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Abstract. Kernel functions are t ypically view ed as pro viding an im-

plicit mapping of p oin ts in to a high-dimensional space, with the abilit y

to gain m uc h of the p o w er of that space without incurring a high cost

if data is separable in that space b y a large margin 
 . Ho w ev er, the

Johnson-Lindenstrauss lemma suggests that in the presence of a large

margin, a k ernel function can also b e view ed as a mapping to a low -

dimensional space, one of dimension only

~

O (1 =


2

). In this pap er, w e

explore the question of whether one can e�cien tly compute suc h im-

plicit lo w-dimensional mappings, using only blac k-b o x access to a k ernel

function. W e answ er this question in the a�rmativ e if our metho d is also

allo w ed blac k-b o x access to the underlying distribution (i.e., unlab eled

examples). W e also giv e a lo w er b ound, sho wing this is not p ossible for

an arbitrary blac k-b o x k ernel function, if w e do not ha v e access to the

distribution. W e lea v e op en the question of whether suc h mappings can

b e found e�cien tly without access to the distribution for standard k ernel

functions suc h as the p olynomial k ernel.

Our p ositiv e result can b e view ed as sa ying that designing a go o d k ernel

function is m uc h lik e designing a go o d feature space. Giv en a k ernel,

b y running it in a blac k-b o x manner on random unlab eled examples,

w e can generate an explicit set of

~

O (1 =


2

) features, suc h that if the

data w as linearly separable with margin 
 under the k ernel, then it is

appro ximately separable in this new feature space.

1 In tro duction

Kernels and margins ha v e b een a p o w erful com bination in Mac hine Learning. A

k ernel function implicitly allo ws one to map data in to a high-dimensional space

and p erform certain op erations there without pa ying a high price computation-

ally . F urthermore, if the data indeed has a large margin linear separator in that

space, then one can a v oid pa ying a high price in terms of sample size as w ell [6,

7, 9, 11, 13, 12, 14, 15].

The starting p oin t for this pap er is the observ ation that if a learning problem

indeed has the large margin prop ert y under some k ernel K ( x; y ) = � ( x ) � � ( y ),

then b y the Johnson-Lindenstrauss lemma, a r andom linear pro jection of the



\ � -space" do wn to a low dimensional space appro ximately preserv es linear sepa-

rabilit y [1, 2, 8, 10]. Sp eci�cally , if a target function has margin 
 in the � -space,

then a random linear pro jection of the � -space do wn to a space of dimension

d = O

�
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will, with probabilit y at least 1 � � , ha v e a linear separator of

error at most " (see, e.g., Arriaga and V empala [2] and also Theorem 3 of this

pap er). This means that for an y k ernel K and margin 
 , w e can, in principle,

think of K as mapping the input space X in to an

~

O (1 =


2

)-dimensional space,

in essence serving as a represen tation of the data in a new (and not to o large)

feature space.

The question w e consider in this pap er is whether, giv en k ernel K , w e can

in fact pro duce suc h a mapping e�cien tly . The problem with the ab o v e obser-

v ation is that it requires explicitly computing the function � ( x ). In particular,

the mapping of X in to R

d

is a function F ( x ) = A� ( x ), where A is a random

matrix. Ho w ev er, for a giv en k ernel K , the dimensionalit y and description of

� ( x ) migh t b e large or ev en unkno wn. Instead, what w e w ould lik e is an e�cien t

pro cedure that giv en K ( :; : ) as a blac k-b o x program, pro duces a mapping with

the desired prop erties but with running time that dep ends (p olynomially) only

on 1 =
 and the time to compute the k ernel function K , with no dep endence on

the dimensionalit y of the � -space.

Our main result is a p ositiv e answ er to this question, if our pro cedure for

computing the mapping is also giv en blac k-b o x access to the distribution D

(i.e., unlab eled data). Sp eci�cally , giv en blac k-b o x access to a k ernel function

K ( x; y ), a margin v alue 
 , access to unlab eled examples from distribution D ,

and parameters " and � , w e can in p olynomial time construct a mapping of the

feature space F : X ! R

d

where d = O

�
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, suc h that if the target

concept indeed has margin 
 in the � -space, then with probabilit y 1 � � (o v er

randomization in our c hoice of mapping function), the induced distribution in

R

d

is separable with error � " .

In particular, if w e set " � "

0




2

, where "

0

is our input error parameter,

then the error rate of the induced target function in R

d

is su�cien tly small

that a set S of

~

O ( d="

0

) lab eled examples will, with high probabilit y , b e p er-

fectly separable in the mapp ed space. This means that if the target function

w as truly separable with margin 
 in the � -space, w e can apply an arbitrary

zero-noise linear-separator learning algorithm in the mapp ed space (suc h as a

highly-optimized linear-programming pac k age). In fact, with high probabilit y ,

not only will the data in R

d

b e separable, but it will b e separable with margin


 = 2. Ho w ev er, while the dimension d has a logarithmic dep endence on 1 =" , the

n um b er of (unlab eled) examples w e use to pro duce the mapping is

~

O (1 = ( 


2

� )).

Giv en the ab o v e results, a natural question is whether it migh t b e p ossible

to p erform mappings of this t yp e without access to the underlying distribution.

In Section 5 w e sho w that this is in general not p ossible, giv en only blac k-b o x

access (and p olynomially-man y queries) to an arbitr ary k ernel K . Ho w ev er, it

ma y w ell b e p ossible for sp eci�c standard k ernels suc h as the p olynomial k ernel

or the gaussian k ernel.



Our goals are to some exten t related to those of Ben-Da vid et al [4, 5]. They

sho w negativ e results giving simple learning problems where one cannot con-

struct mappings to lo w-dimensional spaces that preserv e separabilit y . W e restrict

ourselv es to situations where w e kno w that suc h mappings exist, but our goal is

to pro duce them e�cien tly .

Outline of r esults: W e b egin in Section 3 b y giving a simple mapping in to a

d -dimensional space for d = O (

1

"

[
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]) that appro ximately preserv es b oth

separabilit y and margin. This mapping in fact is just the follo wing: w e dra w a

set S of d examples from D , run K ( x; y ) o v er all pairs x; y 2 S to place S exactly

in to R

d

, and then for general x 2 X de�ne F ( x ) to b e the orthogonal pro jection

of � ( x ) do wn to this space (whic h can b e computed using the k ernel). That is,

this mapping can b e view ed as an orthogonal pro jection of the � -space do wn to

the space spanned b y � ( S ). In Section 4, w e giv e a more sophisticated mapping

to a space of dimension only O (

1




2

log
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). This logarithmic dep endence then

means w e can set " small enough as a function of the dimension and our input

error parameter that w e can then plug in a generic zero-noise linear separator

algorithm in the mapp ed space (assuming the target function w as p erfectly sep-

arable with margin 
 in the � -space). In Section 5 w e argue that for a blac k-b o x

k ernel, one m ust ha v e access to the underlying distribution D if one wishes to

pro duce a go o d mapping in to a lo w-dimensional space. Finally , w e giv e a short

discussion in Section 6.

A n esp e cial ly simple mapping: W e also note that a corollary to one of our re-

sults (Lemma 1) is that if w e are willing to use dimension d = O (

1

"

[
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and w e are not concerned with preserving the margin and only w an t appro xi-

mate separabilit y , then the follo wing esp ecially simple pro cedure su�ces. Just

dra w a random sample of d unlab eled p oin ts x

1

; : : : ; x

d

and de�ne F ( x ) =

( K ( x; x

1

) ; : : : ; K ( x; x

d

)). That is, w e de�ne the i th \feature" of x to b e K ( x; x

i

).

Then, with high probabilit y , the data will b e appro ximately separable in this d -

dimensional space if the target function had margin 
 in the � space. Th us, this

giv es a particularly simple w a y of using the k ernel and distribution for feature

generation.

2 Notation and De�nitions

W e assume that data is dra wn from some distribution D o v er an instance space

X and lab eled b y some unkno wn target function c : X ! f� 1 ; +1 g . W e use P

to denote the com bined distribution o v er lab eled examples.

A kernel K is a pairwise function K ( x; y ) that can b e view ed as a \legal"

de�nition of inner pro duct. Sp eci�cally , there m ust exist a function � mapping X

in to a p ossibly high-dimensional Euclidean space suc h that K ( x; y ) = � ( x ) � � ( y ).

W e call the range of � the \ � -space", and use � ( D ) to denote the induced

distribution in the � -space pro duced b y c ho osing random x from D and then

applying � ( x ).



W e sa y that for a set S of lab eled examples, a v ector w in the � -space has

margin 
 if:

min

( x;` ) 2 S

�

`

w � � ( x )

j w jj � ( x ) j

�

� 
 :

That is, w has margin 
 if an y lab eled example in S is correctly classi�ed b y the

linear separator w � � ( x ) � 0, and furthermore the cosine of the angle b et w een

w and � ( x ) has magnitude at least 
 . If suc h a v ector w exists, then w e sa y that

S is linearly separable with margin 
 under the k ernel K . F or simplicit y , w e are

only considering separators that pass through the origin, though our results can

b e adapted to the general case as w ell.

W e can similarly talk in terms of the distribution P rather than a sample S .

W e sa y that a v ector w in the � -space has margin 
 with resp ect to P if:

Pr

( x;` ) 2 P

�

`

w � � ( x )

j w jj � ( x ) j

< 


�

= 0 :

If suc h a v ector w exists, then w e sa y that P is (p erfectly) linearly separable

with margin 
 under K . One can also w eak en the notion of p erfect separabilit y .

W e sa y that a v ector w in the � -space has error � at margin 
 if:

Pr

( x;` ) 2 P

�

`

w � � ( x )

j w jj � ( x ) j

< 


�

� �:

Our starting assumption in this pap er will b e that P is p erfectly separable

with margin 
 under K , but w e can also w eak en the assumption to the existence

of a v ector w with error � at margin 
 , with a corresp onding w eak ening of

the implications. Our goal is a mapping F : X ! R

d

where d is not to o

large that appro ximately preserv es separabilit y . W e use F ( D ) to denote the

induced distribution in R

d

pro duced b y selecting p oin ts in X from D and then

applying F , and use F ( P ) = F ( D ; c ) to denote the induced distribution on

lab eled examples.

F or a set of v ectors v

1

; v

2

; : : : ; v

k

in Euclidean space, let span ( v

1

; : : : ; v

k

)

denote the span of these v ectors: that is, the set of v ectors v that can b e written

as a linear com bination a

1

v

1

+ : : : + a

k

v

k

. Also, for a v ector v and a subspace

Y , let pro j ( v ; Y ) b e the orthogonal pro jection of v do wn to Y . So, for instance,

pro j ( v ; span( v

1

; : : : ; v

k

)) is the orthogonal pro jection of v do wn to the space

spanned b y v

1

; : : : ; v

k

. W e note that giv en a set of v ectors v

1

; : : : ; v

k

and the

abilit y to compute dot-pro ducts, this pro jection can b e computed e�cien tly b y

a solving a set of linear equalities.

3 A simpler mapping

Our goal is a pro cedure that giv en blac k-b o x access to a k ernel function K ( :; : ),

unlab eled examples from distribution D , and a margin v alue 
 , pro duces a (prob-

abilit y distribution o v er) mappings F : X ! R

d

suc h that if the target function

indeed has margin 
 in the � -space, then with high probabilit y our mapping will



preserv e appro ximate linear separabilit y . In this section, w e analyze a metho d

that pro duces a space of dimension O

�

1

"

h
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, where " is our b ound

on the error rate of the b est separator in the mapp ed space. W e will, in fact,

strengthen our goal somewhat to require that F ( P ) b e appro ximately separable

at margin 
 = 2 (rather than just appro ximately separable) so that w e can use

this mapping as a �rst step in a b etter mapping in Section 4.

Informally , the metho d is just to dra w a set S of d examples from D , and

then (using the k ernel K ) to de�ne F ( x ) so that it is equiv alen t to an orthogonal

pro jection of � ( x ) do wn to the space spanned b y � ( S ).

The follo wing lemma is k ey to our analysis.

Lemma 1. Consider any distribution over lab ele d examples in Euclide an sp ac e

such that ther e exists a ve ctor w with mar gin 
 . Then if we dr aw

n �

8

"

�

1




2

+ ln

1

�

�

examples z

1

; : : : ; z

n

iid fr om this distribution, with pr ob ability � 1 � � , ther e

exists a ve ctor w

0

in span( z

1

; : : : ; z

n

) that has err or at most " at mar gin 
 = 2 .

Pr o of. W e giv e here t w o pro ofs of this lemma. The �rst (whic h pro duces a some-

what w orse b ound on n ) uses the mac hinery of margin b ounds. Margin b ounds

[12, 3] tell us that using n = O (

1

"

[

1




2

log

2

(1 =
 " ) + log

1

�

]) p oin ts, with high proba-

bilit y , any separator with margin � 
 o v er the observ ed data has a lo w true error

rate. Th us, the pro jection of the target function w in to this space will ha v e a

lo w error rate as w ell. (Pro jecting w in to this space main tains the v alue of w � z

i

,

while p ossibly shrinking the v ector w , whic h can only increase the margin o v er

the observ ed data.) The only tec hnical issue is that w e w an t as a conclusion for

the separator not only to ha v e a lo w error rate o v er the distribution, but also to

ha v e a large margin. Ho w ev er, w e can easily get this from the standard double-

sample argumen t. Sp eci�cally , rather than use a 
 = 2-co v er as in the standard

margin b ound, one can use a 
 = 4-co v er. When the double sample is randomly

partitioned in to ( S

1

; S

2

), it is unlik ely that an y mem b er of this co v er will ha v e

zero error on S

1

at margin 3 
 = 4, and y et substan tial error on S

2

at the same

margin, whic h then implies that (since this is a 
 = 4-co v er) no separator has zero

error on S

1

at margin 
 and y et substan tial error on S

2

at margin 
 = 2.

Ho w ev er, w e also note that since w e are only asking for an existen tial state-

men t (the existenc e of w

0

), w e do not need the full mac hinery of margin b ounds,

and giv e a second more direct pro of (with b etter b ounds on n ) from �rst prin-

ciples. F or an y set of p oin ts S , let w

in

( S ) b e the pro jection of w to span( S ),

and let w

out

( S ) b e the orthogonal p ortion of w , so that w = w

in

( S ) + w

out

( S )

and w

in

( S ) ? w

out

( S ). Also, for con v enience, assume w and all examples z

are unit-length v ectors (since w e ha v e de�ned margins in terms of angles, w e

can do this without loss of generalit y). No w, let us mak e the follo wing de�ni-

tions. Sa y that w

out

( S ) is lar ge if Pr

z

( j w

out

( S ) � z j > 
 = 2) � " , and otherwise

sa y that w

out

( S ) is smal l . Notice that if w

out

( S ) is small, w e are done, b e-

cause w � z = ( w

in

( S ) � z ) + ( w

out

( S ) � z ), whic h means that w

in

( S ) has the



prop erties w e w an t. On the other hand, if w

out

( S ) is large, this means that a

new random p oin t z has at least an " c hance of impro ving the set S . Sp ecif-

ically , consider z suc h that j w

out

( S ) � z j > 
 = 2. F or S

0

= S

S

f z g , w e ha v e

w

out

( S

0

) = w

out

( S ) � pro j ( w

out

( S ) ; span( S

0

)) = w

out

( S ) � ( w

out

( S ) � z

0

) z

0

, where

z

0

= ( z � pro j ( z ; span ( S ))) = j z � pro j ( z ; span ( S )) j is the p ortion of z orthogonal to

span( S ), stretc hed to b e a unit v ector. But since j w

out

( S ) � z

0

j � j w

out

( S ) � z j , this

implies that j w

out

( S

0

) j

2

< j w

out

( S ) j

2

� ( 
 = 2)

2

. No w, since j w j

2

= j w

out

( ; ) j

2

= 1

and j w

out

( S ) j can nev er b ecome negativ e, this can happ en at most 4 =


2

times.

So, w e ha v e a situation where so long as w

out

is large, eac h example has at least

an " c hance of reducing j w

out

j

2

b y at least 


2

= 4. This can happ en at most 4 =


2

times, so Cherno� b ounds imply that with probabilit y at least 1 � � , w

out

( S )

will b e small for S a sample of size �

8

"

h

1




2

+ ln

1

�

i
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Lemma 1 implies that if P is linearly separable with margin 
 under K , and

w e dra w n =

8

"

[

1
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+ ln

1

�

] random unlab eled examples x

1

; : : : ; x

n

from D , with

probabilit y at least 1 � � there is a separator w

0

in the � -space with error rate

at most � that can b e written as

w

0

= �

1

� ( x

1

) + : : : + �

n

� ( x

n

) :

Notice that since w

0

� � ( x ) = �

1

K ( x; x

1

) + : : : + �

n

K ( x; x

n

), an immediate impli-

cation is that if w e simply think of K ( x; x

i

) as the i th \feature" of x | that is,

if w e de�ne

^

F ( x ) = ( K ( x; x

1

) ; : : : ; K ( x; x

n

)) | then with high probabilit y

^

F ( P )

will b e appro ximately linearly separable as w ell. So, the k ernel and distribution

together giv e us a particularly simple w a y of p erforming feature generation that

preserv es (appro ximate) separabilit y .

Unfortunately , the ab o v e mapping

^

F ma y not preserv e margins b ecause w e

do not ha v e a go o d b ound on the length of the v ector ( �

1

; : : : ; �

n

) de�ning the

separator in the new space. Instead, to preserv e margin w e w an t to p erform an

orthogonal pro jection. Sp eci�cally , w e dra w a set S = f x

1

; :::; x

n

g of

8

"

[

1




2

+

ln

1

�

]) unlab eled examples from D and run K ( x; y ) for all pairs x; y 2 S . Let

M ( S ) = ( K ( x

i

; x

j

))

x

i

;x

j

2 S

b e the resulting k ernel matrix. W e use M ( S ) to

de�ne an em b edding of S in to R

n

b y Cholesky F actorization. More sp eci�cally ,

w e decomp ose M ( S ) in to M ( S ) = U

0

U , where U is an upp er triangular matrix,

and w e de�ne our mapping F ( x

j

) to b e the j 'th column of U .

W e next extend the em b edding to all of X b y considering F : X ! R

n

to

b e a mapping de�ned as follo ws: for x 2 X , let F ( x ) 2 R

n

b e the p oin t suc h

that F ( x ) � F ( x

i

) = K ( x; x

i

), for all i 2 f 1 ; :::; n g . In other w ords, this mapping

is equiv alen t to orthogonally pro jecting � ( x ) do wn to span ( � ( x

1

) ; : : : ; � ( x

n

)).

W e can compute F ( x ) b y solving the system of linear equations [ F ( x )]

0

U =

( K ( x; x

1

) ; :::; K ( x; x

n

)).

W e no w claim that b y Lemma 1, this mapping F main tains appro ximate

separabilit y at margin 
 = 2.

Theorem 1. Given "; � ; 
 < 1 , if P has mar gin 
 in the � -sp ac e, then with

pr ob ability � 1 � � our mapping F (into the sp ac e of dimension n ) has the



pr op erty that F ( P ) is line arly sep ar able with err or at most " at mar gin 
 = 2 ,

given that we use n �

8

"

h

1




2

+ ln

1

�

i

unlab ele d examples.

Pr o of. Since � ( D ) is separable at margin 
 , it follo ws from Lemma 1 that, for

n �

8

"

h

1




2

+ ln

1

�

i

, with probabilit y at least 1 � � , there exists a v ector w that

can b e written as w = �

1

� ( x

1

) + ::: + �

n

� ( x

n

), that has error at most " at margin


 = 2 (with resp ect to � ( P )), i.e.,

Pr

( x;` ) 2 P

�

` ( w � � ( x ))

j w jj � ( x ) j

<




2

�

� ":

Consider w 2 R

n

, w = �

1

F ( x

1

) + ::: + �

n

F ( x

n

). Since j w j = j w j and since

w � � ( x ) = w � F ( x ) and j F ( x ) j � j � ( x ) j for ev ery x 2 X , w e get that w has error

at most " at margin 
 = 2 (with resp ect to F ( P )), i.e.,

Pr

( x;` ) 2 P

�

` ( w � F ( x ))

j w jj F ( x ) j

<




2

�

� ":

Therefore, for our c hoice of n , with probabilit y at least 1 � � (o v er randomization

in our c hoice of F ), there exists a v ector w 2 R

n

that has error at most " at

margin 
 = 2 with resp ect to F ( P ). ut

Notice that the running time to compute F ( x ) is p olynomial in 1 =
 ; 1 =�; 1 =�

and the time to compute the k ernel function K .

4 An impro v ed mapping

W e no w describ e an impro v ed mapping, in whic h the dimension d has only a

logarithmic, rather than linear, dep endence on 1 =" . The idea is to p erform a

t w o-stage pro cess, comp osing the mapping from the previous section with a ran-

dom linear pro jection from the range of that mapping do wn to the desired space.

Th us, this mapping can b e though t of as com bining t w o t yp es of random pro jec-

tion: a pro jection based on p oin ts c hosen at random from D , and a pro jection

based on c ho osing p oin ts uniformly at random in the in termediate space.

W e b egin b y stating a result from [2] that w e will use. Here N (0 ; 1) is the

standard Normal distribution with mean 0 and v ariance 1 and U ( � 1 ; 1) is the

distribution that has probabilit y 1 = 2 on � 1 and probabilit y 1 = 2 on 1.

Theorem 2 (Neuronal RP [2]). L et u; v 2 R

n

. L et u

0

=

1

p

k

Au and v

0

=

1

p

k

Av wher e A is a r andom matrix whose entries ar e chosen indep endently fr om

either N (0 ; 1) or U ( � 1 ; 1) . Then,

Pr

A

�

(1 � " ) j u � v j

2

� j u

0

� v

0

j

2

� (1 + " ) j u � v j

2

�

� 1 � 2 e

� ( "

2

� "

3

)

k

4

:



Let F

1

: X ! R

n

b e the mapping from Section 3, with "= 2 and � = 2 as its

error and con�dence parameters resp ectiv ely . Let F

2

: R

n

! R

d

b e a random

pro jection as in Theorem 2. Sp eci�cally , w e pic k A to b e a random d � n matrix

whose en tries are c hosen i.i.d. N (0 ; 1) or U ( � 1 ; 1) (i.e., uniformly from f� 1 ; 1 g ).

W e then set F

2

( x ) =

1

p

d

Ax . W e �nally consider our o v erall mapping F : X ! R

d

to b e F ( x ) = F

2

( F

1

( x )).

W e no w claim that for n = O

�

1

"

h

1




2

+ ln

1

�

i�

and d = O

�

1




2

log (

1

"�

)

�

, with

high probabilit y , this mapping has the desired prop erties. The basic argumen t is

that the initial mapping F

1

main tains appro ximate separabilit y at margin 
 = 2 b y

Lemma 1, and then the second mapping appro ximately preserv es this prop ert y

b y Theorem 2.

Theorem 3. Given "; � ; 
 < 1 , if P has mar gin 
 in the � -sp ac e, then with pr ob-

ability at le ast 1 � � , our mapping into the sp ac e of dimension d = O

�

1




2

log(

1

"�

)

�

has the pr op erty that F ( P ) is line arly sep ar able with err or at most " at mar gin

at most 
 = 4 , given that we use n = O

�

1

"

h

1




2

+ ln

1

�

i�

unlab ele d examples.

Pr o of. By Lemma 1, with probabilit y at least 1 � � = 2 there exists a separator

w in the in termediate space R

n

with error at most "= 2 at margin 
 = 2. Let us

assume this in fact o ccurs. No w, consider some p oin t x 2 R

n

. Theorem 2 implies

that under the random pro jection F

2

, with high probabilit y the lengths of w ,

x , and w � x are all appro ximately preserv ed, whic h implies that the cosine

of the angle b et w een w and x (i.e., the margin of x with resp ect to w ) is also

appro ximately preserv ed. Sp eci�cally , for d = O

�

1




2

log(

1

"�

)

�

, w e ha v e:

F or all x; Pr

A

�

�

�

�

�

w � x

j w jj x j

�

F

2

( w ) � F

2

( x )

j F

2

( w ) jj F

2

( x ) j

�

�

�

�

� 
 = 4

�

� �� = 4 :

This implies

Pr

x 2 F

1

( D ) ;A

�

�

�

�

�

w � x

j w jj x j

�

F

2

( w ) � F

2

( x )

j F

2

( w ) jj F

2

( x ) j

�

�

�

�

� 
 = 4

�

� �� = 4 ;

whic h implies that

Pr

A

�

Pr

x 2 F

1

( D )

�

�

�

�

�

w � x

j w jj x j

�

F

2

( w ) � F

2

( x )

j F

2

( w ) jj F

2

( x ) j

�

�

�

�

� 
 = 4

�

� �= 2

�

� � = 2 :

Since w has error � "= 2 at margin 
 = 2, this then implies that the probabilit y

that F

2

( w ) has error more than " o v er F

2

( F

1

( D )) at margin 
 = 4 is at most � = 2.

Com bining this with the � = 2 failure probabilit y of F

1

completes the pro of. ut

As b efore, the running time to compute our mappings is p olynomial in

1 =
 ; 1 =�; 1 =� and the time to compute the k ernel function K .

Corollary 1. Given "

0

; � ; 
 < 1 , if P has mar gin 
 in the � -sp ac e then we

c an use n =

~

O (1 = ( �

0




4

)) unlab ele d examples to pr o duc e a mapping into R

d

for

d = O (

1




2

log

1

�

0


 �

) , that with pr ob ability 1 � � has the pr op erty that F ( P ) is

line arly sep ar able with err or � �

0

=d .



Pr o of. Just plug in the desired error rate in to the b ounds of Theorem 3. ut

Note that w e can set the error rate in Corollary 1 so that with high probabilit y

a random lab eled set of size

~

O ( d=�

0

) will b e linearly separable, and therefore an y

linear separator will ha v e lo w error b y standard V C-dimension argumen ts. Th us,

w e can apply an arbitrary linear-separator learning algorithm in R

d

to learn the

target concept.

5 On the necessit y of access to D

Our main algorithm constructs a mapping F : X ! R

d

using blac k-b o x access

to the k ernel function K ( x; y ) together with unlab eled examples from the input

distribution D . It is natural to ask whether it migh t b e p ossible to remo v e the

need for access to D . In particular, notice that the mapping resulting from the

Johnson-Lindenstrauss lemma has nothing to do with the input distribution:

if w e ha v e access to the � -space, then no matter what the distribution is, a

random pro jection do wn to R

d

will appro ximately preserv e the existence of a

large-margin separator with high probabilit y . So p erhaps suc h a mapping F can

b e pro duced b y just computing K on some p olynomial n um b er of clev erly-c hosen

(or uniform random) p oin ts in X .

3

In this section, w e giv e an argumen t sho wing

wh y this ma y not b e p ossible for an arbitrary k ernel. This lea v es op en, ho w ev er,

the case of sp eci�c natural k ernels.

In particular, consider X = f 0 ; 1 g

n

, let X

0

b e a random subset of 2

n= 2

el-

emen ts of X , and let D b e the uniform distribution on X

0

. F or a giv en target

function c , w e will de�ne a sp ecial � -function �

c

suc h that c is a large margin

separator in the � -space under distribution D , but that only the p oin ts in X

0

b eha v e nicely , and p oin ts not in X

0

pro vide no useful information. Sp eci�cally ,

consider �

c

: X ! R

2

de�ned as:

�

c

( x ) =

8

<

:

(1 ; 0) if x 62 X

0

( � 1 = 2 ;

p

3 = 2) if x 2 X

0

and c ( x ) = 1

( � 1 = 2 ; �

p

3 = 2) if x 2 X

0

and c ( x ) = � 1

See �gure 1. This then induces the k ernel:

K

c

( x; y ) =

�

1 if x; y 62 X

0

or [ x; y 2 X

0

and c ( x ) = c ( y )]

� 1 = 2 otherwise

Notice that the distribution P = ( D ; c ) o v er lab eled examples has margin 
 =

1 = 2 in the � -space.

No w, consider an y algorithm with blac k-b o x access to K attempting to create

a mapping F : X ! R

d

. Since X

0

is a random exp onen tially-small fraction of X ,

with high probabilit y all calls made to K return the v alue 1. F urthermore, ev en

though at \run time" when x is c hosen from D , the function F ( x ) ma y itself call

3

Let's assume X is a \nice" space suc h as the unit ball or f 0 ; 1 g

n

.
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x in X'

x in X'
c(x)=-1

c(x)=1

x not in X'

Fig. 1. F unction �

c

used in lo w er b ound.

K ( x; y ) for di�eren t previously-computed p oin ts y , with high probabilit y these

will all giv e K ( x; y ) = � 1 = 2. In particular, this means that the mapping F is

with high probabilit y indep enden t of the target function c . No w, since X

0

has

size 2

n= 2

, there are exp onen tially man y orthogonal functions c o v er D , whic h

means that with high probabilit y F ( D ; c ) will not ev en b e w eakly separable for

a random function c o v er X

0

unless d is exp onen tially large in n .

Notice that the k ernel in the ab o v e argumen t is p ositiv e semide�nite. If w e

wish to ha v e a p ositiv e de�nite k ernel, w e can simply c hange \1" to \1 � � " and

\ � 1 = 2" to \ �

1

2

(1 � � )" in the de�nition of K ( x; y ), except for y = x in whic h

case w e k eep K ( x; y ) = 1. This corresp onds to a function � in whic h rather

that mapping p oin ts exactly in to R

2

, w e map in to R

2+2

n

giving eac h example a

p

� -comp onen t in its o wn dimension, and w e scale the �rst t w o comp onen ts b y

p

1 � � to k eep �

c

( x ) a unit v ector. The margin no w b ecomes

1

2

(1 � � ). Since the

mo di�cations pro vide no real c hange (an algorithm with access to the original

k ernel can sim ulate this one), the ab o v e argumen ts apply to this k ernel as w ell.

Of course, these k ernels are extremely unnatural, eac h with its o wn hidden

target function built in. It seems quite conceiv able that p ositiv e results indep en-

den t of the distribution D can b e ac hiev ed for standard, natural k ernels.

6 Discussion and Op en Problems

Our results sho w that giv en blac k-b o x access to a k ernel function K and a distri-

bution D (i.e., unlab eled examples) w e can use K and D together to construct a

new lo w-dimensional feature space in whic h to place our data that appro ximately

preserv es the desired prop erties of the k ernel.

W e note that if one has an unk ernelized algorithm for learning linear sep-

arators with go o d margin-based sample-complexit y b ounds, then one do es not



necessarily need to p erform a mapping �rst and instead can apply a more direct

metho d. Sp eci�cally , dra w a su�cien tly large lab ele d set S as required b y the

algorithm's sample-complexit y requiremen ts, compute the k ernel matrix K ( x; y )

to place S in to R

j S j

, and use the learning algorithm to �nd a separator h in that

space. New examples can b e pro jected in to that space using the k ernel function

(as in Section 3) and classi�ed b y h . Th us, our result is p erhaps something more

of in terest from a conceptual p oin t of view, or something w e could apply if one

had a generic (e.g., non-margin-dep enden t) linear separator algorithm.

One asp ect that w e �nd conceptually in teresting is the relation of the t w o

t yp es of \random" mappings used in our approac h. On the one hand, w e ha v e

mappings based on random examples dra wn from D , and on the other hand w e

ha v e mappings based on uniform (or Gaussian) random v ectors in the � -space

as in the Johnson-Lindenstrauss lemma.

Our main op en question is whether, for natural standard k ernel functions,

one can pro duce mappings F : X ! R

d

in an oblivious manner, without using

examples from the data distribution. The Johnson-Lindenstrauss lemma tells us

that suc h mappings exist, but the goal is to pro duce them without explicitly

computing the � -function.
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