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ABSTRACT
GivenanN � N grid of squares,whereeachsquarehasa countci j
andanunderlyingpopulationpi j , ourgoalis to �nd therectangular
region with thehighestdensity, andto calculateits signi�canceby
randomization.An arbitrarydensityfunctionD, dependentonare-
gion's total countC andtotalpopulationP, canbeused.For exam-
ple, if eachcountrepresentsthenumberof diseasecasesoccurring
in that square,we canuseKulldorff 's spatial scanstatisticDK to
�nd themostsigni�cant spatialdiseasecluster. A naive approach
to �nding the maximumdensityregion requiresO

�

N4 � time, and
is generallycomputationallyinfeasible.We presenta multiresolu-
tion algorithm which partitionsthe grid into overlappingregions
usinga novel overlap-kdtreedatastructure,boundsthemaximum
scoreof subregionscontainedin eachregion, andprunesregions
whichcannotcontainthemaximumdensityregion. For suf�ciently
denseregions, this method�nds the maximumdensityregion in
O

���

NlogN � 2 � time, in practiceresultingin signi�cant (20-2000x)
speedupsonbothrealandsimulateddatasets.

Categoriesand SubjectDescriptors
H.2.8[DatabaseManagement]: DatabaseApps-DataMining

GeneralTerms
Algorithms

Keywords
Clusterdetection,spatialscanstatistics,biosurveillance

1. INTRODUCTION
Oneof thecoregoalsof datamining is to discover patternsand

relationshipsin data. In many applications,however, it is impor-
tantnot only to discover patterns,but to distinguishthosepatterns
that aresigni�cant from thosethat arelikely to have occurredby
chance. This is particularly important in epidemiologicalappli-
cations,wherea rise in the numberof diseasecasesin a region
mayor maynot beindicative of anemerging epidemic.In orderto
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decidewhetherfurther investigationis necessary, epidemiologists
mustknow not only the locationof a possibleoutbreak,but also
somemeasureof the likelihood that an outbreakis occurringin
that region. More generally, we areinterestedin spatialdatamin-
ing problemswherethe goal is detectionof overdensities: spatial
regionswith high scoresaccordingto somedensitymeasure.The
densitymeasurecanbeassimpleasthecount(e.g.numberof dis-
easecases,or unitsof coughmedicationsold)in agivenarea,or can
adjustfor quantitiessuchastheunderlyingpopulation.In addition
to discoveringthesehigh-densityregions,wemustperformstatisti-
cal testingin orderto determinewhethertheregionsaresigni�cant.
As discussedabove, a majorapplicationis in detectingclustersof
diseasecases,for purposesrangingfrom detectionof bioterrorism
(e.g. anthraxattacks)to identifying environmentalrisk factorsfor
diseasessuchaschildhoodleukemia[8, 11,6]. [5] discussesmany
otherapplications,includingminingastronomicaldata(e.g.identi-
fying starclusters),military reconnaissance,andmedicalimaging.

Weconsiderthecasein whichdatahasbeenaggregatedto auni-
form, two-dimensionalgrid. Let G be an N � N grid of squares,
whereeachsquaresi j �

G is associatedwith a count ci j and an
underlyingpopulationpi j . For example,a square's countmaybe
thenumberof diseasecasesin thatgeographicallocationin agiven
timeperiod,while its populationmaybethetotalnumberof people
“at-risk” for thedisease.Our goal is to searchover all rectangular
regionsS � G, and�nd the region S� with thehighestdensityac-
cordingto a densitymeasureD: S��� argmaxSD

�

S� . We usethe
abbreviationsmdr for themaximumdensityregionS� , andmrd for
themaximumregion densityD

�

S�

� , throughout.We will also�nd
thestatisticalsigni�cance(p-value)of thisregionby randomization
testing,asdescribedbelow.

The densityD
�

S� of a region S canbe an arbitraryfunction of
the total countof the region, C

�

S�

� å Sci j , andthe total popula-
tion of theregion,P

�

S�

� å S pi j . Thuswewill oftenwrite D
�

C 	 P� ,
whereC andP are the countandpopulationof the region under
consideration. It is importantto note that, while the term “den-
sity” is typically understoodto meanthe ratio of countto popula-
tion, we usethe term in a muchbroadersense,to denotea class
of densityfunctionsD which includesthe“standard”densityfunc-
tion D1

�

C 	 P�

�

C
P . For our purposes,we assumethat the density

functionD satis�esthefollowing threeproperties:

1. For a �x edpopulation,densityincreasesmonotonicallywith
count: ¶D

¶C

�

C 	 P��
 0 for all
�

C 	 P� .

2. For a �x edcount,densitydecreasesmonotonicallywith pop-
ulation: ¶D

¶P

�

C 	 P��� 0 for all
�

C 	 P� .

3. For a �x ed ratio C
P , density increasesmonotonicallywith

population:¶D
¶P

�

C 	 P��


C
P

¶D
¶C

�

C 	 P��
 0 for all
�

C 	 P� .



The�rst two propertiesstatethatanoverdensityis presentwhena
largecountoccursin a smallpopulation.In thecaseof a uniform
populationdistribution, the populationof a region is proportional
to its area,andthusan overdensityis presentwhena large count
occursin a small area. The third propertystates,in essence,that
anoverdensityis moresigni�cant whentheunderlyingpopulation
is large. This is truebecausesmallerpopulationswill have higher
variancein densities.However, wealsoallow D to remainconstant
aspopulationincreasesfor a �x edratio C

P , thusincludingthestan-
darddensityfunction; we do not, however, allow functionswhere
D decreasesin thiscase.In ourdiscussionbelow, wewill alsomake
onemoreassumptioninvolving thesecondpartialsof D; thisfourth
propertyis not strictly necessarybut makesour computationeas-
ier (eliminatingtheneedto checkfor local maximaof thedensity
function). A largeclassof functionssatisfyall four properties,in-
cludingKulldorff 's spatialscanstatistic,discussedin detailbelow.

1.1 Relatedwork
This work builds on our previous work on detectionof spatial

overdensities[7]. Theprimarydifferenceis in thestatementof the
problem:thegoalof thepresentwork is to detectthemostsigni�-
cantrectangularregion, asopposedto themostsigni�cant square
region. This extensionis extremely importantin epidemiological
applicationsbecausediseaseclustersareoftenelongated:airborne
pathogensmay be blown by wind, creatingan ellipsoid “plume,”
andwaterbornepathogensmaybecarriedalongthepathof a river.
In eachof thesecases,the resultingclustershave high aspectra-
tios,andatestfor squares(or circles,asin Kulldorff 'soriginalscan
statistic)will have low power for detectingtheoverdensity. While
ourdiscussionbelow focuseson�nding “axis-aligned”rectangular
regions,it canbeeasilyextendedto �nd rectangularregionswhich
arenot alignedwith the coordinateaxes. Onesimplemethodof
doing this is to examinemultiple “rotations” of thedata,mapping
eachto aseparategrid andcomputingthemaximumdensityregion
for eachgrid. In thiscase,wemustalsoperformthesamerotations
on eachreplicagrid, and thusthe complexity of the algorithmis
multiplied by thenumberof rotations.However, if we have infor-
mationaboutrelevantconditionssuchaswind directionor the�o w
of a river, we canusethis informationto align thecoordinateaxes,
reducingor avoiding theneedto examinemultiple rotations.

While this changefrom squareto rectangularregionshaslittle
effect on theunderlyingstatistics,it createsa muchmoredif�cult
computationalproblem.While themaximumdensitysquareregion
canbefoundnaively in O

�

N3 � time for anN � N grid, �nding the
maximumdensityrectangularregion requiresO

�

N4 � , and thus is
computationallyinfeasiblefor even moderatelysizedgrids. Our
solutionis similar to our previouswork in thatwe proposea mul-
tiresolutionpartitioningalgorithm:wedivide thegrid into overlap-
pingregions,boundthemaximumscoreof subregionscontainedin
eachregion,andpruneregionswhichcannotcontainthemaximum
densityregion. Within thatgeneralframework, however, thereare
majordifferencesin our multiresolutiondatastructureandthe re-
sulting algorithm. Our current“center-based”approach(using a
novel “overlap-kdtree” datastructure)allows usto achieve tighter
upperboundson thescoreof a region, allowing muchmoreprun-
ing to take place. As a result,our algorithmgiveshugespeedups
(ascomparedto thenaiveapproach)withoutrelyingonapproxima-
tion; the non-approximateversionof our previous algorithmonly
resultedin speedupswhenthe maximumdensityregion wassuf-
�ciently dense,andactuallyperformedslower thannaive in some
cases.Our currentalgorithm is alsomore robust: while the pre-
viousalgorithmwasseverelyslowedby non-uniformpopulations,
theseareshown to have little or noeffect on thecurrentmethod.

Variousother methodsfor �nding “denseclusters”have been
proposedin thedatamining literature,includinggrid-basedhierar-
chicalmethodssuchasCLIQUE [1], MAFIA [3], andSTING[12].
Ourwork differsfrom thesein threemainways:mostimportantly,
asdiscussedabove, our goal is not only to �nd the highestscor-
ing cluster, but to determinethestatisticalsigni�canceof thatclus-
ter (whetherit is a true overdensity, or if it is likely to have oc-
curredby chance). Second,our methoddealswith non-uniform
underlyingpopulations:this is particularlyessentialfor real-world
epidemiologicalapplications,in which an overdensityof disease
casesis moresigni�cant if theunderlyingpopulationis large,and
isalsoimportantin many otherapplicationswherean“overdensity”
is de�ned relative to someotherstatistic(e.g.population,baseline
score,or covariate). Finally, our methodis applicableto a wide
classof densitymeasuresD, wheretheotheralgorithmsarespeci�c
to the“standard”densitymeasureD1

�

S�

�

C � S�

P � S�

. TheD1 measure
is the ratio of countperunit population;for example,in epidemi-
ology, maximizingD1 correspondsto �nding the region with the
highestobserveddiseaserate. However, this is not generallythe
region we areinterestedin �nding, sincea region with a high dis-
easerateandvery smallpopulation(e.g.oneperson,who happens
to besick) is not likely to besigni�cant. In fact,the“region” with
the highestD1 will be the singlesquarewith highest ci j

pi j
. This is

becauseD1 densityis monotonic: if a region S with D1
�

S�

� d is
partitionedinto any setof disjoint subregions,at leastonesubre-
gion S� will have D1

�

S�

� 
 d. Thus the other algorithms,rather
thanmaximizingD1, searchfor maximally sizedregionswith D1
greaterthansomethreshold. Therearetwo disadvantagesto this
approach:oneis thedif�culty of measuringstatisticalsigni�cance
within this framework. Theotheris that thealgorithmsrely heav-
ily on themonotonicityof theD1 measureby �rst �nding “dense”
1 � 1 squares,then merging adjacentsquaresin bottom-upfash-
ion. For anon-monotonicdensitymeasuresuchasKulldorff 's, it is
possibleto have a largedenseregion wherenoneof its subregions
arethemselvesdense,sobottom-upmethodsarenot guaranteedto
�nd thecorrectregion. Here,wewill optimizewith respectto arbi-
trary non-monotonicdensitymeasures,andthusrequirea different
approachfrom CLIQUE, MAFIA, or STING.

1.2 The spatial scanstatistic
A non-monotonicdensitymeasurewhich is of greatinterestto

epidemiologistsis Kulldorff 's spatial scanstatistic[4], which we
denoteby DK . This statisticis in commonusefor �nding signif-
icant spatialclustersof diseasecases,which are often indicative
of anemerging outbreak.Kulldorff 's statisticassumesthatcounts
ci j aregeneratedby aninhomogeneousPoissonprocesswith mean
qpi j , whereq is theunderlying“diseaserate” (or expectedvalueof
C
P). We thencalculatethe log of the likelihoodratio of two possi-
bilities: that thediseaserateq is higherin the region thanoutside
the region, andthat thediseaserateis identicalinsideandoutside
the region. For a region with countC andpopulationP, in a grid
with total countCtot andpopulationPtot , we cancalculate:

DK � Clog
C
P




�

Ctot �

C � log
Ctot �

C
Ptot �

P �

Ctot log
Ctot

Ptot

if C
P �

Ctot
Ptot

, andDK � 0 otherwise.[4] provedthatthespatialscan
statisticis individually mostpowerful for �nding a singlesigni�-
cantregion of elevateddiseaserate: for a �x edfalsepositive rate,
andfor a givensetof regionstested,it is morelikely to detectthe
overdensitythanany otherteststatistic.Again,wenotethatoural-
gorithmis generalenoughto useany densitymeasure,andin some
caseswe may wish to usemeasuresother than Kulldorff 's. For



instance,if we have someideaof the sizeof the maximumden-
sity region, we canusetheDr measure,Dr

�

S�

�

C � S�

P � S�

r , 0 � r � 1,
with larger r correspondingto testsfor smallerclusters.We have
alsoderived a variantof the Dr measurefor normally distributed
counts,wherethe cumulative statisticsof a region arenot its raw
countandpopulation,but a weightedaverageof squares'z-scores.
We are in the processof using this statisticto look for emerging
epidemicsbasedonnationalsalesof over-the-countermedications.

1.3 Randomization testing
Oncewe have foundthemaximumdensityregion (mdr) of grid

G accordingto our densitymeasure,we muststill determinethe
statisticalsigni�canceof this region. Sincethe exact distribution
of theteststatisticis only known in specialcases(suchasD1 den-
sity with auniformunderlyingpopulation),in generalwemust�nd
the region's p-valueby randomization.To do so, we run a large
numberRof randomreplications,whereareplicahasthesameun-
derlyingpopulationspi j asG, but assumesa uniform diseaserate

qrep �

Ctot � G�

Ptot � G�

for all squares.For eachreplicaG� , we �rst generate
all countsci j randomlyfrom an inhomogeneousPoissondistribu-
tion with meanqreppi j , thencomputethemaximumregiondensity
(mrd) of G� andcomparethis to mrd

�

G� . Thenumberof replicas
G� with mrd

�

G�

� 
 mrd
�

G� , dividedby the total numberof repli-
cationsR, givesus the p-value for our maximumdensityregion.
If this p-value is lessthan .05, we canconcludethat the discov-
eredregion is statisticallysigni�cant (unlikely to have occurredby
chance)andis thusa“spatialoverdensity.” If thetestfails,wehave
still discoveredthemaximumdensityregion of G, but thereis not
suf�cient evidencethatthis is anoverdensity.

1.4 The naiveapproach
Thesimplestmethodof �nding themaximumdensityregion is

to computethe densityof all rectangularregionsof sizesk1
� k2,

wherekmin
� k1 	 k2

� kmax.1 Sincetherearea total of
�

N
�

k1



1�

�

N
�

k2

 1� regions of eachsize k1

� k2, thereare a total of
O

�

N4 � regions to examine. We can computethe densityof any
region S in O

�

1� , by �rst �nding the countC
�

S� andpopulation
P

�

S� , thenapplyingour densitymeasureD
�

C 	 P� .2 This allows us
to computethemdr of anN � N grid G in O

�

N4 � time. However,
signi�cance testingby randomizationalso requiresus to �nd the
mrd for eachreplicaG� , andcomparethis to mrd

�

G� . Sincecalcu-
lation of themrd takesO

�

N4 � time for eachreplica,thetotal com-
plexity is O

�

RN4 � , andR is typically large(we assumeR � 1000).
As discussedin [7], several tricks may be usedto speedup this
procedurefor caseswherethereis no signi�cant spatialoverden-
sity, but thesedo not help in caseswhenan overdensityis found.
In general,the O

�

N4 � complexity of the naive approachmakesit
infeasiblefor even moderatelysizedgrids: we estimatea runtime
of 45daysfor a256 � 256grid onour testsystem,which is clearly
far tooslow for real-timedetectionof diseaseoutbreaks.

While onealternative would beto searchfor anapproximateso-
lution usingoneof thevarietyof clusterdetectionalgorithmsin the
literature,we presentanalgorithmwhich is exact(always�nds the
maximumdensityregion)andyet is muchfasterthannaive search.
Thekey intuition is that,sinceweonly careabout�nding themax-
imum densityregion, we do not needto searchover every single

1Weusekmin � 3 andkmax � N throughout.
2An old trick makes it possibleto computethe countand popu-
lation of any rectangularregion in O

�

1� : we �rst form a matrix
of the cumulative counts, then computeeachregion's count by
adding/subtractingat most four cumulative counts,andsimilarly
for populations.

rectangularregion: in particular, we do not needto searcha setof
regionsif we canprove (basedon otherregionswe have searched)
thatnoneof themcanbethemdr. As a simpleexample,if a given
region hasa very low count,we may be ableto concludethat no
subregion containedin that region can have a scorehigher than
themrd, andthuswe do not needto actuallycomputethescoreof
eachsubregion. Theseobservationssuggesta top-down, branch-
and-boundapproach:we maintainthecurrentmaximumscoreof
theregionswe have searchedsofar, calculateupperboundson the
scoresof subregionscontainedin agivenregion,andpruneregions
which cannotcontainthemdr. Similarly, whenwe aresearchinga
replicagrid, we only careaboutwhetherthemrd of the replicais
higherthanthemrdof theoriginalgrid. Thuswecanusethemrdof
theoriginalgrid for pruningonthereplicas,andcanstopsearching
a replicaif we �nd a regionwith scorehigherthanthis mrd.

2. OVERLAP­MUL TIRES PARTITIONING
Our top-down approachto clusterdetectioncan be thoughtof

asa multiresolutionsearchof the spaceunderconsideration:we
search�rst at coarseresolutions(large regions), then at succes-
sively �ner resolutions(smallerregions)asnecessary. This sug-
geststhat a hierarchical,space-partitioningdatastructuresuchas
kd-trees[9], mrkd-trees[2], or quadtrees[10] may be useful in
speedingup our search. However, our desirefor an exact solu-
tion makesit dif�cult to applythesedatastructuresto ourproblem.
In a kd-tree,eachspatialregion is recursively partitionedinto two
disjoint “child” regions,eachof which canthenbe further subdi-
vided. Thedif�culty , however, is thatmany subregionsof thepar-
ent arenot containedentirely in eitherchild, but overlappartially
with each. Thus, in addition to recursively searchingeachchild
for themdr, we mustalsosearchover all of these“shared”regions
at eachlevel of the tree.3 Sincethereare O

�

N4 � sharedregions
even at the top level of the tree(i.e. regionspartially overlapping
both halvesof grid G), anexhaustive searchover all suchregions
is too computationallyexpensive, andthusa differentpartitioning
approachis necessary.

An initial steptowardour partitioningcanbeseenby consider-
ing two divisionsof a rectangularspatialregionS: �rst, into its left
andright halves(which we denoteby S1 andS2), andsecond,into
its top andbottom halves (which we denoteby S3 andS4). As-
sumingthatShassizek1

� k2, this meansthatS1 andS2 have size
1
2k1

� k2, andS3 andS4 have sizek1
� 1

2k2. Consideringthesefour
(overlapping)halves,wecanshow thatany subregionof Seithera)
is containedentirelyin (at least)oneof S1 �����

S4, or b) containsthe
centroidof S. Thusonepossibilitywouldbeto searchSby exhaus-
tively searchingall regionscontainingits centroid,thenrecursing
thesearchon its four “children” S1 �����

S4. Again, thereareO
�

N4 �

“shared”regionsat thetop level of thetree(i.e. regionscontaining
thecentroidof grid G), soanexhaustive searchis infeasible.

Our solution,as in our previous work [7], is a partitioningap-
proachin which adjacentregionspartially overlap,a techniquewe
call “overlap-multiresolutionpartitioning,” or “overlap-multires”
for short. Again we considerthe division of S into its left, right,
top,andbottom“children.” However, while in thediscussionabove
eachchild containedexactly half the areaof S, now we let each
child containmore thanhalf thearea.We againassumethatregion
S hassizek1

� k2, andwe choosefractions f1 	 f2
�

1
2 . ThenS1

andS2 havesize f1k1
� k2, andS3 andS4 havesizek1

� f2k2. This

3Note that an attemptto �nd the two “pieces” of the mdr, one
in eachchild, and then merge the two, fails becauseof the non-
monotonicityof the densitymeasure:the mdr may have a higher
scorethaneitherof its two pieces!



S_3

S_1

S

S_C

some S_i, i = 1..4,

Any subregion of S:

S_2

S_4either a) is contained in

or b) contains S_C.

Figure1: Overlap-multir espartitioning of regionS

partitioning(for f1 � f2 �

3
4) is illustratedin Figure1. Note that

thereis aregionSC commonto all four children;wecall thisregion
thecenterof S. Thesizeof SC is

� �

2f1 �

1� k1
�

�

2f2 �

1� k2
� , and

thusthe centerhasnon-zeroarea. Whenwe partition region S in
this manner, it canbe proved that any subregion of S eithera) is
containedentirely in (at least)oneof S1 �����

S4, or b) containsthe
centerregionSC. Figure1 illustrateseachof thesepossibilities.

Now we can searchS by recursively searchingS1 �����

S4, then
searchingall of theregionscontainedin Swhichcontainthecenter
SC. Unfortunately, atthetoplevel therearestill O

�

N4 � regionscon-
tainedin grid G which containits centerGC. However, sincewe
know that eachsuchregion containsthe large region GC, we can
placevery tight boundson thescoreof theseregions,oftenallow-
ing usto prunemostor all of them.(We discusshow thesebounds
arecalculatedin thefollowing subsection.)Thusthebasicoutline
of our searchprocedure(ignoringpruning,for themoment)is:

overlap-search(S)
{

call base-case-search(S )
define child regions S_1..S_4, center S_C as above
call overlap-search(S_i ) for i=1..4
for all S' such that S' is contained in S and contains S_C,

call base-case-search(S' )
}

Now we considerhow to selectthe fractions f1 and f2 for each
call of overlap-search,andcharacterizethe resultingsetF of re-
gionsS on which overlap-search(S) is called. RegionsS

�

F are
calledgriddedregions, andregionsS �

�

F arecalledouterregions.
For simplicity, we assumethat the grid G is square,and that its
sizeN is a power of two. We begin thesearchby calling overlap-
search(G). Thenfor eachrecursivecall to overlap-search(S), where
thesizeof S is k1

� k2, we set f1 �

3
4 if k1 � 2r for someinteger

r, and f1 �

2
3 if k1 � 3 � 2r for someintegerr. We de�ne f2 iden-

tically in termsof k2, andthenthe child regionsS1 �����

S4 andthe
centerregion SC arede�ned in termsof f1 and f2 asabove. This
choiceof f1 and f2 hastheusefulpropertythatall griddedregions
have sizes2r or 3 � 2r for someintegerr. For instance,if theorig-
inal grid G hassize64 � 64, thenthechildrenof G will beof sizes
64 � 48 and48 � 64, andthe grandchildrenof G will be of sizes
64 � 32,48 � 48,and32 � 64. This processcanberepeatedrecur-

X XXXX X

Figure2: The �rst two levelsof the overlap-kd tr ee.Eachnode
representsa gridded region (denotedby a thick rectangle)of
the entiredataset(thin squareand dots).

sively down to regionsof sizekmin
� kmin, forming a structurethat

we call an overlap-kdtree. The �rst two levels of the overlap-kd
treeareshown in Figure2. Notethateven thoughgrid G hasfour
child regions,andeachof its child regionshasfour children,G has
only ten (not 16) distinct grandchildren,several of which are the
child of multiple regions.

Ouroverlap-kdtreehasseveralniceproperties,whichwepresent
herewithoutproof. First, for every rectangularregionS � G, either
S is a griddedregion (containedin the overlap-kdtree), or there
exists a uniquegriddedregion S� suchthat S is an outer region
of S� (i.e. S is containedin S� , andcontainsthe centerregion of
S� ). This meansthat, if overlap-searchis calledexactly oncefor
eachgriddedregion,andnopruningis done,thenbase-case-search
will becalledexactly oncefor every rectangularregion S � G. In
practice,we will prunemany regions,sobase-case-searchwill be
calledat mostoncefor every rectangularregion, andevery region
will beeithersearchedor pruned.Thesecondnicepropertyof our
overlap-kdtree is that the total numberof griddedregions � F � is
O

���

NlogN � 2 � ratherthanO
�

N4 � . This impliesthat, if we areable
to prune(almost)all outerregions,wecan�nd themdrof anN � N
grid in O

���

NlogN � 2 � time. In fact,wemaynotevenneedto search
all griddedregions,soin many casesthesearchwill beevenfaster.

Beforewe considerhow to calculatescoreboundsandusethem
for pruning,we must�rst dealwith anessentialissuein searching
overlap-kdtrees.Sincea child region may have multiple parents,
how do we ensurethateachgriddedregion is examinedonly once,
ratherthanbeingcalled recursively by eachparent? Onesimple
answeris to keepa hashtableof the regionswe have examined,
andonly call overlap-search(S) if regionShasnotalreadybeenex-
amined.Thedisadvantageof this approachis thatit requiresspace
proportionalto thenumberof griddedregions,O

���

NlogN � 2 � , and
spendsa substantialamountof time doing hashqueriesand up-
dates. A more elegant solution is what we call lazy expansion:
ratherthancalling overlap-search(Si ) on all four childrenof a re-
gion S, we selectively expandonly certainchildrenat eachstage,
in sucha way that thereis exactly onepath from the root of the
overlap-kdtreeto any nodeof thetree.Onesuchschemeis shown
in Figure2: if thepathbetweenaparentandchild ismarkedwith an
X, lazyexpansiondoesnotmake thatrecursivecall. No extraspace
is neededby this method;instead,a simplesetof rulesis usedto
decidewhichchildrenof anodeto expand.A child is expandedif it
hasnootherparents,or if theparentnodehasthehighestpriority of
all thechild'sparents.Wegiveparentswith loweraspectratiospri-
ority over parentswith higheraspectratios:for example,a 48 � 48
parentwould have priority over a 64 � 32 parentif thetwo sharea
48 � 32 child. This ruleallowsusto performvariantsof thesearch
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Figure 3: Maximizing count cin for a given population pin.
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whereregionswith very high aspectratiosarenot included;anex-
tremecasewould beto only searchfor squares,asin our previous
work. Within anaspectratio,we �x anarbitrarypriority ordering.
Sincewe maintainthepropertythatevery nodeis accessiblefrom
theroot,thecorrectnessof ouralgorithmis maintained:everygrid-
dedregionwill beexamined(if nopruningis done),andthusevery
region S � G will beeithersearchedor pruned.

2.1 Score bounds
We now considerwhich regionscanbepruned(discardedwith-

out searching)duringour multiresolutionsearchprocedure.First,
given someregion S, we must calculatean upperboundon the
scoresD

�

S�

� for regionsS��� S. More precisely, we areinterested
in two upperbounds:aboundonthescoreof all subregionsS�

�
S,

andaboundonthescoreof theoutersubregionsof S(thoseregions
containedin S andcontainingits centerSC). If the �rst boundis
lessthanor equalto the mrd, we canpruneregion S completely;
we do not needto searchany (griddedor outer)subregion of S. If
only thesecondboundis lessthanor equalto themrd, we do not
needto searchthe outersubregionsof S, but we mustrecursively
call overlap-searchonthegriddedchildrenof S. If bothboundsare
greaterthanthemrd, we mustbothrecursively call overlap-search
andsearchtheouterregions.

Now we will explain the calculationof the secondbound(on
subregionscontainingthecenter);thecalculationof the�rst bound
(on all subregions)canbetreatedasa specialcasewherethepop-
ulation,count,andareaof thecenterarezero.Webegin by assum-
ing asknown variouspiecesof informationaboutthe subregions
of S; we discussbelow how theseareobtained.This information
includes:upperandlower boundspmax, pmin on thepopulationof
subregionsS� ; anupperbounddmax on theD1 densityof S� ; anup-
perbounddinc ontheD1 densityof S�

�

SC; andalowerbounddmin
on theD1 densityof S

�

S� . We alsoknow thecountC andpopu-
lation P of region S, andthecountccenter andpopulationpcenter of
region SC. Let cin andpin bethecountandpopulationof S

�
; these

arepresentlyunknown. To �nd anupperboundonD
�

S�

� , we must
calculatethevaluesof cin andpin whichmaximizeD

�

cin 	 pin
� , sub-

ject to thegivenconstraints:

1. cin �

ccenter
pin �

pcenter

� dinc

2. cin
pin

� dmax

3. C
�

cin
P

�

pin


 dmin

4. pmin
� pin

� pmax

Thispotentiallydif�cult maximizationproblemcouldbesolvedby
convex programming,but is mademucheasierby thepropertiesof

Population =

D_1 density =

p_center

c_center / p_center

S'

D_1 density = d_min

D_1 density = d_inc

D_1 density = d_max

Population = P_12 � p_center

Population = P_23�P_12

Population = P�P_23

Figure 4: Division of region S into layers of differing density.
In the typical case,subregionS� includesall but the outer layer.

thedensityfunctionD. Since¶D
¶C


 0, we know thatthemaximum
valueof D for a given pin occurswhencin is maximizedsubjectto
the constraints.We solve the �rst threeconstraintsfor cin, giving
uscin � min

�

C1 	 C2 	 C3
� , where:

C1 � dincpin �

�

dincpcenter �

ccenter
�

� dincpin �

B1

C2 � dmaxpin

C3 � dminpin



�

C
�

dminP�

� dminpin

 B3

In thetypical case,4 we havedmin
� dmax

� dinc, B1
�

0, andB3
�

0: thismeansthatcin � C1 for small pin, cin � C2 for moderatepin,
andcin � C3 for large pin, asillustratedin Figure3. Thuswe can
solve for the intersectionpointsP12, P13, andP23, whereCi

� Cj
for pin

� Pi j , and we usethesequantitiesto �nd the maximum
allowablecountcin for a given pin. Solvingtheequations,we �nd
that P12 �

B1
dinc �

dmax
, P13 �

B1 	

B3
dinc �

dmin
, and P23 �

B3
dmax�

dmin
. In the

typical case,5 we have 0 � P12
� P13

� P23 � ¥ . In this case,we
usethevaluesof P12 andP23, andthevalueP13 is notneeded.Then
thecountcin = ccenter


 dinc
�

pin �

pcenter
� for pcenter

� pin
� P12,

cin = dmaxpin for P12
� pin

� P23, andcin = dmaxP23

 dmin

�

pin �

P23
� for pin


 P23. This is illustratedby Figure4: the region S
is separatedinto four “layers” of differing densities.Startingfrom
theinside,wehave thecenter(with aknown populationpcenter and
countccenter), a layerof high D1 densitydinc, a layerof moderate
D1 densitydmax, anda layerof low D1 densitydmin.

Now we canwrite cin asa functionof pin, andthusthescoreD
becomesafunctionof thesinglevariablepin. Wheredoesthemax-
imum of this function occur? Again we rely on propertiesof the
functionD

�

C 	 P� , anda case-by-caseanalysisis necessary. In the
typical casedinc

�

dmax
�

ccenter
pcenter

, we know thatthescoreincreases
with populationin the“high density”and“moderatedensity” lay-
ers.Thisfollowsfrom two propertiesof ourdensityfunction: ¶D

¶C



0 and ¶D
¶P




C
P

¶D
¶C


 0. In the high density layer, the D1 density

of S�




cin
pin �

increasesfrom ccenter
pcenter

to dmax aswe addmorepopula-

tion, sothescoreD is monotonicallyincreasingwith population.In
themoderatedensitylayer, theD1 densityof S� staysconstant(at
dmax) aspopulationincreases,soagainD is monotonicallyincreas-
ing. In the low densitylayer, D1 densityof S� decreasesaspopu-
lation increases:in this case,sincecountandpopulationareboth

4We mustalsohandlea varietyof specialcaseswhereoneor more
of theseinequalitiesareviolated,andsomeconstraintsmaynot be
relevant.Weomit thedetailsof thiscase-by-caseanalysis.
5Seepreviousnote.
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Figure5: Quartering of regionS

increasing,thescoremayincreaseor decrease.Weassumethatthe
scorefunctionD hasno local maximain theinterval

�

P23 	 P� , and
thusthat themaximumoccurseitherat

�

cin 	 pin
�

�

�

dmaxP23 	 P23
�

or at
�

cin 	 pin
�

�

�

C 	 P� .6 We are only interestedin �nding sub-
regionswith scoreshigher than the parent,so we can ignore the
latter case. Thusour upperboundon D

�

S�

� is D
�

cin 	 pin
� , where

pin � P23 andcin � dmaxpin. Thevariousspecialcases,whereone
or more of the inequalitiesabove areviolated, arehandledsimi-
larly usingthe intersectionpointsP12, P13, andP23 asnecessary.
We also mustadjustour value of pin if it violatesthe inequality
pmin

� pin
� pmax, adjustingcin accordinglygiven the densityof

thelayersbeingaddedor subtracted.
We now considerhow theboundson populationsandD1 densi-

tiesareobtained.Thesimplestmethodof doingsois to useglobal
values: �rst, we precomputethe minimum and maximumpopu-
lation and D1 densityof all single squaressi j in the grid. This
givesus usable(thoughvery conservative) valuesfor dmin, dmax,
anddinc. Wecanalsousetheminimumandmaximumsquarepop-
ulations,togetherwith the minimum andmaximumareaof a re-
gion, to obtainboundspmin and pmax. Slightly lessconservative
boundscanbeobtainedusingourassumptionof aminimumregion
sizekmin � 3. Any k1

� k2 region, wherek1 	 k2

 3, canbe tiled

with rectanglesof sizes3 � k1 	 k2
� 5. Thuswe canprecompute

theminimumandmaximumD1 densityandpopulationpersquare
of all suchrectanglesin O

�

N2 � time, andusetheseratherthanthe
singlesquareboundswhenallowable. For example,whenbound-
ing maximumscoreof theouterregionsof S, we canusethe less
conservative boundfor dmax; whenboundingmaximumscoreof
all subregionsof S, wecanalsousethelessconservative boundfor
dinc.

Theseglobal boundson populationsandD1 densitiesareinex-
pensive to compute(we needonly computethemonceper grid),
but arevery conservative estimatesof thedensitiesof squaresin a
given region. We usetheseboundsin our algorithmasa sort of
“�rst pass”which prunesmany regionsbut also leavesmany un-
pruned. If a region survives this round of pruning, we compute
muchtighterboundsonsubregionscoresin a“secondpass,” which
is alsomorecomputationallyexpensive. To doso,weobtaintighter
boundson thepopulationandD1 densityof S� usinga novel tech-
niquewetermquartering, thenusetheseconstraintsto boundD

�

S
�

�

asabove.
Givena region Sof sizek1

� k2, with a (non-zero)centerregion
SC, thequarteringprocedurecalculatesboundsonsubregion popu-
lation andD1 densityin O

�

k1k2
� time. The�rst stepof quartering

6Formally, weassumethefollowing constrainton the�rst andsec-
ondpartialsof D: D2

PDCC

 D2

CDPP �

2DCDPDCP

 0. This is true

for a largeclassof functions,includingKulldorff 's statistic.If this
constraintis violated,we mustalsocalculateD

�

C 	 P� at eachlocal
maximum,which is not dif�cult if thenumberof maximais small
andeachmaximumis easyto calculate.

is to divide Sinto its four (non-overlapping)quadrantsS1 �����

S4, as
in Figure5. We now considereachSi separately, togetherwith the
quarterof thecenter(SCi) which overlapsthatquadrant.For each
quadrant,we considerall rectanglesS�i with onecornerat thecen-
troid of S, andonecorneroutsideSCi (i.e. on oneof the dots in
Figure5). Note that thereareO

�

k1k2
� suchrectangles,and thus

we cansearchover all of theseregionsS�i in quadratictime. Our
searchprocedureis very simple: given a region S�i , let pin, cin,
andAin denoteits population,count,andarea;let pout , cout , and
Aout denotethepopulation,count,andareaof Si �

S�i ; andlet pdi f ,
cdi f , andAdi f denotethe population,count,andareaof S�i �

SCi .
We thencalculatetheD1 densityd andtheaveragepopulationper
squareps for eachof S�i , Si �

S�i , andS�i �

SCi : din �

cin
pin

, ps� in �

pin
Ain

,
andtheotherquantities(dout , ddi f , ps� out , ps� di f ) arede�ned simi-
larly. We thensetdmax equalto themaximumof all din, dinc equal
to the maximumof all ddi f , and dmin equal to the minimum of
all dout . Similarly, we take theminimumandmaximumvaluesof
ps� in, ps� out , and ps� di f ; we canusetheseto calculateboundspmin
and pmax oncewe aregiven the minimum andmaximumareaof
S� . In essence,whatwe have doneis boundedtheD1 densitiesand
populationsfor the pieceof region S� containedin eachquadrant.
ThensinceD1 densityis monotonic,we know that theD1 density
of the entire region S� is boundedby the maximumof the max-
densitiesandthe minimum of the min-densitiescomputedfor all
regionsS�i . Populationpersquareis alsomonotonic,soanidentical
argumentapplies.Anotherway to think of this is thatwe arecal-
culatingboundson populationandD1 densityfor all the irregular
(but rectangle-like) regionscontainingthe centerCS andconsist-
ing of onerectanglein eachquadrant,asdrawn in Figure5; then
thesequantitiesarealsoboundson the populationanddensityof
all rectangleswhichcontainCS.

We do not provide a formal proof here, but we note that the
boundson populationand densityderived by quarteringare ex-
act (i.e. no rectangleS�

�
S, suchthat SC � S� , canhave density

or populationoutsidethesebounds)andthat they aremuchtighter
thantheglobalpopulationanddensitybounds,allowingmany more
regionsto bepruned.However, asnotedabove, quarteringis sig-
ni�cantly more computationallyexpensive than using the global
bounds,taking time quadraticin the size of region S, and thus
O

�

N2 � for largeregions.This is why we�rst usetheglobalbounds
for pruningouterregions,andonly usequarteringon regionsthat
this initial pruningdoesnot eliminate. We alsonotethat quarter-
ing canbedonein linear time in thespecialcasewheretheparent
region S andits centerSC have the samerow sizek1 or the same
columnsizek2; in thiscaseweneedonly dividetheregioninto two
halves,andeachhalf canbesearchedlinearlyandtheboundscom-
bined.We applythis linear-time “halving,” aswell asthestandard
quadratic-timequartering,in ouralgorithmpresentedbelow.

2.2 The algorithm
Wenow possessall of thealgorithmicandstatisticaltoolsneeded

to presentour algorithmin full. The basicstructureis similar to
the top-down “overlap-search”routinepresentedabove, with sev-
eral importantdifferences. First, we usea best-�rst search(im-
plementedusinga pair of priority queuesq1 andq2) ratherthana
recursive depth-�rst search.Our algorithmhastwo stages:in the
�rst stageweexamineonly griddedregions,andin thesecondstage
we searchouterregionsif necessary. In bothstages,we prunere-
gionswhenever possible,calculatingincreasinglytight boundson
subregions' populationandD1 density, andusing theseto calcu-
late upperboundsDmax on D

�

S�

� asabove. The �rst stageof our
algorithmproceedsasfollows, usingthe(loose)globalboundson
populationandD1 densityto calculateDmax:



Add G to q_1.
While q_1 not empty:

Get region S with highest D(S) from q_1.
If D(S) > mrd, set mdr = S and mrd = D(S).
If D_max(S' in S) > mrd,

add gridded children of S to q_1 (using lazy expansion).
If D_max(S' in S containing S_C) > mrd, add S to q_2.

Thus,afterthe �rst stageof our algorithm,we have searchedor
prunedall griddedregions(requiringat mostO

���

NlogN �
2

� time),
and the currentmdr is the griddedregion with highestD

�

S� . q2
now containsthe subsetof griddedregions whoseouter regions
have not yet beenpruned,prioritizedby their upperboundsDmax.
Thesecondstageof ouralgorithmproceedsasfollows:

While q_2 not empty (and some S on q_2 has D_max(S) > mrd):
Get region S with highest D_max(S) from q_2.
Use quartering to calculate tighter pop and density bounds for S.
Recalculate D_max(S) using these bounds.
If D_max(S) > mrd, then search-outer-regio ns( S).

Now the only questionleft is how to performthe search-outer-
regionsprocedure.We �rst notethata rectangularregion requires
four coordinatesfor speci�cation: we usetherow sizek1, thecol-
umn sizek2, the minimum row x1, andthe minimum columnx2.
Thena naive searchof theouterregionsof Scouldbedoneusing
four nestedloops, steppingover eachlegal combinationof these
four coordinates(i.e. suchthat the resultingregion S� is in S and
containsSC). We alsousefour nestedloops(in the orderk1, x1,
k2, x2), but take several moreopportunitiesfor pruning. Oncewe
have �x edk1

�

S�

� andx1
�

S�

� , we canobtaina very tight boundon
Dmax

�

S�

� by expandingthe centerregion SC and contracting the
parentregion S such that k1

�

S�

� k1
�

SC
�

� k1
�

S�

� and x1
�

S�

�

x1
�

SC
�

� x1
�

S�

� . We then recalculateboundson the D1 density
andpopulationusingthenew SandSC (this canbedonein linear
time using“halving,” thespecialcaseof quartering,sincethepar-
ent andcenterhave the samek1), and�nally recomputeDmax for
the new parentandcenter. Only if Dmax is greaterthan the mrd
do we needto loop over k2 andx2 for that combinationof k1 and
x1. Finally, oncewe have �x edk2, we canrecomputeDmax again,
sincewe now preciselyknow theareaof S� , giving usmuchtighter
populationbounds.Only if Dmax is greaterthanthemrd mustwe
searchall x2 for thatcombinationof k1, x1, andk2.

Thusthe secondstageof our algorithmcanbe seenasa series
of “screens”that an outer region mustpassthroughif it is to be
searched.The�rst screenis whethertheparentregion is takenoff
q2 andexamined,the secondscreenis whetherthe parentregion
passesthe “quartering” test, the third screenis whetherthe new
parentregion(formedafterk1 andx1 are�x ed)passesthe“halving”
test,andthefourth screenis whetherthenew parentregion passes
the“halving” testoncetheareaof S� is �x ed.We now examinethe
complexity of this procedure,givena largeparentregion (i.e. one
containingO

�

N4 � outerregionsS� ). If the parentregion doesnot
passthe�rst screen,wehavespentonly O

�

1� to searchtheseO
�

N4 �

regions;if theparentdoesnotpassthesecondscreen,wehavespent
only theO

�

N2 � timerequiredby quartering.If theparentpassesthe
secondscreen,but noneof thenew parentregionspassthroughthe
third and fourth screens,we have spentonly O

�

N2
�

� O
�

N � (for
halving,giveneachk1 andx1) 
 O

�

N3 � (for bounding,giveneach
k1, x1, andk2) � O

�

N3 � time. Thusonly if all four screensfail will
thealgorithmhave O

�

N4 � complexity; typically well over 90%of
regionsareeliminatedat eachscreen,and thuswe searchonly a
smallfractionof possibleregions.

3. A USEFUL APPROXIMA TION
As opposedto our previous results[7], thealgorithmpresented

abovegiveslargespeedupsascomparedto thenaiveapproachwith-
out approximation: the algorithm is guaranteedto �nd the max-
imum densityrectangularregion. In somecases,however, very
rapiddetectionmaybemoreimportantthanguaranteedaccuracy;
thus we presentan approximateversionof the algorithm which
�nds themdr5-20xfasterwhile maintainingover 90%accuracy.

As notedabove, the“�rst pass”of our algorithmusesvery con-
servative boundson theD1 densitiesof S� , S�

�

SC, andS
�

S� , de-
rivedfrom theglobalminimumandmaximumdensityvalues.Thus
oneway to increasethe speedof the algorithmis to usea closer
approximationof thesedensitiesasa bound. Thedisadvantageis
that if we usean estimatewhich is not guaranteedto boundthe
densities,we may underestimatethe scoreof a region, andhence
possiblypruneaway themdrand�nd anincorrectregion. Herewe
consideranapproximatelower boundon theD1 densityof S

�

S� :
usingthis boundinsteadof a guaranteedbut muchmoreconserva-
tive boundtypically resultsin largespeedupswith minimal lossof
accuracy.

To derive tighter boundson the maximumdensityof a subre-
gion S� containedin a givenregion S, we considertheassumptions
being madeby our statisticaltest. Kulldorff 's statisticassumes,
bothunderthenull hypothesisandthealternative hypothesis,that
at mostonediseaseclusterSdc exists, andthat the diseaserateq
is expectedto be uniform outsideSdc (or uniform everywhere,if
no diseaseclusterexists). Thus,if Sdc is containedentirely in the
region underconsiderationS, we would expectthat themaximum
densitysubregionS� of Sis Sdc, andthatthediseaserateof S

�

S� is

equalto thediseaserateoutsideS: E
�

C
�

cin
P

�

pin �

�

Ctot �

C
Ptot �

P � dout . As-

sumingthat theD1 densityof S
�

S� is equalto its expectedvalue
dout , we canusethederivationabove (usingdout in placeof dmin)
to �nd themaximumsubregion score.

Theproblemwith thisapproachis thatwehavenotcompensated
for thevariancein densities.Our calculatedvalueof dout is only
a lower boundfor the D1 densityof S

�

S
�

in the mostapproxi-
mateprobabilisticsense,in thatwe expectD1

�

S
�

S�

�

�

dout half
the time. We canimprove theaccuracy of our probabilisticbound
by alsoconsideringthevarianceof C

�

cin
P

�

pin
�

Ctot �

C
Ptot �

P . Assumingthat
all countsoutsideSdc aregeneratedby a inhomogeneousPoisson

distribution with parameterqpi j , we obtain:s2
�

C
�

cin
P

�

pin
�

Ctot �

C
Ptot �

P
�

=

s2
�

Po� q � P
�

pin � �

P
�

pin
�

Po� q � Ptot �

P� �

Ptot �

P
�

= q
P

�

pin




q
Ptot �

P = q � Ptot �

pin �

� P
�

pin � � Ptot �

P�

.

Sincethe actualvalueof the parameterq is not known, we usea
conservative empiricalestimate:q �

Ctot
Ptot �

pin
. Fromthis,we obtain

s
�

C
�

cin
P

�

pin �

Ctot �

C
Ptot �

P
�

= �

Ctot
� P

�

pin � � Ptot �

P�

. Thenwe cancomputethe

maximumsubregion densityby usingdout �

bs, for someconstant
b, in placeof dmin in thederivationabove. Oneminorcomplication
is that,sinces is dependenton pin, wemustsolveequationsfor P13
andP23 which arequadraticratherthanlinear;we omit thedetails
of this calculation.

By adjustingourapproximationof dmin in thismanner, wecom-
pute a higher scoreD, reducingthe likelihood that we will un-
derestimatethe maximumsubregion densityand prunea region
that shouldnot necessarilybe pruned.7 Given a constantb, the
D1 densityof S

�

S� will be greaterthandout �

bs with probabil-
ity Pr

�

Z � b� , whereZ is chosenrandomlyfrom theunit normal.
For b � 2, thereis an 98% chancethat we will correctly bound

7This alsoincreasesthenumberof regionssearched,andthuswe
have a tradeoff betweenspeedandaccuracy.



D1
�

S
�

S�

� , giving a guaranteedcorrectupperboundfor themax-
imum subregion score. In practice,the maximumscorewill be
lower thanour approximateboundmoreoften thanthis, sinceour
estimatesfor theotherparametersareconservative. Thus,though
our algorithm is approximate,it is very likely to converge to the
globally optimalmdr.

Oneinterestingfeatureof this approximationis that we expect
to underestimatethemaximumsubregion scoreif thediseaseclus-
ter Sdc is not containedentirely in S, sincewe arecalculatingdout
basedon a region which includesthis region of higherdensity. In
caseswherethereis only asinglediseasecluster, this is acceptable
(anddesirable)sincea region not containingSdc doesnot needto
be expanded. In applicationswheremultiple diseaseclustersare
present,however, thereis a risk thatthepresenceof onesigni�cant
diseaseclusterwill causethe approximatealgorithm to miss an-
othermoresigni�cant cluster. Thisphenomenonis visiblein ourre-
sultsbelow: in twoof thethreereal-worlddatasets,theapproximate
algorithmsdid not �nd the maximumdensityregion, thoughthey
did �nd anotherclusterthatwasalsosigni�cant. In thecaseswhere
only onediseaseclusterwaspresent,asin our simulatedtrials, the
approximatealgorithmsachievedhighaccuracy. Wepresentresults
for theexactandapproximateversionsof thealgorithmbelow.

4. RESULTS
We�rst describeresultswith arti�cially generatedgridsandthen

real-world casedata. An arti�cial grid is generatedfrom a setof
parameters(N, k1, k2, µ, s, q� , q� � ). Thegrid generator�rst creates
anN � N grid, andrandomlyselectsa k1

� k2 “test region.” Then
the populationof eachsquareis chosenrandomlyfrom a normal
distributionwith meanµ andstandarddeviations (populationsless
thanzeroaresettozero).Finally, thecountof eachsquareischosen
randomlyfrom a Poissondistribution with parameterqpi j , where
q � q� insidethetestregionandq � q� � outsidethetestregion.

For all our simulatedtests,we usedgrid size N � 256, and a
backgrounddiseaserateof q

� �

�

�

001. We testedfor four different
combinationsof testregion parameters(k1

� k2, q� ): (7 � 9,
�

01),
(11 � 5,

�

002),(4 � 3,
�

002),and(0 � 0,
�

001).Theserepresentthe
casesof anextremelydensediseasecluster, largeandsmalldisease
clusterswhich aresigni�cant but not extremelydense,andno dis-
easeclusterrespectively. We usedthreedifferentpopulationdistri-
butionsfor testing:the“standard”distribution (µ � 104, s � 103),
andtwo typesof “highly varying” populations.For the“city” distri-
bution,we randomlyselecteda 10 � 10 “city region”: squarepop-
ulationsweregeneratedwith µ � 5 � 104 ands � 5 � 103 inside
thecity, andµ � 104 ands � 103 outsidethecity. For the“high-s”
distribution,we generatedall squarepopulationswith µ � 104 and
s � 5 � 103. For eachcombinationof testregion parametersand
populationdistribution, run timeswereaveragedover 20 random
trials, andan additional90 trials (for a total of 110) wereusedto
testaccuracy. A trial wascounted“correct” if thealgorithmeither
foundthetestregion Sdc, or anotherregion Swith D

�

S� 
 D
�

Sdc
� ;

we emphasizethat this is alwaysthecasefor the exact versionof
our algorithm,which always�nds the maximumdensityregion.8

We also recordedthe averagenumberof regions examined; for
our algorithm,this includescalculationof scoreboundsaswell as
scoresof individual regions. Separateresultsarepresentedfor the
original grid and for eachreplica; for a large numberof random
replications(R � 1000)theresultsperreplicadominate,sincetotal
8In additionalto our theoreticalargumentfor correctness,we con-
�rmed this empirically by running a large number of tests on
smallergrids, for all possibletest region sizes. Theseresultsare
not given here,but we note that the algorithm found the correct
region in all cases.

Figure 6: Emergency Department dataset. The left pic-
tur e shows the “population” distrib ution and the right pictur e
showsthe “counts.” Thewinning regionisshown asa rectangle.

run time is torig

 R

�

trep
� to searchthe original grid andperform

randomizationtesting.SeeTable1 for results.
Our �rst observation was that the run time and numberof re-

gions searchedwere not signi�cantly affectedby the underlying
populationdistribution; typically the threeresultsdifferedby only
5-10%,and in many casestest regionswere found faster for the
highly varying distributions than the standarddistribution. Thus
Table1, ratherthanpresentingseparateresultsfor eachpopulation
distribution,presentstheaverageperformanceover all threepopu-
lation distributionsfor eachtest. This resultdemonstratesthe ro-
bustnessof the algorithmto highly non-uniformpopulations;this
is very different thanour previous work [7], wherethe algorithm
wasseverelyslowedby highly varyingpopulations.Theexactal-
gorithm achieved averagespeedupsrangingfrom 35x (for no test
region), to 2300x(for anextremelydensetestregion) ascompared
to the naive approach. We note that, for the caseof no test re-
gion, it is typically not necessaryto run morethan10-20random-
izationsbeforevconcludingthat the discoveredregion is not sig-
ni�cant; thusour trueaverage“worst-case”resultswill becloserto
the95xspeeduponsmall,signi�cant (but notextremelydense)test
regions. Sincethenaive approachrequiresapproximately45 days
for a 256 � 256 grid with R � 1000, this suggeststhat our exact
algorithmcancompletethe sametask in lessthan12 hours. We
alsotestedtwo approximatevariantsof thealgorithm,“approx-2”
and“approx-3,” with adjustmentsfor densityvarianceb � 2 and
b � 3 respectively. Thesevariantsachievedup to 5000xspeedups,
with over 1000xspeedupswhenever a testregion waspresent,and
84-173xspeedupsin the “no testregion” case,enablingus to �nd
themaximumdensityregionandits signi�cancein lessthan1 hour.
While all variantsof thealgorithmachieved100%accuracy on the
very densetestregions,theapproximateversionsmissedsomeof
the lessdensetest regions. For the larger (11 � 5) test regions,
approx-2and approx-3achieved 98.5% and 99.7% accuracy re-
spectively (averagedover the 330 trials); for smaller(4 � 3) test
regions,theseaccuracieswerereducedto 93.0%and98.2%respec-
tively. In somecases,the guaranteedaccuracy of the exact algo-
rithm maybemorenecessarythantheadditionalspeedupsgained
by theapproximatealgorithm;in othercases,extremelyfastresults
areneeded,andanapproximationmaybesuf�cient.

We now discussthe performanceof the algorithm on various
real-world datasets.Our �rst testsetwasadatabaseof anonymized
Emergency Departmentdatacollectedfrom WesternPennsylvania
hospitalsin the period1999-2002.This datasetcontaineda total
of 630,000records,eachrepresentinga single ED visit andgiv-
ing thelatitudeandlongitudeof thepatient's homelocationto the
nearest.005degrees( �

1
3 mile, a suf�ciently low resolutionto en-

sureanonymity). Theselocationsweremappedto threegrid sizes:



Table 1: Performanceof algorithm, simulateddatasets,N � 256
test method sec/orig speedup sec/rep speedup regions(orig) regions(rep) accuracy
all naive 3864 x1 3864 x1 1.03B 1.03B 100%

7x9,0.01 exact 5.47 x706 1.68 x2300 100K 1.20K 100%
approx-2 0.83 x4659 0.74 x5245 2.69K 16 100%
approx-3 0.86 x4475 0.76 x5091 2.76K 16 100%

11x5,0.002 exact 21.72 x178 12.43 x311 1.03M 196K 100%
approx-2 1.39 x2780 0.77 x4992 87.2K 1.59K 98.5%
approx-3 1.72 x2246 0.74 x5207 134K 2.29K 99.7%

4x3,0.002 exact 42.96 x90 40.57 x95 2.59M 1.87M 100%
approx-2 3.10 x1248 1.80 x2143 346K 94.7K 93.0%
approx-3 5.75 x672 3.20 x1209 738K 227K 98.2%

noregion exact 189.68 x20 110.25 x35 27.4M 12.7M -
approx-2 36.67 x105 22.27 x173 5.75M 4.34M -
approx-3 89.97 x44 45.90 x84 16.95M 9.65M -

N � 128,256, and512. For eachgrid, we testedfor spatialclus-
tering of “recent” diseasecases:the “count” of a squarewasthe
numberof ED visits in thatsquarein thelast two months,andthe
“population” of a squarewasthe total numberof ED visits in that
square. SeeFigure 6 for a picture of this dataset,including the
highestscoringregion. For eachof thesegrids, the exact andap-
proximateversionsof our algorithmfound the same,statistically
signi�cant region (p-value0/1000)asthenaive approach.Thema-
jor difference,of course,was in runtime and numberof regions
searched(seeTable2). Our algorithmsfoundthemdr of theorig-
inal grids 22-31x fasterthan the naive approach;however, much
fasterperformancewasachievedwhensearchingthereplicagrids.
The exact algorithm achieved speedupsincreasingfrom 450x to
4700xasgrid sizeincreasedfrom 128to 512;theapproximatever-
sionsdid evenbetter, achieving 2300-24000xspeedups.

Our secondtestsetwasa nationwidedatabaseof retail salesof
over-the-countercoughandcoldmedication.Sales�gures werere-
portedby zip code;thedatacovered5000zip codesacrosstheU.S.,
with highestcoveragein theNortheast.In this case,our goalwas
to seeif thespatialdistributionof saleson a givenday(2/14/2004)
was signi�cantly different than the spatialdistribution of salesa
weekbefore(2/7/2004),andto identify a signi�cant clusterof in-
creasedsalesif oneexists.Thusweusedthesaleson2/7asourun-
derlyingpopulationdistribution,andthesaleson2/14asourcount
distribution. Slight modi�cations to Kulldorff 's statisticwerenec-
essaryto dealwith regionswith zeropopulationandnonzerocount
(i.e. saleson2/14but not2/7). Wecreatedfourgridsfrom thisdata,
two usingall of the nationaldata,and two usingonly datafrom
theNortheast(wherea greaterproportionof zip codesreportsales
data). For both “national” and “regional” over-the-counterdata,
we createdgrids of sizesN � 128 andN � 256, converting each
zip code's centroidto a latitudeandlongitude. For eachof these
four grids,our exactalgorithmfound thesamestatisticallysignif-
icant region (p-value0/1000)asthenaive approach,andachieved
speedupsof 96-132xon the128 � 128 gridsand440-739xon the
256 � 256 grids. The approximateversionsof the algorithmdid
not �nd thecorrectregion on thesefour grids,andthuswe do not
includethesein Table2. We note,however, that they did �nd an-
otherstatisticallysigni�cant region,thoughwith a lowerscorethan
the mdr; it is possiblethat the presenceof this region causedthe
algorithmsto missthemostsigni�cant region,asdiscussedabove.

Thus the exact version of our algorithm found the maximum
densityregion in all of our simulatedandreal-world trials, while
achieving speedupsof at least20x (andtypically muchlarger) as

comparedto the naive spatialscan. The approximateversionsof
thealgorithmachievedmuchlargerspeedups,thoughat thecostof
occasionallyfailing to �nd thecorrectregion. This speedupis ex-
tremelyimportantfor thereal-timedetectionof diseaseoutbreaks:
if asystemis ableto detectanoutbreakin minutesratherthandays,
preventivemeasuresor treatmentscanbeadministeredearlier, pos-
sibly saving many lives.Webelieve thatouralgorithmwill beuse-
ful for rapiddetectionof signi�cant spatialclustersin a varietyof
otherapplicationsaswell.

5. CONCLUSIONS AND FUTURE WORK
Thuswe have presenteda fastmultiresolutionpartitioningalgo-

rithm for detectionof signi�cant spatialoverdensities,anddemon-
stratedthat this methodresultsin signi�cant (20-2000x)speedups
on real and arti�cially generateddatasets.We are currently ap-
plying this algorithmto national-level hospitalandpharmacy data,
attemptingto detectdiseaseoutbreaksbasedonstatisticallysigni�-
cantchangesin thespatialclusteringof diseasecases.Oureventual
goalis theautomaticreal-timedetectionof outbreaks,andapplica-
tion of a fastpartitioningmethodusing the techniquespresented
heremayallow usto achieve this dif�cult goal.

Additionally, weareextendingthealgorithm(andtheunderlying
overlap-kdtreedatastructure)in variousways,makingit usablefor
abroaderrangeof applicationdomains.Most importantly, overlap-
kd treescan be extendedto higher dimensions,as can the other
techniques(e.g.quartering)usedin ourmultiresolutionsearch.We
note,however, thatvariousquantities(for example,numberof chil-
drenof a node)grow exponentiallywith dimension,sooverlap-kd
treesareprobablynot appropriatefor very high dimensionaldata.
Nevertheless,wehopethatourtechniqueswill beusefulfor various
3-D (andhigherdimensional)applications,includingthediscovery
of regionsof signi�cantly increasedbrain activity (corresponding
to givencognitive tasks)usingfMRI data.As discussedabove, we
alsoareactively engagedin deriving morepowerful statisticaltests
for overdensities(andthecorrespondingdensityfunctions)undera
varietyof application-speci�cmodels(for example,normally dis-
tributed countsinferred from the time seriesof previous counts,
appliedto the over-the-counterretail data). As long as the den-
sity function satis�es the simpleconditionsdescribedabove, our
algorithmcanbeusedto rapidly �nd themaximumdensityregion
accordingto this function. Finally, we areinterestedin extending
oursearchfor overdensitiesto moregeneralclassesof multivariate
densityfunctions,thusallowing thediscoveryof clusterswhichare
signi�cant evenafteradjustingfor multiple covariates.



Table 2: Performanceof algorithm, real-world datasets
test method sec/orig speedup sec/rep speedup regions(orig) regions(rep)
ED naive 72 x1 68 x1 62.0M 62.0M

(N � 128) exact 3 x24 0.15 x453 5.12M 15.9K
approx-2 3 x24 0.03 x2266 4.50M 510
approx-3 3 x24 0.03 x2266 4.55M 364

ED naive 1207 x1 1185 x1 1.03B 1.03B
(N � 256) exact 55 x22 1.2 x988 95.9M 74.7K

approx-2 41 x29 0.14 x8464 69.8M 2.58K
approx-3 42 x29 0.14 x8464 71.0M 2.10K

ED naive 19146 x1 18921 x1 16.8B 16.8B
(N � 512) exact 854 x22 4.0 x4730 1.51B 120K

approx-2 626 x31 0.8 x23651 1.10B 13.1K
approx-3 626 x31 0.8 x23651 1.12B 13.2K

nationalOTC naive 71 x1 77 x1 62.0M 62.0M
(N � 128) exact 2 x36 0.8 x96 682K 200K

nationalOTC naive 1166 x1 1232 x1 1.03B 1.03B
(N � 256) exact 14 x96 2.8 x440 3.24M 497K

regionalOTC naive 78 x1 79 x1 62.0M 62.0M
(N � 128) exact 2 x39 0.6 x132 783K 101K

regionalOTC naive 1334 x1 1330 x1 1.03B 1.03B
(N � 256) exact 13 x103 1.8 x739 3.10M 168K
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