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Learning Submodular Functions

Maria-Florina Balcan∗ Nicholas J. A. Harvey†

Abstract

There has recently been significant interest in the machine learning community on understanding
and using submodular functions. Despite this recent interest, little is known about submodular functions
from a learning theory perspective. Motivated by applications such as pricing goods in economics, this
paper considers PAC-style learning of submodular functions in a distributional setting.

A problem instance consists of a distribution on{0, 1}n and a real-valued function on{0, 1}n that
is non-negative, monotone and submodular. We are givenpoly(n) samples from this distribution, along
with the values of the function at those sample points. The task is to approximate the value of the
function to within a multiplicative factor at subsequent sample points drawn from the same distribution,
with sufficiently high probability. We prove several results for this problem.

• If the function is Lipschitz and the distribution is a product distribution, such as the uniform
distribution, then a good approximation is possible: thereis an algorithm that approximates the
function to within a factorO (log(1/ǫ)) on a set of measure1− ǫ, for anyǫ > 0.

• If we do not assume that the distribution is a product distribution, then the approximation factor
must be much worse: no algorithm can approximate the function to within a factor ofÕ(n1/3)
on a set of measure1/2+ ǫ, for any constantǫ > 0. This holds even if the function is Lipschitz.

• On the other hand, this negative result is nearly tight: for an arbitrary distribution, there is an
algorithm that approximations the function to within a factor

√
n on a set of measure1− ǫ.

Our work combines central issues in optimization (submodular functions and matroids) with central
topics in learning (distributional learning and PAC-styleanalyses) and with central concepts in pseudo-
randomness (lossless expander graphs). Our analysis involves a twist on the usual learning theory models
and uncovers some interesting structural and extremal properties of submodular functions, which we
suspect are likely to be useful in other contexts. In particular, to prove our general lower bound, we use
lossless expanders to construct a new family of matroids which can take wildly varying rank values on
superpolynomially many sets; no such construction was previously known.
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1 Introduction
What does it mean to “learn a submodular function”, and why would one be interested in doing that?
To begin, let us explain what a submodular function is. Let[n] = {1, . . . , n} be a ground set and let
f : 2[n] → R be a set function. This function is calledsubmodularif

f(A) + f(B) ≥ f(A ∪B) + f(A ∩B) ∀A,B ⊆ [n]. (1.1)

Submodularity is in many ways similar to concavity of functions defined onRn. For example, concavity
of differentiable functions is equivalent to gradient monotonicity, and submodularity is equivalent to mono-
tonicity of the marginal values:

f(A ∪ {i})− f(A) ≥ f(B ∪ {i})− f(B) ∀A ⊆ B ⊆ [n] andi 6∈ B. (1.2)

This inequality reflects a natural notion of “diminishing returns”, which explains why submodularity has
long been a topic of interest in economics [56]. Submodular functions have also been studied for decades
in operations research and combinatorial optimization [15], as they arise naturally in the study of graphs,
matroids, covering problems, facility location problems,etc.

More recently, submodular functions have become key concepts in both the machine learning and algo-
rithmic game theory communities. For example, submodular functions have been used to model bidders’
valuation functions in combinatorial auctions [26, 42, 14,5, 60], for solving feature selection problems in
graphical models [39], and for solving various clustering problems [47]. In fact, submodularity in machine
learning has been a topic of two tutorials at two recent majorconferences in machine learning [40, 41].

The Model. So what does it mean to “learn a submodular function”? Our definition comes from the field
of computational learning theory, where the goal of learning is to make predictions about the future based
on past observations. One of the most successful approachesto formalizing this goal is Valiant’s PAC
model [58]; even today, this model continues to stimulate significant research in theoretical computer sci-
ence. However, the PAC model has primarily been designed forlearningBoolean-valued functions, such
as threshold functions and low-depth circuits [58, 37]. Forreal-valued functions, it seems appropriate to
change the model by ignoring small-magnitude errors in the predicted values. Our results on learning sub-
modular functions are presented in this new model, which we call thePMAC model: this abbreviation stands
for “Probably Mostly Approximately Correct”.

In this model, a learning algorithm is given a setS of polynomially many labeled examples drawn
i.i.d. from some fixed, but unknown, distributionD over points in2[n]. The points are labeled by a fixed,
but unknown, target functionf∗ : 2[n] → R+. The goal is to output a hypothesis functionf such that, with
large probability over the choice of examples, the set of points for whichf is a good approximation forf∗

has large measure with respect toD. More formally,

Prx1,x2,...∼D [ Prx∼D [ f(x) ≤ f∗(x) ≤ αf(x) ] ≥ 1− ǫ ] ≥ 1− δ,

wheref is the output of the learning algorithm when given inputs{ (xi, f∗(xi)) }i=1,2,... and the approxima-
tion ratioα ≥ 1 allows for multiplicative error in the function values. In our model, one mustapproximate
the value of a function on a set of large measure, with high confidence. In contrast, the traditional PAC
model requires one to predict the valueexactlyon a set of large measure, with high confidence. The PAC
model is the special case of our model withα = 1.

Motivation. So why would one want to learn a submodular function in this manner? Our work has multiple
motivations. From a foundational perspective, submodularfunctions form a broad class of important func-
tions, so studying their learnability allows us to understand their structure in a new way. To draw a parallel to
the Boolean-valued case, a class of comparable breadth is the class of monotone Boolean functions, which
have been intensively studied [9, 7, 2, 12, 48].
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From an applications perspective, algorithms for learningsubmodular functions could be very useful in
some of the applications where these functions arise. A classic example is pricing bundles of goods. For
example, a software company which produces a software suitetypically produces several bundles, each of
which is a subset of the software programs in the suite. Further examples abound: automobile manufac-
turers produce a few trim lines of their vehicles with various added options; supermarkets sell bundles of
condiments, variety packs of cereal, etc. From an economic standpoint, the central question here isbundle
pricing: how should a company decide which bundles to sell, and how should they choose their prices? This
is an active area of research in management science and microeconomic theory [26, 62, 4, 50, 18].

There has been much work on methods for designing optimally priced bundles, in various models. These
methods typically make two assumptions [26]. First, the consumer’s valuations for all possible bundles
are known. Second, the consumer’s valuations exhibit economies of scale (e.g., subadditivity or submod-
ularity). Our work is motivated by the observation that thisfirst assumption is entirely unrealistic, both
computationally and pragmatically, since the number of bundles is exponential in the number of goods.

We propose learning of submodular functions as an approach to make this first assumption more realistic.
To justify our proposal, note that the that corporations typically possess large amounts of data acquired
from past consumer purchases [50]. This suggests thatpassive supervised learningis a realistic model for
learning consumer valuations. Next, we note that valuations are real numbers, so it may not be possible to
learn them exactly. This suggests that allowing solutions with multiplicative error is appropriate for this
problem. Thus, the problem of learning submodular functions in the PMAC model is a good fit for the
real-world problem of learning consumer valuations.

1.1 Overview of Our Results and Techniques

In this work, we prove several algorithmic results and lowerbounds in the PMAC model, as well as new
surprising structural results concerning submodular functions and matroids. To do so, we combine ideas and
techniques from computational learning theory, combinatorial optimization, pseudorandomness and discrete
probability theory.

Algorithm for product distributions. We begin with a positive result. We show that non-negative, mono-
tone, submodular functions can be PMAC-learned with a constant approximation factorα, under the ad-
ditional assumptions that the distributionD on examples is a product distribution, and that the functionis
Lipschitz. Focusing on product distributions is quite a natural restriction — in learning theory, it is com-
mon to study learnability of functions under the uniform distribution or a product distribution [43, 38, 35],
particularly when the class of functions has high complexity.

The main technical result underlying this algorithm is a concentration result for monotone, submodular,
Lipschitz functions. Using Talagrand’s inequality, we show that such functions are extremely tightly con-
centrated around their expected value. Therefore the submodular function is actually well-approximated by
theconstantfunction that equals the empirical average on all points.

Inapproximability for general distributions. Given the simplicity of the constant-approximation algo-
rithm for product distributions, a natural next step would be to generalize it to arbitrary distributions. Rather
surprisingly, we show that this is impossible: under arbitrary distributions, every algorithm for PMAC-
learning monotone, submodular funtions must have approximation factorΩ̃(n1/3), even if the functions are
Lipschitz. Moreover, this lower bound holds even if the algorithm knows the underlying distribution and it
can adaptively query the target function at points of its chioce.

This inapproximability result is the most technical part ofour paper. To prove it, we require a family
of submodular functions which take wildly varying values ona certain set of points. If the target function
is drawn from this family, then the learning algorithm will not be able to predict the function values on
those points, and therefore must have a high approximation ratio. We obtain such a family of submodular
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functions by creating a new family of matroid with surprising extremal properties, which we describe below.

Algorithm for general distributions. Our Ω̃(n1/3) inapproximability result for general distributions is
dire, but it turns out to be nearly optimal. We give an algorithm to PMAC-learn an arbitrary non-negative,
monotone, submodular function with approximation factorO(

√
n). The approximation ratio of this algo-

rithm is large, but not unreasonable — it has recently emerged thatnΘ(1) is the correct approximation ratio
for numerous optimization problems involving submodular functions [21, 54, 20, 33].

This algorithm is based on a recent structural result which shows that any monotone, non-negative, sub-
modular function can be approximated within a factor of

√
n on every point by the square root of a linear

function [21]. We show how we can leverage this result to reduce the problem of PMAC-learning a submod-
ular function to learning a linear separator in the usual PACmodel. We remark that an improved structural
result for any subclass of submodular functions immediately implies an improved analysis of our algorithm
for that subclass.

A family of extremal matroids. Our inapproximability result is based on a new family of matroids1 with
several interesting properties. The technical question weexplore is: given a set familyA = {A1, . . . , Ak}
andb1, . . . , bk ∈ Z, when is

I = { I : |I| ≤ r ∧ |I ∩Ai| ≤ bi ∀i = 1, . . . , k } (1.3)

a matroid? The simplest matroid of this type is obtained whentheAi’s are disjoint, in which caseI is a
(truncated) partition matroid. Another important matroidof this type is obtained when theAi’s form an
error-correcting code of constant weightr and minimum distance4, and eachbi = r − 1; such a matroid is
apaving matroid.

To this date, there has been no unified explanation for these two types of matroids. Our observation is that
these two special cases are matroids due to theexpansionof the set systemA: disjoint sets expand perfectly,
and error-correcting codes are preciselypairwiseexpanders. This suggests the general question: ifA has
good expansion properties, doesI form a matroid? For example, if theAi’s are almost disjoint, can we
obtain a matroid that’s almost a partition matroid? We give apositive answer to these questions, subject to
some additional technical conditions. This matroid construction, together with the existence of expanders
with certain parameters, and the fact that thebi’s can be (almost) arbitrary, gives a family of matroids taking
wildly varying rank values on theAi’s. This leads to our̃Ω(n1/3) inapproximability result.

Approximate characterization of matroids. Our final result is an interesting “approximate characteriza-
tion” of matroids. It is well-known that defining the function f : 2[n] → R by f(S) = h(|S|) gives a
submodular function ifh : R → R is concave. Surprisingly, we show that an approximate converse is true:
for any matroid, there exists a concave functionh such that most setsS have rank approximatelyh(|S|).
A more precise statement is in Section 3.1. This result is also based on our concentration inequality for
Lipschitz, submodular functions under product distributions.

1.2 Related Work

Submodular Functions. Optimization problems involving submodular functions hasbeen a highly active
topic over the past few years. There has been significant progress on algorithms (or approximation al-
gorithms) for both minimizing and maximizing submodular functions [22, 51, 29, 31, 17], under various
constraints. Approximation algorithms for submodular analogues of several other well-known optimization
problems have been studied, including load balancing [54],set cover [63, 30], shortest path [20], sparsest
cut [54],(s, t)-cut [33], vertex cover [30, 20], etc.

Learning real-valued functions and the PMAC Model. In the machine learning literature [27, 59], learn-
ing real-valued functions (in the usual distributional learning setting) is often addressed by considering the

1 For a brief definition of matroids, see Section 2. For furtherdiscussion, we refer the reader to standard references [49,52].
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squared error loss2, i.e.Ex

[
(f(x)− f∗(x))2

]
. The squared error loss, however, does not distinguish be-

tween the case of having low error on most of the distributionand just high error over a few points, versus
having moderately high error everywhere. Thus, for instance, a lower bound for the squared error loss is not
so meaningful. Instead, the PMAC model allows for more fine-grained control with separate parameters for
the amount and extent of errors.

Learning Submodular Functions. To our knowledge, there is no prior work on learning submodular func-
tions in a natural distributional PAC style learning setting. The most relevant work is a paper of Goemans
et al. [21], which considers the problem of “approximating submodular functions everywhere”. That paper
considers the algorithmic problem of efficiently finding a function which approximates a submodular func-
tion at every point of its domain. They give an algorithm which achieves an approximation factorÕ(

√
n),

and also show̃Ω(
√
n) inapproximability. Their algorithm adaptively queries the target function at points of

its choice, and the hypothesis it produces must approximatethe target function ateverypoint.3 In contrast,
our learnability results (within the PMAC model) are learning results for the more widely studied passive
supervised learning setting [3, 37, 58, 59], which is more relevant for our motivating application to bundle
pricing.

Our algorithm for PMAC-learning under general distributions and the Goemans et al. algorithm both rely
on the structural result (due to Goemans et al.) that monotone, submodular functions can be approximated
by the square root of a linear function to within a factor

√
n. In both cases, the challenge is to find this linear

function. The Goemans et al. algorithm is very sophisticated: it gives an intricate combinatorial algorithm
to approximately solve a certain convex program which produces the desired function. On the other hand,
our algorithm is very simple: given the structural result, we can reduce our problem to that of learning a
linear separator, which is easily solved by linear programming. Moreover, our algorithm is noise-tolerant
and more amenable to extensions; we elaborate on this in Section 5 and Appendix G.1.

On the other hand, our lower bound is significantly more involved than lower bound of Goemans et al.
Both of these lower bounds involve matroids of the form in Eq.(1.3), although Goemans et al. only need
such matroids for the easy casek = 1. Handling the casek = nω(1) makes our matroid construction much
more intricate. Essentially, Goemans et al. only show worst-case inapproximability, whereas we need to
showaverage-case inapproximability. The situation is similar with Boolean functions, where lower bounds
for distributional learning are typically much harder to show than lower bounds for exact learning. For
instance, even conjunctions are hard to learn in the exact learning model, and yet it’s trivial to PAC-learn
them. Proving a lower bound for PAC-learning requires exhibiting some fundamental complexity in the
class of target functions, especially when one does not restrict the form of the hypothesis function. It is
precisely this phenomenon which makes our lower bound challenging to prove.

2 Formalizing the Model
2.1 Preliminaries

Notation. Throughout this paper, we let[n] denote the set{1, 2, . . . , n}. This will typically be used as the
ground set for the matroids and submodular functions that wediscuss. For any setS ⊆ [n] and element
x ∈ [n], we letS + x denoteS ∪ {x}. The indicator vector of a setS ⊆ [n] is χ(S) ∈ R

n, whereχ(S)i is
1 if i is in S and0 otherwise.

2Other loss functions are also used, such asL1 loss, but from our perspective they are not substantially different from squared
error loss.

3 Technically speaking, their model could be viewed as the “exact learning with value queries model”, which is not the most
natural from a machine learning perspective. In particular, it is well-known that in many learning applications it is undesirable
to allow arbitrary membership or value queries because natural oracles, such as hired humans, have difficulty labeling synthetic
examples [6]. In addition, negative results for exact learning do not necessarily imply hardness for learning in other more widely
used learning models and we discuss this in more detail below.
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Recall that aproduct distributionon the set2[n] is a distributionD such that, ifS ⊆ [n] is a sample from
D, then the eventsi ∈ S andj ∈ S are independent for everyi 6= j.

Submodular Functions and Matroids. We now briefly state some standard facts about matroids and sub-
modular functions. For a detailed discussion, we refer the reader to standard references [19, 44, 49, 52]. We
will be concerned with the following properties of set functions. We say thatf : 2[n] → R is

• Normalizedif f(∅) = 0.
• Non-negativeif f(S) ≥ 0 for all S.
• Monotone(or non-decreasing) if f(S) ≤ f(T ) wheneverS ⊆ T .
• Submodularif it satisfies Eq. (1.1), or equivalently Eq. (1.2).
• Subadditiveif f(S) + f(T ) ≥ f(S ∪ T ) for all S, T ⊆ [n].
• L-Lipschitzif |f(S + x)− f(S)| ≤ L for all S ⊆ [n] andx ∈ [n].

Throughout this paper we will implicitly assume that all setfunctions are normalized. Some basic facts
about submodular functions are given in Appendix A.

One manner in which submodular functions arise is as the rankfunctions of matroids. A pairM = ([n],I)
is called a matroid ifI ⊆ 2[n] is a non-empty family such that

• if I ∈ I andJ ⊆ I, thenJ ∈ I, and
• if I, J ∈ I and|J | < |I|, then there exists ani ∈ I \ J such thatJ + i ∈ I.

The sets inI are calledindependentand those not inI are calleddependent. A maximal independent set
is called abaseof M. All bases have the same size, which is called therank of the matroid and is denoted
rk(M). Therank functionof the matroid is the functionrankM : 2[n] → N+ defined by

rankM(S) := max { |I| : I ⊆ S, I ∈ I } .
It is well-known thatrankM is non-negative, monotone, submodular, and1-Lipschitz.

2.2 The PMAC Model

The PMAC model is a passive, supervised learning framework.There is a space{0, 1}n of examples, and
a fixed but unknown distributionD on {0, 1}n. The examples are labeled by a fixed but unknown target
function f∗ : {0, 1}n → R+. In this model, a learning algorithm is provided a setS of labeled training
examples drawn i.i.d. fromD and labeled byf∗. The algorithm may perform an arbitrary computation on
the labeled examplesS, then must output a hypothesis functionf : {0, 1}n → R+. The goal is that, with
high probability,f is a good approximation of the target for most points inD. Formally, we define the
PMAC learning model as follows.

Definition 1. LetF be a family of non-negative, real-valued functions with domain {0, 1}n. We say that an
algorithmA PMAC-learnsF with approximation factorα if, for any distributionD over{0, 1}n, for any
target functionf∗ ∈ F , and forǫ ≥ 0 andδ ≥ 0 sufficiently small:

• The input toA is a sequence of pairs{(xi, f∗(xi))}1≤i≤ℓ where eachxi is chosen independently
from distributionD.

• The number of inputsℓ provided toA and the running time ofA are both at mostpoly(n, 1ǫ ,
1
δ ).

• The output ofA is a functionf : {0, 1}n → R that satisfies

Prx1,...,xℓ∼D

[
Prx∼D [ f(x) ≤ f∗(x) ≤ α · f(x) ] ≥ 1− ǫ

]
≥ 1− δ.

The name PMAC stands for “Probably Mostly Approximately Correct”. It is an extension of the PAC
model to learning non-negative, real-valued functions, allowing multiplicative errorα. The PAC model for
learning boolean functions is precisely the special case whenα = 1.

Learning submodular functions in the PMAC model. In this paper we focus on the PMAC-learnability of
submodular functions. We note that it is quite easy to PAC-learn the class ofbooleansubmodular functions.
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Algorithm 1 An algorithm for PMAC-learning a non-negative, monotone,1-Lipschitz, submodular func-
tion f∗ when the examples come from a product distribution. Its input is a sequence of labeled training
examples(S1, f

∗(S1)), . . . , (Sℓ, f
∗(Sℓ)), whereℓ = 10n2 log(1/δ) + n log(n/δ)/ǫ.

• Let µ =
∑ℓ

i=1 f
∗(Si)/ℓ.

• Case 1:If µ ≥ 450 log(1/ǫ), then return the constant functionf = µ/4.
• Case 2: If µ < 450 log(1/ǫ), then compute the setU =

⋃
i : f∗(Si)=0 Si. Return the functionf

wheref(A) = 0 if A ⊆ U andf(A) = µ otherwise.

Details are given in Appendix B. The rest of this paper considers the much more challenging task of PMAC-
learning the general class of real-valued, submodular functions. We also provide PMAC-learnability results
for the more general class of subadditive functions.

3 An Algorithm for Lipschitz Functions and Product Distribu tions
In computational learning theory, it is common to study learnability of functions when the examples are
distributed according to the uniform distribution or a product distribution [43, 38, 35]. In this section,
we consider the learnability of submodular functions undersuch distributions. We show that Algorithm 1
PMAC-learns submodular functions with a constant approximation factor, under the additional assumption
that the function is Lipschitz. Formally, our result is:

Theorem 1. LetF be the class of non-negative, monotone, 1-Lipschitz, submodular functions with ground
set [n] and minimum non-zero valueη. LetD be a product distribution on[n]. For any sufficiently small
ǫ > 0 andδ > 0, Algorithm 1 PMAC-learnsF with approximation factorO(log(1/ǫ)/η). The number of
training examples used is10n2 log(1/δ) + n log(n/δ)/ǫ.

A detailed proof is in Appendix C; we now briefly describe the idea. We show that, under a product
distribution, the value off is tightly concentrated around its expectation. Consequently, the empirical
average gives a good approximation off for most of the distribution. Thereforef is well-approximated by
the constant function that equals the empirical average on all points. This idea is employed in Case 1 of
Algorithm 1.

One caveat is that allowing multiplicative error is of no help in estimating the zeros off . The zeros must
be treated specially. Fortunately the zeros of a non-negative, monotone, submodular function have special
structure: they are both union-closed and downward-closed. In other words, the indicator function for the
zeros is a NOR function. Therefore Case 2 handles the zeros by PAC-learning this NOR function.

The main technical ingredient in the proof of Theorem 1 is ourconcentration bound onf , which we state
as Theorem 2.

Theorem 2. Let f : 2[n] → R+ be a non-negative, monotone, submodular,1-Lipschitz function. Let the
random variableX ⊆ [n] have a product distribution. For anyb, t ≥ 0,

Pr
[
f(X) ≤ b− t

√
b
]
· Pr [ f(X) ≥ b ] ≤ exp(−t2/4). (3.1)

To understand Theorem 2, it is instructive to compare it withknown results. For example, the Chernoff
bound is precisely a concentration bound forlinear, Lipschitz functions. On the other hand, iff is an
arbitrary 1-Lipschitz function then Azuma’s inequality implies concentration, although of a much weaker
form, with standard deviation roughly

√
n. So Theorem 2 can be viewed as saying that Azuma’s inequality

can be significantly strengthened when the given function isknown to be submodular.
Our proof of Theorem 2 is based on the Talagrand inequality [55, 1, 46, 32]. Independently, Chekuri and

Vondrák [11] proved a similar result using the FKG inequality. Concentration results of this flavor can also
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be proven using the framework of self-bounding functions [8], as observed in an earlier paper by Hajiaghayi
et al. [25]; see also the survey by Vondrák [61].

Theorem 2 most naturally implies concentration around the median off(X). By standard manipulations,
e.g., [32,§2.5] or [46,§20.2], this also implies concentration around the expectedvalue. We obtain:

Corollary 3. Let f : 2[n] → R+ be a non-negative, monotone, submodular,1-Lipschitz function. Let the
random variableX ⊆ [n] have a product distribution. For any0 ≤ α ≤ 1 and ifE [ f(X) ] ≥ 240/α, then

Pr [ |f(X)−E [ f(X) ] | > αE [ f(X) ] ] ≤ 4 exp
(
− α2

E [ f(X) ] /16
)
.

3.1 An Approximate Characterization of Matroid Rank Functi ons

We now present an ancillary result that is an application of the ideas in the previous section. The statement is
somewhat surprising: matroid rank functions are very well approximated byunivariate, concave functions.
The proof is also based on Theorem 2. To motivate the result, consider the following easy construction of
submodular functions, which can be found in Lovász’s survey [44, pp. 251]

Proposition 4. Leth : R → R be concave. Thenf : 2[n] → R defined byf(S) = h(|S|) is submodular.

It goes without saying that this construction yields an extremely restricted class of submodular functions.
However, we now show that a partial converse is true.

Theorem 5. Let f : 2[n] → Z+ be the rank function of a matroid with no loops, i.e.,f(S) ≥ 1 whenever
S 6= ∅. Fix ǫ > 0, sufficiently small. There exists a concave functionh : [0, n] → R such that, forevery
k ∈ [n], and for a1− ǫ fraction of the setsS ∈

([n]
k

)
, we have

1

O
(
log(1/ǫ)

)h(k) ≤ f(S) ≤ O
(
log(1/ǫ)

)
h(k).

The idea behind this theorem is as follows. We defineh(p) to be the expected value off under the the
product distribution which samples elements with probability p. The value off under this distribution is
tightly concentrated aroundh(p), by the results of the previous section. But the distribution definingh(k/n)
is very similar to the uniform distribution on sets of sizek, sof is also tightly concentrated under the latter
distribution. So the value off for most sets of sizek is roughlyh(k/n). The concavity of this functionh is
a consequence of submodularity off . A detailed proof is in Appendix D.

4 Inapproximability under Arbitrary Distributions
The simplicity of Algorithm 1 might make one hope that a constant-factor approximation is possible under
arbitrary distributions. Any such hopes are dashed by the following theorem.

Theorem 6. No algorithm can PMAC-learn the class of non-negative, monotone, submodular functions
with approximation factoro(n1/3/log n).

This result holds even if the algorithm is told the underlying distribution, even if the algorithm can query
the function on inputs of its choice, and even if the queries are adaptive. In other words, this inapproxima-
bility still holds in the PMAC model augmented with value queries.

Theorem 6 is an information-theoretic hardness result. A slight modification yields Corollary 7, which is
a complexity-theoretic hardness result. Proofs of Theorem6 and Corollary 7 are given in Appendix E.2.

Corollary 7. Suppose that one-way functions exist. For any constantǫ > 0, no algorithm can PMAC-learn
the class of non-negative, monotone, submodular functionswith approximation factorO(n1/3−ǫ), even if
the functions are given via polynomial-time algorithms which compute their value on the support of the
distribution.

As we described in Section 1.1, we will prove these results byconstructing a family of matroids whose
rank functions take wildly varying values on a certain set ofpoints. The following theorem gives this
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construction. It is proven in Section 4.3.

Theorem 8. For anyk = 2o(n
1/3), there exists a family of setsA ⊆ 2[n] and a family of matroidsM =

{ MB : B ⊆ A } with the following properties.
• |A| = k and |A| = n1/3 for everyA ∈ A.
• For everyB ⊆ A and everyA ∈ A, we have

rankMB
(A) =

{
8 log k (if A ∈ B)

|A| (if A ∈ A \ B).

To help understand how this theorem relates to Theorem 6, letus focus on the case wherek is slightly
super-polynomial, sayk = nlogn. In the matroidMB, a setA has rank onlyO(log2 n) if A ∈ B, but has
rankΩ(n1/3) if A ∈ A \ B. In other words, asB varies, the rank of a setA ∈ A varies wildly, depending
on whetherA ∈ B or not. Thus, given an unknown matroidMB ∈ M, the problem of learning the rank of
eachA ∈ A amounts to learning the setB ⊆ A. This is not possible since|A| is super-polynomial, and this
leads to the claimed̃Ω(n1/3) inapproximability for PMAC-learning these rank functions.

4.1 Discussion of Theorem 8

Another motivation for Theorem 8 is its connection to thesubmodular completion problem. Suppose we
have partially defined a set functionf : 2[n] → R, perhaps assigningf(A1) = b1, f(A2) = b2, etc. Can
the remaining values off be chosen such thatf is submodular? This is not a simple question, and recent
results suggest that it is quite challenging [53]. Theorem 8sheds some light on the submodular completion
problem, for the special case when eachAi belongs to our particular familyA. Essentially, it says for
any bi’s satisfying8 log k ≤ bi ≤ |Ai|, then indeed the remaining values can be chosen such thatf is
submodular.

Theorem 8 addresses the submodular completion problem via the set family defined in Eq. (1.3), namely

I = { I : |I| ≤ r ∧ |I ∩Ai| ≤ bi ∀i = 1, . . . , k } .
If I is the family of independent sets of a matroid, then its rank function might be a good solution to
the submodular completion problem. Certainly the rank function will be submodular, and it also satisfies
rank(Ai) ≤ bi. But we would like equality to hold. Our question becomes:

Is there a matroid satisfyingrank(Ai) = bi for eachi? (4.1)

We first discuss two simple cases of this question. Note thatI cannot possibly satisfy (4.1) ifbi > |Ai| or
bi > r, so henceforth assume thatbi ≤ min {|Ai|, r} for all i.

• Disjoint Ai’s. Question (4.1) is quite simple so long as theAi’s are disjoint. One may check thatI
indeed forms a matroid (assuming thatr, b1, . . . , bk ≥ 0), and that this matroid satisfies (4.1).

• Two sets.Even in the casek = 2, question (4.1) is quite interesting. First of all, the family I above
typically does not form a matroid. Consider takingn = 5, r = 4, A1 = {1, 2, 3}, A2 = {3, 4, 5}
andb1 = b2 = 2. Then both{1, 2, 4, 5} and{2, 3, 4} are maximal sets inI but they do not have the
same cardinality, which violates one of the basic matroid properties.
However, it is a short exercise to check thatI is a matroid if we require thatr ≤ b1+b2−|A1∩A2|.
(For a proof, see Lemma 28.) This matroid also satisfies (4.1). In fact, we can even relax the
constraint|I| ≤ r to obtain the family

{ I : |I ∩A1| ≤ b1 ∧ |I ∩A2| ≤ b2 ∧ |I ∩ (A1 ∪A2)| ≤ r } ,
which is also a matroid ifr ≤ b1 + b2 − |A1 ∩ A2|. We would have prefered a somewhat weaker
restriction onr, sayr ≤ b1 + b2 (which is actually vacuous), but in order to obtain a matroid, this
restriction onr must include an “error term” of−|A1 ∩A2|.
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The strategy of Theorem 8 is to generalize this discussion ofk = 2 to larger values ofk. The generaliza-
tion is not straightforward, as Theorem 8 imposes quite a fewconditions on the desired family of matroids.
Quite magically, the key to satisfying all of the desired conditions is to ensure that the familyA has strong
expansion properties. However there are numerous technical challenges in proving the desired result. In-
deed, our first construction, Theorem 9, falls short of the mark as it cannot handle the casek > n, whereas
proving Theorem 6 requiresk = nω(1). Theorem 10 improves the first construction with several ideas, and
it provides the basis for proving Theorem 8 and Theorem 6.

4.2 The Matroid Constructions

Let A = {A1, . . . , Ak} be an arbitrary family of sets. Letb1, . . . , bk be integers satisfying0 ≤ bi ≤ |Ai|.
As we saw above, in the casek = 2,

{ I : |I ∩A1| ≤ b1 ∧ |I ∩A2| ≤ b2 ∧ |I ∩ (A1 ∪A2)| ≤ b1 + b2 − |A1 ∩A2| } (4.2)

is a matroid, where−|A1 ∩A2| is an undesirable but necessary “error term” in the last constraint.
To generalize this tok > 2, we will impose similar constraints for every subset of theAi’s. Our new set

family is

I :=



 I :

∣∣∣I ∩
( ⋃

j∈J

Aj

)∣∣∣ ≤
∑

j∈J

bj −
(∑

j∈J

|Aj | −
∣∣∣
⋃

j∈J

Aj

∣∣∣
)

∀J ⊆ [k]



 .

In the special casek = 2, this is precisely Eq. (4.2). To simplify notation somewhat, let us define the
functionf : 2[k] → Z where

f(J) :=
∑

j∈J

bj −
(∑

j∈J

|Aj | − |A(J)|
)
, and A(J) :=

⋃

j∈J

Aj . (4.3)

Then we can write more compactly

I = { I : |I ∩A(J)| ≤ f(J) ∀J ⊆ [k] } . (4.4)

In the definition off(J), we should again think of−
(∑

j∈J |Aj | − |A(J)|
)

as an “error term”, since it is
non-positive, and it captures the “overlap” of the sets{ Aj : j ∈ J }. In particular, ifJ = {1, 2} then this
error term is precisely−|A1 ∩A2|, as it was in the casek = 2. Furthermore, if theAj ’s are all disjoint then
the error terms are all0, and so the familyI reduces to{ I : |I ∩Aj| ≤ bj ∀j ∈ [k] }, which is simply a
partition matroid.

Our first matroid construction is given by the following theorem, which is proven in Appendix E.1.

Theorem 9. The familyI given in Eq.(4.4) is the family of independent sets of a matroid, if it is non-empty.

As mentioned above, Theorem 9 does not suffice to prove Theorem 6. To see why, suppose thatk > n
and thatbi < |Ai| for everyi. Thenf([k]) ≤ n − k < 0, and thereforeI is empty. So the construction of
Theorem 9 is only applicable whenk ≤ n, which is insufficient for proving Theorem 6.

We now modify the preceding construction by introducing a sort of “truncation” operation which allows
us to takek ≫ n. We emphasize that this truncation isnot ordinary matroid truncation. The ordinary
truncation operationdecreasesthe rank of the matroid, whereas we want toincreasethe rank by throwing
away constraints in the definition ofI. In particular, we will introduce an additional parameterτ , and only
keep constraints for|J | < τ . It turns out that, so long asf is large enough for a certain interval, then we can
truncatef and still get a matroid.

Definition 2. Letµ andτ be non-negative integers. A functionf : 2[k] → R is called(µ, τ)-large if

f(J) ≥
{
0 ∀J ⊆ [k], |J | < τ

µ ∀J ⊆ [k], τ ≤ |J | ≤ 2τ − 2.
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The truncated function̄f : 2[k] → Z is defined by

f̄(J) :=

{
f(J) (if |J | < τ )

µ (otherwise).

We now argue that we can truncatef and still obtain a matroid. Our second matroid constructionis:

Theorem 10. Suppose that the functionf defined in Eq.(4.3) is (µ, τ)-large. Then the family

Ī =
{
I : |I ∩A(J)| ≤ f̄(J) ∀J ⊆ [k]

}

is the family of independent sets of a matroid.

If we assume that theAi’s cover the ground set, i.e.,A([k]) = [n], or if we apply ordinary matroid
truncation to reduce the rank toµ, then the familyĪ can be written

Ī =
{
I : |I| ≤ µ ∧ |I ∩A(J)| ≤ f(J) ∀J ⊆ [k], |J | < τ

}
.

This construction yields quite a broad family of matroids. We list several interesting special cases in Ap-
pendix F. In particular, partition matroids and paving matroids are both special cases. Thus, our construction
can produce non-linear matroids, as the Vámos matroid is both non-linear and paving.

4.3 Theorem 8 and Matroids from Lossless Expanders

To prove Theorem 8, we must construct the desired set familyA and the matroid familyM. To achieve the
desired properties ofM, we require thatA satisfies a strong expansion property which we describe now.

Definition 3. LetG = (U ∪ V,E) be a bipartite graph. ForJ ⊆ U , define

Γ(J) := { v : ∃u ∈ U such that{u, v} ∈ E } .
For simplicity we letΓ(u) = Γ({u}). The graphG is called a(D,L, ǫ)-lossless expander if

|Γ(u)| = D ∀u ∈ U

|Γ(J)| ≥ (1− ǫ) ·D · |J | ∀J ⊆ U, |J | ≤ L.

Lossless expanders are well-studied [28, 24], and their existence is discussed below in Theorem 14. Given
such aG, we will construct our set familyA = {A1, . . . , Ak} ⊆ 2[n] by identifyingU = [k], V = [n], and
for each vertexi ∈ U we defineAi to beΓ(i). The various parameters in Theorem 8 must be reflected in
the various parameters ofG, so let us now make clear the relationships between these parameters.

U = [k], V = [n], D = µ, L = 2τ − 2, ǫ =
b

4µ
, b ≥ 2µ

τ
. (4.5)

(The actual values are chosen below in Eq. (4.8).) Thus we have:

|Ai| = µ ∀i ∈ U

|A(J)| ≥ (1 − ǫ) · µ · |J | ∀J ⊆ U, |J | ≤ 2τ − 2.
(4.6)

Recall that we must construct not a single matroid but an entire family of matroids, one for every subfam-
ily B ⊆ A. Constructing this large number of matroids will be no harder than constructing a single matroid
because the matroid properties will follow from the expansion properties of the set family (i.e., Eq. (4.6)),
and these properties are obviously preserved by restricting to a subfamily.

For any subfamilyB ⊆ A, we will obtain the matroidMB using Theorem 10. LetUB ⊆ U be the set
of indices definingB, i.e.,B = { Ai : i ∈ UB }. Thebi parameters will all be equal, so let their common
value beb. The function defining the matroid isfB : 2UB → R, defined as in Eq. (4.3) by

fB(J) =
∑

j∈J

b −
(∑

j∈J

|Aj | − |A(J)|
)

= (b− µ)|J | − |A(J)|.
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Claim 11. fB is (µ, τ)-large.

All claims in this section are proven in Appendix E.3. By thisclaim, Theorem 10 implies that

IB =
{
I : |I| ≤ µ ∧ |I ∩A(J)| ≤ fB(J) ∀J ⊆ UB, |J | < τ

}
(4.7)

is the family of independent sets of a matroid, which we callMB.
The next step in proving Theorem 8 is to analyzerankMB

(Ai) for Ai ∈ A. This is accomplished by the
following two claims, which follow from Eq. (4.6) without too much difficulty.

Claim 12. For all B ⊆ A and allAi ∈ B we haverankMB
(Ai) = b, assuming thatb ≤ µ.

Claim 13. For all B ⊆ A and allAi ∈ A \ B we haverankMB
(Ai) = µ.

Lastly, we show that the existence of an expander graphG with parameters that are sufficient to prove
Theorem 8. The following probabilistic construction is folklore. We thank Atri Rudra for explaining it to
us, and for stating it in these general terms. A less general statement along the same lines can be found in
Vadhan’s survey [57, Theorem 4.4].

Theorem 14. Let k ≥ 2 and ǫ ≥ 0. For anyL ≤ k, let D ≥ 2 log(k)/ǫ and n ≥ 6LD/ǫ. Then a
(D,L, ǫ)-lossless expander exists.

To prove Theorem 8, we choosek = 2o(n
1/3) andµ = |Ai| = n1/3 (cf. Eq. (4.6)). It is clear from

Claim 12 that we must chooseb = 8 log k. (We require thatk is at most2o(n
1/3) because Claim 12 assumes

b ≤ µ.) Following Eq. (4.5), we can therefore take

D = µ = n1/3, ǫ =
b

4µ
=

2 log k

n1/3
, τ =

2µ

b
=

n1/3

4 log k
, L = 2τ − 2 ≤ n1/3

2 log k
. (4.8)

These parameters satisfy the hypotheses of Theorem 14, so our desired expander exists and Theorem 8 is
proven.

5 An O(
√
n)-approximation Algorithm

In this section we discuss our most general upper bounds for efficiently PMAC-learning two very broad
families of functions: a PMAC-learning algorithm with approximation factorO(n) for learning the family of
non-negative, monotone, subadditive functions and a PMAC-learning algorithm with approximation factor
O(

√
n) for learning the class of non-negative, monotone, submodular functions.

Theorem 15. LetF be the class of non-negative, monotone, subadditive functions overX = 2[n]. There is
an algorithm that PMAC-learnsF with approximation factorn+1. That is, for any distributionD overX,
for anyǫ, δ sufficiently small, with probability1− δ, the algorithm produces a functionf that approximates
f∗ within a multiplicative factor ofn + 1 on a set of measure1 − ǫ with respect toD. The algorithm uses
ℓ = 48n

ǫ log
(
9n
δǫ

)
training examples and runs in timepoly(n, 1/ǫ, 1/δ).

Theorem 16. LetF be the class of non-negative, monotone, submodular functions overX = 2[n]. There
is an algorithm that PMAC-learnsF with approximation factor

√
n+ 1. That is, for any distributionD

overX, for any ǫ, δ sufficiently small, with probability1 − δ, the algorithm produces a functionf that
approximatesf∗ within a multiplicative factor of

√
n+ 1 on a set of measure1− ǫ with respect toD. The

algorithm usesℓ = 48n
ǫ log

(
9n
δǫ

)
training examples and runs in timepoly(n, 1/ǫ, 1/δ).

The proofs of these two theorems are very similar. To give a feel for our technique, we now sketch a
proof of Theorem 15 with a number of simplifying assumptions. We then mention how to modify the proof
to obtain Theorem 16. Full proofs of these theorems are givenin Appendix G.

Proof Sketch (of Theorem 15). To avoid technicalities, let us assume thatf∗(S) > 0 wheneverS 6= ∅.
First, using the fact thatf∗ is subadditive we argue that there exists a linear functionf̂(S) = wTχ(S)

such thatf∗(S) ≤ f̂(S) ≤ n·f∗(S) for all S ⊆ [n]. This is equivalent to saying that the following examples
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in R
n+1 are linearly separable.

Examples labeled+1: ex
+
S := (χ(S), f∗(S)) ∀S ⊆ [n]

Examples labeled−1: ex
−
S := (χ(S), n · f∗(S)) ∀S ⊆ [n]

This suggests trying to reduce our learning problem to the standard problem of learning a linear separator
for these examples in the standard PAC model (i.e., learningfrom i.i.d. samples in the passive, supervised
learning setting [37, 59].). This is exactly our proof strategy. However, in order to apply standard techniques
to learn such a linear separator, we must ensure that our training examples are i.i.d. To achieve this, we
create a i.i.d. distributionD′ in R

n+1 that is related to the original distributionD as follows. First, we draw
a sampleS ⊆ [n] from the distributionD and then flip a fair coin. The sample fromD′ is ex

+
S if the coin

is heads andex−S if the coin is tails. Of course, each exampleex+S is labeled+1 andex−S is labeled−1. As
mentioned above, these labeled examples are linearly separable inRn+1.

Conversely, suppose we can find a linear separator that classifies most of the examples coming fromD′

correctly. Assume that this linear separator inR
n+1 is defined by the functionuTx = 0, whereu = (w,−z),

w ∈ R
n andz ∈ R. The key observation is that the functionf(S) = 1

(n+1)zw
Tχ(S) approximatesf∗ to

within a factorn+ 1 on most of the points coming fromD.
Given these observations, our algorithm is as follows.

1. Using the training setS = {(S1, f
∗(S1)), . . . , (Sℓ, f

∗(Sℓ))} of examples drawn fromD, construct a
new training sequenceS ′ =

(
(x1, y1), . . . , (xm, ym)

)
of training examples drawn fromD′ which will

be used for learning the linear separator. To do this, pick each yi ∈ {+1,−1} uniformly at random.
If yi = +1 setxi = ex

+
S and ifyi = −1 setxi = ex

−
S .

2. Solve a linear program in order to find a linear separatoruTx = 0 consistent with the labeled examples
in S ′. Letw ∈ R

n, z ∈ R satisfyu = (w, z).

3. The output hypothesis isf(S) = 1
(n+1)zw

Tχ(S).

To prove correctness, note that the LP is feasible; this follows from our earlier discussion that the labeled
examples are linearly separable. To prove that this algorithm PMAC-learnsf∗, it suffices to prove that the
linear separator obtained from the linear program correctly classifies most of the examples coming fromD′.
This follows from standard VC-dimension bounds [37, 59]. �

Proof Sketch (of Theorem 16). The proof for Theorem 16 is almost identicalwith the proof of Theorem 15,
replacing the structural result for subadditive functionswith a stronger structural result for submodular
functions, which shows that, for anyf ∈ F , the functionf2 can be approximated to within a factor ofn by
a linear function. The proof of Theorem 15 can then be appliedto the family

{
f2 : f ∈ F

}
. �

Remark. We remark that our algorithm which proves Theorem 16 is significantly simpler than the algorithm
of Goemans et al. [21] which achieves a slightly worse approximation factor in the exact learning model with
value queries.

Extensions.Our algorithms for learning subadditive and submodular functions in the PMAC model are
quite robust and can be extended to handle more general scenarios, including various forms of noise. First,
we can extend the results in Theorem 15 and Theorem 16 to the more general case where do not even assume
that the target function is subadditive (or submodular), but that it is within a factorα of a subadditive (or
submodular) function on every point in the instance space. Under this relaxed assumption we are able to
achieve the approximation factorα·(n+1) (or

√
α · (n+ 1)). We can also extend the results in Theorem 15

and Theorem 16 to theagnostic casewhere we assume that there exists a subadditive (or a submodular)
function that agrees with the target on all but anη fraction of the points; note that on theη fraction of the
points the target can be arbitrarily far from a subadditive (or a submodular) function. In this case we can still
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PMAC-learn with a polynomial number of samplesO( n
ǫ2
log
(
n
δǫ

)
), but using a potentially computationally

inefficient procedure. For formal theorems and proofs see Appendix G.1.
Finally, it is clear from the proofs of Theorem 15 and Theorem16 that any improvements in the approx-

imation factor for approximating subadditive or submodular functions by linear functions (i.e., Lemma 30
or Lemma 31) for specific subclasses of subadditive (or submodular) functions yield PMAC-learning algo-
rithms with improved approximation factors.

6 Conclusions
In this paper we study submodular function learning in the traditional distributional learning setting. We
prove polynomial upper and lower bounds on the approximability guarantees achievable in the general case
by using only a polynomial number of examples drawn i.i.d from the underlying distribution. We also
provide improved analyses for important subclasses of submodular functions under natural distributional
assumptions.

Our work combines central issues in optimization (submodular functions and matroids) with central issues
in learning (learnability of natural but complex classes offunctions in a distributional setting). Our analysis
brings a twist on the usual learning theory models and uncovers some interesting structural and extremal
properties of submodular functions, which are likely to be useful in other contexts as well.

6.1 Open Questions

• It would be interesting to close the gap between theO(n1/2) upper bound in Theorem 16 and the
Ω̃(n1/3) lower bound in Theorem 6. We suspect that the lower bound can be improved toΩ̃(n1/2).
If such an improved lower bound is possible, the matroids or submodular functions used in its proof
are likely to be very interesting. It would be also be interesting to use the approach in our general√
n-upper bound for simplifying the analysis in the upper boundof Goemans et al. [21].

• The algorithm in Section 3 applies to matroid rank functions. It trivially extends toL-Lipschitz
functions for any constantL. What ifL ≥ n?

• A result similar to Theorem 2 can be proven even iff is non-monotone, using self-bounding func-
tions. Can our proof of Theorem 2 be generalized to obtain such a result?

• Are there particular subclasses of submodular functions for which one can PMAC-learn with ap-
proximation ratio better thanO(

√
n), perhaps under additional distributional assumptions? Can one

PMAC-learn other natural classes of real-valued functions, with good approximation ratios?
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[60] J. Vondrák. Optimal approximation for the submodularwelfare problem in the value oracle model. In
Proceedings of the 40th Annual ACM Symposium on Theory of Computing, 2008.
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A Standard Facts about Submodular Functions
Theorem 17. Given a finite universeU , letS1, S2, . . . ,Sn be subsets ofU . Definef : 2[n] → R+ by

f(A) = |∪i∈ASi| for A ⊆ [n].

Thenf is monotone and submodular. More generally, for any non-negative weight functionw : U → R+,
the functionf defined by

f(A) = w (∪i∈ASi) for A ⊆ [n]

is monotone and submodular.

Lemma 18. The minimizers of any submodular function are closed under union and intersection.

Proof. Assume thatJ1 andJ2 are minimizers forf . By submodularity we have

f(J1) + f(J2) ≥ f(J1 ∩ J2) + f(J1 ∪ J2).

We also have
f(J1 ∩ J2) + f(J1 ∪ J2) ≥ f(J1) + f(J2),

sof(J1) = f(J2) = f(J1 ∩ J2) = f(J1 ∪ J2), as desired. �

B Boolean Submodular Functions
Proposition 19. The class of monotone, Boolean-valued, submodular functions is efficiently PMAC-learnable
with approximation factor1.

Proof. Let f : 2[n] → {0, 1} be an arbitrary monotone, submodular function. We claim that f is either
constant or a monotone disjunction. Iff(∅) = 1 then this is trivial, so assumef(∅) = 0.

As stated in Eq. (1.2), submodularity is equivalent to the property of decreasing marginal values. In
particular, sincef(∅) = 0, we get

f(T ∪ {x})− f(T ) ≤ f({x}) ∀T ⊆ [n], x ∈ [n] \ T.
If f({x}) = 0 then this together with monotonicity implies thatf(T ∪ {x}) = f(T ) for all T and allx. On
the other hand, iff({x}) = 1 then monotonicity implies thatf(T ) = 1 for all T such thatx ∈ T . Thus we
have argued thatf is a disjunction:

f(S) =

{
1 (if S ∩X 6= ∅)

0 (otherwise)
,

whereX = { x : f({x}) = 1 }. This proves the claim.
It is well known that the class of disjunctions is easy to learn in the supervised learning setting [37, 59].

�
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Non-monotone, Boolean, submodular functions need not be disjunctions. For example, consider the
functionf wheref(S) = 0 if S ∈ {∅, [n]} andf(S) = 1 otherwise; it is submodular, but not a disjunction.
However, it turns out that any submodular boolean functionsis a 2-DNF. This was already known [16],
and it can be proven by case analysis as in Proposition 19. It is well known that2-DNFs are efficiently
PAC-learnable. We summarize this discussion as follows.

Proposition 20. The class of Boolean-valued, submodular functions is efficiently PMAC-learnable with
approximation factor1.

C Lipschitz Functions and Product Distributions
In this section we show that Lipschitz functions can be PMAC-learned when the distribution on examples is
a product distribution.

C.1 Proof of Theorem 1

Theorem 1. LetF be the class of non-negative, monotone, 1-Lipschitz, submodular functions with ground
set [n] and minimum non-zero valueη. LetD be a product distribution on[n]. For any sufficiently small
ǫ > 0 andδ > 0, Algorithm 1 PMAC-learnsF with approximation factorO(log(1/ǫ)/η). The number of
training examples used is10n2 log(1/δ) + n log(n/δ)/ǫ.
Proof. To formally analyze this algorithm, let us first consider theestimateµ. Note that0 ≤ f(X) ≤ n for
all X. So a Hoeffding bound implies that, with probability at least 1− δ,

µ ≥ 450 log(1/ǫ) =⇒ E [ f(X) ] ≥ 400 log(1/ǫ) and 5
6 E [ f(X) ] ≤ µ ≤ 4

3 E [ f(X) ]

µ < 450 log(1/ǫ) =⇒ E [ f(X) ] ≤ 500 log(1/ǫ).

Case 1: Assume thatE [ f(X) ] ≥ 400 log(1/ǫ); this holds with probability at least1 − δ. If ǫ is
sufficiently small then Corollary 3 implies

Pr [µ/4 ≤ f(X) ≤ 2µ ] ≥ Pr
[
1
3 E [ f(X) ] ≤ f(X) ≤ 5

3 E [ f(X) ]
]

≥ 1− Pr [ |f(X)−E [ f(X) ]| ≥ (2/3)E [ f(X) ] ]

≥ 1− 4e−E[ f(X) ]/100 ≥ 1− ǫ.

(C.1)

Therefore, with confidence at least1 − δ, the algorithm achieves approximation factor8 on all but anǫ
fraction of the distribution.

Case 2:As described earlier, we must separately handle the zeros and the non-zeros. To that end, define

P = { S : f∗(S) > 0 } and Z = { S : f∗(S) = 0 } .
Recall thatU =

⋃
f∗(Si)=0 Si. Monotonicity and submodularity imply thatf∗(U) = 0. Letting L =

{ T : T ⊆ U }, monotonicity implies that

f∗(T ) = 0 ∀T ∈ L. (C.2)

Let S be a new sample fromD and letE be the event thatS violates the inequality

f(S) ≤ f∗(S) ≤ 1200 log(1/ǫ)f(S).

Our goal is to show that, with probability1− δ over the training examples, we havePr [ E ] ≤ ǫ. Clearly

Pr [ E ] = Pr [ E ∧ S∈P ] + Pr [ E ∧ S∈Z ] .

We will separately analyze these two probabilities.
First suppose thatS ∈ P, i.e., f∗(S) ≥ η. By Eq. (C.2),S 6⊆ U and hence our hypothesis has

f(S) = η. Therefore the eventE ∧ S ∈ P occurs only whenf∗(S) > 1200 log(1/ǫ). Assume that
E [ f(X) ] ≤ 500 log(1/ǫ); this holds with probability at least1 − δ. We now apply Theorem 2 with
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b = 1200 log(1/ǫ) andt = 4
√

log(1/ǫ). Thenb − t
√
b ≥ 1000 log(1/ǫ) ≥ 2E [ f(X) ]. By Markov’s

inequality,Pr
[
f(X) ≤ b− t

√
b
]
≥ 1/2. So, using Theorem 2, we obtain

Pr [ E ∧ S∈P ] ≤ Pr [ f(X) ≥ b ] ≤ 2 exp(−t2/4) ≤ ǫ.

Next suppose thatS ∈ Z, i.e.,f∗(S) = 0. Since our hypothesis hasf(S) = 0 for all S ∈ L, the event
E ∧ S∈Z holds only ifS ∈ Z \ L. The proof now follows from Claim 21. �

Claim 21. With probability at least1− δ, the setZ \ L has measure at mostǫ.

Proof. The idea of the proof is as follows. At any stage of the algorithm, we can compute the setU and the
subcubeL. We refer toL as the algorithm’snull subcube. Suppose that there is at least anǫ chance that a
new example is a zero off∗, but does not lie in the null subcube. Then such a example should be seen in
the next sequence oflog(1/δ)/ǫ examples, with probability at least1 − δ. This new example increases the
dimension of the null subcube by at least one, and therefore this can happen at mostn times.

Formally, fork ≤ ℓ, define

Uk =
⋃

i≤k
f∗(Si)=0

Si and Lk = { S : S ⊆ Uk } .

As argued above, we haveLk ⊆ Z for anyk. Suppose that, for somek, the setZ \ Lk has measure at least
ǫ. Definek′ = k + log(n/δ)/ǫ. Then amongst the subsequent examplesSk+1, . . . , Sk′ , the probability that
none of them lie inZ \ Lk is at most

(1− ǫ)log(n/δ)/ǫ ≤ δ/n.

On the other hand, if one of them does lie inZ \ Lk, then|Uk′ | > |Uk|. But |Uk| ≤ n for all k, so this can
happen at mostn times. Sinceℓ ≥ n log(n/δ)/ǫ, with probability at leastδ the setZ \ Lℓ has measure at
mostǫ. �

C.2 Proof of Theorem 2

Before diving into the proof, we remark that the theorem is much easier to prove in the special case thatf
is integer-valued. Together with our other hypotheses onf , this implies thatf must actually be a matroid
rank function. Wheneverf(S) is large, this fact can “certified” by any maximal independent subset ofS.
The theorem then follows easily from a version of Talagrand’s inequality which leverages this certification
property; see, e.g., [1,§7.7] or [46,§10.1].

We now prove the theorem in its full generality. We may assumethat t ≤
√
b, otherwise the theorem

is trivial as the left-hand side of Eq. (3.1) is zero. Talagrand’s inequality states: for anyA ⊆ {0, 1}n and
y ∈ {0, 1}n drawn from a product distribution,

Pr [ y ∈ A ] · Pr [ ρ(A, y) > t ] ≤ exp(−t2/4), (C.3)

whereρ is a distance function defined by

ρ(A, y) = sup
α∈Rn

‖α‖
2
=1

min
z∈A

∑

i : yi 6=zi

αi.

We will apply this inequality to the setA ⊆ 2V defined byA =
{
X : f(X) < b− t

√
b
}

.

Claim 22. For everyY ⊆ V , f(Y ) ≥ b impliesρ(A, Y ) > t.

Proof. Suppose to the contrary thatρ(A, Y ) ≤ t. By relabeling, we can writeY asY = {1, . . . , k}. For
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i ∈ {0, . . . , k}, letEi = {1, . . . , i}. Define

αi =

{
f(Ei)− f(Ei−1) (if i ∈ Y )

0 (otherwise).

Sincef is monotone and1-Lipschitz, we have0 ≤ αi ≤ 1. Thus‖α‖2 ≤
√∑

i ai ≤
√

f(Y ), by
non-negativity off .

The definition ofρ and our suppositionρ(A, Y ) ≤ t imply that there existsZ ∈ A with∑

i∈(Y \Z)∪(Z\Y )

αi ≤ ρ(A, Y ) · ‖α‖2 ≤ t
√

f(Y ). (C.4)

We may assume thatZ ⊂ Y , sinceZ ∩ Y also satisfies the desired conditions. This follows since mono-
tonicity of f implies thatα ≥ 0 and thatA is downwards-closed.

We will obtain a contradiction by showing thatf(Y ) − f(Z) ≤ t
√
f(Y ). First let us orderY \ Z as

(φ(1), . . . , φ(m)), whereφ(i) < φ(j) iff i < j. Next, defineFi = Z ∪ {φ(1), . . . , φ(i)} ⊆ Y . Note that
Ej ⊆ Fφ−1(j); this follows from our choice ofφ, sinceZ ⊆ Fφ−1(j) but we might haveZ 6⊆ Ej . Therefore

f(Y )− f(Z) =
m∑

i=1

(
f(Fi)− f(Fi−1)

)

=
∑

j∈Y \Z

(
f(Fφ−1(j))− f(Fφ−1(j)−1)

)

≤
∑

j∈Y \Z

(
f(Ej)− f(Ej−1)

)
(sinceEj ⊆ Fφ−1(j) andf is submodular)

=
∑

j∈Y \Z

αj

≤ t
√

f(Y ) (by Eq. (C.4)).

Sof(Z) ≥ f(Y )− t
√
f(Y ) ≥ b− t

√
b, sincef(Y ) ≥ b andt ≤

√
b. This contradictsZ ∈ A. 2

This claim impliesPr [ f(Y ) ≥ b ] ≤ Pr [ ρ(A, Y ) > t ], so the theorem follows from Eq. (C.3).

D An Approximate Characterization of Matroid Rank Function s
Theorem 5. Let f : 2[n] → Z+ be the rank function of a matroid with no loops, i.e.,f(S) ≥ 1 whenever
S 6= ∅. Fix ǫ > 0, sufficiently small. There exists a concave functionh : [0, n] → R such that, forevery
k ∈ [n], and for a1− ǫ fraction of the setsS ∈

([n]
k

)
, we have

1

O
(
log(1/ǫ)

)h(k) ≤ f(S) ≤ O
(
log(1/ǫ)

)
h(k).

Henceforth, we will use the following notation. Forp ∈ [0, 1], letR(p) ⊆ [n] denote the random variable
obtained by choosing each element of[n] independently with probabilityp. For k ∈ [n], let S(k) ⊆ [n]
denote a set of cardinalityk chosen uniformly at random. Define the functionh′ : [0, 1] → R by

h′(p) = E [ f(R(p)) ] .

For anyτ ∈ R, define the functionsgτ : [0, 1] → R andg′τ : [n] → R by

gτ (p) = Pr [ f(R(p)) > τ ]

g′τ (k) = Pr [ f(S(k)) > τ ] .

Finally, let us introduce the notationX ∼= Y to denote that random variablesX andY are identically
distributed.
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Lemma 23. h′ is concave.

Proof. One way to prove this is by appealing to themultilinear extensionof f , which has been of great
value in recent work [10]. This is the functionF : [0, 1][n] → R defined byF (y) = E [ f(ŷ) ], where
ŷ ∈ {0, 1}[n] is a random variable obtained by independently settingŷi = 1 with probabilityyi, andŷi = 0

otherwise. Thenh′(p) = F (p, . . . , p). It is known [10] that ∂2F
∂yi∂yj

≤ 0 for all i, j. By basic calculus, this

implies that the second derivative ofh′ is non-positive, and henceh′ is concave. �

Lemma 24. g′τ is a monotone function.

Proof. Fix k ∈ [n − 1] arbitrarily. Pick a setS = S(k). Construct a new setT by adding toS a
uniformly chosen element ofV \ S. By monotonicity off we havef(S) > τ =⇒ f(T ) > τ . Thus
Pr [ f(S) > τ ] ≤ Pr [ f(T ) > τ ]. SinceT ∼= S(k+1), this implies thatgτ (k) ≤ gτ (k+1), as required.�

Lemma 25. g′τ (k) ≤ 2 · gτ (k/n), for all τ ∈ R andk ∈ [n].

Proof. This lemma is reminiscent of a well-known property of the Poisson approximation [45, Theorem
5.10], and the proof is also similar. Letp = k/n. Then

gτ (p) = Pr [ f(R(p)) > τ ]

=
n∑

i=0

Pr [ f(R(p)) > τ | |R(p)| = i ] · Pr [ |R(p)| = i ]

=

n∑

i=0

g′τ (i) · Pr [ |R(p)| = i ]

≥
n∑

i=k

g′τ (k) · Pr [ |R(p)| = i ] (by Lemma 24)

= g′τ (k) · Pr [ |R(p)| ≥ k ]

≥ g′τ (k)/2,

since the meank of the binomial distributionB(n, k/n) is also a median. �

Proof (of Theorem 5). Forx ∈ [0, n], defineh(x) = h′(x/n) = E [ f(R(x/n)) ]. Fix k ∈ [n] arbitrarily.

Case 1.Suppose thath(k) ≥ 400 log(1/ǫ). As argued in Eq. (C.1),

Pr

[
f(R(k/n)) <

1

3
h(k)

]
≤ ǫ and Pr

[
f(R(k/n)) >

5

3
h(k)

]
≤ ǫ.

By Lemma 25,Pr
[
f(S(k)) > 5

3h(k)
]
≤ 2ǫ. By a symmetric argument, which we omit, one can show that

Pr
[
f(S(k)) < 1

3h(k)
]
≤ 2ǫ. Thus,

Pr
[

1
3h(k) ≤ f(S(k)) ≤ 5

3h(k)
]

≥ 1− 4ǫ.

This completes the proof of Case 1.

Case 2.Suppose thath(k) < 400 log(1/ǫ). This immediately implies that

Pr

[
f(S(k)) <

h(k)

400 log(1/ǫ)

]
≤ Pr [ f(S(k)) < 1 ] = 0, (D.1)

since sincek ≥ 1, and since we assume thatf(S) ≥ 1 wheneverS 6= ∅. These same assumptions lead to
the following lower bound onh:

h(k) ≥ Pr [ f(R(k/n)) ≥ 1 ] ≥ Pr [R(k/n) 6= ∅ ] ≥ 1− 1/e. (D.2)
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Thus

Pr
[
f(S(k)) >

(
2000 log(1/ǫ)

)
h(k)

]

≤ 2 · Pr
[
f(R(k/n)) >

(
2000 log(1/ǫ)

)
h(k)

]
(by Lemma 25)

≤ 2 · Pr [ f(R(k/n)) > 1200 log(1/ǫ) ] (by Eq. (D.2))

≤ 2 · ǫ,
which can be proven using the concentration result in Corollary 3. Thus,

Pr

[
h(k)

400 log(1/ǫ)
≤ f(S(k)) ≤

(
2000 log(1/ǫ)

)
h(k)

]
≥ 1− 2ǫ,

completing the proof of Case 2. �

E Inapproximability under Arbitrary Distributions
E.1 Proofs of Theorem 9 and Theorem 10

In this section, we will prove Theorem 9 and Theorem 10. Both of these proofs are based on a useful lemma
which describes a very general set of conditions that sufficeto obtain a matroid. Surprisingly, it seems that
this lemma was not previously known.

Let C be a family of sets and letf : C → Z be a function. Consider the family

I = { I : |I ∩ C| ≤ f(C) ∀C ∈ C } . (E.1)

For anyI ∈ I, defineT (I) = { C ∈ C : |I ∩ C| = f(C) } to be the set of tight constraints. Suppose that
f has the following uncrossing property:

∀I ∈ I, C1, C2 ∈ T (I) =⇒ (C1 ∪C2 ∈ T (I)) ∨ (C1 ∩ C2 = ∅). (E.2)

Note that we do not require thatC1 ∩ C2 ∈ C. Our first observation is that this uncrossing property is
sufficient to obtain a matroid.

Lemma 26. I is the family of independent sets of a matroid, if it is non-empty.

Proof. We will show thatI satisfies the required axioms of an independent set family. If I ⊆ I ′ ∈ I then
clearly I ∈ I also. So suppose thatI ∈ I, I ′ ∈ I and |I| < |I ′|. Let C1, . . . , Cm be the maximal sets
in T (I) and letC∗ = ∪iCi. Note that these maximal sets are disjoint, otherwise we could replace them
with their union. In other words,Ci ∩ Cj = ∅ for i 6= j, otherwise Eq. (E.2) implies thatCi ∪ Cj ∈ T (I),
contradicting maximality. So

|I ′ ∩ C∗| =

m∑

i=1

|I ′ ∩ Ci| ≤
m∑

i=1

f(Ci) =

m∑

i=1

|I ∩ Ci| = |I ∩C∗|.

Since|I ′| > |I| but |I ′ ∩ C∗| ≤ |I ∩ C∗|, we must have that|I ′ \ C∗| > |I \ C∗|. The key consequence
is that some elementx ∈ I ′ \ I is not contained in any tight set, i.e., there existsx ∈ I ′ \

(
C∗ ∪ I

)
. Then

I + x ∈ I because for everyC ∋ x we have|I ∩ C| ≤ f(C)− 1. �

We remark that this lemma implies an alternative proof of a result of Edmonds, which we do not use in
this paper. Corollary 27 does not seem to be sufficient to prove Theorem 8.

Corollary 27 (Edmonds [15], Theorem 15).LetC be an intersecting family andf : C → R an intersecting-
submodular function. ThenI as defined in Eq.(E.1) is the family of independent sets of a matroid, if it is
non-empty.

We now use Lemma 26 to prove Theorem 9.

Theorem 9. The familyI defined in Eq.(4.4), namely

I = { I : |I ∩A(J)| ≤ f(J) ∀J ⊆ [k] } ,
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where
f(J) :=

∑

j∈J

bj −
(∑

j∈J

|Aj| − |A(J)|
)

and A(J) :=
⋃

j∈J

Aj,

is the family of independent sets of a matroid, if it is non-empty.
This theorem is proven by uncrossing the constraints defining I and applying Lemma 26. It is not a priori

obvious that the constraints can be uncrossed because both the left-hand side|I ∩A(J)| and the right-hand
sidef(J) are submodular functions ofJ . In typical uses of uncrossing, the left-hand side issupermodular.
The following proof is a simplification of our original proof, due to Jan Vondrák.
Proof. We will apply Lemma 26 to the familyC = { A(J) : J ⊆ [k] } and the functionf ′ : C → Z defined
by

f ′(C) := min { f(J) : A(J) = C } .
Fix I ∈ I and suppose thatC1 andC2 are tight, i.e.,|I ∩ Ci| = f ′(Ci). For i ∈ {1, 2}, let Ji satisfy
Ci = A(Ji) andf ′(Ci) = f(Ji). DefinehI : 2[k] → Z by

hI(J) := f(J)− |I ∩A(J)| = |A(J) \ I| −
∑

j∈J

(|Aj | − bj).

We claim thathI is a submodular function ofJ . This follows becauseJ 7→ |A(J) \ I| is a submodular
function ofJ (cf. Theorem 17 in Appendix A), andJ 7→∑

j∈J(|Aj | − bj) is a modular function ofJ .
SinceI ∈ I we have|I ∩A(J)| ≤ f(J), implying hI ≥ 0. But, for i ∈ {1, 2},

hI(Ji) = f(Ji)− |I ∩A(Ji)| = f ′(Ci)− |I ∩ Ci| = 0,

soJ1 andJ2 are minimizers ofhI . It is well-known that the minimizers of any submodular function are
closed under union and intersection. (See Lemma 18 in Appendix A.) So J1 ∪ J2 andJ1 ∩ J2 are also
minimizers, implying thatA(J1 ∪ J2) = A(J1) ∪A(J2) = C1 ∪ C2 is also tight.

This shows that Eq. (E.2) holds, so the theorem follows from Lemma 26. �

A similar approach is used for our second construction.

Theorem 10. Suppose that the functionf defined in Eq.(4.3) is (µ, τ)-large. Then the family

Ī =
{
I : |I ∩A(J)| ≤ f̄(J) ∀J ⊆ [k]

}

is the family of independent sets of a matroid.
Proof. Fix I ∈ Ī. Let J1 andJ2 satisfy|I ∩ A(Ji)| = f̄(Ji). By considering two cases, we will show that
|I ∩A(J1 ∪ J2)| ≥ f̄(J1 ∪ J2), so the desired result follows from Lemma 26.
Case 1:max {|J1|, |J2|} ≥ τ . Without loss of generality,|J1| ≥ |J2|. Then

f̄(J1 ∪ J2) = µ = f̄(J1) = |I ∩A(J1)| ≤ |I ∩A(J1 ∪ J2)|.
Case 2:max {|J1|, |J2|} ≤ τ − 1. So|J1 ∪ J2| ≤ 2τ − 2. We have|I ∩A(Ji)| = f̄(Ji) = f(Ji) for bothi.
As argued in Theorem 9, we also have|I ∩A(J1 ∪ J2)| = f(J1 ∪ J2). But f(J1 ∪ J2) ≥ f̄(J1 ∪ J2) since
f is (µ, τ)-large. �

E.2 Proofs of Theorem 6 and Corollary 7

Theorem 6. No algorithm can PMAC-learn the class of non-negative, monotone, submodular functions
with approximation factoro(n1/3/log n).

Proof. We will apply Theorem 8 withk = 2d whered = ω(log n). LetA andM be the families constructed
by Theorem 8. Let the underlying distributionD on 2[n] be the uniform distribution onA. (Note thatD is
not a product distribution.) Choose a matroidMB ∈ M uniformly at random and let the target function be
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f∗ = rankMB
. Consider any algorithm which attempts to PMAC-learnf∗; note that the algorithm does not

knowB. For anyA ∈ A that is not a training example, the algorithm hasno informationaboutf∗(A), so it
cannot determine its value better than randomly guessing between the two possible values16d and|A|. The
set of non-training examples has measure1− 2−d+O(log n). So the expected measure of the set on which the
algorithm correctly determines the rank is at most1/2 + 2−d+O(logn). On the set for which the algorithm
did not correctly determine the rank, its approximation factor can be no better thann1/3/(16d). �

Corollary 7. Suppose that one-way functions exist. For any constantǫ > 0, no algorithm can PMAC-learn
the class of non-negative, monotone, submodular functionswith approximation factorO(n1/3−ǫ), even if
the functions are given via polynomial-time algorithms which compute their value on the support of the
distribution.

Proof. The argument follows Kearns-Valiant [36]. We will apply Theorem 8 withk = 2d whered = nǫ.

There exists a family of pseudorandom Boolean functionsFd =
{
fy : y ∈ {0, 1}d

}
, where each function

is of the formfy : {0, 1}d → {0, 1}. Choose an arbitrary bijection between{0, 1}d andA. Then each
fy ∈ Fd corresponds to some subfamilyB ⊆ A, and hence to a matroid rank functionrankMB

. Suppose
there is a PMAC-learning algorithm for this family of functions which achieves approximation ratio better
thann1/3/16d on a set of measure1/2 + 1/poly(n). Then this algorithm must be predicting the function
fy on a set of size1/2 + 1/poly(n) = 1/2 + 1/poly(d). This is impossible, since the familyFd is
pseudorandom. �

E.3 Additional Proofs for Theorem 8

Claim 11. fB is (µ, τ)-large.

Proof. ConsiderJ ⊆ UB, τ ≤ |J | ≤ 2τ − 2. Then

fB(J) = (b− µ)|J |+ |A(J)|
≥ b|J | − ǫµ|J | (by Eq. (4.6) and|J | ≤ 2τ − 2)

=
3b

4
|J | (sinceǫ = b/4µ) (E.3)

≥ µ (sinceb ≥ 2µ/τ and|J | ≥ τ ).

So,fB is (µ, τ)-large. �

Claim 12. For all B ⊆ A and allAi ∈ B we haverankMB
(Ai) = b, assuming thatb ≤ µ.

Proof. The definition ofIB includes the constraint|I ∩ Ai| ≤ fB({i}) = b. This immediately implies
rankMB

(Ai) ≤ b. To prove that equality holds, it suffices to prove thatfB(J) ≥ b whenever|J | ≥ 1, since
this implies that every constraint in the definition ofIB has right-hand side at leastb (except whenJ = ∅,
and assuming thatµ ≥ b). For |J | = 1 this is immediate, and for|J | ≥ 2 we have

fB(J) = b|J | − µ|J |+ |A(J)| ≥ b|J | − ǫµ|J | = b|J | − b|J |/4 ≥ b,

which completes the proof. �

Claim 13. For all B ⊆ A and allAi ∈ A \ B we haverankMB
(Ai) = µ.

Proof. Sinceµ = |Ai|, the conditionrankMB
(Ai) = µ holds iff Ai ∈ IB. So it suffices to prove thatAi

satisfies all constraints in the definition ofIB (in Eq. (4.7)).
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The constraint|Ai| ≤ µ is trivially satisfied, by Eq. (4.6). So it remains to show that for everyJ ⊆ UB

with |J | < τ , we have
|Ai ∩A(J)| ≤ fB(J). (E.4)

This is trivial if J = ∅, so assume|J | ≥ 1. We have

|Ai ∩A(J)| = |Ai|+ |A(J)| − |A(J + i)|
≤ µ+ µ|J | − (1− ǫ)µ|J + i| (by Eq. (4.6))

=
b |J + i|

4

≤ b |J |
2

≤ fB(J) (by Eq. (E.3)).

This proves Eq. (E.4), soAi ∈ IB, as desired. �

F Special Cases of the Matroid Construction
The matroid constructions of Theorem 9 and Theorem 10 have several interesting special cases.

F.1 Partition Matroids
We are given disjoint setsA1, . . . , Ak and valuesb1, . . . , bk. We claim that the matroidI defined in The-
orem 9 is a partition matroid. To see this, note thatf(J) =

∑
j∈J bj, since theAj ’s are disjoint, sof is a

modular function. Similarly,|I ∩A(J)| is a modular function ofJ . Thus, whenever|J | > 1, the constraint
|I ∩A(J)| ≤ f(J) is redundant — it is implied by the constraints|I ∩Aj| ≤ bj for j ∈ J . So we have

I = { I : |I ∩A(J)| ≤ f(J) ∀J ⊆ [k] } = { I : |I ∩Aj | ≤ bj ∀j ∈ [k] } ,
which is the desired partition matroid.

F.2 Pairwise Intersections
We are given setsA1, . . . , Ak and valuesb1, . . . , bk. We now describe the special case of the matroid
construction which only considers the pairwise intersections of theAi’s.

Lemma 28. Letµ be a non-negative integer such thatµ ≤ mini,j∈[k](bi + bj − |Ai ∩Aj |). Then

I = { I : |I| ≤ µ ∧ |I ∩Aj | ≤ bj ∀j ∈ [k] }
is the family of independent sets of a matroid.

Proof. Note that for any pairJ = {i, j}, we havef(J) = bi + bj − |Ai ∩Aj |. Then

µ ≤ min
i,j∈[k]

(bi + bj − |Ai ∩Aj |) = min
J⊆[k], |J |=2

f(J),

sof is (µ, 2)-large. The lemma follows from Theorem 10. �

F.3 Paving Matroids
A paving matroidis defined to be a matroidM = (V,I) of rankm such that every circuit has cardinality
eitherm or m + 1. We will show that every paving matroid can be derived from our matroid construction
(Theorem 10). First of all, we require a structural lemma about paving matroids.

Lemma 29. LetM = (V,I) be a paving matroid of rankm. There exists a familyA = {A1, . . . , Ak} ⊂ 2V

such that

I = { I : |I| ≤ m ∧ |I ∩Ai| ≤ m− 1 ∀i } (F.1a)

|Ai ∩Aj| ≤ m− 2 ∀i 6= j (F.1b)
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Proof. It is easy to see that there existsA satisfying Eq. (F.1a), since we may simply takeA to be the
family of circuits which have sizem. So let us choose a familyA that satisfies Eq. (F.1a) and minimizes
|A|. We will show that this family must satisfy Eq. (F.1b). Suppose otherwise, i.e., there existi 6= j such
that |Ai ∩Aj| ≥ m− 1.

Case 1:r(Ai ∪ Aj) ≤ m − 1. ThenA \ {Ai, Aj} ∪ {Ai ∪Aj} also satsifies Eq. (F.1a), contradicting
minimality of |A|.

Case 2:r(Ai ∪ Aj) = m. Observe thatr(Ai ∩Aj) ≥ m− 1 since|Ai ∩Aj | ≥ m− 1 and every set of
sizem− 1 is independent. So we have

r(Ai ∪Aj) + r(Ai ∩Aj) ≥ m+ (m− 1) > (m− 1) + (m− 1) ≥ r(Ai) + r(Aj).

This contradicts submodularity of the rank function. �

For any paving matroid, Lemma 29 implies that its independent sets can be written in the form

I = { I : |I| ≤ m ∧ |I ∩Ai| ≤ m− 1 ∀i } ,
where|Ai∩Aj| ≤ m−2 for eachi 6= j. This is a special case of Theorem 10 since we may apply Lemma 28
with eachbi = m− 1 andµ = m, since

min
i,j∈[k]

(bi + bj − |Ai ∩Aj|) ≥ 2(m− 1)− (m− 2) = m.

G Additional Proofs for the O(
√
n)-approximation algorithm

In this section we present our upper bounds for efficiently PMAC-learning two very broad families of func-
tions. We give a PMAC-learning algorithm with approximation factorO(n) for learning the family of non-
negative, monotone, subadditive functions. We also give a PMAC-learning algorithm with approximation
factorO(

√
n) for learning the class of non-negative, monotone, submodular functions.

We start with two lemmas concerning these classes of functions.

Lemma 30. Let f : 2[n] → R+ be a non-negative, monotone, subadditive function. Then there exists a
linear functionf̂ such thatf̂(S) ≤ f(S) ≤ nf̂(S) for all S ⊆ [n].

Proof. Let f̂(S) =
∑

i∈S f({i})

n ; clearly this is linear. By subadditivity, we havêf(S) ≥ f(S)
n , sof(S) ≤

nf̂(S). By monotonicity we havef(S) ≥ maxi f({i}), sonf(S) ≥ ∑
i f({i}). This impliesf̂(S) ≤

f(S), as desired. �

A stronger result for the class of submodular functions was proven by Goemans et al. [21], using proper-
ties of submodular polyhedra and John’s theorem on approximating centrally-symmetric convex bodies by
ellipsoids [34].

Lemma 31 (Goemans et al. [21]).Let f : 2[n] → R+ be a non-negative, monotone, submodular function
with f(∅) = 0. Then there exists a function̂f of the formf̂(S) =

√
wTχ(S) wherew ∈ R

n
+ such that

f̂(S) ≤ f(S) ≤ √
nf̂(S) for all S ⊆ [n].

We now use the preceding lemmas in proving our main algorithmic results.

Theorem 15. LetF be the class of non-negative, monotone, subadditive functions overX = 2[n]. There is
an algorithm that PMAC-learnsF with approximation factorn+1. That is, for any distributionD overX,
for anyǫ, δ sufficiently small, with probability1− δ, the algorithm produces a functionf that approximates
f∗ within a multiplicative factor ofn + 1 on a set of measure1 − ǫ with respect toD. The algorithm uses
ℓ = 48n

ǫ log
(
9n
δǫ

)
training examples and runs in timepoly(n, 1/ǫ, 1/δ).

Proof. For technical reasons, because of the multiplicative errorallowed by the PMAC-learning model, we
will analyze separately the subset of the instance space wheref∗ is zero and the subset of the instance space
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wheref∗ is non-zero. For convenience, let us define:

P = { S : f∗(S) 6= 0 } and Z = { S : f∗(S) = 0 } .
The main idea of our algorithm is to reduce our learning problem to the standard problem of learning a

binary classifier (in fact, a linear separator) from i.i.d. samples in the passive, supervised learning setting [37,
59] with a slight twist in order to handle the points inZ. The problem of learning a linear separator in the
passive supervised learning setting is one where the instance space isRm, the samples come from some fixed
and unknown distributionD′ onRm, and there is a fixed but unknown target functionc∗ : Rm → {−1,+1},
c∗(x) = sgn(uTx). The examples induced byD′ andc∗ are calledlinearly separablesince there exists a
vectoru such thatc∗(x) = sgn(uTx).

The linear separator learning problem we reduce to is definedas follows. The instance space isR
m where

m = n + 1 and the distributionD′ is defined by the following procedure for generating a samplefrom it.
Repeatedly draw a sampleS ⊆ [n] from the distributionD until f∗(S) 6= 0. Next, flip a fair coin. The
sample fromD′ is

(χ(S), f∗(S)) (if the coin is heads)

(χ(S), (n + 1) · f∗(S)) (if the coin is tails).

The functionc∗ defining the labels is as follows: samples for which the coin was heads are labeled+1, and
the others are labeled−1.

We claim that the distribution over labeled examples induced byD′ andc∗ is linearly separable inRn+1.
To prove this we use Lemma 30 which says that there exists a linear functionf̂(S) = wTχ(S) such that
f̂(S) ≤ f∗(S) ≤ n · f̂(S) for all S ⊆ [n]. Let u = ((n + 1/2) · w,−1) ∈ R

m. For any pointx in the
support ofD′ we have

x = (χ(S), f∗(S)) =⇒ uTx = (n+ 1/2) · f̂(S)− f∗(S) > 0

x = (χ(S), (n + 1) · f∗(S)) =⇒ uTx = (n+ 1/2) · f̂(S)− (n+ 1) · f∗(S) < 0.

This proves the claim. Moreover, this linear function also satisfiesf̂(S) = 0 for everyS ∈ Z. In particular,
f̂(S) = 0 for all S ∈ S0 and moreover,

f̂({j}) = wj = 0 for everyj ∈ UD where UD =
⋃

Si∈Z

Si.

Our algorithm is now as follows. It first partitions the training setS = {(S1, f
∗(S1)), . . . , (Sℓ, f

∗(Sℓ))}
into two setsS0 andS6=0, whereS0 is the subsequence ofS with f∗(Si) = 0, andS 6=0 = S \ S0. For
convenience, let us denote the sequenceS6=0 as

S6=0 =
(
(A1, f

∗(A1)), . . . , (Aa, f
∗(Aa))

)
.

Note thata is a random variable and we can think of the sets theAi as drawn independently fromD,
conditioned on belonging toP. Let

U0 =
⋃

i≤ℓ
f∗(Si)=0

Si and L0 = { S : S ⊆ U0 } .

UsingS 6=0, the algorithm then constructs a sequenceS ′
6=0 =

(
(x1, y1), . . . , (xa, ya)

)
of training exam-

ples for the binary classification problem. For each1 ≤ i ≤ a, let yi be−1 or 1, each with probability1/2.
If yi = +1 setxi = (χ(Ai), f

∗(Ai)); otherwise setxi = (χ(Ai), (n + 1) · f∗(Ai)). The last step of our
algorithm is to solve a linear program in order to find a linearseparatoru = (w,−z) wherew ∈ R

n, z ∈ R

consistent with the labeled examples(xi, yi), i = 1 ≤ i ≤ a, with the additional constraints thatwj = 0 for
j ∈ U0. The output hypothesis isf(S) = 1

(n+1)zw
Tχ(S).

To prove correctness, note first that the linear program is feasible; this follows from our earlier discussion
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using the facts (1)S ′
6=0 is a set of labeled examples drawn fromD′ and labeled byc∗ and (2)U0 ⊆ UD. It

remains to show thatf approximates the target on most of the points. LetY denote the set of pointsS ∈ P
such that both of the points(χ(S), f∗(S)) and(χ(S), (n + 1) · f∗(S)) are correctly labeled bysgn(uTx),
the linear separator found by our algorithm. It is easy to show that the functionf(S) = 1

(n+1)zw
Tχ(S)

approximatesf∗ to within a factorn + 1 on all the points in the setY. To see this notice that for any point
S ∈ Y, we have

wTχ(S)− zf∗(S) > 0 and wTχ(S)− z(n + 1)f∗(S) < 0

=⇒ 1

(n+ 1)z
wTχ(S) < f∗(S) < (n + 1)

1

(n + 1)z
wTχ(S).

So, for any point inS ∈ Y, the functionf(S) = 1
(n+1)zw

Tχ(S) approximatesf∗ to within a factorn+ 1.
Moreover, by design the functionf correctly labels as0 all the examples inL0. To finish the proof, we

now note two important facts: for our choice ofℓ = 16n
ǫ log

(
n
δǫ

)
, with high probability bothP \ Y and

Z \L0 have small measure. The fact thatZ \L0 has small measure follows from an argument similar to the
one in Claim 21. We now prove:

Claim 32. If ℓ = 16n
ǫ log

(
n
δǫ

)
, then with probability at least1− 2δ, the setP \ Y has measure at most2ǫ

underD.

Proof. Let q = 1 − p = PrS∼D [S ∈ P ]. If q < ǫ then the claim is immediate, sinceP has measure at
mostǫ. So assume thatq ≥ ǫ. Let µ = E [ a ] = qℓ. By assumptionµ > 16n log(n/δǫ) qǫ . Then Chernoff
bounds give that

Pr
[
a < 8n log(n/δǫ)

q

ǫ

]
< exp(−n log(n/δ)q/ǫ) < δ.

So with probability at least1 − δ, we havea ≥ 8n log(qn/δǫ) qǫ . By a standard sample complexity argu-
ment [59] (which we reproduce in Theorem 37 in Appendix H), with probability at least1 − δ, any linear
separator consistent withS ′ will be inconsistent with the labels on a set of measure at most ǫ/q underD′.
In particular, this property holds for the linear separatorc computed by the linear program. So for any setS,
the conditional probability that either(χ(S), f∗(S)) or (χ(S), (n+1) · f∗(S)) is incorrectly labeled, given
thatS ∈ P, is at most2ǫ/q. Thus

Pr [S ∈ P ∧ S 6∈ Y ] = Pr [S ∈ P ] · Pr [S 6∈ Y | S ∈ P ] ≤ q · (2ǫ/q),
as required. 2

In summary, our algorithm produces a hypothesisf that approximatesf∗ to within a factorn + 1 on the
setY ∪Lℓ. The complement of this set is(Z \Lℓ)∪ (P \Y), which has measure at most3ǫ, with probability
at least1− 3δ. �

The preceding proof was for the class of subadditive functions. The proof for submodular functions is
identical, replacing Lemma 30 with Lemma 31.

Theorem 16. LetF be the class of non-negative, monotone, submodular functions overX = 2[n]. There
is an algorithm that PMAC-learnsF with approximation factor

√
n+ 1. That is, for any distributionD

overX, for any ǫ, δ sufficiently small, with probability1 − δ, the algorithm produces a functionf that
approximatesf∗ within a multiplicative factor of

√
n+ 1 on a set of measure1− ǫ with respect toD. The

algorithm usesℓ = 48n
ǫ log

(
9n
δǫ

)
training examples and runs in timepoly(n, 1/ǫ, 1/δ).

Proof. To learn the class of non-negative, monotone, submodular functions we apply the algorithm de-
scribed in Theorem 15 with the following changes: (i) in the second step ifyi = +1 we setxi =
(χ(Ai), f

∗(Ai)
2) and if yi = −1 we setxi = (χ(Ai), (n + 1) · f∗(Ai)

2); (ii) we output the function

f(S) =
√

1
(n+1)zw

Tχ(S). See Algorithm 2. To argue correctness we use Lemma 31, whichshows that, for
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Algorithm 2 Algorithm for PMAC-learning the class of non-negative monotone submodular functions.
Input: A sequence of labeled training examplesS = {(S1, f

∗(S1)), (S2, f
∗(S2)), . . . (Sℓ, f

∗(Sℓ))}, where
f∗ is a submodular function.

• Let S 6=0 = {(A1, f
∗(A1)), . . . , (Aa, f

∗(Aa))} be the subsequence ofS with f∗(Ai) 6= 0 ∀i. Let
S0 = S \ S 6=0. LetU0 be the set of indices defined asU0 =

⋃
i≤ℓ

f∗(Si)=0

Si.

• For each1 ≤ i ≤ a, let yi be the outcome of flipping a fair{+1,−1}-valued coin, each coin flip
independent of the others. Letxi ∈ R

n+1 be the point defined by

xi =

{
(χ(Ai), f

∗2(Ai)) (if yi = +1)

(χ(Ai), (n + 1) · f∗2(Ai)) (if yi = −1).

• Find a linear separatoru = (w,−z) ∈ R
n+1, wherew ∈ R

n andz ∈ R, such thatu is consistent
with the labeled examples(xi, yi) ∀i ∈ [a], and with the additional constraint thatwj = 0 ∀j ∈ U0.

Output: The functionf defined asf(S) =
√

1
(n+1)zw

Tχ(S).

anyf ∈ F , the functionf2 can be approximated to within a factor ofn by a linear function. The proof of
Theorem 15 can then be applied to the family

{
f2 : f ∈ F

}
. �

G.1 Extensions

The algorithm described for learning subadditive and submodular functions in the PMAC model is quite
robust and it can be extended to handle more general cases as well as various forms of noise.

First, we can extend the results in Theorem 15 and Theorem 16 to the more general case where do not
even assume that the target function is subadditive (or submodular), but that it is within a factorα of a
subadditive (or submodular) function on every point in the instance space. Under this relaxed assumption
we are able to achieve the approximation factorα · (n+ 1) (or

√
α · (n+ 1)). Specifically:

Theorem 33. LetF be the class of non-negative, monotone, subadditive functions overX = 2[n] and let

F ′ = {f : ∃g ∈ F , g(S) ≤ f(S) ≤ α · g(S) for all S ⊆ [n]},
for some knownα > 1. There is an algorithm that PMAC-learnsF ′ with approximation factorα(n + 1).
The algorithm usesℓ = 48n

ǫ log
(
9n
δǫ

)
training examples and runs in timepoly(n, 1/ǫ, 1/δ).

Proof. By assumption, there existsg ∈ F such thatg(S) ≤ f∗(S) ≤ α · g(S). Combining this
with Lemma 30, we get that there existsf̂(S) = wTχ(S) such that

wTχ(S) ≤ f∗(S) ≤ n · α · wTχ(S) for all S ⊆ [n].

In order to learn the class of non-negative monotone submodular functions we apply the algorithm de-
scribed in Theorem 15 with the following modifications:(1) in the second step ifyi = +1 we setxi =
(χ(S), f∗(S)) and if yi = −1 we setxi = (χ(S), α(n + 1) · f∗(S)); (2) we output the functionf(S) =

1
α(n+1)zw

Tχ(S). It is then easy to show that the distribution over labeled examples induced byD′ andc∗ is

linearly separable inRn+1; in particular,u = (α(n+1/2) ·w,−1) ∈ R
n+1 defines a good linear separator.

The proof then proceeds as in Theorem 15. �

Theorem 34. LetF be the class of non-negative, monotone, submodular functions overX = 2[n] and let

F ′ = {f : ∃g ∈ F , g(S) ≤ f(S) ≤ α · g(S) for all S ⊆ [n]},
for some knownα > 1. There is an algorithm that PMAC-learnsF ′ with approximation factor

√
α · (n + 1).

The algorithm usesℓ = 48n
ǫ log

(
9n
δǫ

)
training examples and runs in timepoly(n, 1/ǫ, 1/δ).
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We can also extend the results in Theorem 15 and Theorem 16 to the agnostic casewhere we assume
that there exists a subadditive (or a submodular) function that agrees with the target on all but anη fraction
of the points; note that on theη fraction of the points the target can be arbitrarily far froma subadditive
(or a submodular) function. In this case we can still PMAC-learn with a polynomial number of samples
O( n

ǫ2
log
(
n
δǫ

)
), but using a potentially computationally inefficient procedure.

Theorem 35. LetF be the class of non-negative, monotone, subadditive functions overX = 2[n]. Let

F ′ = { f : ∃g ∈ F s.t. f(S) = g(S) on more than1− η fraction of the points} .
There is an algorithm that PMAC-learnsF ′ with approximation factor(n+1). That is, for any distribution
D overX, for anyǫ, δ sufficiently small, with probability1 − δ, the algorithm produces a functionf that
approximatesf∗ within a multiplicative factor ofn+1 on a set of measure1− ǫ− η with respect toD. The
algorithm usesO( n

ǫ2
log
(
n
δǫ

)
) training examples.

Proof Sketch. The proof proceeds as in Theorem 15. The main difference is that in the new feature space
the best linear separator has error (fraction of mistakes)η. It is well known that even in the agnostic case the
number of samples needed to learn a separator of error at mostη + ǫ is O( n

ǫ2
log
(
n
δǫ

)
) (see Theorem 38 in

Appendix H). However, it is NP-hard to minimize the number ofmistakes, even approximately [23], so the
resulting procedure uses a polynomial number of samples, but it is computationally inefficient. �

Theorem 36. LetF be the class of non-negative, monotone, submodular functions overX = 2[n]. Let

F ′ = { f : ∃g ∈ F s.t. f(S) = g(S) on more than1− η fraction of the points} .
There is an algorithm that PMAC-learnsF ′ with approximation factor

√
n+ 1. That is, for any distribution

D overX, for anyǫ, δ sufficiently small, with probability1 − δ, the algorithm produces a functionf that
approximatesf∗ within a multiplicative factor of

√
n+ 1 on a set of measure1 − ǫ− η with respect toD.

The algorithm usesO( n
ǫ2
log
(
n
δǫ

)
) training examples.

H Standard Sample Complexity Results
We state here several known sample complexity bounds that were used for proving the results in Section 5
and Appendix G. See, e.g., [13, 3].

Theorem 37. LetC be a set of functions fromX to {−1, 1} with finite VC-dimensionD ≥ 1. LetD be
an arbitrary, but fixed probability distribution overX and letc∗ be an arbitrary target function. For any
ǫ, δ > 0, if we draw a sample fromD of sizeN(ǫ, δ) = 1

ǫ

(
4D log

(
1
ǫ

)
+ 2 log

(
2
δ

))
, then with probability

1− δ, all hypotheses with error≥ ǫ are inconsistent with the data.

Theorem 38. Suppose thatC is a set of functions fromX to {−1, 1} with finite VC-dimensionD ≥ 1. For
any distributionD overX, any target function (not necessarily inC), and anyǫ, δ > 0, if we draw a sample
fromD of size

m(ǫ, δ,D) =
64

ǫ2

(
2D ln

(
12

ǫ

)
+ ln

(
4

δ

))
,

then with probability at least1− δ, we have|err(h)− êrr(h)| ≤ ǫ for all h ∈ C.
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