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Abstract

Following [OW16], we continue our analysis of: (i) “Quantum tomography”, i.e., learning
a quantum state, i.e., the quantum generalization of learning a discrete probability distribu-
tion; (ii) The distribution of Young diagrams output by the RSK algorithm on random words.
Regarding (ii), we introduce two powerful new tools:

e A precise upper bound on the expected length of the longest union of & disjoint increasing
subsequences in a random length-n word with letter distribution ay > as > --- > a4. Our
bound has the correct main term and second-order term, and holds for all n, not just in
the large-n limit.

e A new majorization property of the RSK algorithm that allows one to analyze the Young
diagram formed by the lower rows Ag, Ak41,... of its output.

These tools allow us to prove several new theorems concerning the distribution of random
Young diagrams in the nonasymptotic regime, giving concrete error bounds that are optimal,
or nearly so, in all parameters. As an one example, we give a fundamentally new proof of the
celebrated fact that the expected length of the longest increasing sequence in a random length-n
permutation is bounded by 2y/n. This is the k = 1, o; = %, d — oo special case of a much
more general result we prove: the expected length of the kth Young diagram row produced by
an a-random word is axpn £ 2v/aidn.

From our new analyses of random Young diagrams we derive several new results in quantum
tomography, including:

e Learning the eigenvalues of an unknown state to e-accuracy in Hellinger-squared, chi-
squared, or KL distance, using n = O(d?/¢) copies.
e Learning the top-k eigenvalues of an unknown state to e-accuracy in Hellinger-squared or
chi-squared distance using n = O(kd/¢) copies or in £3 distance using n = O(k/e) copies.
e Learning the optimal rank-k approximation of an unknown state to e-fidelity (Hellinger-
squared distance) using n = O(kd/€) copies.
We believe our new techniques will lead to further advances in quantum learning; indeed, they
have already subsequently been used for efficient von Neumann entropy estimation.
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1 Introduction

The Robinson—Schensted—Knuth (RSK) algorithm is a well-known combinatorial algorithm with di-
verse applications throughout mathematics, computer science, and physics. Given a word w with n
letters from the alphabet [d], it outputs two semistandard Young tableaus (P, Q) = RSK(w) with
common shape given by some Young diagram A € N? (\; > --- > )\;). We write A\ = shRSK(w),
and mention that A can be defined independently of the RSK algorithm as in Theorem 1.2 below.
In the RSK algorithm, the process generating the first row is sometimes called patience sorting,
and it is equivalent to the basic dynamic program for computing w’s longest (weakly) increasing
subsequence.

Definition 1.1. Given a word w € [d]", a subsequence is a sequence of letters (wj,, ..., w;,) such
that i1 < --- < ip. The length of the subsequence is . We say that the subsequence is weakly
increasing, or just increasing, if w;; < --- < w;,. We write LIS(w) for the length of the longest

weakly increasing subsequence in w.

Hence A; = LIS(w), a result known as Schensted’s Theorem [Sch61]. Further rows of A are charac-
terized by Greene’s Theorem as giving the “higher order LIS statistics” of w.

Theorem 1.2 ([Gre74]). Suppose A = shRSK(w). Then for each k, A1 + -+ + Ag is equal to the
length of the longest union of k disjoint (weakly) increasing subsequences in w.

For background on the RSK algorithm, see e.g. [Ful97, Rom14] and the references therein.

Many applications involve studying the behavior of the RSK algorithm when its input is drawn
from some random distribution. A famous case is the uniform distribution over length-n permuta-
tions 7 ~ S, (in which case d = n); here the resulting random Young diagram A = RSK(r) is said
to have Plancherel distribution. Starting with the work of Ulam [Ula61], a line of research has stud-
ied the distribution of the longest increasing subsequence of 7; its results are summarized as follows:
E[LIS(m)] — 2y/n as n — oo [LS77, VK77] (in fact, E[LIS(7)] < 24/n for all n [VK85, Pil90]), and
the deviations of LIS(7r) from this value can be characterized by the Tracy-Widom distribution
from random matrix theory [BDJ99]. The RSK algorithm has played a central role in many of these
developments, and these results have been shown to apply not just to the first row A = LIS(7)
but also to the entire shape of A [Joh01, BOOO00]. In a different stream of research, the Plancherel
distribution arises naturally in quantum algorithms which perform Fourier sampling over the sym-
metric group. Here, its properties have been used to show that any quantum algorithm for graph
isomorphism (or, more generally, the hidden subgroup problem on the symmetric group) which
uses the “standard approach” must perform highly entangled measurements across many copies of
the coset state [HRTS03, MRS08, HMR10].

In this work, we consider a more general setting, sometimes called the inhomogeneous random
word model, in which the input to the RSK algorithm is a random word w whose letters are selected
independently from some probability distribution.

Definition 1.3. Given a probability distribution a@ = (ay,...,aq) on alphabet [d], an n-letter
a-random word w = (w1, ..., w,), written as w ~ a®", is a random word in which each letter w;
is independently drawn from [d] according to «. The Schur—-Weyl distribution SW™(«) is the
distribution on Young diagrams given by A = shRSK(w). Although it is not obvious, it is a fact
that the distribution SW”(«) does not depend on the ordering of a’s components. Thus unless
otherwise stated, we will assume that « is sorted; i.e., ay > -+ - > ay.

(The homogeneous random word model is the special case in which o; = é, for each i € [d]. Tt is
easy to see that in this case, SW"(«) converges to the Plancherel distribution as d — 00.) Aside



from arising naturally in combinatorics and representation theory, the Schur-Weyl distribution also
appears in a large number of problems in quantum learning and data processing, as we will see
below.

Much of the prior work on the Schur—Weyl distribution has occurred in the asymptotic regime,
in which d and « are held constant and n — oco. An easy exercise in Chernoff bounds shows
that LIS(w)/n — a1 as n — oo. Generalizing this, a sequence of works [TWO01, JohO1, ITWO01,
HX13, Mél12] have shown that in this regime, A is equal to (aqn,...,agn) plus some lower-order
fluctuations distributed as the eigenvalues of certain random matrix ensembles. From these works,
we may extract the following ansatz, coarsely describing the limiting behavior of the rows of A.

Ansatz: For all k € [d], A = agn £+ 2/ apdgn.

Here dj, is the number of times «y occurs in (ai,...,q). We survey this literature below in
Section 1.5.

1.1 A nonasymptotic theory of the Schur—Weyl distribution

In this work, motivated by problems in quantum state learning, we study the Schur—Weyl distribu-
tion in the nonasymptotic regime. Previous efforts in this direction were the works [HM02, CMO6]
and, more extensively, our previous paper [OW16]. Our goal is to prove worst-case bounds on the
shape of A which hold for all n, independent of d and . When possible, we would like to translate
certain features of the Schur—Weyl distribution present in the asymptotic regime — in particular,
the ansatz and its consequences — down into the nonasymptotic regime.

Clearly, nonasymptotic results cannot depend on the quantity di, which can be sensitive to
arbitrarily small changes in « that are undetectable when n is small. (Consider especially when «
is uniform versus when « is uniform but with each entry slightly perturbed.) Instead, our results
are in terms of the quantity min{1, ayd}, for each k € [d], which always upper bounds ayjdj.

Our first result tightly bounds the expected row lengths, in line with the ansatz.

Theorem 1.4. For k € [d], set v, = min{1, axd}. Then

apn — 2,/vpn < E A < agn + 24/vgn,
k k = AesWr(a) ES o k

This improves on a result from [OW16], which showed an upper bound in the k = 1 case
with error +2v/2y/n for general o and with error +2/n for o the uniform distribution. Setting
a = (%, . é) and letting d — oo, the & = 1 case of Theorem 1.4 recovers the above-mentioned
celebrated fact that the length of the longest increasing subsequence of a random permutation of n
is at most 2/n in expectation. Our result gives only the second proof of this statement since it was
originally proved independently by Vershik and Kerov in 1985 [VK85] and by Pilpel in 1990 [Pil90].

Next, we bound the mean-squared error of the estimator A;/n for ay.

Theorem 1.5. For k € [d], set v, = min{1, axd}. Then

2
)\NSVF\JI”(a)()\k agn)® < O(vgn).

Again, this is in line with the ansatz. This theorem can be used to derive tight bounds (up to
constant factors) on the convergence of the normalized Young diagram A = (A1/n,...,Ag/n) to «
in a variety of distance measures, including Hellinger-squared distance and the KL and chi-squared
divergences. Now in fact, using related techniques, in [OW16] we were able to prove convergence
bounds for some distance measures with stronger constants:



Theorem 1.6 ([OW16]) E [A-aqal3<

d
T A~SW™(a) n

d
d E A— < —.
o A~SW™ (a) 1A =el < Vn

In this work, we extend Theorem 1.6 to other, more challenging distance measures.

3%

Theorem 1.7. Let d(-,-) be any of dy2(-,-), dkvr(-,-), or d\2(-,-). Then )\NSV]*\]W(&) dA o) <
Not only are Theorems 1.6 and 1.7 in line with the ansatz, they even have the correct constant
factors, as predicted below by Theorem 1.24 in the asymptotic regime.

Finally, we show similar results for truncated distances, in which only the top k entries of A
and the top k entries of a are compared with each other. In [OW16], this was carried out for
truncated ¢; distance.

1.92k + .5
vnooo

By following the proof of this result, our Theorem 1.4 immediately implies the same bound with 1.5
in place of 1.92. In addition, we prove similar bounds for truncated ¢3, Hellinger, and chi-squared
distances.

Th 1.8 (JOW16)). E d®xa)<
eorem ([ )] oS () v, a) <

4
Theorem 1.9. E 4% A a) <

46kd
Theorem 1.10. Let d(-,-) be either dgz)(,) or d(kz)(-, ). Then E  dA o) < ——.
X A~SW™ (@) n
These results follow the ansatz, though our techniques are not yet strong enough to achieve optimal
constant factors.

1.2 Techniques

Our main techniques include a pair of majorization theorems for the RSK algorithm. Here we refer
to the following definition.

Definition 1.11. For z,y € R?, we say that = majorizes y, denotes = > y if T+ F T 2
Y+ +yp forall k € [d], with equality for k = d. Here the notation z[; means the ith largest
value among the x;’s. In the case of Young diagrams A and p, we also use the standard notation
A pu. Weak majorization, denoted with either -, or I>,,, is the case when the equality constraint
may not necessarily hold.

Several of our results require understanding the behavior of an individual row Ag, for k € [d].
However, the RSK algorithm’s sequential behavior makes understanding rows after the first quite
difficult. So instead, we adopt the strategy of proving bounds only for the first row (which can
sometimes be done directly), and then translating them to the kth row via the following new
theorem.

Theorem 1.12. Fix an integer k > 1 and an ordered alphabet A. Consider the RSK algorithm
applied to some string x € A"™. During the course of the algorithm, some letters of x get bumped
from the kth row and inserted into the (k + 1)th row. Let %) denote the string formed by those
letters in the order they are so bumped. On the other hand, let T be the subsequence of x formed
by the letters of x*) in the order they appear in z. Then shRSK(Z) > shRSK (z(*)).



Our other key tool is the following result allowing us to bound how much larger Ay + --- + Ag
is than its intended value ayn + - - - 4+ axn in expectation.

Theorem 1.13. Let a be a sorted probability distribution on [d] and let k € [d]. Then for all

n € N,
k k

E[Z )\Z(n)] - Z a;n < Excessi(a), where Excessg(a) = Z

i=1 =1 1<k<j

@

Oéi—Oéj.

Furthermore, using the notation E,(Cn)(a) for the left-hand side, it holds that E,gn)(a) /" Excessy ()
as n — oo provided that all o;’s are distinct.

The fact that EYZ) (o) — Excessy () as n — oo when all the «;’s are fixed and distinct was originally
proven in by Its, Tracy, and Widom [ITWO01]. We extend this to the general k case, and also show

that the sequence E%n) () is increasing in n, so that Excessi(«) is an upper bound for all n. So
long as oy and ay4 are sufficiently separated we have found that Excessi(«) gives a surprisingly
accurate bound on E[A;1 4+ -+ AXg] — (aun+-- -+ agn). When oy and aj41 are not well-separated,
on the other hand, Excessi(«) can be arbitrarily large. In this case, we consider a mildly perturbed
distribution o in which o}, and o, are well-separated and then apply Theorem 1.13 to o’ instead.
Supposing that o > «, we may then relate the bounds we get on SW" (') back to SW"(«) using
Theorem 1.11 from [OW16].

Theorem 1.14 ([OW16)). Let a, 8 € R be sorted probability distributions with 3 = «. Then for
any n € N there is a coupling (X, ) of SW" () and SW"(53) such that p > X\ always.

1.3 Quantum state learning

Our main application of these bounds is to problems in the area of quantum state learning. Here, one
is given n copies of a mixed state p € €% and asked to learn some property of p. For example,
one might attempt to learn the entire d x d matrix (quantum tomography), just its spectrum
a=(ay,...,aq) (quantum spectrum estimation), or some other more specific property such as its
von Neumann entropy, its purity, and so forth. These problems play key roles in various quantum
computing applications, including current-day verification of experimental quantum devices and
hypothesized future quantum protocols such as entanglement verification. We allow ourselves
arbitrary entangled measurements, and our goal is to learn while using as few copies n as possible.

The standard approach to designing entangled measurements for quantum state learning [ARSS8S,
KW01] uses a powerful tool from representation theory called Schur—Weyl duality, which states that

(€ = P Spy ® V.
A

Here the direct sum ranges over all partitions A - n of height at most d, and Sp, and V‘Al are the
irreps of the symmetric and general linear groups corresponding to A\. Measuring p®" according to
the projectors {II,}, corresponding to the A-subspaces is called weak Schur sampling and is the
optimal measurement if one is interested only in learning p’s spectrum « (or some function of «).
The outcome of this measurement is a random A whose distribution depends only on «; in fact:

Fact 1.15. When performed on p®", the measurement outcome X of weak Schur sampling is dis-
tributed exactly as the Schur—Weyl distribution SW™(«), where « is p’s spectrum.



(See, for example, the discussion of this in [OW16].) Following weak Schur sampling, p®™ collapses
to the subspace corresponding to A, and if one wishes to learn about more than just p’s spectrum,
one must perform a further measurement within this subspace. An algorithm which does so is
said to have performed strong Schur sampling. Note that weak Schur sampling refers to a specific
measurement, whereas strong Schur sampling refers to a class of measurements.

Fact 1.15, when paired with our results from Section 1.1, immediately suggests the following
algorithm for estimating p’s spectrum: perform weak Schur sampling, receive the outcome A, and
output A. This is exactly the empirical Young diagram (EYD) algorithm introduced independently
by Alicki, Ruckinci, and Sadowski [ARS88] and Keyl and Werner [KWO01]. To date, this is the
best known spectrum estimation algorithm, and it has recently been proposed for current-day
experimental implementation [BAHT16]. Our Theorem 1.7 immediately implies the following.

Theorem 1.16. The spectrum « can be learned in Hellinger-squared distance, KL divergence, and
chi-squared divergence using n = O(d?/e) copies.

Previously, it was known from the works of Hayashi and Matsumoto [HM02] and Christandl and
Mitcheson [CMO06] that n = O(d?/¢) - log(d/€®) copies sufficed for KL divergence (and hence for
Hellinger-squared). We note that Theorem 1.6 from [OW16] gave learning bounds of O(d/e) and
O(d?/€?) for spectrum learning under ¢3 and ¢; distance, respectively. Combined with the lower
bound from [OW15] showing that the EYD algorithm requires n = Q(d?/e?) copies for ¢; learning,
we have given optimal bounds for the EYD algorithm in terms of all five distance metrics.

For the more difficult problem of quantum tomography, the optimal number of copies needed to
learn p in trace distance was recently determined to be n = ©(d?/e?) — the upper bound from our
previous work [OW16] and the lower bound from the independent work of Haah et al. [HHJ16].
The optimal complexity of learning p in infidelity — i.e., outputting an estimate p such that 1 —
F(p,p) < e — remains open, however. Essentially the best prior result is by Haah et al. [HHJT16],
who showed that n = O(d?/e) -log(d/¢) copies suffice. For our results, we find it convenient to work
with the very closely related quantum Hellinger-squared distance dgz(-,-). This is known to be the
same as infidelity 1 — F(p, p) up to a factor of 2 (see Section 2 for details), and hence learning in
quantum Hellinger-squared distance is equivalent to learning in infidelity up to a small constant.
We show the following theorem.

Theorem 1.17. A state p € C¥™¢ can be learned in quantum Hellinger-squared distance with copy

complezity
2 3
n= O(min {dlog <d> ) d})
€ € €

The left-hand term in the min gives a new proof of the fidelity bound of Haah et al. [HHJ'16]. The
right-hand term in the min is new; previously it was known only how to learn p in fidelity using
n = O(h(d)/e) copies for some unspecified function h(-) (see the list of citations in [HHJT16]).
Along with our trace distance bound of n = O(d?/€?) — which implies a fidelity bound of O(d?/€?)
— we now have three incomparable upper bounds on the complexity of fidelity tomography, none
of which match the best known lower bound of Q(d?/e) from [HHJ16]. Settling the complexity of
fidelity learning remains an important open problem.

To perform full-state tomography, we analyze Keyl’s algorithm [Key06]. After performing weak
Schur sampling and receiving a random A, it performs a subsequent measurement in the A-subspace
whose measurement outcomes correspond to d x d unitary matrices. We denote by K (p) the distri-
bution on unitary matrices observed given A and p. The algorithm receives a random V' ~ Ky (p)



from this measurement and then outputs the density matrix Vdiag(A/n)VT. We will only re-
quire one fact about this algorithm from [OW16], and so we defer the full description of Keyl’s
measurement and algorithm to the papers [Key06, OW16].

1.4 Principal component analysis

Next, we consider natural “principal component analysis” (PCA)-style versions of the above prob-
lems. Here, rather than learning the whole state or spectrum, the goal is to learn the “largest”
k-dimensional part of the state or spectrum. These problems arise naturally when the state is “fun-
damentally” low rank, but has been perturbed by a small amount of noise. For spectrum estimation,
this involves learning the first k£ «;’s under the ordering a; > -+ > 4. Previous work [OW16]
used Theorem 1.8 to learn the first k a;’s in trace distance using n = O(k?/¢2) copies. Using our
Theorems 1.9 and 1.10, we extend this result to other distance measures.

Theorem 1.18. The first k «;’s can be learned in Hellinger-squared distance or chi-squared diver-
gence using n = O(kd/€) copies, and in (3 distance using n = O(k/€) copies.

For full-state PCA, the natural variant is to output a rank-k matrix p which is almost as
good as the best rank-k approximation to p. For trace distance, the work of [OW16] showed that
n = O(kd/e?) copies are sufficient to output an estimate with error at most ¢ more than the error
of the best rank-k approximation. In this work, we show the following fidelity PCA result.

Theorem 1.19. There is an algorithm that, for any p € C? and k € [d], outputs a random
rank-k (or less) hypothesis p such that

L
E[Dg2 (B p)] < asp + O <ki> np </<;L1 /O‘n>’f>

where L = min{k,lnn} and asy = agt1 + -+ + ag.

Let us spend time interpreting this result. The Hellinger-squared error of the best rank-%£ approxi-
mation to p — the projection of p to its top-k eigenspace — is given by a~. When p is exactly of
rank k, then o~ = 0, and this bound tells us that

2
n=0 <min{kdlog <d> , kd})
€ € €

copies are sufficient to learn p up to error €. The left-hand term in the min was shown previously
by Haah et al. [HHJ16] using different techniques, whereas the right-hand term is new. In the
case that p is not rank-k, let us first make the reasonable assumption that k& < d/Inn. Then

1 1
E[Dyp2 (P, p)] < s+ Z1 + Zz, where Z; = O(kdnnn>, 7y = 0(@).

Noting that Zs is the geometric mean of a~j and Zs, we get that for any § > 0,

kdlnn>

E[Digz (3. p)] < (1+6) - as + 05<

Hence, this tells us that n = O(kd/¢)-log(d/€) copies are sufficient to learn p to error (14+0)-a~r+e
(essentially recovering the exactly rank-k case). Finally, in the unlikely case of k > d/Inn, a similar
argument shows that n = O(kd/€)-log?(d/e) copies are sufficient to learn p to error (1+0)- oy +e.



1.5 Asymptotics of the Schur—Weyl distribution

In this section, we survey the known results on the Schur—Weyl distribution in the asymptotic
setting. Though we are primarily interested in proving convergence results with explicit error
bounds in the nonasymptotic setting, the asymptotic regime is useful for understanding the high-
level features of the Schur—Weyl distribution. Indeed, the early quantum computing papers [ARSSS,
KWO01] on this topic operated in this regime.

The earliest theorem in this area is due to Vershik and Kerov [VK81], who showed the following:

Theorem 1.20 ([VK81]). Let a = (o, . .., aq) be a sorted probability distribution, and let X ~ SW" ().
Then for all k € [d], as n — 0o we have Ai/n — oy in probability.

This theorem has been reproven in a variety of works, including independently by [ARS88] and [KW01]
in the quantum computing literature.

Subsequent work determined the lower-order asymptotics of the Schur—Weyl distribution. As
it turns out, the qualitative features of the distribution depend on whether o has any repeated
values. The simplest case, when all the «;’s are distinct, was first handled in the work of Alicki,
Rudnicki, and Sadowski [ARSS88].

Theorem 1.21 ([ARSS88]). Let a = (au,...,aq) be a sorted probability distribution in which every
entry is distinct. Let X ~ SW"(«), and let (gy,...,9,) be centered jointly Gaussian random
variables with Var|g;] = a;(1 — ;) and Covlg;, g;| = —a;a, fori # j.' Then as n — oo,

()\1 —amn )\d — Qgn

\/ﬁ gee ey \/ﬁ )%(gla"'vgd)

i distribution.

In other words, in the case of distinct «a;’s, the Schur—Weyl distribution acts in the asymptotic
regime like the multinomial distribution with parameter a.. The intuition is that given an a-random
word w, the count of 1’s is so much greater than the count of any other letter that the longest
increasing subsequence is not much longer than the all-1’s subsequence. Similarly, the longest pair
of disjoint increasing subsequences is not much longer than the all-1’s and all-2’s subsequences, and
so forth. This theorem has been reproven many times, such as by [HX13, Bufl12, Mél12, FMN13|.
On the other hand, when « is degenerate, i.e. the «;’s are not all distinct, then SW”(«) has a
surprisingly non-Gaussian limiting behavior. The first paper along this line of work was by Baik,
Deift, and Johannson [BDJ99]; it characterized the Plancherel distribution (a special case of the
Schur-Weyl distribution) in terms of the eigenvalues of the Gaussian unitary ensemble.

Definition 1.22. The Gaussian unitary ensemble GUE, is the distribution on d x d Hermitian
matrices X in which (i) X;; ~ N(0,1) for each i € [d], and (ii) X;; ~ N(0,1)¢ and X;; =
X, ; for all i < j € [d]. Here N(0,1)¢ refers to the complez standard Gaussian, distributed as
N(0,3) +iN(0,3). The traceless GUE, denoted GUE, is the probability distribution on d x d

Hermitian matrices Y given by

Y:X—tr(X)

1,
where X ~ GUE;,.

The next fact characterizes the eigenvalues of the traceless GUE in the limit (cf. [HX13]).

1This is a degenerate Gaussian distribution, supported on >:9,=0.



Fact 1.23. Given' Y ~ GUEY, then as d — oo,

<eig\1/(;iY) o eigj/(&Y)>

converges almost surely to the semicircle law with density v4 — x? /2w, —2 < x < 2, where eig;,(Y")
denotes the ith largest eigenvalue of Y .

The traceless GUE was first used to characterize the Schur—Weyl distribution in the special case
when « is the uniform distribution, the homogeneous random word case. In this case, Tracy and
Widom [TWO01] showed such a characterization for just the first row A;, and Johansson [JohO1]
extended their result to hold for the entire diagram A, as follows (cf. the quantum mechanical proof
of this theorem by Kuperberg [Kup02]).

Theorem 1.24 ([JohO1]). Let o = (4,..., 1) be the uniform distribution. Let X ~ SW"(a), and
let X ~ GUEY. Then as n — oo,

<,\1 —n/d  Aq—n/d

> — (eigy(X),...,eig (X))

i distribution.

Using Fact 1.23, we expect that for a typical A,
)\1%%+2\/ﬁ, /\dz%—Q\/ﬁ

and that the remaining A;’s interpolate between these two values. (Let us also mention a line of work
that has considered the case of uniform « in the nonasymptotic setting. Here, rather than fixing d
and letting n tend towards infinity, d is allowed to grow to infinity while n scales as n = O(d?). In
this case, Biane [Bia01l] has shown a limiting theorem for the shape of A, and Méliot [Mél10] has
characterized the fluctions of A around its mean with a certain Gaussian process. The paper of
Ivanov and Olshanski [I002], which proves similar results for the Plancherel distribution, serves as
an excellent introduction to this area.)

In the case of general & — the inhomogeneous random word case — it is convenient to group
the indices {1,...,d} according to the degeneracies of a.

Notation 1.25. Suppose there are m distinct values among the a;’s, and write a®) for the kth
largest distinct value. We will block the indices as

[1,d) = [1,dV]U[d +1,dVD +dP) U U[d—d™ +1,d],

where every o; in the kth block has the value a®). Given a partition A of height d, we will write
)\Ek) for the ith index in the kth block, i.e. )\Ek) = Ad_p+i, Where doy = dD 4. 4 dED(We will
only use this notation in this subsection; in particular, for Theorem 1.26.)

In the inhomogeneous case, Its, Tracy, and Widom [ITWO01] gave a limiting characterization for the
first row A1, and Houdré and Xu [HX13], in a work that first appeared in 2009, extended their result
to hold for the entire diagram A. Roughly, their characterization shows that within each block, A
acts GUE-like, as in Theorem 1.24, but across blocks A acts Gaussian-like, as in Theorem 1.21. We
cite here a related theorem of Méliot [Mél12], which cleanly decouples these two limiting effects.



Theorem 1.26 ([M¢él12]). Let a = (au,...,aq) be a sorted probability distribution. Let X ~
SW"(«), let (gy,...,g,,) be centered jointly Gaussian random variables with covariances djed*) —
d®dOa®a® | and let Y*) ~ GUEg(k), for each k € [m]. Then as n — oo,

(k) _ (k)
{W} —>{%+eigi(Y(k))} cld®
VN hem),ic[d®) ke[m],i€[d®)]

i distribution.

Note that this theorem recovers Theorem 1.21 in the case when all the «;’s are distinct and
Theorem 1.24 in the case when « is the uniform distribution. More generally, if we define A[k] =

/\gk) +- 4 )\gf,z), then the random variables (A[k] — a®d®)n)/vVa®)d®)n converge to Gaussian

random variables with covariance 0y — Va®d® @) d®) . Hence, within blocks, A experiences
GUE fluctuations, whereas across blocks, A experiences Gaussian fluctuations.

Theorem 1.26 predicts qualitatively different limiting behaviors between the cases when two
«;’s are exactly equal and when two «;’s are unequal, even if they are close. Hence its convergence
rate naturally depends on quantities like

1
max () ,
i:ai;éaHl az - Oéz_i'_l
and it is therefore not applicable in the nonasymptotic regime. Nevertheless, we have found it useful

when reasoning about the Schur—Weyl distribution; in particular, by disregarding the Gaussian term
in Theorem 1.26, we have our ansatz.

1.6 Future work

Bavarian, Mehraban, and Wright have used the techniques in this work to study the accuracy of the
empirical entropy estimator for learning the von Neumann entropy. In preliminary work [BMW16],
they have shown the following result:

Theorem 1.27. The bias of the empirical entropy estimator satisfies

3d?
——< < .
Hw) 2n — )\NS\];\)f"(a)H(A) < H@)

Furthermore, the estimator has mean absolute error

3d? ,¢2+mgd+@2
e

E |[HA) — H(a)| < — +

A~SW™ (@) — 2n

Hence, the empirical entropy is e-close to the true von Neumann entropy with high probability when
n = O(d*/e + log(d)?/€?).

This gives an expression similar to both the bias and the mean absolute error of the classical
empirical entropy estimator [WY16].

1.7 Organization

Section 2 contains the preliminaries, Section 3 contains the proof of Theorem 1.13, Section 4 contains
our results on the concentration of the Schur-Weyl distribution, Section 5 contains our tomography
results, and Section 6 contains our lower-rows majorization theorem:.
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2 Preliminaries

Please refer to Section 2 of [OW15] for many of the definitions and notations used in this paper.
We will also introduce additional notation in this section, and establish some simple results.

Notation 2.1. Given a sequence n = (11,...,14) we write n<p = m1 + --- + 1 and we write
N>k = Me+1 + -+ Na-

The following observation concerning Lipschitz constants of the RSK algorithm is very similar
to one made in [BL12, Proposition 2.1]:

Proposition 2.2. Suppose w,w’ € [d]™ differ in exactly one coordinate. Write A = shRSK(w),
N = shRSK(w'). Then:

A<k — )\’Sk‘ <1 for every k € [d].

o | \p — | <2 for every k € [d].

Proof. 1t suffices to prove the first statement; then, using the k and k£ — 1 cases, we get the second
statement via the triangle inequality. Also, by interchanging the roles of w and w’, it suffices to
prove A<j — A, < 1. This follows from Greene’s Theorem: A<, is the length of the longest disjoint
union U of k increasing subsequences in w. If w’ is formed by changing one letter in w’, we can
simply delete this letter from U (if it appears) and get a disjoint union of k increasing subsequences
in w’ of length at least A<, — 1. But Greene’s Theorem implies this is a lower bound on \_,. [

Remark 2.3. The bound of 2 in the second statement may be tight; e.g., shRSK(232122) =
(4,1,1), shRSK(233122) = (3,3, 0).

Proposition 2.4. Let a, o be probability distributions on [d] and let X ~ SW"(a), X' ~ SW"(a/).
Then:

o |[E[A] — EAL]| < dov(e, ) for every k € [d].
o |[EA.] — EN]| < 2drv(a, ) for every k € [d].

Proof. Again, it suffices to prove the first statement, as the second one easily follows. Write
€ = drv(a,a’). Thus there is a coupling (a,a’) such that a ~ a, @’ ~ o/, and Pr[a # a/] = e
Making n independent draws from the coupled distribution and calling the resulting words (w, w’),
it follows that E[A(w,w’)] = en, where A denotes Hamming distance. Thus repeated application
of Proposition 2.2 yields |E[A<x] — E[X <;]| < en, where A = shRSK(w), A’ = shRSK(w’). But
now A ~ SW"(a), X' ~ SW"(c), so the result follows after dividing through by n. O

The following lemma, while simple, is crucial for our nonasymptotic estimates:

Lemma 2.5. Let « be a probability distribution on [d] with aq > ag > -+ > ag. Fix k € [d]. Then

E A<k —
ANSW”(a)[ <k — o<in)

18 a nondecreasing function of n.
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Proof. We begin by “reversing” the alphabet [d], so that 1 > 2 > .- > d; recall that this does not
change the distribution of A. Further, we will consider all n simultaneously by letting A be drawn
from the Schur—Weyl process associated to w ~ a®>*. Now

E [Ag} = Z Pr[t™ letter of w creates a box in the first k rows].
t=1

If w, € [k] (i.e., it is among the k largest letters), then it will surely create a box in the first k rows.
Since this occurs with probability a<j, for each t, we conclude that

E [A(g”}z - agkn} = Z Pr[w; > k and it creates a box in the first k rows].
t=1

This is evidently a nondecreasing function of n. O

2.1 Distance measures

Definition 2.6. Let o, 5 € R? be probability distributions. Then the truncated Hellinger-squared

distance is given by
k

(0, 8) = di (0. 5)? = Y (vai — VBi)?.

=1

and the k = d case gives di(«, ) = dgl) (a, ) and dg2 (o, B) = dglg)(a, B). The truncated chi-squared
divergence is given by

k 2
(k) _ i
dv) (o, B) —;&- (@ —1) :

and the k = d case gives d,2(a, ) = d;dz)(a, ). The truncated ¢3 distance is given by

k

dis) (@, 8) = Y (as = 51)’,

i=1
and the & = d case gives dgg (o, B) = dég) (a, B). Finally, the Kullback-Liebler (KL) divergence is
2
given by

Proposition 2.7. These distance measures are related as

de(avﬁ) < dXQ(Oé,B), d%.fZ)(OZ?B) < d(k)(a7ﬂ)7 and dKL(a7ﬁ) < dX2(CY,,3).

X2
Proof. For the first and second inequalities, the bound follows term-by-term:

2 2 2 2
2 Q; Q; o o
ewr=a(50) <x (- () ()
(vai 2 “\V s “\V s Bi "\ Bi
On the other hand, the third inequality is proven considering the whole sum at once:
d o d - d 042
a; In Z>§ a4<2_1>: 71'_1,
Son(G) =2 (5-1)-%5

where the inequality uses In(z) < x — 1 for all z > 0, and it can be checked that the right-most
quantity is equal to dy2(a, 3). O

11



Definition 2.8. Let p, o be density matrices. The fidelity is given by F(p, o) = || /pv/c|]1. Related
is the affinity, given by A(p,o) = tr(\/py/0). Finally, the quantum Hellinger-squared distance is
given by

d2 (p, o) = du(p,0)* = tr((\/p — Vo)?) = 2 = 2A(p,0).”

By definition, di(p, o) = ||\/p — v/0||F, and hence it satisfies the triangle inequality.

Proposition 2.9. These distance measures are related as F(p,0)?> < A(p,0) < F(p,0). As a
result, if dg2(p,0) =€, then 1 —€/2 < F(p,0).

Proof. The upper bound A(p,o) < F(p, o) is immediate, as tr(M) < ||M||; for any matrix M. As
for the lower bound, it follows from Equations (28) and (32) from [ANSVO08]. O

As a result, fidelity and affinity are essentially equivalent in the “1 — €’ regime, and further
it suffices to upper bound the Hellinger-squared distance if we want to lower bound the fidelity.
For other properties of the affinity, see [LZ04, MM15]. Though we only ever apply the fidelity to
density matrices, we will sometimes apply the affinity to arbitrary positive semidefinite matrices,
as in Theorem 1.19.

3 Bounding the excess

In this section we will study the quantity

EMa)= E  [o-—
p (@) ASh (o) [A<k —a<kn],
where « is a sorted probability distribution [d], and k € [d]. One way to think about this quantity
is as

E [A<i —h<l,

w~adn

where A = shRSK(w) and h = Histogram(w), i.e. h; is the number of i’s in w. By Greene’s
Theorem we know that A = h always; thus E,gn)(a) > 0. We are therefore concerned with upper
bounds, trying to quantify how “top-heavy” A is on average (compared to a typical h).

As we will see (and as implicitly shown in work of Its, Tracy, and Widom [ITWO01]), the
distribution of A ~ SW"(«) is very close to that of a certain modification of the multinomial
distribution that favors top-heavy Young diagrams.

Definition 3.1. For a sorted probability distribution « with all «;’s distinct, define the function

Ona : R" = R by
a; h; hj
nalh) =1 2 - —L ).
Pnalh) + Z a-—aj(ain ogn)

For h ~ Mult(n,a) we have E[h/] = ayn; thus E[¢, o(h)] = 1. We may therefore think of
¢n.a(h) as a relative density with respect to the Mult(n, o) distribution — except for the fact that
we don’t necessarily have ¢, (h) > 0 always. That will not bother us, though; we will only ever
compute expectations relative to this density.

2We note that the quantum and classical Hellinger-squared distance are often defined with factors of % in front.
We have omitted them for simplicity.

12



Definition 3.2. We define the modified a-multinomial (signed) distribution on size-n, d-letter
histograms h by ¢p o(h) My, o(h), where M, (h) is the probability of h under Mult(n, a). We use
the notation

)[F(h’)] = Zﬁbma(h)Mn,a(h)F(h) = E [¢n,a(h)F(h)]
h

h~ModMult(n,« h~Mult(n,a)

As we will see in the proof of Theorem 3.7 below, for each A - n,

“ Pr A== Pr [h = A]”. (1)

A~SWT () h~ModMult(n,c)
Remark 3.3. The modified a-multinomial distribution is only defined when a1 > ag > -+ > ay.
Note that under this condition, a draw h ~ Mult(n, «) will have hy > hg > --- > hy with “very
high” probability, and thus be a genuine partition h - n. (The “very high” here is only when n is

sufficiently large compared to all of the ak_](-lk+1 values, though.)

. . . . . i Aj
The approximation (1) is consistent with the ansatz. One can see from the (m — %—Jn) part
of the formula for ¢, o(A\) that it emphasizes \’s that are “top-heavy”. That is, it gives more
probability to A’s that exceed their multinomial-expectation at low indices and fall short of their

multinomial-expectation at high indices. Furthermore, one can see from the ' part of the

Qi —Qy
formula that this effect becomes more pronounced when two or more «;’s tend towalgd equality.

The utility of (1) is that we can compute certain expectations under the modified multinomial
distribution easily and exactly, since it has a simple formula. Of course, we have to concern ourselves
with the approximation in (1); in fact, the error can be quite unpleasant in that it depends on d,
and even worse, on the gaps aj —ay11. Nonetheless, when it comes to using (1) to estimate E,in) (),
we will see that the increasing property (Lemma 2.5) will let us evade the approximation error.
Toward that end, let us make a definition and some calculations:

Notation 3.4. For any sorted probability distribution « on [d] and any k € [d] we write

Excessg(a) = Z -

(8% (0%
i<k<j © J

o]

Remark 3.5. We have Excessi(a) = 0 if k = d, and otherwise Excessy(«) is continuous away from
ap = api1, where it blows up to co. We also have the following trivial bound, which is useful if
the gap a — a4 is large:

Excessg(a) < kasp/(ag — agi1). (2)

Although their proof was a little more elaborate, Its, Tracy, and Widom [ITWO1] proved the
following result in the special case of k = 1:

Proposition 3.6. If a is a sorted probability distribution on [d] with all «;’s distinct, then

(n) _
AoModihult () E, (a)] = Excessy ().

Proof. By definition we have

[)\k - akn} = E )[¢n,a(h>(hk — akn)]

A~ModMult(n,a) h~Mult(n,«

13



It’s convenient to write

- hi —an  h; —a;n
na —1 - - J .
¢ + Z ( a;n oz]-n )

1<Z<j<d

Then using the fact that for h ~ Mult(n,a) we have E[hy] = axn, Var[hg] = ar(l — ag)n,
Covlhy, hy] = —aiayn, we easily obtain:

a Qe
E [)\k — akn} = E J — E .
A~ModMult (n,a) ik O — Oy ik O — Qg

The result follows. O
We now come to the main result of this section:

Theorem 3.7. Let a be a sorted probability distribution on [d] and let k € [d]. Then for alln € N,

)\NSV]E\)W(Q) [A<k — a<pn| < Excessi (o).

Furthermore, using the notation E,En)(a) for the left-hand side, it holds that E,in) (o) /' Excessg ()
as n — oo provided that all o;’s are distinct.

Remark 3.8. We expect that E,(Cn) (o) " Excessy(a) for all a; however we did not prove this.

Proof. Lemma 2.5 tells us that E( )( ) is nondecreasing in n for all a and k; thus E,gn) (a) N Li()
for some Li(a) € RU{oo}. The main claim that will complete the proof is the following (the k = 1
case of which was proven in [ITWO01]):

Claim 3.9. For fized o and k,
E,gn)(a) = Excessi(a) = O(1/y/n) provided the «;’s are distinct,

where the constant hidden in the O(-) may depend on « in an arbitrary way.

This claim establishes Li(a) = Excessi(a) whenever the «;’s are all distinct. It remains to
observe that when the «;’s are not all distinct, Ly(«) > Excessi(«) is impossible; this is because

Excessy (o) — E,E:n)(a) is a continuous function of « for each fixed n (unless ay = a1, but in this
case Excessi () = oo and there is nothing to prove).

We now focus on proving Claim 3.9, following the analysis in [[TWO01]. We emphasize that the
a;’s are now assumed distinct, and the constants hidden in all subsequent O(-) notation may well
depend on the «;’s.

As computed in [ITWO01, top of p. 255], for each A - n we have

Pr A== (1+—| % VAL +0(3) | Muo(X) £e7%, (3)

A~SW(e) vn 1<icj<d V % i~y

where &, = (A¢ — ayn)//agn. If we now simply substitute in the definition of &, and do some
simple arithmetic, we indeed get the following precise form of (1):

= Mn. ) —Q(n)
ANSl?V>Vrn(a)[>\ =N = dna(N)Mpa(N) £O(F222) +e : (4)

14



Given this, let F' be any functional on partitions of n that is subexponentially bounded in n
(meaning |F(\)| < ™ for all A+ n). Then

F(A)| = E 1y . F(X\
A~SW" () ) ANModMult(n,a)[ (s sorted) * F(A)]
+0(1). B [11x; JFA)|] £ e
(n) ANMult(n,a)[ {\ is sorted} | ( )H € s
where in the final error (") we used the subexponential bound on |F(\)| and also absorbed a factor

of €W the number of partitions of n. We can further simplify this: Using a1 > ag > -+ > ay,
an easy Chernoff/union bound gives that

Pr [\ is not sorted] < 4™ (5)
A~Mult(n,a)

(where certainly the constant in the £)(-) depends on all the gaps oy — ayp11). Thus

[1{)\ is unsorted} * F()‘)]‘ =

E 1 i *Pn,a MNF(A
)\NMult(ma)[ {\ is unsorted} ¢ s ( ) ( )}'

5 \/ o [1%}\ is ul’lsorted}]\/gbnva()‘)ZI_?(A)2 < eiﬂ(n)v

A~Mult(n,a)
(6)

where we used (5), the subexponential bound on F, and ¢y o(A) < O(1). A similar but simpler
analysis applies to the first middle term in (6), and we conclude the following attractive form of (1)
for subexponentially-bounded F':

E
A~ModMult(n,a)

)\NSW"(&)[ ( )] )\NModMult(n,a)[ ( )] (") ANMult(n,a)H ( )H €

Finally, Claim (3.9) now follows from Proposition 3.6, together with the fact that for X ~ Mult(n, «),
k
]E(n) Z\/ Zstddev Z\/ﬁ\/az =0(Vn O

4 Convergence of the Schur—Weyl distribution

In this section, we derive consequences of Theorem 1.13 and Theorem 1.12. To begin, it will help
to define two restrictions of a word w.

Notation 4.1. Let w € [d]" and let A = shRSK(w). We use boldface w if w ~ a®", in which case
A~ SW" ().

o Write w#) for the string formed from w by deleting all letters smaller than k, and let
Ak-) = shRSK (w*)). Then the random variable A**) is distributed as SW(«/k :]), where

£ ~ Binomial(n, asy) and afk:] = (a;/ask)L,.

o Write w(*) for the string formed from w by deleting all letters larger than k, and let A(-%) =
shRSK (w(-*)). Note that if (P, Q) = RSK(w), then \(*) is the shape of the diagram formed
by deleting all boxes containing letters larger than k& from P, and hence )\("k) < \; for all 4.
Then the random variable A is distributed as SW™ (a[:k]), where m ~ Binomial(n, a<y,)
and aftk] = (0i/a<k);. o

15



We will mainly use the following weaker version of Theorem 6.3.

Theorem 4.2. Let Mk:] denote the Young diagram formed by rows k,k + 1,k +2,... of \. Then
AED) >N [E].

Proof. This follows by applying Theorem 1.12 to w and noting that the string w in that theorem
is a substring of w*). Hence weak majorization holds trivially. O

4.1 Bounds on the first and last rows

Theorem 4.3. Let a € R be a sorted probability distribution. Then

E A < 2/n.
AmSW () 1<an+2vn

Proof. Write g = 1//n. We assume that ay + 2g < 1, as otherwise the theorem is vacuously true.
Let 8 € R? be a sorted probability distribution for which f; = a; + ¢, 82 < as, and 8 > . Then

Bj 1 1
E X< E  p<pin+ <pPin+ —=wn+ng+ - =an+2y/n,
A~SW™ () p~sWr(g) ! ; p1 — B; g 9
where the first step is by Theorem 1.14 and the second is by Theorem 1.13. O

Theorem 4.4. Let a € R be a sorted probability distribution. Then

E Ag > agn — 2v/ agqdn.

A~SW (a)

Proof. Write g = \/aqd/n. We assume that ag — 29 > 0, as otherwise the theorem is vacuously
true. Let B € R? be a sorted probability distribution for which 85 = ag — ¢, Ba—1 > @g_1, and
8 = a. Then

Bd
Bi — Ba

E A e Ao < E < B
ANSW"(a)[ A 1]_MNSW"(,3)[“1+ ] < Bint e+ B 1n+§

do
§51n+---—|—ﬁd_1n+7d =on+ -+ ag1n+ 2/ oqdn,

where the first inequality is by Theorem 1.14, and the second inequality is by Theorem 1.13. As
A1+ -+ Ag = n, this implies that E Ay > agn — 2v/agdn. O

We note that Theorem 1.14 can be replaced by Proposition 2.4 at just a constant-factor expense.

4.2 Bounds for all rows

Theorem 4.5. Let o € R? be a sorted probability distribution. Then

apn — 2/ apkn < E A < agn + 2, /a>gn.

A~SW™ ()

Proof. For the upper bound, we use Theorem 4.2:

(k)
< < : < : <
B M= B A <E [a[k‘ ] £+ 2\/2} < alk], BL+2VEL < agn + 2 /azim,
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where the second step is by Theorem 4.3 and the third is by Jensen’s inequality.
For the lower bound, we use the fact that A, > )\,(c"k):

(k) / : [l —
)\NSV]E\)]H(Q) Ak > m)]‘i% . D N [ af:k], m — 2, /alk] km} > altk], Em=2,/a[k] kEm = ayn—2v/ axkn,

where the second inequality is by Theorem 4.4, and the third is by Jensen’s inequality. O

Theorem 1.4 follows from the fact that axk, a>; < min{l, axd}.

4.3 Chi-squared spectrum estimation

Theorem 4.6. Let o € RY be a sorted probability distribution. Then for any k € [d),

d d
E A< d
A~SW (o) ; - ;k ain)” + dazyn.

Proof. When k = 1, this statement is equivalent to Lemma 3.1 from [OW16]. Hence, we may
assume k > 1. By Theorem 4.2,

d
E MN< B AP < | ki £+ (d—k+ 1)L
ANSW"(a)ZZ]; LT Atk ; ) <E §(a[ J£)" + +1)
d d ) d
2 2
= an)+ Y ain| — —1)+(d—k+1)asn < 2 4 dasgn.
D el Dpotn (G 1)+t < e

Here the second inequality used Lemma 3.1 from [OW16], and the third inequality used a>; > o

and k£ > 1. O
d2
Theorem 4.7. E d2(Aa)<—.
A~SW (@) n

Proof. Write the expectation as

1 \?
Ed: () @) = E-EZ— — 1.
=1

To upper bound the expectation, we can apply Theorem 4.6.

N R | 11
B2 =3 (4o ) B Y (4o o) Y (g +da)
e =i =1 N L) T
/11
= a;n)® +da;n) - ( — >
> (o) 32 (3~ 21
d
= Z ((ozjn)Q + dajn) — = n? + d*n
i=1 “
Dividing through by n? and subtracting one completes the proof. ]

Combined with Proposition 2.7, Theorem 4.7 implies Theorem 1.7.
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4.4 Concentration bounds

In this section, we show that each row A; concentrates exponentially around its mean. We do so
using the method of bounded differences.

Proposition 4.8. Let a € R? be a probability distribution. Then for any k € [d],

Var [\ < 16n.
A~SW ()

Proof. Let w ~ a®", and consider the martingale X (0), o, X (") defined as
X0 = B\, | wy, ... w

Note that X(O) = E\; and XM = shRSK(w)g. Furthermore, by Proposition 2.2, we have that
| X0 — xG=1| < 2 always, for all i € [n]. Thus, if we write vy, ;== E X, = X©) then by Azuma’s

inequality
—¢2
Pri\ — 1] > 1] < 2exp <) .
8n

We can therefore calculate Var[Ax] as

[e's) 00 —t2 —t2 oo
E (A — 1) :/ 2t-Pr[| A —vg| > t]-dt < / dtexp | — |-dt = —16nexp [ — = 16n.
t=0 t=0 8n 8n /) |i—o
O
4.5 Truncated spectrum estimation
Lemma 4.9. Let 1 <<k <d. Then
E (MN-an?<2 E (}\z(f'k) — af:k] m)? + 44asn.
A~SW™ () mACF) —1 =
Proof. Write G for the event that A\; > a;n. Then
E(X; — ain)” = B[(Ai — ain)? - 1[F]] + B[(Ai — cin)” - 1(d]]. (7)
When G occurs, then (A; — a;n)? < ()\gi") — a;n)?. Hence
E[(\ — ain)? - 1[G]] < BT — ain)? = B — afif] £+ afiz] £ — a;n)?
i i . 2na?
< 2B — ali] £)? +2E(ali] £ — ain)? < 2B — afif] )% + (:‘a’ ,
e it ait .

where the second inequality uses (z + y)? < 222 + 2y2 for all z,y € R, and the third inequality is
because £ is distributed as Binomial(n, a>;). Given £, define v = E[Agz") | £]. Then

1,0 =B — v+ v —afi] £)

= B[ )2+ (v - afi] 0%+ 20 —v)(v - ali] 0] = B(A - v)* + (v — afii] £)?




where the inequality uses Proposition 4.8. Next, we note that because A0) g distributed as
SW¢(a aliz]), v is at least ai:] €. Hence, to upper-bound (v — afi: ]1£)2 we must upper-bound v, and

this can be done by Theorem 4.3: v = [A(Z ) | €] < afi:] €+ 2v/£. Thus, (8) can be bounded as

160>in + ]?(V - a[i:]1£)2 < 16a>in + ]?42 = 20a>;n.

In summary, the term in (7) corresponding to G is at most 42a:>;n.
As for the other term, when G does not occur, then (A; — a;n)? < ()\E"k) — a;n)?. Hence

E[(\; — ayn)? - 1[G]] < E()\(“k) —an)? = E()\('-k) — alk] m + af:k] m — a;n)?

3 7

2na?

<2 E()\Z("k) —af: ]Zm,)2 + 2E(af:k] m — an)? <2 E()\l(-"k) — alk] m)? +

— ) Oégk7

where the second inequality uses (z + )2 < 222 4 2y2 for all z,y € R, and the third inequality is
because m is distributed as Binomial(n, a<g). As a2 /a<k < as;, the proof is complete. O

Theorem 4.10. E dé’j)(g, a) < @
A~SW™ () 63 n

Proof. Applying Lemma 4.9 with j = k for all i € [k],

k Lk
n2 Edég)(g, ) =EY (A —ain)? <2EY (AU — afk] m)? + 44kn
i=1 i=1
=2E [mQ E [[ACR —af: ]||2] + 44kn < 2E [ <k)] + 44kn < 46kn,
m A(k) E— m
where the second inequality is by Theorem 1.1 of [OW16]. The theorem follows by dividing through
by n?. O
46kd

Theorem 4.11. E d(k)()\ a) < ——.
A~SW™ () n

Proof. Applying Lemma 4.9 with j = k for all i € [k],

k
n? (k) —an)? < i (k) o 2 446!21‘71
Ed;(Aa)=E g al a;n)° <2E g (N af:k] m)° + E

o
i=1 i=1 ¢

m2 A m2 2
<2E [ E dAL ),a[:k‘})} + 44kdn < 2E [ ] + 44kdn = 2k*n + 44kdn,

where the second inequality is because a>; < a;d, and the third inequality is by Theorem 4.7. The
theorem follows from k < d and by dividing through by n?. O

4.6 Mean squared error

Theorem 4.12. E (A — apn)? < L2apkn + 4205 ,n.
A~SW™ () =
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Proof. Following the proof of Lemma 4.9 for i = k, we have that
B\ - ain)” < BI(A;Y - axn)? - 1(G]] + 4204, (9)

where G is the event that Ay, > a;n. Now we borrow a step from the proof of Lemma 5.1 in [OW16].
Because it has support size k, af:k] can be expressed as a mixture

al:k] = p1 - D1+ p2 - Dy, (10)
of a certain distribution D; supported on [k — 1] and the uniform distribution Dy on [k]. It
can be checked that py = a[:k]kk. We may therefore think of a draw A-*®) from SW™ (a[:k])
occurring as follows. First, [m] is partitioned into two subsets I, Is by including each i € [m]
into I; independently with probability p;. Next we draw strings w) ~ D?Ij independently for

j € [2]. Finally, we let w(*) = (w(l),w(?)) € [d]" be the natural composite string and define
ACF) = ShRSK (w(-¥). Let us also write A = shRSK(AY) for j € [2]. We now claim that

iAg“’“) < ZZ:AE” + ixgm (11)
=1 =1 =1

always holds. Indeed, this follows from Greene’s Theorem: the left-hand side is |s|, where s € [d]"
is a maximum-length disjoint union of z increasing subsequences in w; the projection of s¢) onto
coordinates I; is a disjoint union of z increasing subsequences in w() and hence the right-hand
side is at least [s(V)] + |s(P)| = |s|.

Applying (11) in the z = k — 1 case, and using the facts that (i) [ACP| = (AW | + AP, and
(ii) A has height at most k — 1, we see that )\f) < )\,(C"k). Hence

EASY — apn)? 1G] < BQAP —apn)? = B (py — agzn)?,

m,u,

where u ~ Binomial(m, p2) and p ~ SW“(%). Hence

E (u,—axn)’= E (u, — tu+ tu—agn)’

m,u,n m,u,

<2 E (uk—%u)+27r]§u(%u—akn)2§2 E (g — tu)’+

Y
m,u,p m,u,n k

where the first inequality used (z + y)? < 222 + 2y2. Given u, define v = E[u;, | u]. Then

E (g, —ju)?=_E (,—v+v—ju)

m,u,n m,u,p

— B [(y—v)+ (- w42 - v)(v - tw) = B (- v)’ + (v — tu)?]

m,u,p m,u,p

<16 E u+ E (v—tu)> =16axkn+ E (v —1u)?, (12)
m,u m,u m,u

where the inequality uses Proposition 4.8. Next, we note that because p is distributed as SW”(%),

v is at most %u Hence, to upper-bound (v — %u)2 we must lower-bound v, and this can be done

by Theorem 4.4: v = E[py, | u] > $u — 2y/u. Thus, (12) can be bounded as

16aikn + E (v — %u)2 < 16aikn + E 4u = 200 kn.
m,u m,u

In summary, the term in (9) corresponding to G is at most 42a>gn. O

Using the fact that agk, a>; < min{l, axd}, this implies Theorem 1.5.
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4.7 An alternate bound on E["(«)

If the gap ap — ag4q is very tiny (or zero), Excessi(a) will not be a good bound on E,gn) ().
In [OW16] we gave the following bound:

2V2k
NG

By summing our Theorem 1.4 over all i € [k], we can replace the constant 2v/2 by 2. We now
observe that this bound can also be improved so that it tends to 0 with a~.

Proposition 4.13. ([OW16, Lemma 5.1].) E Ay —a<i) <
A~SW (@) = =

k
Proposition 4.14. )\NSVE\}m(a)[ASk — o] < O< \/\;?)

Proof. By Theorem 1.14 we may assume that for some m > 1 we have oy = ap41 = oo =+ =
Agtm—1 and Qi1 = Qgymi2 = = ag = 0.

Case 1: m < k. In this case, Theorem 4.5 tells us that Elay — Aj] < 2y/apl/n. If m =1 then we
are done. Otherwise, apm < 2asp, and so

Elosr — Ay <m - Qﬂ\/akk/n < Qﬂk\/akm/n < Adk\/ask/n,

which is equivalent to our desired bound.

Case 2: m > k. In this case we follow the proof of Proposition 4.13 from [OW16]. Inspecting
that proof, we see that in fact the following stronger statement is obtained:

E [Agk — agk] < 2l<:\/p2/n + Qk\/pg/n,

A~SW™ ()

where it is easy to check (from [OW16, (25)]) that ps + p3 = kay, + a~j. Now

VP2 + /D3 < 22 + p3 < 2ymay, + ask < 24/ 2ask

where the middle inequality is because we’re in Case 2. Combining this with the previous inequality
completes the proof. O

5 Tomography with Hellinger/infidelity error

5.1 Setup and notation

In this section we study the number of samples needed in quantum tomography to achieve small
quantum Hellinger error (equivalently, infidelity). Throughout this section we consider the Keyl
algorithm, in which

A~ SW"(a), V ~Kx(p), A =diag(A/n), and the hypothesisis p=VAVT,

Later, we will also consider “PCA”-style results where the output is required to be of rank k. In
that case, A will be replaced by A®) = diag(A1/n,..., Ax/n,0,...,0).

Since the Hellinger distance is unitarily invariant, we have Dy2(p,p) = Dg2(A, R), where
R = VTpV. It is also an immediate property of the Keyl distribution that the distribution of R
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depends only on the spectrum of p. Thus we may henceforth assume, without loss of generality,
that
p=A=diag(a), soV ~Kx(4), R=VTAV, (13)

and our goal is to bound

E [Di:(A, R)) (14)

)

We introduce one more piece of notation. Every outcome V = V is a unitary matrix, for which
the matrix (|V;;]?);; is doubly-stochastic and hence a convex combination of permutation matrices.
We think of V' as inducing a random permutation 7 on [d], which we write as

T~V
This arises in expressions like R; = (VTAV)u‘ and (\/E)” = (VT\/ZV)ii, which, by explicit
computation, are

d
=Y IViil*ay = Elaxpl, (VR = E [/axa) (15)
j=1

In addition to (13), we will henceforth always assume 7w ~ V.

5.2 Preliminary tools

We will require the following theorem from [OW16]. It is not explicitly stated therein, but it is
derived within its “Proof of Theorem 1.5” (between the lines labeled “(30)” and “(by (8) again)”).

Theorem 5.1. Let p be a d-dimensional density matriz p with sorted spectrum c«, let j € [d], let
X~ SW™(a) and let V ~ Kx(p). Then for R =V pV, it holds that

T od—i+ N,
ZRZZ] >22az NS )[ZM

We will slightly simplify the bound above:

Corollary 5.2. In the setting described in Section 5.1, and for any j € [d],

J J

jd
E Z(ai —~Ry)| =E Z(ai —ani) | <EQg; —ag]+
i=1 i=1
Proof. Here we simply used EA,] < E[N]+1,d—i+1 < d, n+1 < 1 and then did some
rearranging. O

When it comes to analyzing the quantum Hellinger error of the algorithm, we will end up
needing to bound expressions like

E ZCl:(\/OTi \/7> E[dy2 (oo 7, )].

i=1

Ultimately, all we will use about the Keyl distribution on V' (and hence the distributions of R, )
is that Corollary 5.2 holds. This motivates the following lemma:

22



Lemma 5.3. Leta; > as > -+ > aqg >0 and let By, ..., Bq be a permutation of ay,...,aq. Then

j
7(1%“ > (i —Bi).

1 J i=1

M&

D (Vai = VB <2

=1

.
Il

Proof. Let us write LHS and RHS for the left-hand side and right-hand side above. Also, denoting
d—1 d—1

T, = ZQM, we have RHS = Z(Ozi — Bi)T;

— &) i=1
Ifjﬁl, ..., Bq is identical to aq,...,aq then LHS = RHS = 0. Otherwise, suppose that ¢ is the
least index such that ay # 4. Let r,s > ¢ be such that 5, = o, and s = ay; then let 5’ denote
the permutation S with its gth and sth entries swapped, so B{I = ag, B, = a,. Writing LHS" and
RHS’ for the new values of LHS, RHS, we will show that

LHS — LHS' < RHS — RHS".

Repeating this argument until g is transformed into o completes the proof. We have

LHS — LHS' = (y/ag — var) + (vag — Vas)* = (Vas = vor)® = 2(/ag = vor) (yag — Vas),
RHS — RHS' = (g — )Ty + (s — ag)Ts — (a5 — ) Ts = (ag — ) (T — T).

Since s > ¢ we have

s—1 s—1
Qj — iy 2 2
Ty —Ts = E 2% 2 o E (o —ajy1) = OT(aq — as).
Jj=q J 4 j=q 9

Thus it remains to show

(\/@—@)(\/@—\/@)S (aq_ar)(aq_as) :(M_ar/\/@)(\/@_as/\/@)'

Qg
This indeed holds, because oy > o, = /&, > ./, /0y, and similarly for s. O
It will be useful to have a bound on the sum of the “multipliers” appearing in Lemma 5.3.

Lemma 5.4. Suppose oy > g > -+- > ag > 0. Let L = min{d,In(ay/ay)}. Then

d—1
o — az+1

=1
Proof. The bound of d is obvious. Otherwise, the bound involving In(«ay/ay) is equivalent to

d—1 d—1
g Q — Q41 Qi1
— > ex _— = ex 1— .
p(z - ) [Tew(1- )

i=1 v i=1

But this follows from exp(1 — z) < 1/z for z € (0, 1], and telescoping. O

Finally, we also have a variant of Lemma 5.3 that can help if some of the «;’s are very small:
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Corollary 5.5. Letay > ag > - > ap > (> apy1 > -+ > ag, where k < d, and let 1, ..., Bq be

a permutation of ai,...,aq. Let o) be the same as o for i <k, but let O‘ZH =(.
d k a/ . J
d (Wi — VB <Ay L8 ” > (i = Bi) + d¢ + 8k L,
=1 7j=1 =1

where L = min{k, In(a1/¢)}.

Proof. Extend the notation o by defining of = max{a;,(}, and similarly define 3.. Applying

Lemma 5.3 we get
k

d /
;(@—ﬁ;) Z _%HZ(aé—ﬂé)-

j=1 =1

On the left we can use )
2
(\/041' Y ﬁz‘) < 2( o — ﬁ;) + ¢,

which is easy to verify by case analysis. On the right we can use

J J
> (af =B = (i — )| < 2k¢
i=1 i=1
and then the bound from Lemma 5.4 applied to the sequence (aj,...,a} ). O

5.3 Tomography analysis
We begin with with a partial analysis of the general PCA algorithm.

Theorem 5.6. Let p be a d-dimensional density matriz p with sorted spectrum o, and let k € [d].
Suppose we perform the Keyl algorithm and produce the rank-k (or less) hypothesis p = VA(k)VT,
as described in Section 5.1. Then

~ kd
E[Dip2 (5, p)] < asy + 2B |dyl (0 0 m,0)| + 2B[A; — asy] +0( n)

Proof. As described in Section 5.1 — in particular, at (14) — we need to bound E[Dy2(A®), R)].
We have

E DHQ(AW,R)} - E[tr(A(k)) +tr(R) — 2tr(\/ A® \/E)}
k
=EA, + 2A§k — 22 \/XZ (\/R)m]
1=1

2A p, — 2213 VAT
EX%f VE) |+

We bound the three expressions in (16) as follows:

—EA+ B

—EX., ] +E
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EA..] < asg (since A > «)

=2E [d(k)()\, a)} +2E {dgz (o, a)}
< O(kd> +2E[d§f2 (ozoﬂ',oz)} (by Theorem 4.11)
n
E|D (A~ ax@) Aok — o] T B (i — ang) | <2E[A, — o] + g
=1 =1
(by Corollary 5.2)
Combining these bounds completes the proof. O

We can now give our analysis for full tomography:

Theorem 5.7. Suppose p has rank r. Then the hypothesis of the Keyl algorithm satisfies

E[Dy2 (5, p)] < o(’j) min{r, Inn}.

Proof. When p has rank r we know that A will always have at most r nonzero rows; thus A =
A" and we may use the bound in Theorem 5.6 with £ = r. In this case, the terms a-, and
2E [AST — agr] vanish, the O(%) error is accounted for in the theorem statement, and we will use
the simple bound

ZE[d( )(aoﬂ' a)] <2E

d
> (Vai - \/O‘w(i))Ql :
=1

We now apply Corollary 5.5 with ¢ = ©; note that the “k” in that corollary satisfies k < r = rank p.
We obtain
k a 1 J
Z (Vai = /@) ] <8y L it B[ (ai — ang) | +2d¢ + 16kLC,
=1 7j=1 =1

where L < min{k,Ilnn}. The latter two terms here are accounted for in the theorem statement, so
it suffices to bound the first. By Corollary 5.2 we have

J k / k /
Z a ]+1 Z(Oé ] Z CY ]—H A<] Ol<] + z; 704 a] i+l ]:
j=

=1 7=1

The latter quantity here is at most %L (by Lemma 5.4), which again is accounted for in the

theorem statement. As for the former quantity, we use Theorem 3.7 to obtain the bound

k S — kg 1 k — o 1
Y L ER - ag) < - —— Excessj (). (17)
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(The quantity Excess;(«) may be oo, but only if o; = 11 and hence %_T?“ = 0. The reader may
check that it is sufficient for us to proceed with the convention 0-co = 0.) As % =1- ai <
J

— %L we can replace o with v in (17). Then substituting in the definition of Excessy(c) yields
an upper bound of

k min{k,¢(—1}
D e DD D
n = Oéj i<j<t a; — Qy n i<k a; — Qy =i Oéj
>4
/-1
<oy Zaj_a”l— S
Q; — Qy oy
'L<k z<k
0>i 0>i
which suffices to complete the proof of the theorem. O

Finally, we give our “PCA”-style bound. Theorem 1.19 follows by applying Proposition 4.14.
Theorem 5.8. For any p and k € [d], if we apply the Keyl algorithm but output the rank-k (or
less) hypothesis p = VAPV we have

~ kdL
E[Dy2(p, p)] < asp + O == | + O(L) - E[A¢; — axyl,

where L = min{k,lnn}.

Proof. The proof proceeds similarly to that of Theorem 5.7 but with k in place of r. Now the terms
asp and E[Ao; — a<k] do not vanish but instead go directly into the error bound. It remains to
bound

k
E|> (Vai- mﬁ] .

Fix an outcome for 7w = 7w and write the associated permutation « o 7 as 8. Unfortunately we
cannot apply Lemma 5.3 because the subsequence (1, ..., 3; is not necessarily a permutation of
the subsequence a1, ..., a,. What we can do instead is the following. Suppose that some k' of the
numbers i, ..., do not appear within aq,...,a;. Place these missing numbers, in decreasing
order, at the end of the a-subsequence, forming the new decreasing subsequence @y, ..., ax, where
K =k+Fk <2k and @; = a; for i < k. Similarly extend the B-subsequence to f3;,..., B8 by
adding in the “missing” «;’s; the newly added elements can be placed in any order. Note that all of
the elements added to the a-subsequence are less than all the elements added to the S-subsequence

(because o must be between them). Thus we have

J k
> (@ ﬁZSZ —Bi) Vi>k (18)
=1 =1

We may now apply Corollary 5.5 to @ and 3, with its “d” set to K and with ¢ = % We get

é(\/f? f) 422/ j“iﬂw 5>+0<kff>,

=1
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where L = min{k,Ilnn}. We can split the sum over 1 < j < K into 1 < j <k and k < j < K. The
latter sum can be bounded by 4L Zle (a; — Bi), using Lemma 5.4 and (18). The former sum is

what we “would have gotten” had we been able to directly apply Corollary 5.5. That is, we have
established

o J

}:(J&' %E)Qgéz(Jm—~¢@> 4é;a/ “*}:( ﬁ@+o<k )+o ﬁi — ).

i=1 =1 =1
Now taking this in expectation over 7 yields

k

> (Vi - \/O‘ﬂ-(i))Ql < 82 jH

=1

2E

J
Z(ai - Oéw(i))

=1

+o<kL>+0()

The first term above is handled exactly as in the proof of Theorem 5.7, and Corollary 5.2 takes
care of the last term. O

k
Z(ai - aw(i))] .

i=1

6 The lower-row majorization theorem

The following theorem refers (in (19)) to some terminology “curves”. We will actually not define
this terminology until inside the proof of theorem; the reader can nevertheless follow the logical
flow without knowing the definition.

Theorem 6.1. Let b € A™ be a string of distinct letters and let A C A be a set of letters in b
deemed “admissible”. Let Iy, ..., I. be disjoint increasing subsequences (possibly empty) in b of total
length L; we assume also that these subsequences are “admissible”, meaning they consist only of
admissible letters. Finally, assume the following condition:

“one can draw a set of curves through the I’s such that

all inadmissible letters in b are southeast of the first curve”. (19)

(As mentioned, the terminology used here will be defined later.)

Letw € A™ be a string of distinct letters with the following property: When the RSK algorithm
is applied to w, the letters that get bumped into the second row form the string b (in the order that
they are bumped).

Then there exists a new set of “admissible” letters A" D A for w, with |A’| = |A|+ A (so
A € N), along with disjoint admissible (with respect to A') increasing subsequences Ji, ..., J. in w
of total length L + A, such that (19) holds for w and the J’s with respect A’.

We will prove this theorem, as well as the following lemma, later.

Lemma 6.2. Let b € A™ be a string of distinct letters and let I, ..., 1. be disjoint increasing
subsequences in b. Then there are disjoint increasing subsequences Iy, ..., I] consisting of the same
letters as I, . .., I, just grouped differently, such that it is possible to draw a “set of curves” through
... I

Let us now see what Theorem 6.1 and Lemma 6.2 imply:

Theorem 6.3. Fiz an integer k > 1. Consider the RSK algorithm applied to some string x € A™.
During the course of the algorithm, some letters of x get bumped from the kth row and inserted
into the (k + 1)th row. Let %) denote the string formed by those letters in the order they are so
bumped. On the other hand, let T be the subsequence of x formed by the letters of %) in the order
they appear in . Then shRSK(Z) &> shRSK (z(*)).
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Proof. We may assume all the letters in x are distinct, by the usual trick of “standardization”;
this does not affect the operation of RSK on x or Z. When RSK is applied to x, let us write more
generally z() (1 < j < k) for the sequence of letters bumped from the jth row and inserted into
the (j + 1)th row, in the order they are bumped. We also write 20 = .

We will show shRSK(Z) > shRSK(z(*)) using Greene’s Theorem; it suffices to show that if

Ifk), ey Ic(k) are any disjoint increasing subsequences in z(*®) of total length L, there are some ¢
disjoint increasing subsequences [,...,I. of total length at least L in . We will find these

subsequences by applying Theorem 6.1 k times in succession, with (b, w) equal to (z(), z0=1) for
j=kk—1k—2...,1.

In the first application, with b = z®*) and w = z*~Y, we will declare all letters appearing
in b to be “admissible”. In particular this means that Ifk), . ,I(gk) are automatically admissible.

After reorganizing these subsequences using Lemma 6.2 (if necessary), we may draw some “set of
curves” through them. Condition (19) is then vacuously true, as there are no inadmissible letters.
Theorem 6.1 thus gives us some Ag newly admissible letters, as well as admissible disjoint increasing
subsequences Ifkil), .. ,Ic(kfl) in (k=1 of total length L+ Ay, such that condition (19) still holds.

We now continue applying Theorem 6.1, k¥ — 1 more times, until we end up with admissible

disjoint increasing subsequences [ £0), . ,I(EO) in 20 = z of total length L + A, where A = A; +
-+ + Ay is the number of newly admissible letters in z, beyond those letters originally appearing
in z(®). Finally, we delete all of these newly admissible letters wherever they appear in I 50), e ,I(EO),
forming I1,...,1.; these are then disjoint increasing subsequences of total length at least L. But
they also consist only of letters that were originally admissible, i.e. in ®); hence Ti,...,I. are
subsequences of T and we are done. O

We now come to the proof of Theorem 6.1 (which includes the definition of “curves”).

Proof of Theorem 6.1. Our proof of the theorem uses Viennot’s geometric interpretation of the
RSK process [Vie81]; see e.g., [Sag01, Chapter 3.6], [Wer94, Chapter 2]) for descriptions. We may
assume that A = [D] for some D € N. The word w = (wi,...,w,) is then identified with its
“graph”; i.e., the set of points (i,w;) in the 2-dimensional plane. We will call these the “white
points”. (Since w has distinct letters, no two white points are at the same height.) Viennot’s
construction then produces a set of “shadow lines” through the points; we will call them “jump
lines”, following the terminology in Wernisch [Wer94]. The points at the northeast corners are
called the “skeleton” of w; we will also call these the “black points”. They are the graph of the
string b (if we use w’s indices when indexing b).

Note that an increasing subsequence in b (respectively, w) corresponds to an increasing se-
quence of black (respectively, white) points; i.e., a sequence in which each successive point is to
the northeast of the previous one. We will call such a sequence a chain. In Theorem 6.1 we are
initially given ¢ disjoint sequences/chains I, ..., I. in b, of total length L. To aid in the geometrical
description, we will imagine that L “beads” are placed on all of these chain points.®

We are also initially given a set A of admissible “letters” in b; in the geometric picture, these
correspond to “admissible black points”. We are initially promised that all the beads are at ad-
missible black points. The end of the theorem statement discusses admissible letters A’ in w; these
will correspond to “admissible white points”. Since A’ O A, every white point that is directly west
of an admissible black point will be an admissible white point. But in addition, the theorem allows
us to designate some A additional white points as “newly admissible”.

3As a technical point, the theorem allows some of these chains to be empty. We will henceforth discard all such
“empty” chains, possibly decreasing c. In the end we will also allow ourselves to produce fewer than c chains J; in w.
But this is not a problem, as we can always artificially introduce more empty chains.
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Our final goal involves finding ¢ chains of admissible white points, of total length L + A. The
outline for how we will do this is as follows: First we will add some number A of beads to the
initial chains, and at the same time designate some A white points as newly admissible. Then we
will “slide” each bead some amount west and north along its jump line, according to certain rules.
At the end of the slidings, all the beads will be on admissible white points, and we will show that
they can be organized into ¢ chains. Finally, we must show that the postcondition (19) concerning
“curves” is still satisfied, given that it was satisfied initially.

Let’s now explain what is meant by “curves” and “sets of curves”. A curve will refer to an
infinite southwest-to-northeast curve which is the graph of a strictly increasing continuous function
that diverges to +o00 in the limits to +oo. It will typically pass through the beads of a chain. When
condition (19) speaks of a “set of curves” passing through chains I, ..., I, it is meant that for each
chain we have have a single curve passing through the beads of that chain, and that the curves do
not intersect. With this definition in place, the reader may now like to see the proof of Lemma 6.2
at the end of this section.

Given such a set of curves, we can and will always perturb them slightly so that the only black
or white diagram points that the curves pass through are points with beads. As the curves do not
intersect, we may order them as (01, Q2, . . ., Q). from the southeasternmost to the northwesternmost;
we can assume that the chains are renumbered correspondingly. The curves thereby divide the plane
into regions, between the successive curves.

Before entering properly into the main part of the proof of Theorem 6.1 we need one more
bit of terminology. Whenever a curve intersects a jump line, we call the intersection point a
“crossing”. We will further categorize each crossing as either “horizontal” or “vertical”, according
to whether the point is on a horizontal or vertical jump line segment. (Cf. the “chain curve”
crossings in [Wer94, Section 3.1].) In case the crossing is at a jump line corner (as happens when
the curves passes through a bead), we classify the crossing as vertical.

We now come to the main part of the proof: In the geometric diagram we have chains of beads
Iy, ..., I. of total length L, as well as a set of curves Q1,Q2, ..., Qs passing through them, with all
inadmissible black points to the southeast of Q1. Our proof will be algorithmic, with four phases.

e Phase 1: In which new beads are added, and new white points are deemed admissible.

e Phase 2: In which beads are partly slid, to “promote” them to new chains.

e Phase 3: In which the new chains, Ji, ..., J., are further slid to white points.

e Phase 4: In which a new set of curves is drawn through Ji, ..., J., to satisfy (19).
We now describe each of the phases in turn.
Phase 1. In this phase we consider the horizontal crossings, if any, of the first (i.e., southeastern-
most) curve (1. For each horizontal crossing, we consider the white point immediately westward.
If that point is currently inadmissible, we declare it to be admissible, and we add a new bead at the
crossing point. Certainly this procedure introduces as many beads A as it does newly admissible
white points. Also, although the new beads are not (yet) at points in the Viennot diagram, we
can add them to the first chain I, in the sense that they fit into the increasing sequence of beads

already in I;. (This is because the curve ()q is increasing from southwest to northeast.) We now
want to make the following claim:

Key Claim: All white points to the northwest of Q1 are now admissible.
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(Recall that no white point is exactly on @1.) To see the claim, consider any white point p
to the northwest of Q1. Consider the jump line segment extending east from p. If that segment
crosses (1 then it’s a horizontal crossing, and Phase 1 makes p admissible. Otherwise, the segment
must terminate at a black point ¢ that is on or northwest of Q1. (The segment cannot be a
half-infinite extending eastward to infinity, because of the condition that (; eventually extends
infinitely northward.) By the precondition (19), ¢ must be an admissible black point. Thus p is an
admissible white point, being at the same height as q.

Phase 2. For this phase it will be notationally convenient to temporarily add a “sentinel curve”
Qc+1 that is far to the northwest of the last curve @.; the only purpose of this curve is to create
vertical crossing points on all of the northward half-infinite segments of the jump lines. We now
proceed through each bead x in the diagram and potentially “promote” it to a higher-numbered
chain. The algorithm is as follows: We imagine traveling west and north from x along its jump
line until the first time that a vertical crossing point p is encountered. (Note that such a vertical
crossing point must always exist because of the sentinel curve Q.y1.) Let ¢ denote the crossing
point on this jump line immediately preceding p. (This g will either be the current location of =, or
it will be northwest of x.) We now slide bead z to point ¢. If x indeed moves (i.e., ¢ is not already
its current location), we say that x has been “promoted” to a higher curve/chain. As mentioned,
we perform this operation for every bead .

A crucial aspect of this phase is that the beads on a single jump line never “pass” each other,
and in particular we never try to place two beads on the same crossing point. This is because
whenever we have two consecutive beads on a jump line, there is always a vertical crossing at the
higher bead. (Of course, prior to Phase 1 all beads were at vertical crossings, by definition. After
Phase 1 we may have some beads at horizontal crossings, but at most one per jump line, and only
on the lowest curve @1.)

At the end of Phase 2, all beads end up at (distinct) crossing points; in particular, they are all
on the curves @1,...,Q¢. (A bead cannot move onto the sentinel curve Q.+;.) Thus the beads
may naturally partitioned into at most ¢ chains (increasing sequences), call them Ji, ..., J., some
of which may be empty. We now have:

Phase 2 Postcondition: For every bead, the first crossing point on its jump line to its northwest
s a vertical crossing.

Phase 3. The goal of Phase 3 is to further slide the (nonempty) chains J, ..., J. northwestward
along their jump lines so that they end up at white points, forming white chains. Since we will
continue to move beads only northwestward, all the final white resting points will be admissible,
by the Key Claim above. Another property of Phase 3 will be that each (nonempty) chain J; will
stay strictly inside the region between curves @; and @);11. Because of this, we will again have the
property that beads will never slide past each other or end at the same white point, and the order
in which we process the chains does not matter.

So let us fix some (nonempty) chain J; on curve @; and see how its beads can be slid north-
westward along their jump lines to white points forming a chain southeast of Q);;1. We begin with
the northeasternmost bead on the chain, which (by virtue of Phase 2) is either on a black point
or is in the middle of a horizontal jump line segment. In either case, we begin by sliding it west,
and we deposit immediately at the first white point encountered. We must check that this white
point is still to the southeast of curve @;+1. This is true because otherwise the first crossing point
northwest of the bead’s original position would be a horizontal one, in contradiction to the Phase 2
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Postcondition.

We handle the remaining beads in J; inductively. Suppose we have successfully deposited the
northeasternmost ¢ beads of J; at white points that form a chain southeast of ;1. Let’s say the
last of these (the southwesternmost of them) is bead z;, and we now want to successfully slide the
next one, xyy1. Let p; denote the white point into which x; was slid. Our method will be to slide
x4+1 west and north along its jump line until the first time it encounters a white point, p;;1 that is
west of p;, depositing it there. We need to argue three things: (i) pi41 exists; (ii) pi41 is southeast
of the curve Q;41; (iii) pyy1 is south of p;. If these things are true then we will have deposited
Z¢+1 in such a way that it extends the white point chain and is still southeast of @;11. This will
complete the induction.

To check the properties of p;y1, consider also the last (northwesternmost) white point pj Il
Z¢y1’s jump line that is still southeast of ;11. At least one must exist because the jump line
crosses Q;+1 vertically, by the Phase 2 Postcondition. This p, 1 must be west of p;, as otherwise
the jump line segment extending north from from it would cross p;’s jump line. It follows that p;1
must exist and be southeast of Q;11. It remains to check that p;11 is indeed south of p;. But if this
were not true then bead x;41 would have slid north of p; prior to sliding west of it — impossible, as
again it would imply x;y1’s jump line crossing x;’s. This completes the induction, and the analysis
of Phase 3.

Phase 4. Here we need to show that we can draw a new set of curves through the final (nonempty)
chains Ji, ..., J. such that condition (19) is satisfied. This is rather straightforward. As shown in
Phase 3, each final chain J; is confined to a region between the old curves @); and @Q;+1. Thus there
is no difficulty in drawing new nonintersecting curves through these chains, also confined within
the regions, that pass through all the beads. Finally, as the “new first curve” is completely to the
northwest of the “old first curve” @)1, the fact that all inadmissible white points are southeast of it
follows from the Key Claim. O

Proof of Lemma 6.2. Suppose we are given initial chains of beads I1, ..., I.. As the beads on each
chain are increasing, southwest-to-northeast, there is no difficulty in drawing a curve through each
chain. The only catch, for the purposes of getting a “set of curves”, is that the curves might
intersect. (We can assume by perturbation, though, that two curves never intersect at a bead.) To
correct the intersections, consider any two curves (); and (); that intersect. Redefine these curves
as follows: take all the “lower” (southeastern) segments and call that one new curve, and take all
the “upper” (northwestern) segments and call that another new curve. All of the beads are still on
curves, and thus can still be repartitioned into c chains. The resulting new curves still technically
have points of contact but do not essentially cross each other; by a perturbation we can slightly
pull apart the points of contact to make sure they become truly nonintersecting.

(An alternative to this proof is the following: For our overall proof of Theorem 6.3 we may as
well assume that the initial set of ¢ disjoint sequences in b is of maximum possible total length. In
this case, Wernisch’s maximum c-chain algorithm [Wer94, Theorem 21] provides a set of increasing,
nonintersecting “chain curves”, together with a maximizing set of ¢ chains that are in the associated
“regions”. This makes it easy to draw a nonintersecting set of curves through the chains, as in
Phase 4 above.) O
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