allocation into a key problem solving paradigm, namely, dis-
tributed constraint-based reasoning (DCR). Such formalizations are necessary to
understand the complexity of different types of problems and to develop solution
strategies that translate across domains. Second, we present a new algorithm for
distributed constraint-based reasoning, calledAdopt. Adopt has several novel
characteristics necessary for addressing distributed resource allocation includ-
ing the ability to deal with both soft and hard constraints. Finally, we investigate
how our theoretical results and algorithm (developed on abstract problems), can
be applied to the real-world resource allocation problem of target tracking in
distributed sensor networks. In particular, we introduce a two-layered architec-
ture, where the higher layer uses the DCR algorithm, while a lower layer uses a
probabilistic representation of resources and tasks to deal with uncertainty and
dynamics.

1.1 Introduction

Distributed resource allocation is a general problem in which a set of agents
must intelligently assign their resources to a set of dynamic tasks. Target
tracking in distributed sensor networks is one example of a real-world do-
main where this problem arises. Other examples include distributed scheduling
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(Decker98), supply chains (Wellman93), unmanned UAVs (Caulder93) and ur-
ban disaster rescue (Kitano99). Obtaining effective performance in these do-
mains is difficult because agents must deal with significant challenges such
as coping with limited resources, ability to respond to changes in tasks, co-
ordinating with other agents and adhering to domain-imposed communication
constraints.

Despite the significant progress made in recent years in distributed resource
allocation, there are currently three key shortcomings. First, there is a lack
of abstract formalizations of the problem that allow development of general
solution strategies. In particular, we desire formalizations that allow the gen-
eral mapping of different problem types into well-known problem solving
paradigms – in our case Distributed Constraint Reasoning (DCR) (Yokoo01)
(Zhang02)(Meseguer00)(Silagi00). DCR has been shown to be an effective
general way to model and solve complex distributed problems (Modi01) (Jung01)
(Conry91) (Sycara91) (Parunak97) (Modi03). Unfortunately, general guidance
on how to represent a given distributed resource allocation problem within the
DCR paradigm is currently missing.

Second, existing methods for DCR are insufficient for addressing the chal-
lenges present in the distributed resource allocation problem. In particular, pre-
vious work in DCR has dealt mainly with Distributed Constraint Satisfaction
Problems (DisCSP) (Yokoo01). While this is an important advance, DisCSP is
not adequate for representing problems where solutions may have degrees of
quality or cost. For example, coping with limited resources requires techniques
for solving overconstrained problems. In DisCSP, overconstrained problems
are simply designated as unsolvable. Instead, we require representations and
algorithms for DCR that allow agents to reason about solutions with degrees
of quality.

The third problem is whether and how DCR algorithms developed on ab-
stract problems can be applied in practical domains involving real-world hard-
ware. In current research, researchers often abstract out key real-world coordi-
nation problems for systematic investigation within software testbeds(Hanks93),
unhindered by other complex factors in real-world environments. While such
abstraction is necessary, it is also important to understand the techniques and
principles to apply multiagent algorithms to real-world domains, where uncer-
tainty, real-time constraints and dynamism prevail. Identifying the principles
for applying multiagent algorithms to real-world domains will help in devel-
oping real applications and may assist in identifing key weaknesses of existing
multiagent algorithms.

In this article, we report on advances in addressing the above three issues
in distributed resource allocation. Figure 1.1 depicts the overall methodology.
First, to address the lack of formalizations and general solution strategies, we
propose a formalization of distributed resource allocation that is expressive



Distributed Resource Allocation 3

enough to represent two of its salient features, distributedness and dynamism.
In the formalization, agents execute operations to detect and perform tasks
that arise over time in the environment. The agents must correctly allocate
themselves to tasks so that all tasks are performed. We present two reusable,
generalized mappings that automatically convert a given distributed resource
allocation problem into a DCR representation. Each mapping is proven to
correctly represent resource allocation problems of specific difficulty.

Next, to address the problem of reasoning in overconstrained situations, we
propose a new algorithm, calledAdopt, for Distributed Constraint Optimiza-
tion Problems (DCOP). DCOP models a global objective function as a set of
valuedconstraints, that is, constraints that are described as functions that return
a range of values, rather than predicates that return only true or false. DCOP
significantly generalizes the DisCSP framework mentioned above. Adopt, to
the best of our knowledge, is the first algorithm for DCOP that can find either
an optimal solution or a solution within a user-specified distance from the opti-
mal, using only localized asynchronous communication and polynomial space
at each agent. The algorithm is shown to significantly outperform it competi-
tors in terms of efficiency in finding solutions on benchmark problems.

Finally, to address the problem of applying DCR algorithms to real-world
hardware, we report on what was necessary to apply Adopt to the distributed
sensor network problem. In particular, we developed a two-layered architec-
ture. The general principle is to allow the DCR coordination algorithm to work
as a higher layer coordinating inter-agent activities while the lower layer is a
probabilistic component that deals with task uncertainty and dynamics and al-
lows an agent to do local reasoning when time for coordination is not available.
We present results obtained from an implementation of the system described
on hardware sensors. The results show that the two-layered architecture is
effective at tracking moving targets and the probability model and local rea-
soning enabled the multiagent algorithm to deal with the difficulties posed by
the distributed sensor domain. We believe these results are the first successful
application of DCR on real hardware. We believe this is a significant first step
towards moving multiagent algorithms developed on abstract problems onto
real hardware.

1.2 Application Domain

Multiagent resource allocation problems are difficult because they are both
distributedanddynamic. First, a key implication of the distributed nature of
this problem is that the control is distributed in multiple agents; yet these mul-
tiple agents must collaborate to accomplish the tasks at hand. Second, another
implication is that agents faceglobal ambiguity. An agent may know, based
on the results of its local operations, that some task (out of a possible set of
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Figure 1.1. Graphical depiction of the described methodology.
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Figure 1.2. A distributed sensor network for tracking moving targets.

tasks) is present. However, it may not be able to individually determine ex-
actly which task is present. The agents must collaborate to determine which
one of the many possible tasks is actually present and needs to be done. Third,
different tasks may require the same resources and thus,resource contention
may occur. In these situations, agents must take care to allocate critical re-
sources to appropriate tasks. Allocating a critical resource incorrectly may
lead to situations where some other tasks must go unperformed. Finally, the
situation is dynamic so a particular allocation of resources at one time may be-
come obsolete when the underlying tasks have changed. The agents must have
a way to express and cope with such changes in the problem.

We describe the distributed sensor network problem which is used to il-
lustrate the difficulties described above and to validate our approach. The do-
main consists of multiple stationary sensors, each controlled by an independent
agent, and targets moving through their sensing range. Figure 1.2.a shows the
hardware and simulator screen, respectively. Each sensor is equipped with a
Doppler radar with three sector heads. Each sector head covers 120 degrees
and only one sector can be active at a time. While all of the sensor agents must
choose to activate their sector heads to track the targets, there are some key
difficulties in such tracking.

The first difficulty is that the domain is inherently distributed. In order for
a target to be tracked accurately, at least three agents must collaborate. They
must concurrently activate their sectors so the target is sensed by at least three
overlapping sectors. For example, in Figure 1.2.b which corresponds to the
simulator in Figure 1.2.a, if an agent A1 detects target 1 in its sector 0, it must
inform two of its neighboring agents, A2 and A4 for example, so that they
activate their respective sectors that overlap with A1’s sector 0.

The second difficulty with accurate tracking is that when an agent is in-
formed about a target, it may face ambiguity in which sector to activate. Each
sensor can detect only the distance and speed of a target, so an agent that de-
tects a target can only inform another agent about the general area of where a
target may be, but cannot tell other agents specifically which sector they must
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activate. For example, suppose there is only target 1 in Figure 1.2.b and agent
A1 detects that a target is present in its sector 0. A1 can tell A2 that a target is
somewhere in the region of its sector 0, but it cannot tell A2 which sector to ac-
tivate because A2 has two sectors (sector 1 and 2) that overlap with A1’s sector
0. In order to resolve this ambiguity, A2 may be forced to first activate its sec-
tor 1, detect no target, then try its sector 2. Thus, activating the correct sector
requires a collaboration between A1 and A2. A1 informs A2 that a target exists
in some ambiguous region and A2 then resolves the remaining ambiguity. The
significance here is that no single agent can determine the correct allocation of
all sectors to targets.

The third difficulty is that resource contention may occur when multiple
targets must be tracked simultaneously. For instance, in Figure 1.2.b, A4 needs
to decide whether to track target 1 or target 2 and it cannot do both since it
may activate only one sector at a time. A4 should choose to track target 2 since
there is no other way for target 2 to be tracked. A4 is “critical” for tracking
target 2. In general, determining whether an agent is “critical” for a particular
target requires non-local information about targets out of an agent’s immediate
sensing range. In this example, note that target 1 and 2 are tasks that conflict
with one another. Targets that are spatially distant do not conflict with each
other and thus can easily be tracked without resource contention. Thus, as we
will see, the relationship among tasks will affect the difficulty of the overall
resource allocation problem.

Finally, the situation is dynamic because targets move through the sensing
range. Even after agents find a configuration that is accurately tracking all
targets, they may have to reconfigure themselves as targets move over time.

While we will focus mainly on the distributed sensor network problem,
a second domain which motivates our work is large-scale urban disaster re-
covery, e.g., performing search and rescue operations after an earthquake.
Robocup Rescue (Kitano99) is a detailed simulation environment of the 1995
Kobe, Japan earthquake in which over 5000 people were killed. In this simula-
tor, multiple fire engines, ambulances and police cars must collaborate to save
trapped civilians from burning buildings. Centralized control may not be avail-
able to allocate all of the emergency response resources since communication
infrastructure may be damaged or overloaded. Individual agents must com-
municate locally and collaborate with one another in order to allocate their
resources correctly. For instance, an ambulance agent which must rescue a
civilian trapped in a burning building must collaborate with a fire engine agent
who is able to extinguish the fire. The tasks are dynamic, e.g., fires grow or
shrink and also ambiguous e.g., a fire engine could receive a report of a fire in
an area, but not a specific building on fire. This domain thus presents another
example of a distributed resource allocation problem with many similarities to
the distributed sensor network problem.
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The above applications illustrate the difficulty of resource allocation among
distributed agents in a dynamic environment. Lack of a formalism for dynamic
distributed resource allocation problem can lead to ad-hoc methods which can-
not be easily reused. Instead, our adoption of a formal model allows our prob-
lem and its solution to be stated in a more general way, possibly increasing
our solution’s usefulness. More importantly, a formal treatment of the problem
also allows us to study its complexity and provide other researchers with some
insights into the difficulty of their own resource allocation problems. Finally,
a formal model allows us to provide guarantees of soundness and complete-
ness of our results. The next section presents our formal model of resource
allocation.

1.3 Modeling Multiagent Resource Allocation
via Distributed Constraint Satisfaction

In this section, we develop a systematic formalization of the problem and
general solution strategies for the types of problems modeled. First, we pro-
pose a formalization of distributed resource allocation that is expressive enough
to represent some salient features of the problem. This formalization is signif-
icant because it allows us to understand the complexity of different types of
resource allocation problems and may also enable future researchers to under-
stand the difficulty of their own resource allocation problem. Second, in order
to solve these types of resource allocation problems, we define the notion of a
Dynamic Distributed Constraint Satisfaction Problem (DyDisCSP). While this
section does not focus on new algorithms for DisCSP, it does focus on apply-
ing DisCSP in service of distributed resource allocation problems. In dynamic
domains where features of the environment may not be known in advance, it
is difficult to completely specify a DisCSP problem in advance. To address
this difficulty, DyDisCSP generalizes DisCSP by allowing agents to add or re-
move local constraints from the problem as external environmental conditions
change.

Given the distributed resource allocation formalism and the DyDisCSP prob-
lem, we present two reusable, generalized mappings, Mapping I and II, that
automatically convert a given distributed resource allocation problem into a
DyDisCSP. Each mapping is proven to correctly perform resource allocation
problems of specific difficulty. These generalized mappings enable existing
distributed constraint reasoning technologies to be brought to bear directly
onto the distributed resource allocation problem. In addition, they allow fu-
ture advances in distributed constraint reasoning to also be directly applied to
the distributed resource allocation problem without significant re-modeling ef-
fort. Thus, our formalism and generalized mappings may provide researchers
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with tools for both representing and solving their resource allocation problem
using distributed constraints reasoning.

1.3.1 Formal De�nitions

A Distributed Resource Allocation Problem consists of 1) a set of agents that
can each perform some set of operations, and 2) a set of tasks to be completed.
In order to be completed, a task requires some subset of agents to perform
certain operations. We can define a task by the operations that agents must
perform in order to complete it. The problem is to find an allocation of agents
to tasks such that all tasks are performed. In this way, we view the agents as
the resources to be allocated. This problem is formalized next.

Definition 1: A Distributed Resource Allocation Problem is a structure
<Ag, 
, �> where

– Ag = fA1, A2, ...,Ang is a set of agents.

– 
 = fO1
1; O

1
2 , ...,Oi

p, ...,On
q g is a set of operations, where operation

Oi
p denotes the p‘th operation of agentAi. An operation can either

succeed or fail. LetOp(Ai) denote the set of operations ofAi.

– � = fT1; T2; :::; Tng is a set of tasks, where each taskT 2 � is
a set of setsft1; t2; :::; tng and eachti 2 T is a set of operations.
Eachti is called aminimal set.

Intuitively, the minimal sets of a task specify the alternative ways (sets of
operations) to perform the task. We assume that tasks are either performed or
not performed. We do not model varying degrees of task performance. Tasks
are performed by executing all the operations in one of its minimal sets. No
more (or less) operations are needed. Thus, we require that each minimal set
tr of a given taskT is “minimal” in the sense that no other minimal set inT
is a subset oftr. Beyond the minimal resources required for a task, we do
not model more complex task features such as task duration, task difficulty,
task performance cost, etc. although we note that these are features that are
important in many domains and deserve attention.

We assume operations inOp(Ai) aremutually exclusivein the sense that
an agent can only perform one operation at a time. This is an assumption that
holds in our domain of distributed sensor networks and in many other domains.
However, in order to capture domains where agents are able to perform multi-
ple operations and do many tasks at once, this assumption must be relaxed in
future work.

We say that two minimal sets of two different tasksconflict if they contain
an operation belonging to the same agent. Since we assume that an agent can
only perform one operation at a time, it is not possible for all the operations
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in two conflicting minimal sets to be executed simultaneously. Asolution to
a resource allocation problem, then, involves choosing a minimal set for each
present task such that the chosen minimal sets do not conflict. In this way,
when agents perform the operations in those minimal sets, all present tasks
are successfully completed. Note that we have assumed that all such solutions
are equivalent since we have not modeled task performance quality/cost. Even
in this restricted model, choosing the correct minimal set for each task in a
decentralized manner so that all tasks get their required agents/resources is a
key difficulty (the “resource contention” difficulty described in section 1.2).
An incorrect allocation of resources to one task may result in a shortage of
resources for some other task.

To illustrate this formalism in the distributed sensor network domain, we
cast each sensor as an agent and activating one of its (three) sectors as an oper-
ation. We will useOi

p to denote the operation of agentAi activating sector p.
For example, in Figure 1.2.b, we have four agents, soAg = fA1, A2, A3,A4g.
Each agent can perform one of three operations, so
 = fO1

0 ,O1
1, O1

2,O2
0,O2

1,
O2
2, O3

0,O3
1, O3

2, O4
0 ,O4

1, O4
2 g. To specify the subset of operations belonging

to a particular agent, sayA1, we useOp(A1) = f O1
0 ,O1

1, O1
2 g.

We distinguish between tasks that arepresentandnot present. Present tasks
require resources, while tasks that are not present do not require resources.
Tasks change from being present to not present and vice versa over time.� (de-
fined above) corresponds to the set of all tasks, present or not. We use�current

(� �) to denote the set of tasks that are currently present. We call a resource
allocation problemstatic if �current is constant over time anddynamicother-
wise. In our distributed sensor network example, since targets come and go,
the problem is a dynamic one. We do not model resource allocation problems
where the resources may be dynamic (i.e., where agents may come and go).

Returning to our example, we now define our task set�. We define a sep-
arate task for each region of overlap of sectors where a target may potentially
be present. In other words, tasks correspond to spatially segmented regions
of space. The existence of an actual target in a particular segmented region
corresponds to a present task. Regions of overlap that do not currently contain
a target are tasks that do not currently need to be performed. Associated with
each region is the set of operations that can sense that space, i.e., the sensor
sectors that cover it. In the situation illustrated in Figure 1.2.b, we have two
targets shown. We define our current task set as�current = fT1, T2g. In the
figure, there are many other regions of overlap for which tasks are defined, but
we omit description of the full set� for simplicity. TaskT1 requires any three
of the four possible agents to activate their corresponding sector, so we define
a minimal set corresponding to all the

�4
3

�
combinations. Thus,T1 = ffO1

0 ,O2
2,

O3
0g, fO

2
2 ,O3

0, O4
1g, fO

1
0, O3

0,O4
1g, fO

1
0 ,O2

2 ,O4
1gg. Note that the subscript of
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the operation denotes the number of the sector the agent must activate. In the
example, taskT2 can only be tracked by two sectors, soT2 = ffO3

0 , O4
2gg.

For each task, we use�(Tr) to denote the union over all the minimal sets
of Tr, and for each operation, we useT (Oi

p) to denote the set of tasksTr for
which Oi

p can contribute, that is, those tasks that includeOi
p in �(Tr). For

instance,�(T1) = fO1
0 , O2

2 , O3
0, O4

1g andT (O3
0) = f T1, T2g in the example

above.
The set�current is determined by the environment and not necessarily im-

mediately known to all the agents. It also changes over time. A key difficulty
is how the agents can come to know which tasks are currently present. We will
discuss this question shortly after the following two definitions. We assume
that when an agentexecutesone of its operations, the operation either succeeds
or fails depending on the presence or absence of tasks in the environment at the
time the operation is executed.

Definition 2: Let Oi
p 2 
 be an operation executed byAi. If 9 Tr 2

�current such thatOi
p 2 �(Tr), thenOi

p succeeds. If Oi
p has no corre-

sponding task in�current, the operationfails.

In our example, if agentA1 executes operationO1
0 (activates sector 1) and

if T1 2 �current (target 1 is present), thenO1
0 will succeed (A1 will detect a

target), otherwise it will fail. Note that our notion of operation failure corre-
sponds to a sensor signal indicating the absence of a task, not actual hardware
failure. Hardware failure or sensor noise is an issue not modeled. However,
an actual system built using this formalism, described later in section 1.5, has
been able to incorporate techniques for dealing with noise and failure by using
a two-layered architecture, where a lower layer of the implementation deals
with these issues(Scerri03).

We say a task is (being)performedwhen all the operations in some minimal
set succeed. More formally,

Definition 3: 8Tr 2 �, Tr is performediff there exists a minimal settr
2 Tr such that all the operations intr succeed. A task that is not present
cannot be performed, or equivalently, a task that is performed must be
included in�current.

The intuition is that as long as the task is present, it can (and should) be per-
formed. When it is no longer present, it cannot (and need not) be performed.
This is different from the notion of agents working on a task until it is “com-
pleted”. In our formalism, agents have no control over task duration.

For example, taskT2 is performed (targetT2 is tracked) ifA3 executes op-
erationO3

0 andA4 executes operationO4
2. The task continues to be performed

as long as those operations are being executed and the task is present i.e., the
target remains in the specified region of space.
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To summarize our formalism and terminology:

Tasks arepresentor not present, as determined by the environment.

Operations areexecutedby the agents and executed operationssucceed
or fail depending on the presence or absence of corresponding tasks.

Tasks areperformedwhen all the operations in some minimal set suc-
ceed.

As mentioned above, a key difficulty is how the agents can come to know
which tasks are currently present. In our model, agents execute their operations
to not only perform existing tasks, but also to detect when new tasks have
appeared and when existing tasks disappear. Thus, agents must continually
interleave problem solving and operator execution.

If a new task appears and an agent executes its operation, the operation
will succeed and signal to the agent that some task is present. It may not
necessarily know exactly which task is present, since there may be multiple
tasks for which the same operation may succeed. Aside from this difficulty
(which we will address in our solution methodology), another tricky issue is
ensuring that every new task will eventually be detected by some agent, i.e.,
some agent will execute its operation to detect it. We must avoid situations
where all agents are busy doing other tasks or sleeping and ignoring new tasks.
This can be done in various ways depending on the particular domain. In the
sensor domain, we require agents to “scan” for targets by activating different
sectors when they are currently not involved in tracking any target. Thus, our
model relies on the following assumption which ensures that no present task
goes unnoticed by everyone.

Notification assumption:

– (i) If taskTr is present, then at least one agent executes an operation
for Tr: 8Tr 2 �, if Tr 2 �current, then9 Oi

p 2 �(Tr) such that
Oi
p is executed (and sinceTr is present,Oi

p succeeds).

– ii) 8Ts(6= Tr) 2 �current, Oi
p 62 �(Ts).

(ii) states that the notifying operationOi
p (from (i)) must not be part of

any other present task. This only implies that the success of operationOi
p

will uniquely identify the taskTr among all present tasks, but not necessarily
among all (e.g., not present) tasks. Thus, the difficulty of global task ambiguity
remains. This assumption is only needed to prevent two present tasks from be-
ing detected by one agent through the execution of a single operation, in which
case the agent must choose one of them, leaving the other task undetected by
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anyone. In distributed sensor networks, hardware restrictions preclude the pos-
sibility of two targets being detected by a single sector, so this assumption is
naturally satisfied.

This concludes our model. In later sections, we will map this Distributed
Resource Allocation model into a Dynamic Distributed Constraint Satisfac-
tion Problem. We will show how these mappings and associated algorithms
can be used to address the problems of distribution, task dynamics, resource
contention, and global task ambiguity that arise within our model.

1.3.2 Properties of Resource Allocation

We now state some definitions that will allow us to categorize a given re-
source allocation problem and analyze its difficulty. In particular, we notice
some properties of task and inter-task relationships. We choose to identify
these properties because, as we will see, they have a bearing on the com-
putation complexity of the overall resource allocation problem. Definitions
4 through 7 are used to describe the complexity of a given task in a given
problem, i.e., the definitions relate to properties of anindividual task. Next,
definitions 8 through 10 are used to describe the complexity of inter-task rela-
tionships, i.e., the definitions relate to the interactions between aset of tasks.

Task Complexity. For our purposes, we consider a particular notion of
task complexity, namely, the expressiveness allowed by the minimal set repre-
sentation. In its most general form (the Unrestricted class defined below), one
can express a variety of minimal sets. However, for certain problem classes, we
can limit the minimial set representation to reduce computational complexity.
We now define some of these types of problem classes.

One class of resource allocation problems have the property that each task
requires anyk agents from a pool ofn (n � k) available agents. That is, the
task contains a minimal set for each of the

�n
k

�
combinations. The following

definition formalizes this notion.

Definition 4: 8 Tr 2 �, Tr is task-
�n
k

�
-exact iff Tr has exactly

� n
kr

�

minimal sets of sizekr, wheren = j �(Tr) j andkr(� n) depends on
Tr.

For example, the taskT1 (corresponding to target 1 in Figure 1.2.b) is task-�4
3

�
-exact because it has exactly

�4
3

�
minimal sets of sizek = 3, wheren =

4 =j �(T1) j. The following definition defines the class of resource allocation
problems where every task is task-

�n
k

�
-exact.

Definition 5 :
�n
k

�
-exactdenotes the class of resource allocation problems

<Ag, 
, � > such that8 Tr 2 �, Tr is task-
� n
kr

�
-exact.
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We find it useful to define a special case of
�n
k

�
-exact resource allocation

problems, namely those whenk = n. Intuitively, all agents are required so
each task contains only a single minimal set.

Definition 6:
�n
n

�
-exact denotes the class of resource allocation prob-

lems<Ag, 
, �> such that8 Tr 2 �, Tr is task-
�nr
kr

�
-exact, where

nr = kr =j �(Tr) j.

For example, the taskT2 (corresponding to target 2 in Figure 1.2.b) is task-�2
2

�
-exact.

Definition 7: Unrestricted denotes the class of resource allocation prob-
lems<Ag, 
, �> with no restrictions on tasks.

Note that
�n
n

�
-exact�

�n
k

�
-exact� Unrestricted.

Task Relationship Complexity. The following definitions refer to
relations between tasks. We define two types ofconflict-freeto denote resource
allocation problems that have solutions, or equivalently, problems where all
tasks can be performed concurrently.

Definition 8: A resource allocation problem is calledStrongly Conflict
Free (SCF) if for all Tr, Ts 2 �current and8 Ai 2 Ag, j Op(Ai) \
�(Tr) j + j Op(Ai) \ �(Ts) j� 1, i.e., no two tasks have in common
an operation from the same agent.

The SCF condition implies that we can choose any minimal set out of the
given alternatives for a task and be guaranteed that it will lead to a solution
where all tasks are performed, i.e., no backtracking is ever required to find a
solution.

Definition 9: A resource allocation problem is calledWeakly Conflict
Free (WCF) if there exists some choice of minimal set for every present
task such that all the chosen minimal sets are non-conflicting.

The WCF condition is much weaker that the SCF condition since it only re-
quires that there exists some solution. However, a significant amount of search
may be required to find it. Finally, we define problems that may not have any
solution.

Definition 10: A resource allocation problem that cannot be assumed
to be WCF is called(possibly) over-constrained (OC). In OC prob-
lems, all tasks may not necessarily be able to be performed concurrently
because resources are insufficient.

Note that SCF� WCF� OC.
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Table 1.1. Complexity Classes of Resource Allocation,n = size of task set�, m = size of
operation set
. Columns represent task complexity and rows represent inter-task relationship
complexity.

SCF WCF OC�
n

n

�
-exact O(n) O(n) NP-Complete�

n

k

�
-exact O(n) O((n+m)3) NP-Complete

unrestricted O(n) NP-Complete NP-Complete

1.3.3 Subclasses of Resource Allocation

Given the above properties, we can define 9 subclasses of problems accord-
ing to their task complexity and inter-task relationship complexity: SCF and�n
n

�
-exact, SCF and

�n
k

�
-exact, SCF and unrestricted, WCF and

�n
n

�
-exact, WCF

and
�n
k

�
-exact, WCF and unrestricted, OC and

�n
n

�
-exact, OC and

�n
k

�
-exact, OC

and unrestricted.
Table 1.1 summarizes our complexity results for the subclasses of resource

allocation problems just defined. The columns of the table, from top to bottom,
represent increasingly complex tasks. The rows of the table, from left to right,
represent increasingly complex inter-task relationships. We refer the reader to
(Modi01) for detailed proofs.

Although our formalism and mappings addresses dynamic problems, our
complexity analysis here deals with a static problem. A dynamic resource al-
location problem can be cast as solving a sequence of static problems, so a dy-
namic problem is at least as hard as a static one. Furthermore, since distributed
problem solving is no easier than a centralized approach (due to communica-
tion delays, limited communication range/bandwith, etc.), all our complexity
results are based on a centralized problem solver.

1.3.4 Dynamic Distributed CSP

In order to solve general resource allocation problems that conform to our
formalized model, we will use distributed constraint satisfaction techniques.
Existing approaches to distributed constraint satisfaction fall short for our pur-
poses because they cannot capture the dynamic aspects of the problem. In
dynamic problems, a solution to the resource allocation problem at one time
may become obsolete when the underlying tasks have changed. This means
that once a solution is obtained, the agents must continuously monitor it for
changes and must have a way to express such changes in the problem. In or-
der to address this shortcoming, the following section defines the notion of a
Dynamic Distributed Constraint Satisfaction Problem (DyDisCSP).

A Constraint Satisfaction Problem (CSP) is commonly defined by a set of
variables, each associated with a finite domain, and a set of constraints on the
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values of the variables. A solution is the value assignment for the variables
which satisfies all the constraints. A distributed CSP is a CSP in which vari-
ables and constraints are distributed among multiple agents. Each variable be-
longs to an agent. A constraint defined only on variables belonging to a single
agent is called alocal constraint. In contrast, anexternal constraintinvolves
variables of different agents. Solving a DisCSP requires that agents not only
solve their local constraints, but also communicate with other agents to satisfy
external constraints.

DisCSP assumes that the set of constraints are fixed in advance. This as-
sumption is problematic when we attempt to apply DisCSP to domains where
the environment is unknown and changes over time. For example, in dis-
tributed sensor networks, agents do not know where the targets will appear
and how they will move. This makes it difficult to specify the DisCSP con-
straints in advance. Rather, we desire agents to sense the environment and then
activate or deactivate constraints depending on the result of the sensing action.
We formalize this idea next.

We take the definition of DisCSP one step further by defining Dynamic
DCSP (DyDisCSP). A DyDisCSP is a DisCSP where constraints are allowed to
be dynamic, i.e., agents are able to add or remove constraints from the problem
according to changes in the environment. More formally,

Definition 11: A dynamicconstraint is given by a tuple (P, C), where
P is a arbitrary predicate that is evaluated to true or false by an agent
sensing its environment and C is a familiar constraint from DisCSP.

When P is true, C must be satisfied in any DyDisCSP solution. When P is
false, it is okay for C to be violated. An important consequence of dynamic
DisCSP is that agents no longer terminate when they reach a stable state. They
must continue to monitor P, waiting to see if it changes. If its value changes,
they may be required to search for a new solution. Note that a solution when P
is true is also a solution when P is false, so the deletion of a constraint does not
require any extra computation. However, the converse does not hold. When
a constraint is added to the problem, agents may be forced to compute a new
solution. In this work, we only need to address a restricted form of DyDisCSP
where onlylocal constraintsare allowed to be dynamic. We will see that this is
sufficient to model the types of problems we are interested in. Next, we discuss
how we can solve such restricted DyDisCSPs through a simple modification to
an existing DisCSP algorithm.

AWC (Yokoo98) is a sound and complete algorithm for solving DisCSPs.
An agent with local variableAi, chooses a valuevi for Ai and sends this value
to agents with whom it has external constraints. It then waits for and responds
to messages. When the agent receives a variable value (Aj = vj) from another
agent, this value is stored in an AgentView. Therefore, an AgentView is a set
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of pairsf(Aj ; vj), (Ak, vk), ...g. Intuitively, the AgentView stores the current
value of non-local variables. A subset of an AgentView is a “NoGood” if an
agent cannot find a value for its local variable that satisfies all constraints. For
example, an agent with variableAi may find that the setf(Aj ; vj), (Ak, vk)g is
a NoGood because, given these values forAj andAk, it cannot find a value for
Ai that satisfies all of its constraints. This means that these value assignments
cannot be part of any solution. In this case, the agent will request that the others
change their variable value and a search for a solution continues. To guarantee
completeness, a discovered NoGood is stored so that that assignment is not
considered in the future.

The most straightforward way to attempt to deal with dynamism in DisCSP
is to consider AWC as a subroutine that is invoked anew everytime a con-
straint is added. Unfortunately, in domains such as ours, where the problem
is dynamic but does not change drastically, starting from scratch may be pro-
hibitively inefficient. Another option, and the one that we adopt, is for agents
to continue their computation even as local constraints change asynchronously.
The potential problem with this approach is that when constraints are removed,
a stored NoGood may now become part of a solution. We solve this problem
by requiring agents to store their own variable values as part of non-empty No-
Goods. For example, if an agent with variableAi finds that a valuevi does not
satisfy all constraints given the AgentViewf(Aj ; vj), (Ak, vk)g, it will store
the setf(Ai; vi), (Aj; vj), (Ak, vk)g as a NoGood. With this modification to
AWC, NoGoods remain “no good” even as local constraints change. Let us call
this modified algorithm Locally-Dynamic AWC (LD-AWC) and the modified
NoGoods “LD-NoGoods” in order to distinguish them from the original AWC
NoGoods. The following lemma establishes the soundness and completeness
of LD-AWC.

Lemma I: LD-AWC is sound and complete.
The soundness of LD-AWC follows from the soundness of AWC. The com-

pleteness of AWC is guaranteed by the recording of NoGoods. A NoGood log-
ically represents a set of assignments that leads to a contradiction. We need to
show that this invariant is maintained in LD-NoGoods. An LD-NoGood is a su-
perset of some non-empty AWC NoGood and since every superset of an AWC
NoGood is no good, the invariant is true when a LD-NoGood is first recorded.
The only problem that remains is the possibility that an LD-NoGood may later
become good due to the dynamism of local constraints. A LD-NoGood con-
tains a specific value of the local variable that is no good but never contains
a local variable exclusively. Therefore, it logically holds information about
external constraints only. Since external constraints are not allowed to be dy-
namic in LD-AWC, LD-NoGoods remain valid even in the face of dynamic
local constraints. Thus the completeness of LD-AWC is guaranteed.
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1.3.5 Mapping SCF Problems into DyDisCSP

We now describe a solution to the SCF subclass of resource allocation prob-
lems, defined in Definition 8 of Section 1.3.1, by mapping onto DyDisCSP.
Our goal is to provide a general mapping, named Mapping I, that allows any
unrestricted SCF resource allocation problem to be modeled as DyDisCSP by
applying this mapping.

Mapping I is motivated by the following idea. The goal in DyDisCSP is
for agents to choose values for their variables so all constraints are satisfied.
Similarly, the goal in resource allocation is for the agents to choose operations
so all tasks are performed. Therefore, in our first attempt we map agents to
variables and operations of agents to values of variables. For example, if an
agentAi has three operations it can perform,fOi

1; O
i
2; O

i
3g, then the variable

corresponding to this agent will have three values in its domain. However,
this simple mapping attempt fails due to the dynamic nature of the problem;
operations of an agent may not always succeed. Therefore, we define two
values for every operation, one for success and the other for failure. In our
example, this would result in six values for each variableAi: fOi

1yes,Oi
2yes,

Oi
3yes,Oi

1no,Oi
2no,Oi

3nog.
It turns out that even this mapping is inadequate due to ambiguity. Ambi-

guity arises when an operation can be required for multiple tasks but only one
task is actually present. To resolve ambiguity, we desire agents to be able to not
only communicate about which operation to perform, but also to communicate
for which task they intend the operation. For example in Figure 1.2.b, Agent
A3 is required to activate the same sector for both targets 1 and 2. We want A3
to be able to distinguish between the two targets when it communicates with
A2, so that A2 will be able to activate its correct respective sector. For each of
the values defined so far, we will define new values corresponding to each task
that an operation may serve.

Mapping I: Given a Resource Allocation ProblemhAg, 
, �i, the corre-
sponding DyDisCSP is defined over a set ofn variables.

A = fA1, A2,...,Ang, one variable for eachAi 2 Ag. We will use the
notationAi to interchangeably refer to an agent or its variable.

The domain of each variable is given by:

8Ai 2 Ag, Dom(Ai) =
S

Oi
p2


Oi
pxT (O

i
p)xfyes,nog.

In this way, we have a value for every combination of operations an agent
can perform, a task for which this operation is required, and whether the opera-
tion succeeds or fails. For example in Figure 1.2.b, Agent A3 has one operation
(sector 0) with two possible tasks (target 1 and 2). Although the figure does
not show targets in sector 1 and sector 2 of agent A3, let us assume that targets
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may appear there for this example. Thus, let taskT3 be defined as a target in
A3’s sector 1 and let taskT4 be defined as a target in A3’s sector 2. This means
A3 would have 8 values in its domain:fO3

0T1yes,O3
0T1no,O3

0T2yes,O3
0T2no,

O3
1T3yes,O3

1T3no,O3
2T4yes,O3

2T4nog.
A word about notation:8Oi

p 2
, the set of values inOi
pxT (O

i
p)xfyesg will

be abbreviated by the termOi
p*yes and the assignmentAi = Oi

p*yes denotes
that9v 2 Oi

p*yes such thatAi = v. Intuitively, the notation is used when an
agent detects that an operation is succeeding, but it is not known which task
is being performed. This is analogous to the situation in the distributed sensor
network domain where an agent may detect a target in a sector, but does not
know its exact location. Finally, when a variableAi is assigned a value, the
corresponding agent executes the corresponding operation.

Next, we must constrain agents to assign “yes” values to variables only
when an operation has succeeded. However, in dynamic problems, an oper-
ation may succeed at some time and fail at another time since tasks are dy-
namically added and removed from the current set of tasks to be performed.
Thus, every variable is constrained by the followingdynamiclocal constraints
(as defined in Section 1.3.4).

Dynamic Local Constraint 1 (LC1): 8Tr 2 �, 8Oi
p 2 �(Tr),

LC1(Ai) = (P, C), where Predicate P:Oi
p succeeds.

Constraint C:Ai = Oi
p*yes

Dynamic Local Constraint 2 (LC2): 8Tr 2 �, 8Oi
p 2 �(Tr),

LC2(Ai) = (P, C), where Predicate P:Oi
p does not succeed.

Constraint C:Ai 6= Oi
p*yes

The truth value of P is not known in advance. Agents must execute their
operations, and based on the result, locally determine if C needs to be satisfied.
In dynamic problems, where the set of current tasks is changing over time,
the truth value of P will also change over time, and hence the corresponding
DyDisCSP will need to be continually monitored and resolved as necessary.

We now define the External Constraint (EC) between variables of two dif-
ferent agents. EC is a normal static constraint and must always be satisfied.

External Constraint : 8Tr 2 �, 8Oi
p 2 �(Tr), 8Aj 2 A,

EC(Ai, Aj): (1)Ai = Oi
pTryes, and

(2) 8tr 2 Tr, Oi
p 2 tr, 9q Oj

q 2 tr:

) Aj = Oj
qTryes

The EC constraint requires some explanation. It says that ifAi detects a
task, then other agents in minimal settr must also help with the task. In partic-
ular, Condition (1) states that an agentAi is executing a successful operation
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Oi
p for taskTr. Condition (2) quantifies the other agents whose operations are

also required forTr. If Aj is one of those agents, i.e.,Oj
q is an operation that

can help performTr, the consequent requiresAj to choose operationOj
q. Note

that every pair of variablesAi andAj have an EC constraint between them. If
Aj is not required forTr, condition (2) is false and EC is trivially satisfied.

Correctness of Mapping I. We now show that Mapping I can be used
to model a given SCF resource allocation problem as a DyDisCSP. Theorem II
states that our DyDisCSP always has a solution. This means the constraints as
defined above are not inconsistent and thus, it is always possible to solve the
resulting DyDisCSP. Theorem III then states that if agents reach a solution, all
tasks are (being) performed. Note that the converse of the Theorem III does not
hold, i.e. it is possible for agents to be performing all tasksbeforea solution
to the DyDisCSP is reached. This is due to the fact that when all current tasks
are being performed, agents whose operations are not necessary for the current
tasks could still be violating some constraints.

Theorem II: Given an unrestricted SCF Resource Allocation Problem
hAg,
,�i, �current � �, a solution always exists for the DyDisCSP ob-
tained from Mapping I.

proof: We proceed by presenting a solution to any given DyDisCSP prob-
lem obtained from Mapping I.

Let B = fAi 2 A j 9Tr 2 �current;9O
i
p 2 �(Tr)g. B contains precisely

those agents who have an operation that can contribute to some current task.
We will first assign values to variables inB, then assign values to variables that
are not inB. If Ai 2 B, we assignAi = Oi

pTryes, whereTr 2 �current and
Oi
p 2�(Tr). We know suchTr andOi

p exist by the definition ofB. If Ai 62 B,
we may choose anyOi

pTrno 2 Domain(Ai) and assignAi = Oi
pTrno.

To show that this assignment is a solution, we first show that it satisfies the
EC constraint. We arbitrarily choose two variables,Ai andAj , and show that
EC(Ai, Aj) is satisfied. We proceed by cases. LetAi; Aj 2 A be given.

case 1:Ai 62 B

SinceAi = Oi
pTrno, condition (1) of EC constraint is false and thus EC

is trivially satisfied.

case 2:Ai 2 B;Aj 62 B

Ai = Oi
pTryes in our solution. Lettr 2 Tr, Oi

p 2 tr. We know that
Tr 2 �current and sinceAj 62B, we conclude that6 9Oj

q 2 tr. Condition
(2) of the EC constraint is false and thus EC is trivially satisfied.

case 3:Ai 2 B;Aj 2 B
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Ai = Oi
pTryes andAj = Oj

qTsyes in our solution. Lettr 2 Tr, Oi
p 2

tr. Ts andTr must be strongly conflict free since both are in�current. If
Ts 6= Tr, then 6 9 Oj

n 2 
, Oj
n 2 tr. Condition (2) of EC(Ai,Aj) is false

and thus EC is trivially satisfied. IfTs = Tr, then EC is satisfied since
Aj is helpingAi performTr.

Next, we show that our assignment satisfies the LC constraints. IfAi 2 B

thenAi = Oi
pTryes, and LC1, regardless of the truth value of P, is clearly

not violated. Furthermore, it is the case thatOi
p succeeds, sinceTr is present.

Then the predicate P of LC2 is not true and thus LC2 is not present. IfAi 62 B

andAi = Oi
pTrno, it is the case thatOi

p is executed and, by definition, does
not succeed. Then, the predicate P of LC1 is not satisfied and thus LC1 is not
present. LC2, regardless of the truth value of P, is clearly not violated. Thus,
the LC constraints are satisfied by all variables. We can conclude that all con-
straints are satisfied and our value assignment is a solution to the DyDisCSP.

Theorem III: Given an unrestricted SCF Resource Allocation Problem
hAg,
,�i, �current � � and the DyDisCSP obtained from Mapping I, if
an assignment of values to variables in the DyDisCSP is a solution, then
all tasks in�current are performed.

proof: Let a solution to the DyDisCSP be given. We want to show that all
tasks in�current are performed. We proceed by choosing a taskTr 2�current.
Since our choice is arbitrary and tasks are strongly conflict free, if we can show
that it is indeed performed, we can conclude that all members of�current are
performed.

Let Tr 2 �current be given. By theNotification Assumption, some oper-
ationOi

p, required byTr will be executed. However, the corresponding agent
Ai, will be unsure as to which task it is performing whenOi

p succeeds. This is
due to the fact thatOi

p may be required for many different tasks. It may choose
a task,Ts 2 T (Oi

p), and LC1 requires it to assign the valueOi
pTsyes. We will

show thatAi could not have chosen incorrectly since we are in a solution state.
The EC constraint will then require that all other agentsAj, whose operations
are required forTs also execute those operations and assignAj = Oj

qTsyes.
We are in a solution state, so LC2 cannot be present forAj . Thus,Oj

q succeeds.
Since all operations required forTs succeed,Ts is performed. By definition,
Ts 2 �current. But since we already know thatTs andTr have an opera-
tion in common, the Strongly Conflict Free condition requires thatTs = Tr.
Therefore,Tr is indeed performed.

1.3.6 Mapping WCF Problems into DyDisCSP

This section begins with a discussion of the difficulty in using Mapping I for
solving WCF problems. This leads to the introduction of a second mapping,
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Mapping II, which is able to map WCF problems into DyDisCSP so that it can
be efficiently solved using existing distributed constraint reasoning methods.

Our first mapping has allowed us to solve any SCF resource allocation prob-
lem. However, when we attempt to solve WCF resource allocation problems
with this mapping, it fails because the DyDisCSP becomes overconstrained.
This is due to the fact that Mapping I requires all agents who can possibly
help perform a task to do so. If only three out of four agents are required
for a task, Mapping I will still require all four agents to perform the task. In
some sense, this results in an overallocation of resources to some tasks. This
is not a problem when all tasks are independent as in the SCF case. However,
in the WCF case, this overallocation may leave other tasks without sufficient
resources to be performed. One way to solve this problem is to modify the
constraints in the mapping to allow agents to reason about relationships among
tasks. However, this requires adding n-ary (n > 2) external constraints to the
mapping. This is problematic in a distributed situation because there are no
efficient algorithms for non-binary distributed CSPs. Existing methods require
extraordinary amounts of inter-agent communication. Instead, we create a new
mapping by extending mapping I to n-ary constraints, then taking its dual rep-
resentation. In the dual representation, variables correspond to tasks and values
correspond to operations. This allows all n-ary constraints to belocal within an
agent and all external constraints are reduced to equality constraints. Restrict-
ing n-ary constraints to be local rather than external is more efficient because
it reduces the amount of communication needed between agents. This new
mapping, Mapping II, allocates only minimal resources to each task, allowing
WCF problems to be solved. Mapping II is described next and proven cor-
rect. Here, each agent has a variable for each task in which its operations are
included.

Mapping II: Given a Resource Allocation ProblemhAg, 
, �i, the corre-
sponding DyDisCSP is defined as follows:

Variables: 8Tr 2 �;8Oi
p 2 �(Tr), create a DyDisCSP variableTr;i

and assign it to agentAi.

Domain: For each variableTr;i, create a valuetr;i for each minimal set
in Tr, plus a “NP” value (not present). The NP value allows agents to
avoid assigning resources to tasks that are not present and thus do not
need to be performed.

In this way, we have a variable for each task and a copy of each such variable
is assigned to each agent that has an operation for that task. For example in
Figure 1.2.b, Agent A1 has one variable,T1;1, Agent A2 has one variableT1;2,
Agent A3 has two variables,T1;3 andT2;3, one for each task it can perform, and
Agent A4 has two variables,T1;4 andT2;4. The domain of eachT1;i variable
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has five values, one for each of the four minimal sets as described in Section
1.3.1, plus the NP value.

Next, we must constrain agents to assign non-NP values to variables only
when an operation has succeeded, which indicates the presence of the corre-
sponding task. However, in dynamic problems, an operation may succeed at
some time and fail at another time since tasks are dynamically added and re-
moved from the current set of tasks to be performed. Thus, every variable is
constrained by the following dynamic local constraints.

Dynamic Local (Non-Binary) Constraint (LC1) :

8Ai 2 Ag, 8Oi
p 2 Op(Ai), let B = f Tr;i j O

i
p 2 Tr g. Then let the

constraint be defined as a non-binary constraint over the variables in B
as follows:

Predicate P:Oi
p succeeds

Constraint C:9Tr;i 2 B Tr;i 6= NP.

Dynamic Local Constraint (LC2): 8Tr 2 �, 8Oi
p 2 �(Tr), let the

constraint be defined onTr;i as follows:

Predicate P:Oi
p does not succeed

Constraint C:Tr;i = NP.

We now define the constraint that defines a valid allocation of resources and
the external constraints that require agents to agree on a particular allocation.

Static Local Constraint (LC3): 8Tr;i; Ts;i, if Tr;i = tr;i andTs;i = ts;i,
thentr;i andts;i cannot conflict. NP does not conflict with any value.

External Constraint (EC) : 8i; j; r Tr;i = Tr;j.

For example, if Agent A4 assignsT1;4 = fO1
0 , O2

2 , O4
2g, then LC3 says it

cannot assign a minimal set to its other variableT2;4, that contains any opera-
tion of either Agent A1, A2 or A4. SinceT2;4 has only one minimal set,fO3

0 ,
O4
2g which contains Agent A4, the only compatible value is NP. Note that if

Target 1 and 2 are both present simultaneously as shown in Figure 1.2.b, the
situation is overconstrained since the NP value will be prohibited by LC1.

Correctness of Mapping II. We will now prove that Mapping II can
be used to represent any given WCF Resource Allocation Problem as a Dy-
DisCSP. As in Mapping I, the Theorem VII shows that our DyDisCSP always
has a solution, and the Theorem VIII shows that if agents reach a solution, all
current tasks are performed.

Theorem VII: Given a WCF Resource Allocation Problem hAg,
,�i,
�current � �, there exists a solution to DyDisCSP obtained from Mapping
II.
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proof: For all variables corresponding to tasks that are not present, we can
assign the value “NP”. This value satisfies all constraints except possibly LC1.
But the P condition must be false since the task is not present, so LC1 cannot be
violated. We are guaranteed that there is a choice of non-conflicting minimal
sets for the remaining tasks (by the WCF condition). We can assign the values
corresponding to these minimal sets to those tasks and be assured that LC3
is satisfied. Since all variable corresponding to a particular task get assigned
the same value, the external constraint is satisfied. We have a solution to the
DyDisCSP.

Theorem VIII: Given a WCF Resource Allocation Problem hAg,
,�i,
�current � � and the DyDisCSP obtained from Mapping II, if an assign-
ment of values to variables in the DyDisCSP is a solution, then all tasks in
�current are performed.

proof: Let a solution to the DyDisCSP be given. We want to show that
all tasks in�current are performed. We proceed by contradiction. LetTr 2
�current be a task that is not performed in the given solution state. Condition
(i) of the Notification Assumption says some operationOi

p, required byTr
will be executed and (by definition) succeed. LC1 requires the corresponding
agentAi, to assign a minimal set to some task which requiresOi

p. There may
be many choices of tasks that requireOi

p. SupposeAi chooses a taskTs. Ai

assigns a minimal set, sayts, to the variableTs;i. The EC constraint will then
require that all other agentsAj, who have a local copy ofTs calledTs;j, to
assignTs;j = ts. In addition, ifAj has an operationOj

q in the minimal setts, it
will execute that operation. Also, we know thatAj is not already doing some
other operation sincets cannot conflict with any other chosen minimal set (by
LC3).

We now have two cases. In case 1, supposeTs 6= Tr. Condition (ii) of
theNotification Assumption states thatTr is the only task that both requires
Oi
p and is actually present. Thus,Ts cannot be present. By definition, ifTs

is not present, it cannot be performed. If it cannot be performed, there cannot
exist a minimal set ofTs where all operations succeed (def of “performed”).
Therefore, some operation ints must fail. LetOj

q be an operation of agent
Aj that fails. SinceAj has assigned valueTs;j = ts, LC2 is violated byAj.
This contradicts the fact we are in a solution state. Case 1 is not possible. This
leaves case 2 whereTs = Tr. Then, all operations ints succeed andTr is
performed. We assumedTr was not performed, so by contradiction, all tasks
in �current must be performed.

1.4 Adopt algorithm for DCOP

Existing methods for DCR are insufficient for addressing the challenges
present in overconstrained distributed resource allocation problems. In par-
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ticular, previous work in DCR has dealt mainly with satisfaction based prob-
lems, which are inadequate for representing problems where there may be no
satisfactory solution. In this section, we present Distributed Constraint Opti-
mization Problems (DCOP) as a generalization of previous DCR representa-
tions to allow agents to reason in overconstrained situations. To solve DCOP,
we describe a new distributed constraint optimization algorithm, calledAdopt
(Asynchronous Distributed Optimization). Our evaluation results on standard
benchmarks show that Adopt obtains several orders of magnitude speed-up
over the only existing complete algorithm for DCOP.

DCOP includes a set of variables, each variable is assigned to an agent who
has control of its value, and agents must coordinate their choice of values so
that a global objective function is optimized. The global objective function is
modelled as a set of constraints, and each agent knows about the constraints in
which it is involved. We model the global objective function as a set ofvalued
constraints, that is, constraints that are described as functions that return a
range of values, rather than predicates that return only true or false. Figure
1.3.a shows an example constraint graph with four agents. In the example, all
constraints are identical only for simplicity.

Adopt, to the best of our knowledge, is the first algorithm for distributed
constraint optimization that can find either an optimal solution or a solution
within a user-specified distance from the optimal, using only localized asyn-
chronous communication and polynomial space at each agent. Detailed proofs
are presented in (Modi03). The main idea behind Adopt is to get asynchrony
by allowing each agent to change its variable value whenever it detects there
is a possibility that some other solution may be better than the one currently
under investigation. This condition is detected through the computation and
communication of lower bounds. This search strategy increases asynchrony
because an agent does not need global information to make its local decisions.
However, this strategy may be inefficient because it also allows partial solu-
tions to be abandoned before suboptimality is proved. Thus, the second key
idea in Adopt is to efficiently reconstruct previously considered partial solu-
tions (using only polynomial space) through the use ofbacktrack threshold–
an allowance on solution cost that prevents backtracking. These two key ideas
together yield efficient asynchronous search for optimal solutions. Finally, the
third key idea in Adopt is to provide a termination detection mechanism built
into the algorithm – agents terminate whenever they find a complete solution
whose cost is under their current backtrack threshold. Previous asynchronous
search algorithms have typically required a termination detection algorithm to
be invoked separately, which can be problematic since it requires additional
message passing.
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Figure 1.3. (a) Constraint graph. (b) Communication graph.

Overview of Algorithm. We describe the algorithm at a high-level
and refer the reader to (Modi03) for further details (including pseudocode).
Agents are prioritized in a Depth-First Search (DFS) tree in which each agent
has a singleparentand multiplechildren. Thus, unlike previous algorithms,
Adopt doesnot require a linear priority ordering on all the agents. Figure 1.3.b
shows a DFS tree formed from the constraint graph in Figure 1.3.a –x1 is the
root,x1 is the parent ofx2 andx2 is the parent of bothx3 andx4. Constraints
are allowed between an agent and any of its ancestors or descendents (there
is a constraint betweenx1 andx3), but there can be no constraints between
nodes in different subtrees of the DFS tree. We assume parent and children are
neighbors. The requirement of a DFS ordering places no restrictions on the
constraint network itself – every connected constraint network can be ordered
into some DFS tree(Lynch96). Distributed algorithms for forming DFS trees
are also presented in(Hamadi98) (Lynch96). We will assume the DFS ordering
is done in a preprocessing step so every agent knows its parent and children.

The communication in Adopt is shown in Figure 1.3.b. The algorithm begins
by all agents choosing their variable values concurrently. Variable values are
sent down constraint edges via VALUE messages – an agentxi sends VALUE
messages only to neighbors lower in the DFS tree and receives VALUE mes-
sages only from neighbors higher in the DFS tree. A second type of message,
a THRESHOLD message, is sent only from parent to child. A THRESHOLD
message contains a single number representing a backtrack threshold, initially
zero. Upon receipt of any type of message, an agent i) calculates cost and pos-
sibly changes variable value and/or modifies its backtrack threshold, ii) sends
VALUE messages to its lower neighbors and THRESHOLD messages to its
children and iii) sends a third type of message, a COST message, to its par-
ent. A COST message is sent only from child to parent. A COST message
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Figure 1.4. Average number of cycles required to find the optimal solution

sent fromxi to its parent contains the cost calculated atxi plus any costs re-
ported toxi from its children. (xi is informed of costs at agents in the subtree
rooted atxi by COST messages it receives from its own children.) To summa-
rize the communication, variable value assignments (VALUE messages) are
sent down the DFS tree while cost feedback (COST messages) for the higher
agents’ value choices percolate back up the DFS tree. It may be useful to view
COST messages as a generalization of NOGOOD message from DisCSP al-
gorithms. THRESHOLD messages are sent down the tree to reduce redundant
search.

1.4.1 Evaluation

As in previous experimental set-ups(Hirayama00), we experiment on dis-
tributed graph coloring with 3 colors. One node is assigned to one agent who
is responsible for choosing its color. Cost of solution is measured by the to-
tal number of violated constraints. We experimented with graphs of varying
link density– a graph with link densityd hasdn links, wheren is the number
of nodes in the graph. For statistical signficance, each datapoint represent-
ing number of cycles is the average over 25 random problem instances. The
randomly generated instances were not explicitly made to be overconstrained,
but note that link density 3 is beyond phase transition, so randomly generated
graphs with this link density are almost always overconstrained. Also as in
(Hirayama00), time to solution is measured in terms of synchronous cycles.
Onecycle is defined as all agents receiving all their incoming messages and
sending out all their outgoing messages. The tree-structured DFS priority or-
dering for Adopt was formed in a preprocessing step. To compare Adopt’s
performance with algorithms that require a chain (linear) priority ordering, a
depth-first traversal of Adopt’s DFS tree was used.
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1.4.2 EÆciency

We present the empirical results from experiments using three different
algorithms for DCOP – Synchronous Branch and Bound (SynchBB), Syn-
chronous Iterative Deepening (SynchID) and Adopt. We illustrate that Adopt
outperforms SynchBB(Hirayama97), a distributed version of branch and bound
search and the only known algorithm for DCOP that provides optimality guar-
antees. In addition, by comparing with SynchID we show that the speed-up
comes from two sources: a) Adopt’s novel search strategy, which uses lower
bounds instead of upper bounds to do backtracking, and b) the asynchrony of
the algorithm, which enables concurrency.

SynchID is an algorithm we have constructed in order to isolate the causes of
speed-ups obtained by Adopt. SynchID simulates iterative deepening search
(korf85) in a distributed environment. SynchID’s search strategy is similar
to Adopt since both algorithms iteratively increase lower bounds and use the
lower bounds to do backtracking. However, the difference is that SynchID
maintains a single global lower bound and agents are required to execute se-
quentially and synchronously while in Adopt, each agent maintains its own
lower bound and agents are able to execute concurrently and asynchronously.

Figure 1.4 shows how SynchBB, SynchID and Adopt scale up with increas-
ing number of agents on graph coloring problems. The results in Figure 1.4
(left) show that Adopt significantly outperforms both SynchBB and SynchID
on graph coloring problems of link density 2. The speed-up of Adopt over
SynchBB is 100-fold at 14 agents. The speed-up of Adopt over SynchID is 7-
fold at 25 agents and 8-fold at 40 agents. The speedups due to search strategy
are significant for this problem class, as exhibited by the difference in scale-up
between SynchBB and SynchID. In addition, the figure also show the speedup
due exclusively to the asynchrony of the Adopt algorithm. This is exhibited
by the difference between SynchID and Adopt, which employ a similar search
strategy, but differ in amount of asynchrony. In SynchID, only one agent ex-
ecutes at a time so it has no asynchrony, whereas Adopt exploits asynchrony
when possible by allowing agents to choose variable values in parallel. In sum-
mary, we conclude that Adopt is significantly more effective than SynchBB on
sparse constraint graphs and the speed-up is due to both its search strategy
and its exploitation of asynchronous processing. Adopt is able to find optimal
solutions very efficiently for large problems of 40 agents.

Figure 1.4 (middle) shows the same experiment as above, but for denser
graphs, with link density 3. We see that Adopt still outperforms SynchBB
– 10-fold at 14 agents and at least 18-fold at 18 agents (experiments were
terminated after 100000 cycles). The speed-up between Adopt and SynchID,
i.e, the speed-up due to concurrency, is 2.06 at 16 agents, 2.22 at 18 agents and
2.37 at 25 agents. Finally, Figure 1.4 (right) shows results from a weighted
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version of graph coloring where each constraint is randomly assigned a weight
between 1 and 10. Cost of solution is measured as the sum of the weights of
the violated constraints. We see similiar results on the more general problem
with weighted constraints.

These experiments demonstrate that although distributed constraint opti-
mization is intractable in the worst case, some classes of problems exhibit
special properties in which optimal algorithms can perform very well. In par-
ticular, Adopt is able to guarantee optimality at low cost for large problems
when the constraint network is sparse – a typical feature of distributed sensor
networks (Modi01).

1.5 Application of DCR to Distributed Sensor
Networks

This section presents techniques to apply DCR algorithms in a real-world
application. First, we have developed a two-layered architecture. The general
principle is to allow a coordination algorithm to solve the problem for which
it was designed by encapsulating algorithms for dealing with hardware issues
into a lower layer. The lower layer is a probabilistic component that deals with
task uncertainty and dynamics and allows an agent to do local reasoning when
time for coordination is not available. The lower layer provides information
to the higher layer about which tasks are present, thus presenting the DCR
algorithm with an abstracted problem. DCR runs as the higher layer coordi-
nating inter-agent activities. The higher layer, which is able to communicate
with other agents, provides non-local information about the presence of tasks
to the lower layer thereby allowing the lower layer to update its probability
model about which tasks are present. The incorporation of non-local informa-
tion gives each sensor a more accurate picture of the environment and results
in better overall system performance.

Since agents cannot determine with certainty which tasks are present, they
must represent the probability that a particular task is present. The second key
idea is to update the probability distribution using both information from the
agent’s sensors and using information inferred from the distributed constraint
problem-solving between agents. The dynamics of the environment are han-
dled by continually updating the probability distribution, informing the DCR
algorithm when “significant” changes occur. DCR allocates resources to tasks
with a high probability of being present. While DCR has the capability to make
(probably sub-optimal) intermediate solutions available while it continues to
search for an optimal solution, it can potentially take some time to find even a
first solution once the situation changes. The third key idea of this work is for
the lower layer to provide an ability to make fast, local resource allocation de-
cisions when time for coordination is limited to ensure reasonable operation in



Distributed Resource Allocation 29

a dynamic real-time environment. Thus, the lower layer can perform a simple
allocation of resources while DCR works on finding a good global allocation
of resources.

We present results obtained from an implementation of the system described
above on hardware sensors. The results show that the two-layered architecture
is effective at tracking moving targets. The probability model and local rea-
soning enabled the multiagent algorithm to deal with the difficulties posed by
the distributed sensor domain, allowing us to incorporate an existing “off the
shelf” distributed constraint reasoning algorithm into a real application. As far
as we are aware, this is the first report of successful application of DCR in a
real application. We believe this is a significant first step towards moving mul-
tiagent algorithms developed on abstract problems onto robotic applications.

1.5.1 Distributed Constraint Reasoning for
Distributed Sensors

To use DCR in a distributed sensor domain it was necessary to add a second
layer which maintains a probabilistic representation of the currently present
tasks. This layer presents an abstracted problem to DCR which allows the
multiagent algorithm to perform its core task of finding good solutions to the
abstract problem. The probabilistic layer also performs resource allocation
itself, when DCR does not have solutions immediately available. In the re-
mainder of this section, we describe the overall architecture, including the in-
teraction between the two layers. In the next section we describe the details of
the probabilistic layer in more detail.

The probabilistic layer has two distinct modes of operation, passive moni-
toring and pro-active. If the DCR layer has selected a task for the agent to work
on, the probabilistic layer has a passive monitoring role. In this way, DCR is
given primary responsibility for making decisions because it is able to make
globally optimal allocation decisions while the probabilistic layer can only ran-
domly choose between detected targets. However, if DCR has selected a task
for the agent but that task is determined to be not present, for example through
the local sensing that occurs during passive monitoring, then the probabilis-
tic layer acts pro-actively to determine which tasks are present and allocate
resources to one of those tasks. In other words, the probabilistic layer is pro-
active in making resource allocation decisions when DCR does not have an
up-to-date information. Notice that the probabilistic layer does its reasoning
asynchronously and in parallel to DCR’s resource allocation reasoning.

In its passive monitoring mode, the probabilistic layer updates its probabil-
ity distribution and informs DCR when the status of a task changes, e.g., when
a task status changes from present to not present. In its active mode, the prob-
abilistic layer takes actions that will indicate the presence of a task as quickly
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Figure 1.5. Diagram of the basic information flows around an agent.

as possible. Determining which action will most readily indicate the presence
of a task can be inferred from the sensor model (see below). The action is
determined by calculating which action has the highest probability of giving a
reading that will reduce uncertainty about the presence of tasks.

Figure 1.5 shows the channels of communication and the information that
flows along those channels within an agent. Notice that information flows
down from the high level DCR layer and up from the low level probabilistic
layer. This allows the agent to take advantage of both local information, i.e.,
sensor readings, and global information, i.e., inferred information from other
agents, giving it an accurate picture of which tasks are present. Information
flows up from the probabilistic representation to DCR via messages indicating
that the status of a task has changed. For example, a message is sent when the
status of a task changes from “unknown” to “present” (status changes fromU

toP , as defined below). Information flows down, from DCR to the probabilis-
tic layer indicating which tasks other agents believe to be present, whenever it
receives a communication providing that information. For example, if Agent 2
communicates the presence of Task 1 to Agent 1, DCR at Agent 1 will send a
message to the probabilistic layer indicating the presence of Task 1.

1.5.2 Probabilistic Task Representation

For each task inTa, a task status fromfP;NP;Ug, representing present,
not present and unknown respectively, is maintained. Tasks, which map to
variables in DCR, with statusP should be assigned either valueAllocated
or Ignored by DCR. Tasks with statusNP should be assigned the value
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NotPresent by DCR. Finally, tasks with statusU can be assigned any value,
depending on the value at other agents by DCR. For these tasks, DCR relies on
task information from provided by agents to make its local decisions.

For eachT 2 Ta the probability that the task is currently present isPr(T ).
The agent maintains this probability for each task, i.e., it maintains prob-
abilities PR = fPr(T1) : : : P r(TN )g. Each agent’s probability distribu-
tion is maintained locally, hence different agents may have different prob-
abilities that a task is present. A function maps probabilities to task sta-
tus values. In the sensor network domain we use the following mapping:
if Pr(T ) < 0:2 thenNP else ifPr(T ) > 0:8 thenP elseU . The thresholds
for deciding whether a tasks is present, not present or unknown are determined
experimentally.

Maintaining an accurate probability distribution, and thus, giving DCR an
accurate set of present tasks, is essential to the success of this approach. To
create and maintain this distribution in a noisy, dynamic environment requires
the combination of multiple measurements to reduce uncertainty. While old
information can be useful, more weight is given to the most recent measure-
ments since the environment, i.e., the present tasks, changes dynamically. Four
pieces of information are used to update the probability distribution.

Updates based on observations made while performing a task, using
a learned environment model. Formally, this information isPr(T jS),
whereS is a sensor reading.

Updates made based on inferences from overheard communications from
other nodes. Formally, this information isPr(T jM) whereM is a mes-
sage.

Updates made based on knowledge of the dynamics of the domain. In
particular, the probability that a task is present given the probability that
it was present earlier. Formally, this information isPr(TtjTt�1), where
Pr(Tt) is the probability taskT is present at timet.

We refer to each type of information as an observation, denotedO. Each
of the types of observation provides some evidence about the presence of a
task,T . In particular, given a model of the types of observation that can be
received we can calculatePr(T jO). That evidence should be combined with
previous evidence to makePr(T ) more accurate. However, since the situation
changes dynamically, more recent evidence should be weighted more heav-
ily than older information. The integration of the new observations with the
previous evidence uses a variation on Bayes’ rule:

Pr(T jO) =
Pr(OjT )� Pr(T )

Pr(O)
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In this equationO is the new observation.Pr(OjT ) is the probability of
getting the observation given that the task is present. This probability is calcu-
lated in different ways, depending on the type of observation. For example, a
model of the sensors provides this information for sensor observations.Pr(T )
is the a priori probability of taskT . Since we know the probability that the task
was present in the previous time step we can use that information to calculate
the probability that the task is present in the current time step. That is:

Pr(Tt) =
Pr(TtjTt�1)� Pr(Tt�1)

Pr(Tt�1jTt)

wherePr(Tt) is the probability of taskT being present at timet. For sim-
plicity, we setPr(TtjTt�1)

Pr(Tt�1jTt)
= w. Thus, the calculation of the probability of a

task given a new measurement and a previous probability is:

Pr(TtjO) =
Pr(OjTt)� wPr(Tt�1)

Pr(O)

The integration of new observations iteratively updatesPR. When any
Pr(T )changes enough that it causes the status of a task to change, e.g.,NP to
P , a message is sent to DCR which then may start a new round of negotiation
to determine a new optimal task allocation.

DCR assigns weights to tasks, prioritizing tasks with higher weights. Nor-
mally, if the status of some task isU the agent will not actively try to allocate
resources to that task, nor will it take actions to determine whether or not the
task is actually present. However, if it is currently allocating resources to a
task with lower weight than a task with statusU it will periodically schedule
actions to resolve the uncertainty surrounding that task. In particular, in the
sensor network domain it can switch to the sector most likely to determine
whether or not the task is present. This behavior ensures that important tasks
are not ignored simply because no agent checks whether the task is present.
However, agents do not spend time checking for tasks that are of lower priority
than the one to which they are currently allocating resources.

1.5.3 Updates from Sensors

With a model of its environment and readings from it sensors, an agent can
apply Bayes’ rule to reason about the presence of all possible tasks. Such a
technique for reducing uncertainty is purely local, i.e., only local information
is used. To apply Bayes’ rule the agent needs to knowPr(OjT ) andPr(O).
Table 1.2 shows part of the model ofPr(OjT ), i.e., a model of the probability
of a reading given the presence of a task, for a subset of tasks for a particular
node and sector. Column 1 gives the strength of the reading, with higher num-
bers representing stronger readings. Readings of strength 0 and 1 cannot be
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Task
Reading T1 T2 T3 T4 T5 T6 T7 T8

0 0.83 0.69 0.65 0.51 0.39 0.39 0.78 0.89
1 0.16 0.29 0.28 0.27 0.19 0.15 0.15 0.10
2 0.0 0.01 0.05 0.17 0.17 0.14 0.03 0.0
3 0.0 0.0 0.0 0.03 0.15 0.11 0.02 0.0
4 0.0 0.0 0.0 0.0 0.05 0.05 0.0 0.0
5 0.0 0.0 0.0 0.0 0.01 0.13 0.0 0.0

Table 1.2. Part of the model ofPr(OjT ) for one sensor and sector and a subset of tasks.

Strength 0 1 2 3 4 5
Probability 0.83 0.09 0.02 0.01 0.01 0.02

Table 1.3. Pr(O) for a particular sensor and sector.

distinguished from noise. Columns 2-9 show the probability of getting a read-
ing of that strength given that the task is currently present. This sensor can give
little information about the presence of Task 1, since even if the task is present
the readings will be no stronger than noise. On the other hand, for Task 6, the
sensor will get a reading of strength 5, 13% of the time, if Task 6 is present.
Table 1.3 shows the a priori probability of getting readings of various strengths.
The table shows that readings of strength 5 are quite rare. Using Bayes’ rule
and the initial probability of Task 6 being present, a reading of strength 5 would
markedly increase the probability of Task 6 being present. For the distributed
sensor domain,Pr(OjT ) can be calculated analytically from a model of the
sensor.

1.5.4 Updates from Overheard Communication

In order to find a good allocation of resources to tasks, DCR requires agents
negotiate as described above. Since the probability distribution of each agent
will be different and the local sensing actions of each agent detect different
tasks, agents can infer useful information from communications from other
agents. Inferring information from communication is a non-local method for
reducing uncertainty about which tasks are currently present.

The DCR layer does not deal with probabilities, instead is uses the ab-
stractedIgnore, Allocated andNotPresent values. Messages containing
valuesIgnore or Allocated imply that the sender agent believes a task is
present, while messages withNotPresent imply that the agent believes a task
is absent. Since every agent uses the same probabilistic reasoning, a receiving
agent can infer that the sender agent’s current probability for task presence
is above threshold whenever the sender agent sends a message indicating task
presence. However, because the sending agent may indicate task presence even
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Figure 1.6. The configuration of the room, sensors and target track for hardware experiments.
Dotted ellipses from sensor on left hand sensor show approximate range of two of the sensors
radar heads.

though its probability of task presence is less than 1.0 (but above threshold),
the receiving agent cannot assume the task is definitely present and must apply
Bayes’ rule when updating its own probability distribution.

1.5.5 Hardware Experiments

Below, we describe the results of two separate illustrative experiments. In
the first experiment, the sensors were arranged in a diamond, in a small room
in an office environment, providing a very noisy environment for the sensors.
The configuration is shown in Figure 1.6. The lines on the sensors show the
orientation of the radar heads. Notice that the sensors at the ends of the room
did not need to change sectors, while the sensors on the sides of the room
needed to switch between two sectors.

The aim of the sensor network is to obtain an accurate track of one or more
moving targets. Creating such a track involves a variety of algorithms working
together, e.g., the task allocation algorithm and an algorithm for combining
measurements from multiple sensors. A sample track is shown in Figure 1.8.
The quality of the track is dependent on the number of measurements taken —
the more the measurements, the better the results. To check if competing algo-
rithms might have performed better, we present the results from three different
algorithms in Figure 1.7 (the y-axis shows the number of measurements taken
and the x-axis shows the algorithm used). The first algorithm used a fixed con-
figuration of sectors based on the known track of the target. One configuration
had the sensors on the sides of the room both looking towards one end of the
room (“fixed up” in the figure), while the other had the sensors on the sides
of the room looking to opposite ends of the room (“fixed u/d” in the figure).
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Figure 1.7. Number of measurements made by various algorithms.

The next algorithm (”local” in the figure) used only local sensing information,
changing sectors whenever it failed to sense a target in the sector it was cur-
rently using. Finally, DCR was used with various timeout lengths (1 second
– “T=1000” in the figure, 2 seconds – “T=2000” and 5 seconds – “T=5000”).
Each algorithm was run three times, each time for 20 minutes. The values
shown on the graphs are the average number of measurements across the three
runs.

DCR performed clearly better than the other algorithms because the four
nodes together were better able to resolve uncertainty and find the target than
the localized algorithms. The “local” algorithm performed worst because it
was most susceptible to the noise in the environment. A single false reading
indicating the presence of a target would result in the agent wasting a signifi-
cant amount of time. The algorithms utilizing information from others as well
as their own information were less susceptible to single noisy measurements.
The reason for the difference in performance of DCR is related to the ratio of
the speed of the moving target and the speed at which nodes can communicate.

Figure 1.9 shows a track produced using the two layered technique with a
software simulator. The simulator accurately captures the noise and dynamics
experienced in the real domain. In this case there were eight nodes and two
trains. The figure shows the track produced for one of the trains, which moved
on an oval shaped track around a room. To be tracking both trains at once at
least six of the nodes needed to be taking measurements. Often, a node could
take measurements of both targets and coordination was required to determine
which target it should track.
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Figure 1.9. Track produced by eight sensors in a software simulator.
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1.6 Conclusion

Despite the significant progress and attention paid to distributed resource
allocation, it is still an open, challenging problem in multiagent systems re-
search. In this work, we have identified three major shortcomings of current
research: a) lack of formal models of distributed resource allocation that allow
general distributed constraint reasoning (DCR) solution strategies, b) lack of
sufficiently advanced DCR algorithms, and c) lack of a principled understand-
ing of how to apply DCR to real-world applications. We have presented three
contributions for addressing these shortcomings: a) a formalism of distributed
resource allocation that allowed a detailed complexity analysis and general-
ized mappings into DCR, b) an asynchronous algorithm for DCR applicable
in overconstrained situations, and c) a two-layered architecture for applying
DCR to real-world hardware. Indeed, future researchers attempting to solve
difficult distributed resource allocation problems will obtain assistance in this
chapter in understanding the difficulty of their problem, choosing an appropri-
ate DCR representation and algorithm, and successfully applying the algorithm
in a real-world application.
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