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ABSTRACT

GivenanN N grid of squareswhereeachsquarehasa countc;j
andanunderlyingpopulationp;j, ourgoalisto nd therectangular
region with the highestdensity andto calculateits signi canceby
randomizationAn arbitrarydensityfunctionD, dependenbnare-
gion's total countC andtotal populationP, canbe used.For exam-
ple,if eachcountrepresentthe numberof diseaseasesccurring
in thatsquarewe canuseKaulldorff's spatial scanstatistic Dk to
nd the mostsigni cant spatialdiseasecluster A naive approach
to nding the maximumdensityregion requiresO N* time, and
is generallycomputationallyinfeasible.We presenta multiresolu-
tion algorithm which partitionsthe grid into overlappingregions
usinga novel overlap-kdtreedatastructure boundsthe maximum
scoreof subrgionscontainedin eachregion, and prunesregions
which cannotcontainthemaximumdensityregion. For sufciently
denseregions, this method nds the maximumdensityregion in
O NlogN 2 time, in practiceresultingin signi cant (20-2000x)
speedupsn bothrealandsimulateddatasets.
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1. INTRODUCTION

Oneof the coregoalsof datamining is to discover patternsand
relationshipsin data. In mary applications however, it is impor
tantnot only to discover patternshut to distinguishthosepatterns
that aresigni cant from thosethatarelikely to have occurredby
chance. This is particularly importantin epidemiologicalappli-
cations,wherea rise in the numberof diseasecasesin a region
may or maynotbeindicative of anemeging epidemic.In orderto
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decidewhetherfurther investigationis necessaryepidemiologists
mustknow not only the location of a possibleoutbreak,but also
somemeasureof the likelihood that an outbreakis occurringin
thatregion. More generally we areinterestedn spatialdatamin-
ing problemswherethe goalis detectionof overdensities spatial
regionswith high scoresaccordingto somedensitymeasure.The
densitymeasureanbe assimpleasthe count(e.g. numberof dis-
easecasesor unitsof coughmedicatiorsold)in agivenareapr can
adjustfor quantitiessuchasthe underlyingpopulation.In addition
to discoveringthesehigh-densityregions,we mustperformstatisti-
caltestingin orderto determinenvhethertheregionsaresigni cant.
As discusseabore, a majorapplicationis in detectingclustersof
diseaseasesfor purposesangingfrom detectionof bioterrorism
(e.g. anthraxattacks)to identifying environmentalrisk factorsfor
diseasesuchaschildhoodleukemia[8, 11, 6]. [5] discussesnary
otherapplicationsjncludingmining astronomicatlata(e.g. identi-
fying starclusters)military reconnaissancendmedicalimaging.

We considetthe casan which datahasbeenaggreatedto a uni-
form, two-dimensionalgrid. Let G beanN N grid of squares,
whereeachsquaresj G is associatedvith a countcj; andan
underlyingpopulationp;;. For example,a squares countmay be
thenumberof diseaseasesn thatgeographicalocationin agiven
time period,while its populationmaybethetotal numberof people
“at-risk” for the disease Our goalis to searchover all rectangular
regionsS G, and nd theregion S with the highestdensityac-
cordingto adensitymeasureD: S  agmaxD S. We usethe
abbreviationsmdr for the maximumdensityregion S , andmrd for
the maximumregion densityD S , throughout.We will also nd
thestatisticakigni cance(p-value)of thisregionby randomization
testing,asdescribedelaw.

The densityD S of aregion S canbe an arbitraryfunction of
the total countof theregion,C S 4 5¢ij, andthe total popula-
tion of theregion,P S 4 gpjj. Thuswewill oftenwriteD C P,
whereC andP arethe countand populationof the region under
consideration. It is importantto note that, while the term “den-
sity” is typically understoodo meanthe ratio of countto popula-
tion, we usethe termin a muchbroadersenseto denotea class
of densityfunctionsD whichincludesthe “standard”densityfunc-
tonD1 CP %. For our purposesyve assumehat the density
functionD satis esthefollowing threeproperties:

1. Fora x edpopulationdensityincreasesnonotonicallywith
count:% CP Oforall CP.

2. Fora x edcount,densitydecreasesionotonicallywith pop-
ulation:l}—g CP Oforall CP.

3. For a x ed ratio %, densityincreasesmonotonicallywith

population:I2 C P SRR CP oforal CP.



The rst two propertiesstatethatan overdensityis presentvhena
large countoccursin a small population. In the caseof a uniform
populationdistribution, the populationof a region is proportional
to its area,andthusan overdensityis presentwhena large count
occursin a small area. The third propertystatesjn essencethat
anoverdensityis moresigni cant whenthe underlyingpopulation
is large. This is true becausesmallerpopulationswill have higher
variancein densities However, we alsoallow D to remainconstant
aspopulationincreasegor a x edratio %, thusincludingthe stan-
darddensityfunction; we do not, however, allow functionswhere
D decreaseim thiscase.In ourdiscussiorbelav, wewill alsomake
onemoreassumptiotinvolving thesecondartialsof D; thisfourth
propertyis not strictly necessaryput makes our computationeas-
ier (eliminatingthe needto checkfor local maximaof the density
function). A large classof functionssatisfyall four propertiesjn-
cludingKulldorff's spatialscanstatistic,discussedh detail below.

1.1 Relatedwork

This work builds on our previous work on detectionof spatial
overdensitie§7]. Theprimarydifferenceis in the statemenof the
problem:the goal of the presentwork is to detectthe mostsigni -
cantrectangularregion, asopposedo the mostsigni cant squae
region. This extensionis extremelyimportantin epidemiological
applicationshecausealiseaselustersareoften elongatedairborne
pathogensnay be blown by wind, creatingan ellipsoid “plume;’
andwaterborngpathogensnaybe carriedalongthe pathof ariver.
In eachof thesecasesthe resultingclustershave high aspectra-
tios, andatestfor squaregor circles,asin Kulldorff's original scan
statistic)will have low power for detectingthe overdensity While
our discussiorbelav focuseon nding “axis-aligned”rectangular
regions,it canbeeasilyextendedo nd rectangularegionswhich
are not alignedwith the coordinateaxes. One simple methodof
doingthis is to examinemultiple “rotations” of the data,mapping
eachto aseparatgrid andcomputingthe maximumdensityregion
for eachgrid. In this casewe mustalsoperformthe samerotations
on eachreplicagrid, andthusthe compleity of the algorithmis
multiplied by the numberof rotations.However, if we have infor-
mationaboutrelevantconditionssuchaswind directionor the o w
of ariver, we canusethis informationto alignthe coordinateaxes,
reducingor avoiding the needto examinemultiple rotations.

While this changefrom squareto rectangularegions haslittle

effect on the underlyingstatistics,it createsa muchmoredif cult
computationaproblem.While themaximumdensitysquareegion
canbefoundnaively in O N3 timeforanN N grid, nding the
maximumdensityrectangularegion requiresO N* , andthusis
computationallyinfeasiblefor even moderatelysizedgrids. Our
solutionis similar to our previous work in thatwe proposea mul-
tiresolutionpartitioningalgorithm: we divide thegrid into overlap-
ping regions,boundthe maximumscoreof subrgionscontainedn
eachregion, andpruneregionswhich cannotcontainthe maximum
densityregion. Within thatgeneraframework, however, thereare
major differencesn our multiresolutiondatastructureandthere-
sulting algorithm. Our current“centerbased”approach(using a
novel “overlap-kdtree” datastructure)allows usto achieve tighter
upperboundson the scoreof aregion, allowing muchmoreprun-
ing to take place. As aresult, our algorithmgiveshugespeedups
(ascomparedo the naive approachyvithoutrelying onapproxima-
tion; the non-approximateversionof our previous algorithmonly
resultedin speedupsvhenthe maximumdensityregion was suf-
ciently denseandactuallyperformedslower thannaive in some
cases.Our currentalgorithmis alsomore robust: while the pre-
vious algorithmwasseverely sloved by non-uniformpopulations,
theseareshawn to have little or no effect on the currentmethod.

Various other methodsfor nding “denseclusters”have been
proposedn thedatamining literature,includinggrid-basechierar
chicalmethodssuchasCLIQUE [1], MAFIA [3], andSTING[12].
Ourwork differsfrom thesein threemainways: mostimportantly
asdiscussedbore, our goalis notonly to nd the highestscor
ing cluster but to determinghestatisticalsigni canceof thatclus-
ter (whetherit is a true overdensity or if it is likely to have oc-
curredby chance). Second,our methoddealswith non-uniform
underlyingpopulations:thisis particularlyessentiafor real-world
epidemiologicalapplications,in which an overdensityof disease
casess moresigni cant if the underlyingpopulationis large,and
isalsoimportantin mary otherapplicationsvherean“overdensity”
is de ned relative to someotherstatistic(e.g. population,baseline
score,or covariate). Finally, our methodis applicableto a wide

classof densitymeasure®, wheretheotheralgorithmsarespeci ¢

CS

to the“standard"densitymeasurdd; S 5. TheD; measure

is the ratio of countper unit population;for example,in epidemi-
ology, maximizingD, correspond$o nding the region with the
highestobserveddiseaseate. However, this is not generallythe
region we areinterestedn nding, sincearegion with a high dis-
easeaateandvery small population(e.g. onepersonwho happens
to besick) is notlikely to be signi cant. In fact,the“region” with
the highestD; will bethe single squarewith highest%. Thisis

becausé); densityis monotonic if aregionSwithD; S dis
partitionedinto ary setof disjoint subr@ions, at leastone subre-
gion S will have D; S d. Thusthe otheralgorithms,rather
thanmaximizingD,, searchfor maximally sizedregionswith D4
greaterthan somethreshold. Therearetwo disadantagego this
approachoneis the dif culty of measuringstatisticalsigni cance
within this framework. The otheris thatthe algorithmsrely heas-
ily onthemonotonicityof the D; measuréoy rst nding “dense”
1 1 squaresthen meging adjacentsquaresn bottom-upfash-
ion. For anon-monotonia@ensitymeasuresuchasKulldorff's, it is
possibleto have a large denseregion wherenoneof its subrgyions
arethemselesdensesobottom-upmethodsarenot guaranteedo
nd thecorrectregion. Here,wewill optimizewith respecto arbi-
trary non-monotonidensitymeasuresandthusrequirea different
approacHrom CLIQUE, MAFIA, or STING.

1.2 The spatial scanstatistic

A non-monotoniaensitymeasurenhich is of greatinterestto
epidemiologistds Kulldorff's spatial scanstatistic[4], which we
denoteby Dk. This statisticis in commonusefor nding signif-
icant spatial clustersof diseasecaseswhich are often indicative
of anemeging outbreak.Kulldorff's statisticassumeshat counts
cij aregeneratedy aninhomogeneouBoissorprocessvith mean
qpij, whereq is theunderlying“diseaseaate” (or expectedvalueof

%). We thencalculatethe log of the likelihoodratio of two possi-
bilities: thatthe diseaseateq is higherin the region thanoutside
theregion, andthatthe diseaseateis identicalinsideandoutside
the region. For aregion with countC and populationP, in a grid
with total countCiot andpopulationP.qt, we cancalculate:

Coa C Ciot
| _—
Ro P COO0R,

if % CL;‘ andDk 0 otherwise [4] provedthatthe spatialscan
statisticis individually mostpowerfulfor nding a single signi -

cantregion of elevateddiseaseaate: for a x edfalsepositive rate,
andfor a given setof regionstested,t is morelikely to detectthe
overdensitythanary otherteststatistic.Again, we notethatour al-
gorithmis generaknoughto useary densitymeasureandin some
caseswe may wish to use measureother than Kulldorff's. For

Dk Clogg Ciot C log



instance,if we have someideaof the size of the maximumden-

sity region, we canusethe D; measureD; S %,O r 1,

with largerr correspondingdo testsfor smallerclusters. We have
alsoderived a variantof the D, measurdor normally distributed
counts,wherethe cumulatve statisticsof a region are not its raw
countandpopulation but a weightedaverageof squaresz-scores.
We arein the processof usingthis statisticto look for emeping
epidemicdbasedn nationalsalesof over-the-countemedications.

1.3 Randomizationtesting

Oncewe have foundthe maximumdensityregion (mdr) of grid
G accordingto our densitymeasurewe muststill determinethe
statisticalsigni cance of this region. Sincethe exact distribution
of theteststatisticis only known in specialcasegsuchasD; den-
sity with auniform underlyingpopulation),in generalve must nd
the region's p-value by randomization. To do so, we run a large
numberR of randomreplicationswhereareplicahasthe sameun-
derlying populationsp;jj asG, but assumes uniform diseaseate

Ga G ;
Crep Pt;t < for all squaresFor eachreplicaG , we rst generate

all countscg;j randomlyfrom aninhomogeneou®oissondistribu-
tion with meandep i j, thencomputethe maximumregion density
(mrd) of G andcomparethisto mrd G . The numberof replicas
G withmrd G mrd G , divided by the total numberof repli-
cationsR, gives us the p-value for our maximumdensityregion.
If this p-valueis lessthan .05, we can concludethat the discor-
eredregion s statisticallysigni cant (unlikely to have occurredby
chancepndis thusa“spatialoverdensity If thetestfails, we have
still discoreredthe maximumdensityregion of G, but thereis not
sufcient evidencethatthis is anoverdensity

1.4 The naive approach

The simplestmethodof nding the maximumdensityregion is

to computethe densityof all rectangularegionsof sizesk; ko,
wherekmin ki ko kmax! Sincethereareatotalof N k;
1 N ky 1 regionsof eachsizek; ky, thereare a total of
O N* regionsto examine. We can computethe density of ary
region Sin O 1, by rst nding the countC S and population
P S, thenapplyingour densitymeasurédd C P .2 This allows us
to computethemdrof anN N grid G in O N* time. However,
signi cance testingby randomizationalsorequiresusto nd the
mrd for eachreplicaG , andcomparethisto mrd G . Sincecalcu-
lation of themrdtakesO N# time for eachreplica,the total com-
plexity is O RN? |, andR s typically large (we assumeR ~ 1000).
As discussedn [7], several tricks may be usedto speedup this
procedurefor casesvherethereis no signi cant spatialoverden-
sity, but thesedo not help in casesvhenan overdensityis found.
In generalthe O N* compleity of the naive approachmalesit
infeasiblefor even moderatelysizedgrids: we estimatea runtime
of 45daysfor a256 256 grid onourtestsystemwhichis clearly
fartoo slow for real-timedetectionof diseaseutbreaks.

While onealternatve would beto searcHor anapproximateso-
lution usingoneof thevarietyof clusterdetectioralgorithmsin the
literature,we presentanalgorithmwhichis exact(always nds the
maximumdensityregion) andyetis muchfasterthannaive search.
Thekey intuition is that,sincewe only careabout nding themax-
imum densityregion, we do not needto searchover every single

IWeusekmin 3andkmax N throughout.

2An old trick malesit possibleto computethe countand popu-
lation of ary rectangularegionin O 1: we rst form a matrix
of the cumulatie counts, then computeeachregion's count by
adding/subtractingit mostfour cumulatve counts,and similarly
for populations.

rectangularegion: in particular we do not needto searcha setof
regionsif we canprove (basedon otherregionswe have searched)
thatnoneof themcanbethe mdr. As a simpleexample,if a given
region hasa very low count,we may be ableto concludethatno
subrgion containedin that region can have a scorehigherthan
themrd, andthuswe do not needto actuallycomputethe scoreof
eachsubrgion. Theseobsenationssuggest top-davn, brandc-
and-boundapproach:we maintainthe currentmaximumscoreof
theregionswe have searchedofar, calculateupperboundsonthe
scoref subrg@ionscontainedn agivenregion,andpruneregions
which cannotcontainthe mdr. Similarly, whenwe aresearchinga
replicagrid, we only careaboutwhetherthe mrd of thereplicais
higherthanthemrd of theoriginalgrid. Thuswe canusethe mrd of
theoriginal grid for pruningonthereplicas,andcanstopsearching
areplicaif we nd aregionwith scorehigherthanthis mrd.

2. OVERLAP-MUL TIRES PARTITIONING

Our top-davn approachto clusterdetectioncan be thoughtof
as a multiresolutionsearchof the spaceunderconsideration:we
searchrst at coarseresolutions(large regions), then at succes-
sively ner resolutions(smallerregions) as necessary This sug-
geststhat a hierarchical,space-partitioninglatastructuresuchas
kd-trees[9], mrkd-trees[2], or quadtreed10] may be usefulin
speedingup our search. However, our desirefor an exact solu-
tion malesit dif cult to applythesedatastructurego our problem.
In akd-tree,eachspatialregion is recursvely partitionedinto two
disjoint “child” regions, eachof which canthenbe further subdi-
vided. Thedif culty , however, is thatmary subrgionsof the par
entarenot containedentirelyin eitherchild, but overlap partially
with each. Thus, in additionto recursvely searchingeachchild
for themdr, we mustalsosearchover all of these'shared”regions
at eachlevel of the tree? SincethereareO N* sharedregions
even at the top level of thetree(i.e. regionspartially overlapping
both halvesof grid G), an exhaustve searchover all suchregions
is too computationallyexpensve, andthusa differentpartitioning
approachs necessary

An initial steptoward our partitioningcanbe seenby consider
ing two divisionsof arectangulaspatialregion S rst, intoits left
andright halves(which we denoteby S; andS;), andsecondjnto
its top and bottom halves (which we denoteby S3 and S;). As-
sumingthatShassizek; ky, thismeanghatS, andS, have size
3ki ko, andS; andSy havesizek;  3k,. Consideringhesefour
(overlapping)halves,we canshaw thatary subrgjion of Seithera)
is containecentirelyin (atleast)oneof S§; &, or b) containghe
centroidof S. Thusonepossibilitywould beto searchSby exhaus-
tively searchingall regionscontainingits centroid,thenrecursing
the searchon its four “children” S, S4. Again, thereareO N4
“shared”regionsatthetop level of thetree(i.e. regionscontaining
the centroidof grid G), soanexhaustve searchs infeasible.

Our solution, asin our previous work [7], is a partitioning ap-
proachin which adjacentegionspartially overlap,atechniqueve
call “overlap-multiresolutionpartitioning; or “overlap-multires”
for short. Again we considerthe division of Sinto its left, right,
top,andbottom“children” However, while in thediscussiorabore
eachchild containedexactly half the areaof S, now we let each
child containmore thanhalf the area.We againassumethatregion
Shassizek; ko, andwe choosefractions f; fo % ThenS;
andS havesizefik;  ky, andS; and$, have sizek;  foko. This

3Note that an attemptto nd the two “pieces” of the mdr, one
in eachchild, andthen meige the two, fails becauseof the non-
monotonicityof the densitymeasurethe mdr may have a higher
scorethaneitherof its two pieces!
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Figure 1: Overlap-multir espartitioning of regionS

partitioning (for f;  fo %) is illustratedin Figurel. Notethat
thereis aregion & commonto all four children;we call thisregion
thecenterof S. Thesizeof & is 2f; 1ky 2f, 1k ,and
thusthe centerhasnon-zeroarea. Whenwe patrtition region Sin
this manner it canbe proved thatary subregion of S eithera) is
containedentirely in (atleastjoneof §; &, or b) containsthe
centerregion . Figurel illustrateseachof thesepossibilities.

Now we can searchS by recursvely searchingS; &, then
searchingll of theregionscontainedn Swhich containthecenter
S. Unfortunatelyatthetoplevel therearestill O N* regionscon-
tainedin grid G which containits centerGc. However, sincewe
know that eachsuchregion containsthe large region G¢, we can
placevery tight boundson the scoreof theseregions, often allow-
ing usto prunemostor all of them. (We discusshow thesebounds
arecalculatedn the following subsection.)Thusthe basicoutline
of our searchprocedurgignoring pruning,for the moment)is:

overlap-search(S)
{
call base-case-search(S )
define child regions S_1.S_4, center S_C as above
call  overlap-search(S_i ) for i=1.4
for al S such that S' is contained
call base-case-search(S' )

in S and contains S_C,

Now we considerhow to selectthe fractionsf; and fo for each
call of overlap-searchand characterizehe resultingsetF of re-
gions S on which overlap-searcty) is called. RegionsS F are
calledgriddedregions andregionsS F arecalledouterregions
For simplicity, we assumethat the grid G is square,andthat its
sizeN is a power of two. We begin the searchby calling overlap-
searchG). Thenfor eachrecursve call to overlap-searcts), where
thesizeof Sisk; kp, we setf; % if ki 2 for someinteger

r,andfqy % if ki 3 2 for someintegerr. Wede ne f, iden-
tically in termsof ky, andthenthe child regionsS; S andthe
centerregion & arede ned in termsof f; and f, asabove. This
choiceof f; and f, hasthe usefulpropertythatall griddedregions
have sizes2" or3 2" for someintegerr. For instanceijf theorig-
inal grid G hassize64 64,thenthechildrenof G will beof sizes
64 48and48 64, andthe grandchildrerof G will be of sizes
64 32,48 48,and32 64. Thisprocessanberepeatedecur

Figure2: The rst two levelsof the overlap-kd tree.Eachnode
representsa gridded region (denotedby a thick rectangle)of
the entire dataset(thin square and dots).

sively down to regionsof sizekmin  kmin, forming a structurethat
we call anoverlap-kdtree The rst two levels of the overlap-kd
treeareshawvn in Figure2. Notethateventhoughgrid G hasfour
child regions,andeachof its child regionshasfour children,G has
only ten (not 16) distinct grandchildren several of which arethe
child of multiple regions.
Ouroverlap-kdtreehasseveralnicepropertieswhichwe present
herewithout proof. First, for everyrectangularegionS G, either
Sis a griddedregion (containedin the overlap-kdtree), or there
exists a unique griddedregion S suchthat S is an outer region
of S (i.e. Sis containedin S, and containsthe centerregion of
S). This meansthat, if overlap-searclis called exactly oncefor
eachgriddedregion, andno pruningis done thenbase-case-search
will be calledexactly oncefor every rectangularegionS G. In
practice,we will prunemary regions,so base-case-searetill be
calledat mostoncefor every rectangularegion, andevery region
will beeithersearchear pruned.The seconchice propertyof our
overlap-kdtreeis that the total numberof griddedregions F is
O NlogN 2 ratherthanO N* . Thisimpliesthat,if we areable
to prune(almost)all outerregions,wecan nd themdrofanN N
gridin O NlogN 2 time. In fact,we maynotevenneedto search
all griddedregions,soin mary caseshesearchwill beevenfaster
Beforewe considethow to calculatescoreboundsandusethem
for pruning,we must rst dealwith anessentialssuein searching
overlap-kdtrees. Sincea child region may have multiple parents,
how do we ensurethateachgriddedregion is examinedonly once,
ratherthan being called recursiely by eachparent? One simple
answeris to keepa hashtable of the regionswe have examined,
andonly call overlap-searclt8) if region Shasnotalreadybeenex-
amined.Thedisadwantageof this approachs thatit requiresspace
proportionalto the numberof griddedregions,O0 NlogN 2 , and
spendsa substantialamountof time doing hashqueriesand up-
dates. A more elggant solution is what we call lazy expansion
ratherthan calling overlap-searctg) on all four childrenof a re-
gion S, we selectvely expandonly certainchildrenat eachstage,
in sucha way that thereis exactly one pathfrom the root of the
overlap-kdtreeto ary nodeof thetree. Onesuchschemas shavn
in Figure2: if thepathbetweeraparentandchild is markedwith an
X, lazy expansiordoesnotmake thatrecursve call. No extraspace
is neededy this method;instead,a simplesetof rulesis usedto
decidewhich childrenof anodeto expand.A child is expandedf it
hasnootherparentspr if thepareninodehasthehighestpriority of
all thechild's parents We give parentswith lower aspectatiospri-
ority over parentswith higheraspecratios:for example,a48 48
parentwould have priority overa64 32 parentif thetwo sharea
48 32 child. Thisrule allows usto performvariantsof the search
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Figure 3: Maximizing count ¢, for a given population pi,.
Count must belessthan C; pin ,C2 pin , andCsz pin -

whereregionswith very high aspectatiosarenotincluded;anex-
tremecasewould beto only searchfor squaresasin our previous
work. Within anaspectatio,we x anarbitrarypriority ordering.
Sincewe maintainthe propertythat every nodeis accessibldrom
theroot, thecorrectnessf ouralgorithmis maintainedevery grid-
dedregionwill be examined(if no pruningis done),andthusevery
regionS G will beeithersearchear pruned.

2.1 Scorbounds

We now considemwhich regionscanbe pruned(discardedvith-
out searching)uring our multiresolutionsearchprocedure.First,
given someregion S, we must calculatean upperboundon the
scoresD S forregionsS S More precisely we areinterested
in two upperbounds:aboundonthescoreof all subrgionsS S
andaboundonthescoreof theoutersubrgjionsof S(thoseregions
containedin S and containingits centerS:). If the rst boundis
lessthanor equalto the mrd, we canpruneregion S completely;
we do not needto searchary (griddedor outer)subregion of S. If
only the secondboundis lessthanor equalto the mrd, we do not
needto searchthe outersubrgionsof S, but we mustrecursvely
call overlap-searclonthegriddedchildrenof S If bothboundsare
greaterthanthe mrd, we mustbothrecursvely call overlap-search
andsearchthe outerregions.

Now we will explain the calculationof the secondbound (on
subrgjionscontainingthe center);the calculationof the rst bound
(onall subrgions)canbetreatedasa specialcasewherethe pop-
ulation,count,andareaof the centerarezero.We begin by assum-
ing asknown variouspiecesof information aboutthe subrejions
of S, we discussbelon how theseareobtained. This information
includes:upperandlower boundspmax Pmin 0N the populationof
subrgionsS; anupperbounddmax onthe D, densityof S; anup-
perbounddinc ontheD; densityof S & ; andalowerbounddmin
ontheD; densityof S S. We alsoknow the countC andpopu-
lation P of region S, andthe countccerier andpopulationpeerter Of
region &. Let ¢y and pi, bethe countandpopulationof S; these
arepresentlyunknavn. To nd anupperboundonD S , we must
calculatehevaluesof ci, andpin, whichmaximizeD ci, pin , Sub-
jectto thegivenconstraints:

Cin_Ceerter "
1. Pin  Peerter dInC

C 3
3. Fn  Omin

4. Pmin  Pin  Pmax

This potentiallydif cult maximizationproblemcouldbesolvedby
corvex programmingput is mademucheasiey the propertiesof

Population = P P_23

S' Population = P_23 P_12

Population =P_12 p_center

Population =
p_center

D_1 density =

c_center / p_center

D_1 density =d_inc

D_1 density = d_max

D_1 density =d_min

Figure 4: Division of region Sinto layers of differing density.
In the typical casesubregionS includesall but the outer layer.

thedensityfunctionD. Since% 0, we know thatthe maximum
valueof D for agiven pj, occurswhenc, is maximizedsubjectto

the constraints.We solwe the rst threeconstraintsor cin, giving

uscpn min C; C, C3 , where:
C1  dincPin  dincPcerter Ccerter  CincPin  B1
Co  dmaxPin
C3 dminpn  C dminP  dminPin  Bs
In thetypical case we have dmin ~ dmax  Ginc, B1 0, andBs

0: thismeanghatc, C; for smallpin, cin  C, for moderatepy,
andcj;  Cs for large pin, asillustratedin Figure3. Thuswe can
solve for the intersectionpoints Py, P13, andPo3, whereCj  C;
for pn  Rj, and we usethesequantitiesto nd the maximum
allowablecountci, for a given pi,. Solvingthe equationswe nd

that Ppo ainc_BldEx’ P13 ai?cl—c%, and Py3 amB%m In the
typicalcase® wehae0 Py, Pi3 Pz ¥. Inthiscasewe
usethevaluesof P12 andP»3, andthevalueP; 3 is notneededThen
thecountCin = Ceerter  Oinc Pin  Pcerter fOr Peerter  Pin P12,
Cin = OmaxPin for P2 pin P23, andcin = dmaxP23  dmin Pin
Po3 for pin Pe3. Thisis illustratedby Figure 4: the region S
is separatedhto four “layers” of differing densities.Startingfrom
theinside,we have thecenter(with aknown populationpcerter and
countceerter), @ layerof high D1 densitydiyc, a layer of moderate
D1 densitydmax andalayerof low D; densitydmin.

Now we canwrite ¢, asa functionof pi,, andthusthe scoreD
becomesfunctionof thesinglevariablepj,. Wheredoesthemax-
imum of this function occur? Again we rely on propertiesof the
functionD C P , anda case-by-casanalysisis necessaryin the
typical casedinc  dmax gz:';:, we know thatthe scoreincreases

with populationin the “high density” and“moderatedensity” lay-
ers. Thisfollows from two propertieof our densityfunction: %—8

oandf3 §I2 0. In thehigh densitylayer, the D; density

PIC
of S % increasegrom % to dmax aswe addmore popula-

tion, sothescoreD is monotonicallyincreasingwvith population.in

the moderatadensitylayer, the D, densityof S staysconstantat
dmax) aspopulationincreasessoagainD is monotonicallyincreas-
ing. In thelow densitylayer, D; densityof S deceasesaspopu-
lation increasesin this case sincecountandpopulationare both

4We mustalsohandlea variety of specialcasesvhereoneor more
of theseinequalitiesareviolated,andsomeconstraintgnay not be
relevant. We omit the detailsof this case-by-casanalysis.

5Seepreviousnote.
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Figure5: Quartering of regionS

increasingthe scoremayincreaseor decreaseWe assumehatthe
scorefunction D hasno local maximain theintenal P,3 P, and
thusthatthe maximumoccurseitherat ciy pin dmaxPo3 Po3
or at Cn Pin CP .5 Weare only interestedn nding sub-
regions with scoreshigher thanthe parent,so we canignore the
latter case. Thusour upperboundonD S is D ¢y pin , Where
pn Pezandcn  dmaxpin. Thevariousspecialcaseswhereone
or more of the inequalitiesabore are violated, are handledsimi-
larly usingthe intersectionpointsPy5, P13, and P53 asnecessary
We also mustadjustour value of pi, if it violatesthe inequality
Pmin  Pin  Pmax adjustingci, accordinglygiven the densityof
thelayersbeingaddedor subtracted.

We now considethow the boundson populationsandD; densi-
tiesareobtained.The simplestmethodof doingsois to useglobal
values: rst, we precomputehe minimum and maximum popu-
lation and D, density of all single squaressj in the grid. This
gives us usable(thoughvery conserative) valuesfor dmin, dmax
anddjc. We canalsousethe minimumandmaximumsquarepop-
ulations, togetherwith the minimum and maximumareaof a re-
gion, to obtainboundspmin and pmax  Slightly lessconserative
boundscanbeobtainedusingour assumptiorof aminimumregion
sizekmin 3. Any k1 ky region, wherek; ko 3, canbetiled
with rectanglef sizes3 k; ko 5. Thuswe canprecompute
the minimumandmaximumD densityandpopulationpersquare
of all suchrectanglesn O N2 time, andusetheseratherthanthe
single squareboundswhenallowable. For example,whenbound-
ing maximumscoreof the outerregionsof S, we canusetheless
conserative boundfor dmax whenboundingmaximumscoreof
all subrgjionsof S, we canalsousethelessconserative boundfor
dinc.

Theseglobal boundson populationsandD; densitiesareinex-
pensve to compute(we needonly computethem once per grid),
but arevery conserative estimatef the densitiesof squaresn a
given region. We usetheseboundsin our algorithmas a sort of
“rst pass”which prunesmary regionsbut alsoleavesmary un-
pruned. If aregion survives this round of pruning, we compute
muchtighterboundson subrgjion scoresn a“secondpass, which
is alsomorecomputationallyexpensve. To doso,we obtaintighter
boundson the populationandD1 densityof S usinga novel tech-
niguewetermgquartering thenusetheseconstraint¢o boundD S
asabove.

Givenaregion Sof sizek;  kp, with a (non-zero)enterregion
<, thequarteringorocedurecalculatehoundson subreyion popu-
lation andD; densityin O kik, time. The rst stepof quartering

5Formally, we assumehefollowing constrainbnthe rst andsec-
ondpartialsof D: D3Dcc  D2Dpp  2DcDpDcp 0. Thisistrue
for alarge classof functions,including Kulldorff's statistic. If this
constraintis violated,we mustalsocalculateD C P ateachlocal
maximum,which is not dif cult if the numberof maximais small
andeachmaximumis easyto calculate.

is to divide Sinto its four (non-overlapping)quadrantss; &, as
in Figure5. We now considereachS separatelytogethemwith the
quarterof the center(Sj) which overlapsthat quadrant.For each
quadrantwe considerall rectanglesS with onecornerat the cen-
troid of S, and one corneroutsideSs; (i.e. on one of the dotsin

Figure5). NotethatthereareO kik, suchrectanglesandthus
we cansearchover all of theseregions§ in quadratictime. Our
searchprocedureis very simple: given a region S, let pin, Cin,

and Aj, denoteits population,count,andarea;let poy, Cou, and
Aou denotethe populationcount,andareaof §  §; andlet pyf,

Cdif, andAgjs denotethe population,count,andareaof § &i.

We thencalculatethe D1 densityd andthe averagepopulationper
squareps foreachof §,§  §,and§ : din % Psin Eﬁ,

andthe otherquantities(doy, dgif, Psou, Psdif) arede ned simi-

larly. We thensetdmax equalto the maximumof all diy, dinc equal
to the maximumof all dgjf, and dmin equalto the minimum of

all doyt. Similarly, we take the minimum and maximumvaluesof

Psin, Psou, and psgif; we canusetheseto calculateboundspmin

and pmax oncewe are given the minimum and maximumareaof

S. In essencewhatwe have doneis boundedhe D, densitiesand
populationsfor the pieceof region S containedn eachquadrant.
ThensinceD; densityis monotonic,we know thatthe D1 density
of the entireregion S is boundedby the maximum of the max-
densitiesand the minimum of the min-densitiescomputedfor all

regionsS. Populatiorpersquares alsomonotonic soanidentical
amgumentapplies. Anotherway to think of this is thatwe arecal-

culatingboundson populationandD; densityfor all theirregular
(but rectangle-lile) regions containingthe centerCs and consist-
ing of onerectanglein eachquadrantasdrawn in Figure5; then
thesequantitiesare also boundson the populationand density of

all rectangleswvhich containCs.

We do not provide a formal proof here, but we note that the
boundson populationand density derived by quarteringare ex-
act(i.e. norectangleS S suchthatS S, canhave density
or populationoutsidethesebounds)andthatthey aremuchtighter
thantheglobalpopulatioranddensityboundsallowing mary more
regionsto be pruned. However, asnotedabove, quarteringis sig-
ni cantly more computationallyexpensve than using the global
bounds,taking time quadraticin the size of region S, and thus
O N2 for largeregions. Thisis why we rst usetheglobalbounds
for pruningouterregions,andonly usequarteringon regionsthat
this initial pruningdoesnot eliminate. We alsonote that quarter
ing canbedonein lineartime in the specialcasewherethe parent
region S andits centerS: have the samerow sizek; or the same
columnsizeky; in this casewe needonly divide theregioninto two
halves,andeachhalf canbesearchedinearly andtheboundscom-
bined. We applythis lineartime “halving,” aswell asthe standard
quadratic-timeguarteringjn our algorithmpresentedbelaw.

2.2 The algorithm

Wenow possesall of thealgorithmicandstatisticatoolsneeded
to presentour algorithmin full. The basicstructureis similar to
the top-dawvn “overlap-search’toutine presentecbove, with se/-
eral importantdifferences. First, we usea best- rst search(im-
plementedusinga pair of priority queuesy; andqp) ratherthana
recursve depth- rst search.Our algorithmhastwo stages:in the

rst stagewe examineonly griddedregions,andin thesecondtage

we searchouterregionsif necessaryln both stageswe prunere-
gionswheneer possible calculatingincreasinglytight boundson
subrgions' populationand D, density and using theseto calcu-
late upperboundsDnaxon D S asabove. The rst stageof our
algorithmproceedssfollows, usingthe (loose)global boundson
populationandD densityto calculateDmayx:



Add Gto q_1.
While qg_1 not empty:
Get region S with highest D(S) from q_1.
If D(S) > mrd, set mdr = S and mrd = D(S).
If D_max(S'" in S) > mrd,
add gridded children of Sto qg_1 (using lazy expansion).
If D_max(S' in S contaning S_C) > mrd, add S to g_2.

Thus,afterthe rst stageof our algorithm,we have searchedr
prunedall griddedregions(requiringatmostO NlogN 2 time),
andthe currentmdr is the griddedregion with highestD S. gz
now containsthe subsetof gridded regions whoseouter regions
have not yet beenpruned prioritized by their upperboundsDmax.
Thesecondstageof our algorithmproceedssfollows:

While g_2 not empty (and some S on g_2 has D_max(S) > mrd):
Get region S with highest D_max(S) from q_2.
Use quartering  to calculate  tighter ~ pop and density
Recalculate  D_max(S) using these bounds.
If D_max(S) > mrd, then search-outer-regio ns( S).

bounds for S.

Now the only questionleft is how to performthe search-outer
regionsprocedure We rst notethata rectangularegion requires
four coordinatedor speci cation: we usethe row sizeks, the col-
umn sizeky, the minimumrow x;, andthe minimum columnx,.
Thena naive searchof the outerregionsof S could be doneusing
four nestedoops, steppingover eachlegal combinationof these
four coordinateqi.e. suchthatthe resultingregion S is in Sand
containsS:). We alsousefour nestedoops (in the orderks, x1,
ko, x2), but take several more opportunitiesfor pruning. Oncewe
have x edk; S andx; S , we canobtaina very tight boundon
Dmax S by expandingthe centerregion & and contracting the
parentregion S suchthatk; S k3 & kg S andx; S
X1 < X1 S . We thenrecalculateboundson the D; density
andpopulationusingthe new Sand&: (this canbe donein linear
time using“halving,” the specialcaseof quarteringsincethe par
entandcenterhave the samek; ), and nally recomputeDmax for
the new parentandcenter Only if Dyay is greaterthanthe mrd
do we needto loop over ky andx, for thatcombinationof k; and
x1. Finally, oncewe have x edky, we canrecomputeDmax again,
sincewe now preciselyknow theareaof S, giving usmuchtighter
populationbounds.Only if Dpay is greaterthanthe mrd mustwe
searchall x, for thatcombinationof ky, X1, andko.

Thusthe secondstageof our algorithm canbe seenasa series
of “screens”that an outer region must passthroughif it is to be
searchedThe rst screens whetherthe parentregion is taken off
g2 andexamined,the secondscreenis whetherthe parentregion
passedhe “quartering” test, the third screenis whetherthe new
parentregion (formedafterk; andx; are x ed)passeghe“halving”
test,andthe fourth screenis whetherthe new parentregion passes
the“halving” testoncetheareaof S is x ed. We now examinethe
compleity of this proceduregiven alarge parentregion (i.e. one
containingd N* outerregionsS). If the parentregion doesnot
passhe rst screenwehavespenpnly O 1 tosearchtheseD N4
regions;if theparentdoesnotpasghesecondcreenye have spent
onlytheO N2 timerequiredby quartering If theparenipasseshe
secondscreenput noneof thenew parentregionspassthroughthe
third and fourth screenswe have spentonly O N2 O N (for
halving,giveneachk; andx;) O N2 (for bounding,giveneach
ki, X1, andky) O N3 time. Thusonlyif all four screengail will
the algorithmhave O N* compleity; typically well over 90% of
regions are eliminatedat eachscreen,andthus we searchonly a
smallfractionof possibleregions.

3. A USEFUL APPROXIMA TION

As opposedo our previous results[7], the algorithmpresented
above giveslargespeedupascomparedo thenaive approactwith-
out approximation:the algorithmis guaranteedo nd the max-
imum densityrectangularegion. In somecaseshowever, very
rapid detectionmay be moreimportantthanguaranteecccuray;
thus we presentan approximateversionof the algorithm which

nds the mdr5-20xfasterwhile maintainingover 90%accurag.

As notedabove, the“ rst pass”of our algorithmusesvery con-
senative boundsontheD; densitiesof S,S &, andS S, de-
rivedfrom theglobalminimumandmaximumdensityvalues.Thus
oneway to increasethe speedof the algorithmis to usea closer
approximationof thesedensitiesasa bound. The disadantageis
that if we usean estimatewhich is not guaranteedo boundthe
densitieswe may underestimatéhe scoreof a region, andhence
possiblypruneaway themdrand nd anincorrectregion. Herewe
consideran approximatdower boundon the D; densityof S S:
usingthis boundinsteadof a guaranteedut muchmoreconsera-
tive boundtypically resultsin large speedupsvith minimal lossof
accuray.

To derive tighter boundson the maximumdensity of a subre-
gion S containedn agivenregion S, we considertheassumptions
being madeby our statisticaltest. Kulldorff's statisticassumes,
both underthe null hypothesisandthe alternatie hypothesisthat
at mostone diseasecluster Sy exists, andthatthe diseasaateq
is expectedto be uniform outsideS;; (or uniform everywhere,if
no diseaseclusterexists). Thus,if Syc is containedentirelyin the
region underconsideratiors, we would expectthatthe maximum
densitysubrgionS of Sis ¢, andthatthediseaseateof S S is

equalto thediseaseateoutsideS E S—gi: %g: € dou. As-

sumingthatthe D; densityof S S is equalto its expectedvalue
dou, We canusethe derivation above (usingdoy in placeof dmin)
to nd themaximumsubreion score.

Theproblemwith this approachs thatwe have notcompensated
for the variancein densities.Our calculatedvalue of doy is only
a lower boundfor the D; densityof S S in the mostapproxi-
mateprobabilisticsensejn thatwe expectD; S S doy half
thetime. We canimprove the accurag of our probabilistichound
by alsoconsideringhe varianceof g—gi: e §. Assumingthat
all countsoutsideS;; aregeneratedy ainhomogeneou®oisson

. . . . - .2 C cp Cq C -
distribution with parameteqp;j, we obtain:s* p—= ol = v =
s2 PoaP pn PogRa P _ — _ dPa pn

P Pin Pot P P pn Ra P" P pn Ra P

Sincethe actualvalue of the parameten is not known, we usea
conserative empiricalestimateq Ro?“’t Fromthis, we obtain

Pin
C Cin Clol c _ Clol
S Fpn FaP = Popnhy P Thenwe cancomputethe

maximumsubrgion densityby usingdoy  bs, for someconstant
b, in placeof dmjn in thederivationabove. Oneminor complication
isthat,sinces is dependenon pi,, we mustsolve equationsor P 3
andP,3 which arequadraticratherthanlinear; we omit the details
of this calculation.

By adjustingour approximatiorof dmin in this manneywe com-
pute a higher scoreD, reducingthe likelihood that we will un-
derestimatehe maximum subrgion density and prune a region
that should not necessarilybe pruned’ Given a constantb, the
D, densityof S S will begreaterthandyy bs with probabil-
ity PrZ b, whereZ is choserrandomlyfrom the unit normal.
Forb 2, thereis an 98% chancethat we will correctly bound

"This alsoincreaseshe numberof regionssearchedandthuswe
have atradeof betweerspeedandaccurag.



D1 S S, giving aguaranteeaorrectupperboundfor the max-
imum subrgion score. In practice,the maximumscorewill be
lower thanour approximateboundmore often thanthis, sinceour
estimatedor the otherparametersire conserative. Thus,though
our algorithmis approximate|t is very likely to converge to the
globally optimalmdr.

Oneinterestingfeatureof this approximationis that we expect
to undeestimatethe maximumsubrgion scoreif the diseaselus-
ter §yc is not containecentirelyin S, sincewe arecalculatingdoy
basedon a region which includesthis region of higherdensity In
casesvherethereis only asinglediseaseluster thisis acceptable
(anddesirable)sincea region not containingS;. doesnot needto
be expanded. In applicationswheremultiple diseaseclustersare
presenthowever, thereis arisk thatthe presencef onesigni cant
diseaseclusterwill causethe approximatealgorithmto missan-
othermoresigni cant cluster Thisphenomenois visiblein ourre-
sultsbelow: in two of thethreereal-world datasetgheapproximate
algorithmsdid not nd the maximumdensityregion, thoughthey
did nd anotherlusterthatwasalsosigni cant. In thecaseswhere
only onedisease&lusterwaspresentasin our simulatedtrials, the
approximatelgorithmsachievedhighaccurag. We presentesults
for the exactandapproximateversionsof the algorithmbelow.

4. RESULTS

We rst describeesultswith arti cially generategridsandthen
real-world casedata. An arti cial grid is generatedrom a setof
parameter$N, k1, ko, i, S, q, q ). Thegrid generatorrst creates
anN N grid, andrandomlyselectsak; ky “testregion” Then
the populationof eachsquareis chosenrandomlyfrom a normal
distribution with meany andstandardieviations (populationdess
thanzeroaresetto zero).Finally, thecountof eachsquards chosen
randomlyfrom a Poissondistribution with parameteqp;j, where
g ¢ insidethetestregionandq ¢ outsidethetestregion.

For all our simulatedtests,we usedgrid sizeN 256, anda
backgroundliseaseateof q 001. We testedfor four different
combinationsof testregion parametergk; kp, q): (7 9, 01),
(11 5, 002),(4 3, 002),and(0 0, 001).Theserepresenthe
casedf anextremelydensdliseaseluster largeandsmalldisease
clusterswhich aresigni cant but not extremelydenseandno dis-
easeclusterrespectiely. We usedthreedifferentpopulationdistri-
butionsfor testing:the“standard"distribution (u ~ 10%, s 10%),
andtwo typesof “highly varying” populationsFor the“city” distri-
bution, we randomlyselecteca 10 10 “city region”: squarepop-
ulationsweregeneratedvith p = 5 10* ands 5 10° inside
thecity,andy  10%*ands  10° outsidethecity. For the“high-s”
distribution, we generateall squargropulationswith p~ 10* and
s 5 103 For eachcombinationof testregion parametersind
populationdistribution, run timeswere averagedover 20 random
trials, andan additional90 trials (for a total of 110) wereusedto
testaccurag. A trial wascounted‘correct” if thealgorithmeither
foundthetestregion Sy, or anotheregionSwithD S D Sy ;
we emphasizehat this is alwaysthe casefor the exact versionof
our algorithm, which always nds the maximumdensityregion 8
We also recordedthe averagenumberof regions examined; for
our algorithm, this includescalculationof scoreboundsaswell as
scoresof individual regions. Separateesultsarepresentedor the
original grid andfor eachreplica; for a large numberof random
replicationgR  1000)theresultsperreplicadominate sincetotal

8|n additionalto our theoreticalargumentfor correctnessye con-

rmed this empirically by running a large number of testson
smallergrids, for all possibletestregion sizes. Theseresultsare
not given here, but we note that the algorithm found the correct
regionin all cases.

Figure 6: Emergency Department dataset. The left pic-
tur e shaws the “population” distrib ution and the right picture
showsthe “counts.” Thewinning regionis shavn asarectangle.

runtime is torig R trep to searchthe original grid and perform
randomizationiesting.SeeTablel for results.

Our rst obsenation was that the run time and numberof re-
gions searchedvere not signi cantly affectedby the underlying
populationdistribution; typically the threeresultsdifferedby only
5-10%, andin mary casedestregionswere found faster for the
highly varying distributions than the standarddistribution. Thus
Table1, ratherthanpresentingseparateesultsfor eachpopulation
distribution, presentshe averageperformancever all threepopu-
lation distributionsfor eachtest. This resultdemonstratethe ro-
bustneswof the algorithmto highly non-uniformpopulations;this
is very differentthanour previous work [7], wherethe algorithm
wasseverely slowed by highly varying populations.The exact al-
gorithm achieved averagespeedupsangingfrom 35x (for no test
region), to 2300x(for anextremelydenseestregion) ascompared
to the nave approach. We note that, for the caseof no testre-
gion, it is typically not necessaryo run morethan10-20random-
izationsbeforevconcludingthat the discoveredregion is not sig-
ni cant; thusourtrueaverage‘worst-case’tesultswill becloserto
the95x speedumn small,signi cant (but notextremelydense}est
regions. Sincethe naive approactrequiresapproximately45 days
for a256 256 grid with R 1000, this suggestghat our exact
algorithm can completethe sametaskin lessthan 12 hours. We
alsotestedtwo approximatevariantsof the algorithm, “approx-2”
and“approx-3; with adjustmentdor densityvarianceb 2 and
b 3respectiely. Thesevariantsachiered up to 5000xspeedups,
with over 1000xspeedupsvheneer atestregion waspresentand
84-173xspeedupin the “no testregion” case enablingusto nd
themaximumdensityregionandits signi cancein lessthanl hout
While all variantsof thealgorithmachieved 100%accurag onthe
very densetestregions, the approximateversionsmissedsomeof
the lessdensetestregions. For the larger (11 5) testregions,
approx-2and approx-3achiered 98.5% and 99.7% accurayg re-
spectvely (averagedover the 330 trials); for smaller(4 3) test
regions,theseaccuraciesverereducedo 93.0%and98.2%respec-
tively. In somecasesthe guaranteedccurag of the exactalgo-
rithm may be morenecessaryhanthe additionalspeedupgained
by theapproximatealgorithm;in othercasesextremelyfastresults
areneededandanapproximatiormay be sufcient.

We now discussthe performanceof the algorithm on various
real-world datasetsOur rst testsetwasadatabasef anorymized
Emegeny Departmentatacollectedfrom WesternPennsylania
hospitalsin the period 1999-2002. This datasetcontaineda total
of 630,000records,eachrepresentinga single ED visit and giv-
ing the latitudeandlongitudeof the patients homelocationto the
nearest005degrees( % mile, asufciently low resolutionto en-
sureanorymity). Theselocationsweremappedo threegrid sizes:



Table 1: Performanceof algorithm, simulated datasetsN 256

test method sec/orig speedup sec/rep speedup regions(orig) regions(rep) accurag
all nave 3864 x1 3864 x1 1.03B 1.03B 100%
7x9,0.01 exact 5.47 X706 1.68 x2300 100K 1.20K 100%
approx-2| 0.83 x4659 0.74 x5245 2.69K 16 100%
approx-3| 0.86 x4475 0.76 x5091 2.76K 16 100%
11x5,0.002 exact 21.72 x178 12.43 x311 1.03M 196K 100%
approx-2| 1.39 x2780 0.77 x4992 87.2K 1.59K 98.5%
approx-3| 1.72 x2246 0.74 x5207 134K 2.29K 99.7%
4x3,0.002 exact 42.96 x90 40.57 x95 2.59M 1.87M 100%
approx-2| 3.10 x1248 1.80 x2143 346K 94.7K 93.0%
approx-3| 5.75 X672 3.20 x1209 738K 227K 98.2%
noregion exact 189.68 x20 110.25 x35 27.4M 12.7M -
approx-2| 36.67 x105 22.27 x173 5.75M 4.34M -
approx-3| 89.97 x44 45.90 x84 16.95M 9.65M -

N 128,256,and512. For eachgrid, we testedfor spatialclus-
tering of “recent” diseasecases:the “count” of a squarewasthe
numberof ED visits in thatsquarein the lasttwo months,andthe
“population” of a squarewasthe total numberof ED visits in that
square. SeeFigure 6 for a picture of this dataset,ncluding the
highestscoringregion. For eachof thesegrids, the exactandap-
proximateversionsof our algorithmfound the same,statistically
signi cant region (p-value0/1000)asthe naive approachThema-
jor difference,of course,wasin runtime and numberof regions
searchedseeTable?2). Our algorithmsfound the mdr of the orig-
inal grids 22-31x fasterthanthe naive approach;however, much
fasterperformancevasachiered whensearchinghereplicagrids.
The exact algorithm achieved speedupsncreasingfrom 450x to
4700xasgrid sizeincreasedrom 128to 512;theapproximateser
sionsdid evenbetter achieving 2300-24000xspeedups.

Our secondestsetwasa nationwidedatabasef retail salesof
over-the-countecoughandcold medication.Salesgures werere-
portedby zip code;thedatacovered5000zip codesacrossheU.S.,
with highestcoveragein the Northeast.In this case,our goalwas
to seeif the spatialdistribution of saleson a givenday (2/14/2004)
was signi cantly differentthan the spatial distribution of salesa
weekbefore(2/7/2004),andto identify a signi cant clusterof in-
creasedsalesf oneexists. Thuswe usedthesaleson 2/7 asourun-
derlying populationdistribution, andthe saleson 2/14asour count
distribution. Slight modi cationsto Kulldorff's statisticwerenec-
essanyto dealwith regionswith zeropopulationandnonzerocount
(i.e. salepn 2/14but not2/7). We createdour gridsfrom thisdata,
two using all of the nationaldata,andtwo usingonly datafrom
the Northeas{wherea greatemproportionof zip codesreportsales
data). For both “national” and “regional” overthe-counterdata,
we createdgrids of sizesN  128andN 256, corverting each
zip codes centroidto a latitude andlongitude. For eachof these
four grids, our exact algorithmfound the samestatisticallysignif-
icantregion (p-value0/1000)asthe naive approachandachie/ed
speedup®f 96-132xonthe 128 128 gridsand440-739xon the
256 256 grids. The approximateversionsof the algorithmdid
not nd the correctregion on thesefour grids, andthuswe do not
includethesein Table2. We note,hawever, thatthey did nd an-
otherstatisticallysigni cant region,thoughwith alower scorethan
the mdr; it is possiblethat the presenceof this region causedhe
algorithmsto missthe mostsigni cant region, asdiscussedbove.

Thus the exact version of our algorithm found the maximum
densityregion in all of our simulatedandreal-world trials, while
achieving speedup®f at least20x (andtypically muchlarger) as

comparedo the naive spatialscan. The approximateversionsof
thealgorithmachiezed muchlargerspeedupshoughat the costof
occasionallyfailing to nd the correctregion. This speedups ex-
tremelyimportantfor the real-timedetectionof diseaseutbreaks:
if asystemis ableto detectanoutbreakin minutesratherthandays,
preventive measuresr treatmentganbeadministereearlier pos-
sibly saving mary lives.We believe thatour algorithmwill beuse-
ful for rapid detectionof signi cant spatialclustersin a variety of
otherapplicationsaswell.

5. CONCLUSIONS AND FUTURE WORK

Thuswe have presented fastmultiresolutionpartitioningalgo-
rithm for detectionof signi cant spatialoverdensitiesanddemon-
stratedthat this methodresultsin signi cant (20-2000x)speedups
on real and arti cially generateddatasets.We are currently ap-
plying this algorithmto national-leel hospitalandpharmayg data,
attemptingo detectdiseas®utbreakdasedn statisticallysigni -
cantchangesn thespatialclusteringof diseaseasesOureventual
goalis theautomatiaeal-timedetectionof outbreaksandapplica-
tion of a fastpartitioning methodusing the techniquespresented
heremayallow usto achieve this dif cult goal.

Additionally, we areextendingthealgorithm(andtheunderlying
overlap-kdtreedatastructure)n variousways,makingit usablefor
abroaderrangeof applicationdomains Mostimportantly overlap-
kd treescan be extendedto higher dimensions as can the other
techniguege.g.quarteringusedin our multiresolutionsearchWe
note,however, thatvariousquantitiegfor example numberof chil-
drenof anode)grow exponentiallywith dimension so overlap-kd
treesareprobablynot appropriateor very high dimensionadata.
Neverthelesswe hopethatourtechniquesvill beusefulfor various
3-D (andhigherdimensionalgpplicationsincludingthediscorery
of regionsof signi cantly increasecrain activity (corresponding
to givencognitive tasks)usingfMRI data.As discusse@bore, we
alsoareactively engagedn deriving morepowerful statisticatests
for overdensitiegandthe correspondinglensityfunctions)undera
variety of application-speci cmodels(for example,normally dis-
tributed countsinferred from the time seriesof previous counts,
appliedto the overthe-counteretail data). As long asthe den-
sity function satis esthe simple conditionsdescribedabove, our
algorithmcanbe usedto rapidly nd the maximumdensityregion
accordingto this function. Finally, we areinterestedn extending
our searctfor overdensitieso moregeneraklasse®f multivariate
densityfunctions thusallowing thediscovery of clusterswhichare
signi cant evenafteradjustingfor multiple covariates.
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Table 2: Performance of algorithm, real-world datasets

test method sec/orig speedup sec/rep speedup regions(orig) regions(rep)
ED nawve 72 x1 68 x1 62.0M 62.0M
(N 128) exact 3 x24 0.15 x453 5.12M 15.9K
approx-2 3 x24 0.03 X2266 4.50M 510
approx-3 3 x24 0.03 X2266 4.55M 364
ED nawve 1207 x1 1185 x1 1.03B 1.03B
(N 256) exact 55 x22 1.2 x988 95.9M 74.7K
approx-2 41 x29 0.14 x8464 69.8M 2.58K
approx-3 42 x29 0.14 x8464 71.0M 2.10K
ED nawve 19146 x1 18921 x1 16.8B 16.8B
(N 512) exact 854 x22 4.0 x4730 1.51B 120K
approx-2| 626 x31 0.8 x23651 1.10B 13.1K
approx-3| 626 x31 0.8 x23651 1.12B 13.2K
nationalOTC nave 71 x1 77 x1 62.0M 62.0M
(N 128) exact 2 x36 0.8 x96 682K 200K
nationalOTC nave 1166 x1 1232 x1 1.03B 1.03B
(N 256) exact 14 x96 2.8 x440 3.24M 497K
regional OTC naive 78 x1 79 x1 62.0M 62.0M
(N 128) exact 2 x39 0.6 x132 783K 101K
regional OTC naive 1334 x1 1330 x1 1.03B 1.03B
(N 256) exact 13 x103 1.8 X739 3.10M 168K
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