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ON THE INTERPRETATION OF NON-FINITIST PROOFS—PART I
G. KREISEL

1. The purpose of the present paper is to formulate the problem of non-finitist
proofs, and to solve it for certain extensions of the predicate calculus, and for
analysis with the exclusion of the theory of sets of points.' The corresponding
problem for general formal systems is discussed in another publication [1].

To fix ideas we introduce the problem by examples from analysis. The general
formulation is given in the text. Also, we shall use in the introduction the con-
cepts decidable, verifiable, finitist without much formal explanation, because the
reader is probably familiar with them, and they are defined early on in the text.

The paper presupposes some knowledge of the methods and results in the
theory of proofs. These enable one to state the general problem rather more pre-
cisely.

Introduction. 2. To understand the difference between finitist and non-finitist
proofs, recall three types of formulae in arithmetic:

(i) Formulae without variables, e.g. 6 < 2, 5 = 3 4+ 2, which can be de-
cided systematically; they are made up of the predicate symbols =, <, and re-
cursive terms without variables. By the theory of the propositional calculus
any formula made up of such numerical formulae joined together by the opera-
tions of the propositional calculus, is also systematically decidable. The so called
elementary proofs of number theory without variables, [2], I, 295, are made up
of numerical formulae.

(ii) Formulae whose only variables are free variables for numbers and func-
tions; these are still decidable in the sense that when numerals 0, 1, 2, - -+ are
substituted for the individual variables, and computable functions for the
function variables, the resulting formula is one of (i), and therefore decidable.

It

Alay - - an; -+ flay -+ @n) -~ -] 21

is a free variable formula, 1; - - - 1, any set of numerals, and - - - fo(a; - - - a.)
computable functions, we call

A[nl...nn;...fo(nl...n”)...] 2.2

particular cases of 2.1. 2.1 is verifiable if any (= every) particular case is correct.
Note that this (informal) definition of the concept ‘verifiable’ makes no mention
of the system in which 2.1 is to be proved.

Received December 9, 1949. Passages added November 1950 are indicated in the text.
The paper will be published in two parts. )

1 (Added November 1950.) The part of analysis that we consider can be developed in
simple extensions of what is usually called pure number theory with induction, e.g. in [10].
While, as Gentzen points out on top of p. 533, ‘non-finitist’ arguments are hardly used in
pure number theory, they occur constantly in elementary analysis, already with the con-
vergence of sequences. Thus the results of the present paper derive their interest from ap-
plications to analysis rather than from the elementary theory of numbers.
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(iii) Formulae containing bound variables, e.g.,

@) (EY)@E@f(,y) = 0 v fx,2) # 0]

where f(a, b) is a function symbol. For convenience, we reduce these formulae
to their prenex form, that is

(xll) e (xlnl)(Eyll) cte (Eylml) M (xnl) ctt (xnn,,) (Eynl) 93
ot (Eynm,,)A (xll st Tan, Y1 0t ynm") ’

where A(ay -+ Qua, b - *bam,) is a (decidable) free variable formula; such
a reduction is always possible in formalisms containing the predicate calculus,
and only such formalisms will be considered.

3. We shall denote decidable formulae, 2(1) and 2(ii), by Italic capitals,
others by German capitals.

4. Typical cases of finitist arguments, [2], I, 20-31, establish verifiable free
variable formulae 2.1. Their application is that they are schemata for elementary
proofs of particular cases 2.2 of 2.1. Proofs in the usual free variable formalisms
with various forms of induction are finitist: that they really can be used as
schemata is shown by the relevant consistency proofs in [2], I, 208-299, which
describe in detail how proofs with variables of 2.1 are to be converted into an
elementary proof without variables of 2.2: numbers are substituted for the
variables, and an application of induction is replaced by a sequence of implica-
tions.

Our thesis is: we do not regard an argument as finitist if it contains formulae
with bound variables.?

5. Among non-finitist proofs one distinguishes conveniently those proving
free variable formulae where the proof contains bound variables, and those prov-
ing bound variable formulae 2.3. In the former case it is clear what is to be
meant by saying that the formula is correct, namely that it is verifiable, only
there is no general method at hand for converting the non-finitist proof into an
elementary proof of particular cases of the formula. In the latter case it is not
clear what is to be meant by saying that the formula is correct, and typical cases
of non-finitist proofs mentioned in the literature are of this second type.

The naive interpretation of a proof of 2.3 is this: the proof should ‘provide’ com-
putable® functions

2 This is of course no characterization of the concept of finitist proof since it is not said
what sequences of free variable formulae are to be called a finitist proof. By the familiar
diagonal argument there can be no question of a recursive enumeration of finitist proofs.

The condition given, which seems natural, is not satisfied by intuitionist formalisms
which contain universal formulae as premisses in implications. The reason for introducing
these formulae evidently is that it was thought that no free variable formula can ‘mean -
the same’ as a formula 2.3: this is true (when made precise, e.g., by the notion of inter-
pretation) if only free individual variables are used, but not if free function variables and
recursive functionals are introduced.

3 Trivially, there are functions f, e.g. those defined by the selection symbol e, or by the
least number symbol u, so that Alau «-- Guny - - tiij( -+~ @ps+-+) -+ ] can be proved.
Hence the requirement for computable functions. ‘Computable’ means quasi-recursive
throughout. '
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Bi(*+ @), 1Zi<n, 1<j<m;, 1<r<i 1<s<n
so that
A[an...a’mn "'Bij("‘ars"')"'] 5-1

is verifiable. Such a system of functions 8;; we call a computable Erfillung of
2.3.
The naive interpretation is tempting because of the ordinary reading of 2.3

as: whatever values of zy -+ #1», may be chosen, there are yi --- Yim, , SO
that whatever values of zy - - - 2., may be chosen, -+ A(@y *** ZTpn,yu - -
Ynm,) holds.

The paradox* of non-finitist proofs is that the naive interpretation is false
(for proofs in elementary classical analysis): in appendix I it is shown of a cer-
tain primitive recursive sequence of rationals that the naive interpretation of
the theorem, a bounded monotone sequence of rationals converges, is false. In other
words, the proof of 2.3 need not have the application which the ordinary reading
of 2.3 suggests.

Historical remarks on the problem. 6. The well known consistency formula-
tion of the problem of non-finitist proofs, given by Hilbert, is based on two con-
siderations:

(i) To make precise statements about non-finitist proofs of a branch of mathe-
matics, one has to describe the proofs to be considered; this is done by the
formalization of proofs (as initiated by Frege).

(ii) The objectionable feature of non-finitist proofs, according to [2], I, bot-
tom of p. 43, is that their application is obscure; consequently, the problem is to
make clear how they are applied, and this is to be done by finitist methods.?

4 This situation was recognized by Kronecker, Brouwer, and others long before it could
be stated in the precise form given below: with the modern theory of proofs the precise
formulation is easy.

5 This precept is not always followed, even in [2]. For consider w-consistency, as formu-
lated in [2], II, 272: a system = of number theory is w-consistent if 7] (z)(z) cannot be
proved in = when %(0), %(1), --- can all be proved in Z; in symbols, let a be the number
of the formula %A(b), e(a) the number of the formula 7] (z)A(x), s(n, m) Godel’s substitu-
tion function, and Provs (m, n) the recursive formula which holds if and only if m is the
number of a sequence of formulae which are a proof in = of the formula with number n.
Then w-consistency of Z means

(z)(Ey)Provg [y, s(z, a)] = (2) 71 Provslz, e(a)],
or, in prenex form,
(2) (Ez)(y){ 11 Provg [y, s(z, a)] v 71 Provslz, e(a)l} 6.1

which is of form 2.3, that is, of the very form whose interpretation is at the root of all the
trouble.

To avoid such situations we adopt the following standpoint: All logical (=metamathe-
matical) problems are to be so formulated that the solution is arithmetized by a free variable
formula.

Thus, instead of a proof of 6.1, we require, when U is a free variable formula, a function
g(z, a) so that if z is the number of a proof of 7] (z)4(z), 71 Alg(z, a)] holds (naive inter-
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These two considerations are used in [2], I, to motivate the consistency formu-
lation for a system Z: either, of two formulae ¥ and 71 at most one is provable
in =, or, not all formulae of = are provable in =.

Now, this formulation must be considered appropriate if one is interested in
the application of a mathematical system to a branch of science where with its
empirical propositions are associated formulae of the mathematical system; and
then true empirical propositions are to be picked out (those associated with
provable formulae of the system): thus a classification of empirical propositions
is given. Provided the mathematical system is consistent, the classification is
non-trivial, that is, some empirical propositions are not picked out. It is here
assumed that there is, e.g., a formula % so that both % and 719 are associated
with empirical propositions.

Further, the consistency formulation is appropriate if one only considers
proofs of free variable formulae, e.g. on the ground that for others the notion
of correctness has not been defined.® And then in the case of a consistent
system of number theory which includes elementary proofs of number theory,
a proved free variable formula is verifiable: here non-finitist proofs may be
considered short cuts; this is a perfectly practical application, no ‘mere parlour
game with symbols.’

7. In neither of these applications of the system of analysis is the absence
of an Erfiillung of proved formulae 2.3 paradoxical. If one wishes to discuss
this paradox (this unexpected feature of proofs in classical analysis), the con-
sistency formulation misses the mark. Whatever the interest of consistency
proofs may turn out to be in this connection, further work is required to make
clear in what way they help with the paradox.

8. (Added Nov. 1950.) What the critic of the non-constructive system is after
was probably stated for the first time explicitly—though not precisely—by
Gentzen in the last two paragraphs on p. 594 of [10]: a finitist sense is to be
given to proved formulae of the non-finitist system considered. Roughly speak-

pretation of 6.1). This replaces then the roundabout impossibility formulation and the use
of universal premisses.

It is shown in a forthcoming paper that number theory Z, is not w-consistent in this
strong sense when % may be a bound variable formula, and a weaker w-consistency is es-
tablished by applying the results of sections IV and V of the present paper.

¢ The consistency formulation is often put in the following way: one ignores bound
variable formulae except as methods of proof, and shows that their use is ‘harmless’ be-
cause the free variable formulae proved are verifiable.—It is perhaps worth while to con-
gider a consistency formulation of a logical problem which was solved over 100 years ago:
the use of complex numbers. The problem arose because the operation with the symbol 7
was added to the operations of ordinary algebra, but no application was given to formulae
containing 7. Now suppose proofs of algebra with and without the symbol 7 to be formal-
ized. Then a consistency proof of the former might show how a formula without ¢ which
has been proved by the use of 7, can also be proved in the algebra without <. But nothing is
said of formulae which contain <. The actual solution of the problem of complex numbers
did more: when these are replaced by pairs of numbers, or matrices, and suitable defini-
tions of addition and multiplication are introduced, all formulae containing ¢ get an inter-
pretation.
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ing, it should be shown how information can be obtained from proofs of ¥ in
the system, concerning free variable formulae A; it is desirable that the forms
of the formulae ¥ and A be closely connected, that is, A should be read off
easily from 9.

Though this program was not formulated as a precise mathematical problem,
several investigations are relevant.

(1) Hilbert and Bernays supplement the consistency proof for the predicate
calculus by their Kriterien der Widerlegbarkeit tm reinen Pradikatenkalkul,
[2], II, 172-174. We believe that our problem of tnterpretation formulates Gent-
zen’s problem, and it will be seen that the Kriterien constitute an interpretation
in our sense.

(2) Godel, in [11], gave an intuitionist sense to formulae of classical number
theory, but not finitist in the sense of para. 4: A v ¥ is replaced by

(A& 1),

(Ex)U(z) by 1(x) T1UA(x), 1A by A — 1 = 0. Then, from a proof in classical
number theory of a formula U one gets an intuitionist proof of the modified
version of U. This is read off easily from 2, but it is not a free variable formula.
Note that this intuitionist version of (Ex)A (x), even when A (a) is a free variable
formula, is () TA(z) —» 1 = 0, and not a formula A (n) with a numeral n.
(3) Gentzen at the end of the first version of his consistency proof suggests
that his reduction rule should be considered as giving a finitist sense to bound
variable formulae of number theory, but observes that this finitist sense can turn
out to be pretty complicated even for simple bound variable theorems, so that
the connection between the theorem and its finitist sense is not transparent.
In the second version of his consistency proof in [12], he does not return to this
question.
(4) 8. C. Kleene and D. Nelson in a series of papers on ‘realizations’ of formu-
lae of number theory are interested in a related problem, but rather from the
point of view of intuitionist number theory.
9. Our aim in this paper is to give a ‘finitist sense,” or as we prefer to call it,
an ¢nierpretation to systems of number theory (various extensions of Z,, [2], II,
289) whose formulae are recursively enumerable.
A computable function f(n, a) is called an interpretation of the system X if
(a) f(n, a) is the number of a free variable formula A, when a is the number of
a formula ¥ of Z (some Godel numbering being assumed),

(8) if A is proved in =, from the proof we find an n so that 4, is verifiable,

(y) if 1% is proved in Z, for each n we find a substitution for the (individual
and function) variables of A, which makes A, false,

(®) if B is proved from A in =, we find a g(n) so that B, is verifiable if 4,
is verifiable.

(See para. 20 for more details.)

This definition of an interpretation of % by a (disjunctive) sequence of 4, is
adopted only after it is shown in appendix II that for certain informal systems
2 there is no interpretation of % by a single free variable formula satisfying
()—(8). It is these informal systems which make the problem interesting: they
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are systems in which any verifiable free variable formula may be added as an
axiom.

It turns out that Hilbert’s e-substitution method is a particularly suitable tool
in the construction of interpretations.

Summary of principal results. 10. In a formalized system = in which proofs
are recursively enumerable an interpretation of the formula U is: the formula
719 <s not provable in =, arithmetized by a single free variable formula.

(No attempt is made in this summary to state the results precisely.)

11. From Herbrand’s theorem one gets an interpretation of formulae 2 in
certain extensions of the predicate calculus by sequences A, , where ¥ and A,
are related by very simple conditions, (1)-(3) of [2], II, 151. The verification
that the sequences constitute an interpretation is trivial (section II).

12. From the first e-theorem of the predicate calculus one gets another interpre-
tation of formulae of the predicate calculus. It amounts to this: from a proof of
9 one gets a rule which enables one to find a counter-example to any system of
constants and functions which might be proposed to satisfy the negation of
. (In the case 2.3, take n; = m; = 1, n = 2, form U, reduce it to prenex
form

(Bz1) (1) (E2) (y2) VA (21229192)- 12.1
An Erfiillung of 12.1 would be a number 1;, and a function r(e) so that
At 12(a1) 0100 12.2

is verifiable. If ¥ is proved in the relevant extension of the predicate calculus,
we find numbers v, , and Y, which make 12.2 false. The rule for finding these
numbers for given 1; , and for a given function rs(a) is provided by simple func-
tionals of the predicate calculus.)

The verification that this interpretation satisfies (y) and (8) is not quite
trivial (Section IIT).

In both interpretations we find a primitive recursive function f(a) so that
Ala, f(a)] is verifiable when

(@) (Ey)A(=, y)

with free variable A(a, b) has been proved.

13. The no-counter-example interpretation of para. 12 is developed for certain
extensions of number theory, the consistency proof in [3] and some (rather
general) theorems on the e-substitution method in section IV being the principal
weapons. The functionals used are ordinal recursive functionals of finite order,
and discussed in section V.

Applications. 14. The applications of the work to ‘ordinary’ mathematics
depend on the fact that a large part of analysis can be developed in the exten-
sions of Z, which are discussed in the text; roughly speaking, those parts where
rational and not continuous bound variables are used; in particular, the theories
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of sequences or functions of a complex variable within their circles of conver-
gence. A

The practical use of the systematic elimination methods such as those of [3]
or of the text can never consist in writing out a textbook proof in some formal
system (more precisely: a formalized proof suggested by the textbook argu-
ment), and then applying the systematic method: it would be forbiddingly long.
The practical value of these logical investigations consists rather in telling you
what to look for:

E.g., if one has to prove a bound variable formula in elementary analysis,
one tries to find a counter-example to any proposed Erfiillung of its opposite.
Though this reductio ad absurdum method is often used, proofs became rather
more systematic if one can state the form of the counter-example (functionals
of section V) at the beginning of the subject.

Again, if one has proved a formula (z)(Ey)A(z, y) and wishes to find a com-
putable Erfiillung, one applies the method just described to the lemmas used
in the course of the proof, and then proves the theorem from their finitist ver-
sions, when quantifiers are eliminated in the process. Often the following applica-
tion of the results of para. 13 is useful: if (z)B(z) — (z)(Ey)A(z, y) has been
proved, and A and B are decidable, there are computable functions f(a), g(a)
so that (z)[r < g(a) — B(z)] — Ala, f(a)] is verifiable, i.e. for a given a the
premiss need hold for a finite number of arguments of B only (if one looks for
these functions in the textbook proof, one can often define them without apply-
ing the systematic method). These techniques can be used on Littlewood’s
theorem that w(n) — l(n) changes sign infinitely often, where x(n) denotes
the number of primes not exceeding n, and %(n) the logarithmic integral. The
proof was believed to be ‘non-constructive’ [4], or to require ‘new ideas’ of proof
to make it constructive [5]. Since the proof was not developed in a formal system
there can be no question of applying the results of the present work to it in a
precise sense. But if one examines the official proof in [4] (and the usual proofs
of the standard theorems on complex variables used), and the restatement in
section VI, it might fairly be said, I think, that it applies the principles of para.
13 in a straightforward manner without introducing ‘new ideas’ of proof (cf.
particularly the crucial theorem H of [4]).

(Added Nov. 1950.) The work of section VI can be made much more elementary
if certain very simple lemmas are used instead of the lemmas 4 and B.

15. More ‘logical’ applications depend on the solution of an unsolved problem.

In the formulation of the problem of interpretation the A, are only required
to be verifiable, and no restriction is imposed on the free variable calculus in
which they are to be proved. While it is known that the relevant A of paras. 11
and 12 can be proved by the elementary calculus with free variables, no analogous
result has been established for full number theory. In para. 38 we set up a formal-
ism which probably meets the case.

If it does, it would be a free variable formalism in which classical number
theory can be interpreted in the sense of para. 9: from a classical proof of U we
get a free variable proof of 4, 9 and A being quite simply related. We would
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have a development of elementary analysis without bound variables. Such a
development of mathematical disciplines is, I think, the main aim of intuition-
ists. Note that this is only one aspect of the problem in which we are interested:
the intuitionist approach ignores classical proofs altogether, while we are inter-
ested in the relation between classical and free variable formalisms.

(Added Nov. 1950.) Also, such a formalism would throw light on the problem
of direct proofs in the theory of numbers, e.g. [4]: it seems fairly clear that most
theorems of analytic number theory could be proved in one of the extensions of
Z, that we consider: only rational bound variables need be used, complex
variables are replaced by pairs of reals, and rationals by pairs of whole numbers;
thus from an analytical proof we should get by a systematic method a free
variable proof using whole numbers only. But this is clearly not what is meant
by a direct proof such as those of Selberg and Erdés. It would seem that what
is meant by a direct proof is one in which no (auxiliary) functions and predicates
are introduced in the proof other than those occurring already in the statement
of the theorem (or possibly certain ‘familiar’ ones). Now it is known that in the
elementary proofs with free variables such functions and predicates can always
be eliminated: not only explicitly defined ones, which is trivial, but, e.g., re-
cursively defined ones; also in Z, where they can be replaced by u-symbol ex-
pressions. But in free variable formalisms of number theory this cannot be done
generally, and the condition above may serve as a characterization of the notion
of direct proof: it seems to express fairly well what Gauss meant by: throughout
a direct proof you keep the problem before your mind.

For an application of the methods of the paper, cf. footnote 5.

Trivial interpretation. 16. Let = be a consistent formalized system containing
negation, in which also the Deduktionstheorem holds, [1], 11, 387. Let Provg(m,n)
be a decidable formula which holds if and only if m is the number of a proof in
= of the formula with number 7, and e(a) a computable function so that e(a)
is the number of the formula 712 when a is the number of A. Then

71 Provz[m, e(a)] 16.1

with free variable m is the formula associated with 9: it is an interpretation, for

(8) if U is proved and = is consistent, 16.1 is verifiable,

(y) if 7% is proved in Z, by a proof with number m, m substituted in 16.1
makes 16.1 false,

(8) if Bis proved from ¥, and the variables of % are bound, the formula A — B,
and therefore 18 — 1% can both be proved in Z.

By [2], II, bottom of p. 285, the formulae

(Ex) Provsz, e(b)] — (Ez) Provs[z, e(a)],
and thus

(x)(Ey){Provsly, e(a)] v 71 Provslz, e(d)]}
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can both be proved in Z,.” By section V there is an (ordinal) recursive function
f(n) so that

=1 Provz[m, e(b)] v Provz[f(m), e(a)].
If 71 Provs[m, e(a)] is verifiable, so is 71 Provs[m, e(b)].

1. Preliminary definitions.

17. In the present section we introduce formal systems in which a problem
of non-finitist proofs arises.

Def. 1: Formal system of formulae.

Given a finite scheme for introducing constants, function symbols, and predi-
cate symbols: then any constant is called a term, and a function symbol with
a term as argument is also called a term; any expression got by substituting
terms in the free places of a predicate symbol is a prime formula, and prime
formulae joined together by the operations of the propositional calculus are
formulae. We only consider systems which contain the symbol =.

By a finite scheme we mean a recursive procedure of deciding of any expres-
sion made up of the symbols used whether it is a constant, function symbol, or
predicate symbol. Note that because of our formation rules, terms and formulae
are recursive concepts.

Def. 2: Decidable formulae N.

We call a system of formulae systematically decidable if we have a procedure
by which any prime formula is given the value T or F, so that if a term ain a
prime formula P is replaced by a term b to give P’, where the formula a = b
has the value T, then P and P’ have the same truth value. The truth value of a
composite formula is got from the truth values of its constituent prime formulae
by the usual rules for truth functions (cf. [2] II, 130).

Def. 3: Valuation of terms.

By our definition of term the terms of 9% can be brought into a linear order.
Given a term u, by the decision procedure we can find the first term b in the
linear order so that u = b gets T. b is called the value of u. (cf. ausgezeichnete
Gleichheitswertung of [2] 1T, 205.)

Def. 4: Computable functions of M.

Let ¢ be a computable numerical function with n arguments. The values of
én(a; - - - a,) are defined as follows: if the value of a; is the n;** term in the order-
ing of def. 3, then ¢n(a; - - - a,) is the ¢(n; - - - n,)™ term.

Similarly the values of functions of functions are defined. Note that the value
of ¢xlym(as - - - @n)as - - - @, is independent of the order in which it is evaluated.
Def. 5: Verifiable formulae.

(i) Free individual variables: let A(a; - - - a.) be an expression made up of
predicate symbols of 0, terms of N, and free variables, naturally not belonging

7 The idea is obvious: if p is the number of a proof P of the formula 7] B, we get a proof
of the formula 7] % simply by adding the given proof of 7] B — 1 ¥ to B. Thus from the
number of the proof of A — B we get the number of a proof of 1 ¥ as a function of p.
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to N, in some of the free places. If A(n; - - - n,) has the value T' whatever terms
M -+ - 1, of N are substituted for the free variables, then A(a; - - - @,) is called
verifiable with respect to 9, or simply verifiable.

(ii) Free function variables: suppose that if the free individuals in A are re-
placed by terms of N, and free function variables by computable functions of
N, the resulting formula has the value T, then A is called verifiable.

Def. 6: Predicate calculus of first order.

This is the ‘reine Pradikatenkalkul’ of [2], IT, 375-380, to which the e-formula
[2], II, 13, and the axioms for equality J, and J; of [2], II, 28, have been added.

We call it of first order to distinguish it from predicate calculi in which bound
function variables are used.

18. Classifications of systems considered:

(a) Formal systems consisting of the predicate calculus to which suitable
inference schemata—in the sequel, various forms of induction—and a schema
for introducing free variable formulae as axioms are added. The predicate and
function symbols are assumed to belong to a system N.

(b) w-consistent extensions are systems (a) to which any verifiable free vari-
able formula of the system may be added as an axiom.

(c) Free function variables are added to the system, and any verifiable free
variable formula containing possibly function variables and symbols for com-
putable functions of 9t may be added to (b).

Observe that we do not use explicit definitions: it is shown in para. 29 how
explicit definitions of certain computable terms can be introduced in systems (c).

19. By the numbering of formulae of the predicate calculus [2], IT the formulae
and terms of the systems (a)-(c) are recursive concepts.

Systems (c), superficially connected with the idea of external consistency, are
introduced for the following reason: by the theory of computable functions these
cannot be enumerated, and to any system 9 which contains primitive recursive
functions we can find a primitive recursive formula A (a, b) and a function f(n)
so that A[n, f(n)] is verifiable, but for any function symbol ¢(a) of N, (z)[A[z, ¢(x)]]
is false: (c) allows us to introduce (z)(Ey)A(z,y) while it is easy to show that
(b) does not. Observe that though (c) is an informal system it contains undecid-
able formulae of the form (z)(Ey)(2)A(x, v, 2).

Note. Whenever we speak of proofs in the sequel we mean proofs in one of
the systems above.

20. The problem of non-finitist proofs.

Def. 7: Interpretation of proofs in 18(a)—(c).

We call a computable function f(n, @) an interpretation of one of the systems
(a)-(e) if the four following conditions hold:

() f(n, a) is the number of a free variable formula A, whenever a is the num-
ber of a formula A of the system.

(8) From a proof of ¥ we find an n so that A, is verifiable.

(y) From a proof of 1%, to any n we find a substitution for the (free) vari-
ables of A, which makes A, false.

(3) If B is proved from ¥ we find a function g(n) so that if A, is verifiable,
80 is Bg(n) .
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Note. To avoid the ambiguity of the definition of w-consistency pointed out in
para. 6, we strengthen condition () as follows: we have a function h(m) so that
if a substitution with number m for the variables in B, makes B, false,
then h(m) is the number of a substitution for the variables in A, which makes
A, false; this result is arithmetized without bound variables. Observe also that
(9) implies (y).

Remark. By appendix II it is not possible to associate with 9 a single A
(i.e. f(n, @) = f(m, a)) which satisfies the conditions («)-(6): this may be ex-
pressed by saying that the interpretation of A depends on the proof of ¥, but
the possible interpretations of A are limited by the form of U.

I1. First interpretation of the predicate calculus.

21. Qur first interpretation is got by a simple application of Herbrand’s
theorem, [2], II, p. 158(b).

For definiteness we consider a system of type (b), consisting of the predicate
calculus to which verifiable free variable axioms, but no inference rules, have
been added. It is also possible to give an interpretation of extensions (c) along
the lines below.

With any prenex formula ) we associate disjunctions A7 v --- A, where
A} is got from U by removing the quantifiers of o, replacing the all-variables
by free variables a; - - - a;, and the existence variables by those terms of the
predicate calculus which satisfy the relations (1)-(3) of [2], II, 151: the terms
are made up of the symbols a; - - - ax , function symbols of ¥, and symbols oc-
curring in the axioms that have been added to the predicate calculus.

We show that this interpretation satisfies conditions (a)—(8):

(@) By the numbering of the predicate calculus and the recursive character
of (1)-(3) the numbers of the disjunctions A7 v --- vAy are given by a
primitive recursive function of a and n, where a is the number of 9.

(8) If A has been proved by the predicate calculus from the free variable axioms
Ao(ay - - - a,), by Herbrand’s theorem, we find a disjunction

Ajv -+ VAL, v TAg(ad -+ - ad), 1<i<p,,

« terms of 9, which can be proved by the elementary calculus with free
variables, and is therefore verifiable. Since Aq(a; --- a,) is verifiable,
VAo(af - - - ) is false, and therefore Ajv - -- VvAj, is verifiable.

(y) Suppose 1Y has been proved from the axioms. We have to find a substitu-
tion for the variables a; - - - ax in Ajv --- vAj, by terms of 9% which makes
this disjunction false. Observe that for any s, A can be proved in the predi-
cate calculus from Aiv --- A, ; therefore from 719 and the axioms we
can prove (Ey) --- (By.)[14i & --- & 143},] where 4 is got from A
by replacing a; - - ar by y1 - - - yx . By [2], I, 30, terms of 2 can be found
which make Ajv --- vA;, false.

(6) If B can be proved from ¥ it can also be proved from A3 v--- A3, , where
the latter is any one of the disjunctions associated with . By (8) we find
a g(n) so that if Ajv --- A}, is verifiable, so is B{”v - - - By .

Remarks. The interpretation above (and also those given below) has two use-
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ful properties in addition to those required by the general definition of interpre-
tation:

(i) A formula without bound variables is its own interpretation.

(i) If (Bxy) --- (Bxa)A(z: - - - z.) has been proved, we find terms oy - aa
so that A(ey - - - ay) is true.

Because of (i) (y) follows from (8); for if 719 is proved % — 0 = 1 can be
proved provided the variables in 9 are bound, and hence by (5) we find a substi-
tution for the variables of A, which makes 4, false.

It should be observed that the proofs of (y) and (5) are easy because the nega-
tion of the formulae A, contains only existence symbols for individuals, since
A, does not contain free function variables. Superficial examination suggests
that it is not possible to interpret number theory with induction without the
use of (free) function variables. To get familiar with the problems arising in
this way we turn to another interpretation of the predicate calculus.

II1. Second interpretation of the predicate calculus.

22. In the present section we give the no-counter-example interpretation,
which requires free variable definitions of negation and the concept ‘functional
of the predicate calculus.’

23. In the sequel we take n; = 1 and m; = 1 in 2.3 to simplify notation. If
the reader prefers to follow out definitions and proofs on some special case, he
may take for his standard form of 2.3 the formula

(1) (Byr) (2) (By2) A (217291 Y2)-

Def. 1: Negation I of 2.3.
A computable Erfiillung of 719 by a constant ¢ of 9t and computable functions
ti(by -+ - bi), 1 < i < n is called a negation I of 2.3, that is

N A[rre(dy) - -« Lalby -+ baa)by - - - bal 23.1

is verifiable.

If the g; are required to belong to some formal system &, we say that 23.1 is
a negation I in & of 2.3.
Def. 2: Negation II of 2.3 in .

A counter-example of class & to any Erfiillung of 2.3, i.e. a set of functionals
¢; containing the free variables fi(a: - - - a;), 1 < j < n is called a negation II
of 2.3 if

TAlg - -+ gufilqy) -+ fal@r - -+ a)] 23.2

is verifiable.

Note that since we have not defined computable functionals in a general way,
the functionals used will always be restricted to a particular class.
Def. 3: First repeated negation of 2.3 (Negation I is false).

If p5,1<i<m 1 <k<1are terms of § containing the free individual
variable a and the function variables fa(a;), - - -, fa(@1 - - - @z—1) so that
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Ala, fo(p}) ++« ful®i - -+ Prod)pi -+ PRl v - -+ VAla, folp1)

23.3
e fal@i - pr)pi - P

is verifiable, we say the p% are a counter-example to any proposed Erfiillung of
'I?Ibya,fz "'f”.

We sometimes write pa,...,_, [fo(@1) -+« fa(®1 - -+ Zn_1); a] Where the dummies
Z; - -+ Zn—1 indicate that the p depend on the functions f and not on their values
at a fixed set of arguments.

Remark. We use a disjunction in 23.3: either A(a - -- py) or --- or A(a - - - p1)
in order to be able to restrict our functionals to terms of the predicate calculus.
Of course, if a repeated negation 23.3 has been found, it can always be put in
the form

Alafa(p1) » -+ fa(Pr -+ Pa1)Pr =+ - Pl

where the set p; is defined as the first of the sets of terms p} which make 23.3
true.
Def. 4: Second repeated negatwn of 2.3 (Negation II is false).

If to any set of functionals ¢%.z,...z, [g1(@1) < -+ ga(@1 -+ Za); oo b v vj - feo]
of ®, where 1 < i< n,1<k<1I, we find computable functlons y so that

Al -+ Gam(@) - 9@ - @] &
. A[Qll‘ . ('15.‘);)1(@{1) - Dn@:l . Qi')]

is true, where § is got from ¢ by replacing g by v, we say there is no counter-
example in & to every proposed Erfiillung of 2.3. The y contain --- b ---, and

-+ f ++ - as parameters.

Def. 5: Functionals of the predicate calculus, Fn , with free individual variables
a;, 1 < i < n, and free function variables fj(by - - - b,;), 1 < j < m.

By induction: A term ¢ of the predicate calculus to which terms of 9t and
function variables have been added, belongs to Fn if
(i) it is one of the variables a;, 1 < ¢ < n, or a term of N;

(ii) it is got from a term ¢; of N with free places by substituting terms of
& in these places;

(iii) it is a term f(t - - - ta;), 1 < j < m, where t are terms of %m

TrEOREM. If two computable functions of N, fi(by - ba;) and gi(by - -+ ba;)
have the same values for a certain finite set of arguments, the values of a (given)
term t of o with f3 or g} as arguments are equal.

This is true if ¢ is of form (i). It is true for a ¢ of (ii) if it is true for all the
terms of §x which are substituted in ¢, . It is true of terms (iii) if it is true for
all the terms t; - -« ta; and fi(t -+ ta;) = g5t - -+ ta;).

In other words, the values of terms of Fn depend only on the extensions of
f* and ¢’. This remark is used below.

24. We can now state the interpretation of the predicate calculus:

If 9 is proved we can find a counter-example of the predicate calculus to any-
Erfiilllung of 71Y.

234
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The proof depends on the following relation between the two definitions of
repeated negation:

LemMa. If p§ are terms of the predicate calculus to which terms of Mt have been
added, so that

Alafu(pl) -+ fa(@L -+ Pac)PL =" DRIV --+ V
Alafa(pl) -+« falpt -+ pa_1)Pi - -+ Dal

1s verifiable, then to any functionals g% of the predicate calculus we can find functions
Y so that

Algs - Bm@D) - 9@ - W& - &
Algl - @@y - 9a@t - @)l

24.1

24.2

18 true.

Conversely, if 2.3 has been disproved, to any formula 24.1 we find ¢ so that
TARD®@Y) - @ - PP Dalk o & o
TVAL®Y) - 0Bl Pa)BL - B

is true.
(i) Observe first, by the method of eliminating quantifiers by the e-symbol,
[2], II, 15-17, one can prove

A — TAfer -+ ea(by - ba1)by - - - b4l 244
by repeated application of the e-formula, where
& = & (Y1) -+ (Bza)(yn) TA@1 - Tals = Yn)
ert1(ar - @) = €, (Yrs1) -+ (EZ0)(Yn)
TAlerex(@r) -+ (@1 -+ Gpo1)Trsr -+ Taly - CGeYrg1 =+ * Yl

and the b are free variables. Note, again by [2], II, 15-17, the quantifiers in the
explicit definitions of the e can be eliminated by e-expressions, but the above
notation is simpler.

Similarly one can prove by the e-formula

A— Alay -+ anti(ar) - - ta(ar - -+ an)] 24.5
where (@) = @) (E) - (o) Byn)A(@zs - 2ays -+ Yo)
tr(as -+ ar) = &, (%r41) (Byria) - -+ (€n) (Eyn)
Alay - @r@rss -+ - Zati(@1) -+ tra (@1 -+ Groa)r - - Ynl

where the a are free variables.

(i) Substitute in 24.4 the term $; of the predicate calculus for b;, where p;
is got by replacing the function symbols f in p of 24.1 by e. Hence we have proofs
of the implications

Aley - ea(Bs - Pa)Bs -+ Dol > 4, 1<k<],

and therefore of
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{Aley -+ a(PT ++* Prt)PL " Du] V ++- V

iy iy N | _1 24.6
A[el e en(pl cee pn-l)pl e pn]} N 2[_

Similarly, from 24.5

MAIG - @) -+ @ - )& - &
-1 =1 -1 -1 24'7
Algl -+ @@ - ta@t - - @)} > 1Y,

where § is got from ¢ in 24.2 by substituting t for the function variables in q.

(i1i) Consider then the two proofs by the e-formula of the implications 24.6
and 24.7. Apply Hilbert’s substitution method of arithmetic functions for the
matrices (=Grundtyp, [2], II, 93-128) of the e-terms occurring in these proofs.
By this method all the formulae of these proofs will be reduced to true formulae.
But since 24.1 is supposed to be verifiable, whatever functions are substituted
for the ¢,(by - - - b,_;) in 24.6 the premiss will be true, and hence in the final sub-
stitution ¥ will be replaced by a true formula. Therefore a false one is substituted
for 719 in 24.7, and, since the whole formula 24.7 is reduced to a true one, the
premiss of 24.7 is reduced to a false one. In other words, the functions y,(a; - - - a,)
which are substituted by the Hilbert method for t.(a; - - - a,) make 24.2 true.

The converse is immediate: we add to a given proof of 71U the proof, got
from 24.4, of the formulae

A — TAfer - - ea(Pi -+ Pron)Pi - Pul, 1<k<L
This sequence of formulae constitutes a proof of the formulae
TAles -+ el -+ - Pas)Pi - - Dl

Apply the Hilbert substitution method to this proof. The number t;, and the
functions r,41(b; - - - b,) which replace e, , e,41(b1 - - - b,) in the final substitution
establish the converse.

Note that the functions ¢ and v differ from 0 for a finite set of arguments only.

Remark. Ackermann’s attempt [6] to apply the substitution method to a
formalism for analysis led to difficulties with functionals, which were pointed
out by von Neumann [7]. It should be observed that the trouble arose when
bound function variables were used which are hardly mentioned in the present
paper. This is why von Neumann’s criticism is consistent with the lemma above.

25. Using the lemma we can set up the following interpretation of extensions
(c) of the predicate calculus. Interpretation. Given a formula ¥, 2.3, n; = m; = 1,
we consider the terms of Fn which contain the free individual variable a, the
function variables fi(ay), - - -, fa(a1 - - - @n—1), and finite sets of function symbols
which have been added to the predicate calculus in (c); we order finite sequences
of n-tuples of such functionals linearly, calling the r** sequence (P * - Pra), * - -,
(pr -+ )

Then we associate with ¥ the disjunction of the formulae

A[alf2(p’:1) cee fn(plrc-l R p’;n—l)p’:'l e p,:-n], 1<k<m. 251

This satisfies the conditions of para. 20.
(@) The sequences 25.1 have a recursive numbering by the numbering of terms
of the predicate calculus.
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(8) If A has been proved from the free variable axiom Ao(a: - - - a,) by Her-
brand’s theorem we can find an n so that the disjunction of Alafs(ps) - -
Fal@ly - Pha)pls oo PEAV T Ag(al --- af), 1 < k < my is verifiable.
Since Aq(ay - - - a,) is verifiable, 25.1 must itself be verifiable (as in para. 21).

(y) Since formulae without variables are associated to themselves, by the
remark at the end of para. 21 (y) follows from (5). It also follows immedi-
ately from the lemma.

(3) Suppose B is proved from . Bind the free (individual) variables in % and
replace them by all-variables; denote the resulting formula also by ¥.

By the Deduktionstheorem, A — 9B can be proved. Let the prenex form of

B be

(w) (Bvy) -+ - (ur)(Bvr)Bug -+ + Uty - -+ 0y)
so that a prenex form of A — B is

(w1) (Bvy) -+ - (ur) (Bv,) (Bz) (Y1) -+ (B2a)(Yn)
[Blur -+ wrwy -+ 0) v TA@1 -+ Tuys - Y

Now, if % — B can be proved, so can its prenex form, and now by (8) we find
terms pt, ¢ ,1 <i<r, 1 <j<n 1<k < lof the predicate calculus so that

Blafa(p}) - - - f-(pi - - - pr-1)pi - pil
v Al (@) - galgi @)l Vo Y
Blafo(pt) - -+ fo(pi -+ - pi-)pi -+ P4l
v TAlgl - gagi(ad) -+ galad -+ @]

is verifiable. The only variables of p, ¢ are the individual variable a, and the
function variables fi(a; - -+ ai1), 1 <7 < 1, gi(a1---@a;),1 < j < n.

If a disjunction A, associated with 9 is verifiable, by the lemma we can find
computable functions y;(a; - - - a;) so that the conjunction of

A[gs - @@ - va@E - @ 1<k<L],

is verifiable, where the parameters of v are the individual variable a and the
function variables f.
Now substitute these functions for ¢ in p% to give % . Then the disjunction of

Blafo(B%) - - - (B - -+ Pe)BL - -+ B, 1<k<],

must be verifiable. The terms got will still be terms of the predicate calculus
since only a fixed number of values of y are needed in P; .
26. Erfillung interpretation. Given a proof in the predicate calculus of

(@) ++- (xp)B(x1 - Tp)
= (@) -+ (@) (Byr) -+ (Bym)A@1 - TaY1 - Ym)

Wegettermsp'ﬁ(al v, 1<i<mdia-a),1<j<p1<k< ] s0
that the disjunction of

26.1
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A(ar -+ anpi -+ Ph) v 1B(g -+ ¢b), 1<k<]
holds, i.e.
[Bgi - gp) & -+ Blgi - ¢3)]

1 1 1 3 26.2
'—>[A(a1"'anpl"'pm) v "'A(al"'anpl"'pm)]

and hence we have an Erfilllung provided the premiss is true.
In other words, if the formula (Ey)A(e, y) can be proved from (z)B(z) it can
also be proved if B(n) is true for a certain finite number of n, depending on a.
27. Examples. We interpret the formula

(@)(Ey)()[A(z, y) v TA(=, 2)]

since this contains already the difficulty of non-finitist proofs. We denote the
formula by .
(a) Take the first repeated negation: the prenex form of 71 is

(Ez)(y)(E2)[1A(z, y) & A(z, 2)].
An Erfullung of 7% would be a term « and a function f,(b) so that
1A (a,b) & Ale, fo(b)] 27.1

is verifiable, b being the free variable. This is impossible since either b = « or
b = fo(a) is a counter example.
Conversely, as an example of 24.4, we can prove ¥ from

A(xya) v Al fo(@)] v Ala, fo(e)] v T A{e, folfo(a)]}

by substituting a suitable e-term for fo, and applying the step 24(i).
(b) Next consider the second repeated negation: an Erfiillung of ¥ is a function
fo(a) so that

Ala, fola)] v 11A(a, )

is verifiable. A negation IT would be terms ¢,[f(z)], p.[f(z)] of the predicate
calculus so that

N4{glfo@)], folalh@}} & A{glfo@)], p:lfol@)]} 21.2

is true.

Take for ¢.[f(x)] the functional f(a), for p,[f(x)] the functional f2{f{fi[f(e)]}}.

We have to find an fy(a) to make 27.2 false, where f; , f, are taken to be symbols
for computable functions.

(i) Take f®(e) = fPlfi(@)] = o, otherwise arbitrary.

If 27.2 is true when f$° is substituted for f, A (a, @) must be false, A[a, fa(a)]
true, and therefore fo(a) % a.

(i) Define fi”(a) = fala), fi"[fo(@)] = filfa(@)], and if filfa(@)] # fae) take
2 {filf2@]} = fale).

If 27.2 is true when f$® is substituted for fo, 4 {fo(a), folf2(e)]} must be false,
Alfa(e), falfelf2(a)]}} true.
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(i) Define £ () = fala), f$°[fa(@)] = felfalfo(@)]}, otherwise arbitrary.

Then one of the three functions £, £52, £ makes 27.2 false. For, if " does not,
A(a, a) must be false, Ala, f2(e)] true, and fa(a) # a. Then the definitions of
& and f§ allow these functions to be one valued (are consistent). If 1 is sub-

stituted in 27.2, we get
T4 {fa(@), [ f2(@)]} & Alfa(0), Fofs” (ilf2()]} }]

A {fu(e), L@} & Alf(e), f2lfe” (filfa()]} 1. 213

But, if £§® makes 27.2 true, TA{f:(a), fo{ f2[fa(e)]}} is false, and therefore
27.3 is also false.
Note that a restriction on the class of functionals is necessary.

ie.

IV. The Hilbert substitution method and interpretation.

98. The work of the last section can be generalized: under quite wide con-
ditions the no-counter-example interpretation can be given to extensions (c) of
a formalism to which the Hilbert substitution method, [2], II, 93-128, has been
applied. The general principles are stated in the present section, and the conditions
needed are checked in the next one for extensions (¢) of number theory Z.

29. Recall the substitution method: given a system (a) containing the predicate
calculus with the e-symbol, verifiable free variable axioms, and rules of inference
in the form of eformulae, as with induction. Consider a proof in which the
variables have been eliminated by e-expressions so that it consists of (i) applica-
tions of the e-formulae (these are the critical e-formulae of the proof), (ii) sub-
stitutions in identical formulae of the propositional calculus or axioms, (iii)
formulae obtained from preceding ones by the syllogism.

By the Hilbert substitution method we mean a technique of converting the
critical eformulae of any such proof (= any finite set of critical e-formulae)
into true formulae without variables by substituting computable functions for
the matrices of the e-terms occurring in the proof. Thereby the whole of the
proof can be reduced to a sequence of true formulae without variables, [2], II,
bottom of p. 95.

Note that, by p. 128 of [2], if the substitution method can be applied to a
system (a), it can also be applied to its extensions (b) and (c).

Remark 1. The proof is not necessarily turned into an elementary proof without
variables since the (true) formulae which replace the critical formulae of the
proof are generally not proved by their predecessors. )

Remark 2. e-terms are not generally replaced by their values and e-matrices
by the functions which they represent, even if they are computable numbers or
functions.

Consider the single critical formula 3 > 5 — e(z > 5) > 5. By the substitu-
tion method of [3], e.g., &(z > a) is replaced at the first stage of the elimination
by f(a), f(a) = 0 for all a, and e(x > 5) by 0 in this, the first and final, step of
the elimination. 0 is not a value of e(z > 5), &z(x > 5) # 0 can be proved.

We consider now an e-term e(e;) when e(a) represents a computable function
e(a) in one of the senses below: we wish to ensure that when e, gets the substitution
e, e(er) gets the substitution e(e:).
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(1) Suppose there are free variable axioms (e.g. recursive relations) satisfied
by the computable function e(a) so that from these axioms one can prove in the

formalism
(@)[e(x) = e(@)]
and hence

e(e) = efe) . 29.1

Add the proof of 29.1 to the given proof in which the term e(e;) occurs, and apply
the substitution method to the extended proof. If ¢ gets the number ¢, , then
¢(e;) gets the number e(e;). This observation is needed repeatedly below.

Note that the e-expressions subordinate (= untergeordnet, [2], II, 23) to
¢(a) need not be computable.

(ii) Another method is useful if e(a) and the matrices of all e-expressions subor-
dinate to e(a) are computable in the following sense: the matrix of an e-expression
of rank 1, e,A(x;a; --- a,) is called computable and represents the function
flar -+ an) if A[f(ar-:: an); a1 -+ a,] is verifiable and n < f(a; -+ a,) —
TAM; a1 -+ an). (A[f(@r -+« aa); a1 -+ - @,] need not be provable in the system
considered.)

In the matrix of an e-expressions of rank n -+ 1, substitute the computable
functions represented by the subordinate e-expressions for the latter, so that
the resulting expression is of rank 1, [2], II, 104. In the given proof replace e(a)
and the matrices of the e-expressions subordinate to it by the computable func-
tions which they represent. After this modification, critical e-formulae not be-
longing to e-terms with matrices subordinate to e(a) remain critical e-formulae.
Critical e-formulae belonging to such e-terms will be true whatever numbers are
substituted for the e-terms contained (= eingelagert [2], II, 23) in them.

This method is useful because any computable function can be represented in
the above sense by terms of Z,.

This method will not be needed in the present paper, but is important in other
applications (cf. footnote 5).

Remark 3. When it is said that the technique of converting critical formulae
into true ones must apply to any proof in any extension (c) of the given formalism,
we must have a recursive functional

PRNSENE RTTS 7 CERRY/ETES TIPS 29.2

which is a bound for the numbers that are substituted for the e-terms of given
proofs: the f; are the function symbols occurring in the proof, p, constants of the
proof (e.g. the number of terms occurring in the proof or its Godel number).
In the general case of non-numerical formalisms we get a bound for the terms
without variables to be substituted for the e-terms.® ‘

With recursive functionals, for given constants of the proof, the values of the
functional will depend on the values of f; for a finite number of arguments only.

8 In the case of a system (b), without function variables (para. 18), the functional 29.2
reduces to a computable function, = say (cf. [3]), and can be used for enumerating those
computable functions which can be proved ¢n the system to be computable; that is, the
formula (z)(Ey)(Ez)A(z, y, z) can be proved in the system when the computable function
is uy(Ez)A(z, y, z) (any computable function can be thus expressed with primitive recur-
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Construction of the interpretation. 30. To a formula %, 2.3 with n; = m; = 1
for simplicity, we associate formulae A,

Alaf,(057) -+ falrf” -+ - 920087 -+ 9] 30.1
where (1" - - y¢”) is defined to be the first n-tuple of numbers, " less than
the r*™® functional of form 29.2, for which 30.1 is true, and y{”? = 0 if there is no

such n-tuple. The definition is effective when computable functions are sub-
stituted for the function variables in p{".

The sequence A, satisfies (a).

Also it satisfies (8) because if 9 can be proved so can

(By) - -+ (Byn)Alafa(ys) « -+ falyr = Ya2)¥1 =~ Ya]

for any a and f, that is, in e-notation, there are e-terms e, - - - ¢, so that
A[af2(€1) e fn(el .o 87.)61 ‘e en]
(n)

can be proved in an extension (c). Hence numbers 9 - -y are got by the
substitution method, bounded by the relevant functional of 29.2, which make
30.1 true.

31. To check (y) we have to show: if 71 has been proved, to any set of
functionals ¥y, - - - 9, of paragraph 30 containing the function symbols f, we can
find computable functions ga(a1), -+ * , ga(@1 - -+ @n) and a number ¢ so that

T Alzga(h) - -+ gnr - -+ Ga)Br - - - Gl 31.1

holds, where 1) is got from 1) by substituting the functions g for f.
The method of section III is not directly applicable because of the rather
special character of functionals of the predicate calculus;’ but the idea is the

sive A). From the enumeration we can find to each such function an argument n where its
value differs from 7(n).

This result is rather stronger than the one derived directly from Gédel’s second un-
decidability theorem (for a suitable system, say Z): this implies that there can be no term
with variable p of the system for which it can be proved in the system that it is a bound
for the numbers that have to be substituted for the e-terms of a proof with number p to
reduce the proof to a sequence of true formulae. But this leaves the possibility that for
some function which is computable in the system it is merely undecided in the system
whether it furcishes such a bound. And with Z (cf. [3]) this is just the case with a certain
computable term (but not computable in Z), namely the u-symbol definition of the func-
tion 7 of [3].

® Note that the class of functionals that may be added to a formalism to which the
e-substitution method is to be applied, must be restricted, that is, not all functionals
which are defined for every computable function may be added. This is in sharp contrast
to the addition of symbols for computable functions. We consider functionals suggested
by appendix I.

Let us fix on some unique system of definitions y.(a) (terms of Z,) for functions g.(a)
which differ from zero for a finite number of arguments only; let ¢, be the number of the
formula 7] Prov[ya(b), s(b, b)] where b is a free variable. Then g, is uniquely defined by
gn(a). Let the functional t.[g(z)] be defined for our functions by the rule =002 (2)] = Tn .

For other functions g(a), r[g(2)] = 2lg(x)] = 0, also z[gn(z)] has the value of
uy Provly, s(tn, tn)l.

Now, consider the critical e-formula Provl3, s(z, r)] — Prov{e, Provly, s(z, 1)l, sz, D}
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same: we suppose that the functionals 1, - - - y, can be represented by terms of
the formalism when the f are terms of the formalism (i.e. they can be proved
in the formalism to satisfy the same recursive relations as v); we consider then
the terms ey,ex(a), - - -, en(@1 * + - @y—1) of the formalism,

6 = ”El(yl) o (Exﬂ)(yn) _lA(x]_ ccr Tl yn)
ef'+1(a'1 s ar) = Mz,.,.x(yr-)-l) e (E:l?,.) (y,,)
TAfer -+ e(a1 ** Gra)Trgs =+ " Tnlr o0 Qrlrgr - - Yal

and we denote by fj the term representing y when the e are substituted for f.
Then, from a proof of 719 we get a proof of

_]A[el e en(ﬁl e 571—1)51 M ﬁn]- 31.2

If we could find substitutions for the e-matrices of this proof so that, when
e.(a; -+ - @,1) is replaced by the computable function e.(a; - - - a,_;), §; is re-
placed by the value of y; for the arguments e in place of f, we should have checked
(v). When the y are functionals of the predicate calculus this is automatically
achieved by applying the Hilbert substitution method to the proof of 31.2.
According to remark 2, in general, special artifices have to be employed even
if one deals only with functions; here we deal with functionals. Below, we explain
how to replace the recursive functionals considered by recursive functions with
e-terms as parameters.

32. We consider number theory and start with an outline of the argument.
We assume:

(i) Given functionals v, - - - y, represented in the formalism, so that § repre-
sents the functional y with arguments e, y* the functional y with arguments

where Prov(m, n) is the ‘proof’ predicate of Zu, ¢ the term r.{e, Prov[y, s(z, z]} (supposed
to occur in the system considered), and 3 is the term 3.{e, Provly, s(z, z)1}.

We show that the analogue to the usual substitution method does not terminate. Sub-
stitute for the e-matrix e.Prov [z, s(a, a)] the functions g:(a) according to the rule: go(a) = 0

for all a; gi(a) = O unless a = 1o, and ¢i1(x0) = 30; generally g;,((a) = O unless
@ = Yo, Li;gi+1(Z;) = 3i,J < 7. The substitutions do not come to an end and r, =
L, for r # s.

Note in passing that the definitions of these functionals r and 3 can be so extended to
computable functions that they are negations IT of the proved formula of the predicate
calculus

(z)(By) () {Provly, s(z, z)] v 71 Provlz, s(z, )1}

(cf. appendix I). Let t(n) be a term of Z, which represents the computable function f(n)
in the sense that for any numeral n, t(n) = m is proved in Z, when f(n) = m. Let £.[f(x)]
be the number of one of the formulae 7] Prov[t(d), s(b, b)], so that r.[f(x)] is many-valued
depending on the representation of f(n) considered; then, as shown in appendix I, for any
such t(n), 1 Prov[t(x), s(x, r)] is true and can be proved in Z, . Let 3.[f(x)] be the number
of its shortest proof (u,Prov[y, s(z, £)]). Then any such numbers , § are a counter-example
to the proposed Erfillung f(a).

Note that if f(x) # g(z) for only one z, terms t(z) and g(z) of Z, representing f(z), g(z)
respectively, necessarily differ, and r[f(z)] # r.lg(z)]. With the recursive functionals
wz[f(x)] used in the text, if f(z) = g(z) for a suitable finite numbers of arguments, then

w:[f(@)] = w:g(2)].
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ex(@) - -+ en(ay -+ - ay_y): then we can find terms 1m; --- 1,1 and prove in the
formalism

(@) - -- @)t Sm& - Zpy S Npy - — -
02(331) = 62(131) & --- en(flh LR xn_l) = 6,.(1‘1 o xn—l)] —
=9 & - 5.=y5. 321

In other words, if the terms e and e are equal over a certain range of their
variables, the values of the functionals are equal (cf. remark 3 of paragraph 29).
Also we assume that the n can be defined from e only.

(ii) When recursive functions are substituted for f in v, the resulting term is

a recursive function; in particular, if ex(a) - - - en(a1 - - - @n) are recursive so
is y*. The ¢ may contain parameters.
We shall define below primitive recursive functions e.(a; - - - @,—1 ; p) with

parameters p so that to any terms n; - - - 1,y in Z, one can find certain e-terms
- 80 that

o <m&- a1 <y — @ @)
32.2
= er(al R/ 7 pr)

can be proved in Z, . By (ii), y* in 32.1 is a recursive function with p, as param-
eters, and by remark 2 of paragraph 29 we can find numbers p, so that the
functions e,(a, - - - a,_1 ; pr) are the g.(a: - - - a,—;) required.

Remark. The problem could be put as follows: if we had at our disposal a
formalism with bound function variables, from a proof of 71U we get

(Bz1)(Egy) -+ (Bn)(@) -+ Un) TA[z1a(yr) - -+ Ea(yr -+ Yn)¥1 - - Yal
and hence

(Bxy) (Ed) - -+ (Bin) VA[Z182(00) -+ Ea@r - - - Ga2)P1 - - - Tnl 32.3

where § is the representation of the functional y with # as arguments. From a
proof of 32.2 one might expect to get computable functions for Z. But we have
no general method of doing this: the attempts to apply the Hilbert substitu-
tion method to formal systems with bound function variables have so far failed.

We define a sequence of (primitive) recursive functions gz(a; p) - - - ga(a1 - - -
@n—1; p) With p as parameter, and show that the & required are among this se-
quence; i.e. we prove in Z,

(Bz,)(Ep) 1 Alz: g2(0F 5 p) - -+ ga (T - - - 20T -+ - 97 32.4

where §? is the recursive function got by substituting g.(a; - - - @, ; p) for
filay -+ @) iny.

32.4 is a formula of Z,, proved in Z,, to which the Hilbert substitution
method can be applied to find z and p.

33. LemMa. Let er(al - - - akbi - - - b}) denote the primitive recursive term



INTERPRETATION OF NON-FINITIST PROOFS 263

pa@) -+ (Bx) @)y < bi& -y <bh - > -z < al & -+
Ta < an& TA@ - Tays -+ Ya)l
where a; R bi are free variables. Let
era(Y1 o YrjCcorCparty e alt brii - b3
denote the term
er i @rt2) +++ )Gy S D& - g S B - o> - 2y
Safi& -z <& TAC e B Ty )]

where the index is not a power, but a second name for the variable. Let

o1 Yo orral e ;e bl )
=e,+1[y1---yr;e{(a}---al,,b}---bl,.)---e:(yl---yr_l;--'ai,---;~-b§-~-)
arfy -+ 0T - BT
where
1<j<r+1 j<i<n 1<¢<r ¢g<p<n
Then we show how to write down terms nj - - - nh, mi - - - m. without variables,

i, mi*! with free variable N so that the formulae

&=em - nhm--om, 33.1
and
NSN& -y, <N ->Seulys-yr)
=€;+1(y1"'.?/r;"°nf:"-;-~- mi-..)

can be proved in Z, (this means that the n and m are terms of Z,).

Remark. The argument is metamathematical, explaining how the proof is
to be carried out for given .

(a) Consider the formula

(Ex)(»)B(a; z, y)

where a is a free variable, and 8 may contain bound variables other than z and y.
Denote

m@)v < N — wy)B@; z,y) < 2] by nor n), 33.3
I‘z(v)(w)[v SN&w<n— ﬂy%(v; w,y) < Z] by m. 33.4

Remark. n is the maximum of the least numbers z for which (y)8(a; z, y) when
a < Nj; and m is the maximum of the least numbers y for which 198(a; ¢, y)
whena < N,¢c < 1.

Then we show that the formulae
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a <N - p)B;2z,y) = wly < m—-z < n&Be;z,y)] 335

a < N —-(Ex)[)B(a; z, y)
~ (Ex)(y)ly < m —-z < n& B(a; 2, y)]

33.6

can be proved in Z,.
Remark. The idea of the proof is quite obvious. Let ¢ < n, denote

u=(y)B(a; z, y) by Ma), pWly < m—-z < n1& B(e; z, y)]

by o(a), and p, 71 B(a; ¢, y) by p(a, c). Take

(i) The case when (Ex)(y)8(a; z, y) holds. Then also (y)Bla; A(a); y] holds,
and there is certainly an z < n, the maximum of A(@), a < N, for
which (y)B(a; z, y) holds. Also, if ¢ < A(a), there is a y < max p(a,c),a < N,
¢ < \(a), so that 1B(a; ¢, y): thus B(a; ¢, y) cannot hold for all y less than
max p(a, ¢), @ < N, ¢ < Aa), and, a fortiors, for all y < m unless it holds for
all y. Therefore, if there is an z at all for which (y)8(a; z, y) holds, 33.5 and
33.6 hold, too.

(ii) Consider an a, still <N, where (z)(Ey)®B(a; z, y). Then, for any
z, 19Ble; z, p(a, x)], and, for z < 1 p(a, z) < m since m is the maximum of
p(a, z) for z < n and all @ < N. Thus, there can be no z < n so that for all
y < m B(e; z, y) holds. Again 33.5 and 33.6 hold.

We give more details because, in applications, one has to apply the Hilbert
substitution method to proofs of formulae of the form 33.5 and 33.6 so that it is
essential that these proofs can be written out in a system for which the method
has been justified (e.g. Z,). The reader may skip the formal details of part (a)
of the arguments, and continue with part (b).

Description of the proofs of 33.6 and 33.6. By u1, [2] I, 396,

(Ez)(y)B(a; =, y) — ¥)Bla; NMa), yl.
By 333 a < N — A(a) < nso that
a < N & (Ez)()®B(e; 2, y)-—Ez) @)l < n & B(a; 2, y)]-
Since A —»-B — A, takingz < n & B(a; z,y) for 4,y < mfor B
a < N & (Ez)®)B(a; 2, y)-
— (Bx)(y)ly < m —-z < n & B(a; 2, y)),

33.7
one half of 33.6.
Also, by w2, [2], I, 396,
W) {y £ m —-Aa) < n & Bla; Ma), ylt — (@) < Na),

and a <N & (Ex)y)Ba;z,y)—Ma) n&
W) {y < m— Bla;\a),y]}  so that
a < N & (Ex)(¥)B(a; z, y) — a(a) < NMa). 33.8
Since, by s, #)B(a; ¢, y) = Aa) < ¢, ¢ < Ma) = (By)B(a; c, y)- Also, by w1,
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(Ey)B(a; c, y) — 1Bla; ¢, pla, ¢)]. By 333 a < N — Xa) < n, and hence
a < N&c<Aa)y—mc<mnjalso,by334,a < N&c¢c <n—-oplac) <m,
so that

¢ <Ma)-—+a <N - (Eyly < m& 71 B(a;¢ )]
Since A —-A v B, téking “18B(a; ¢, y) for A, n < c for B
¢ <\a)—{a <N (Eyly <mé& 1Ba;c,y) vn<cl
Substituting o(a) for ¢
o(@) <Aa) — {a <N — (By)fy < m& 71 Bla; 0(a), y] v n < o(a)}}.
By 33.7 and iy
a < N & (Ex)(»)B(a; z,9) — @y < m—-0(a) < n& Bla; o(a), yl}
so that
a < N & (Ex)([y)B(a; z, y)-— 71 a(a) < A(a).
By the trichotomy of pairs of integers and 33.8
a < N & (Ex)(y)®B(a; 7, y)-— o(a) = \a).
This proves one half of 33.5.
(ii) By p1, [2], I, 396, (z)(Ey)B(a; ¢, y) = Bla; ¢, o(a, c)].
By334a < N &c < n—pla,c) < mso that
a < N & @) EB(a;z,y): — Efy < m&le < n— 1B(a; ¢, 9)]}.
Since ¢ does not occur in the premiss
a < N & @) (EyB(a; z, v)- — @) Ey{y < m& [z < n— 1B(; z, ).

But[Ad& B—> 1C0)] ~[4A& (1B v 10)] ~ 1[4 — (B & 0)]; taking
y < mfor A,z < nfor B, B(a; z, y) for C

a <N & (Ex)®)B(a;z,y): — @E{Ily < m—-2 < n& Ba; =, y)l}.
Hence, together with u;, [2], I, 396
a < N& (Ex)y)B(a;x,y)-— o(a) = 0&\a) =0, ie. o(a) = \a).

This establishes the second halves of 33.5 and 33.6.
(b) To define the terms nj , m;, the argument of (a) is applied to the formula

(Exz)(:lh) oo (Exn)(yn) T A(xl ce s TplYr v yn)

in place of B(a; x, y) without free variable a; n and m of 33.3 and 33.4 being
denoted by ni, m; . Then 33.5 reduces to

pay (1) -0 (Bxn)(Wn) 1 A@1 - Tals -+ Yn)
= po )i <mio>n <& Ez) - Wa) VA@ - Tays - Ya)l}-
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Now, by [2], I, 397, to prove u,A(r) = u.B(z) it is sufficient to prove A(z) ~
B(z). Consider then the formula

(Bxs) (y) {yr < 3
—[n <1l & Brs)(ys) -+ Exa)(yn) T A@ - Tays =+ Yn)l}

with free variables z; and y; , and apply 33.3, 33.4 to determine n and m when
zn < ni, and y; < my, denoting these terms by 13 , m3 . Then the equivalence

339 ~ Er)){p<m&yp<m o <m&sn<n

33.9

& (Bzs)(ys) - - - (Bxa)(yn) 1 A1 - Zays -+ ya)l}

can be proved in Z, as follows:

@) if y» > mj both formulae are true;

@) if y» < mi and 2, > ny, 33.9 is false, and so is the second formula, e.g.
if we take y» = 0;

(iii) But if z; < ni, y» < m;, the equivalence reduces to 33.6.

Repeating the argument, bounds n; , m; are found for all the variables.
(¢) Recall that e,41(y1 - - - y,) was defined to be the term

Bz 1 (Yr1) -+ (B2a)(yn) 7T Ales - - (1 - - Yr—1)Trs1 *** TaY1 *** Yul-

Suppose that the terms n! , m} , j < r, have already been found so that one can
provein Z,, s < r

pm<N&- -y <N)
ey Yo1) = €1 Yor g oM ceep e mlean ),
Now consider the term
Papy1(Ur1) -+ (B2a)(Ya) T A(CL" - € Zrpr =+ Zals ** " Yn) » = M1,
say, with free variables ¢; --- ¢, y1 -+ - ¥ . By (b), we find terms 1,4, -« - 1,
M,y - - - M, , containing the free variables ¢; --- ¢, , N so that one can prove
in Z,
Bm<N&---y.<N)—>
M= ey W) o (BT Y {@rn £ Men & -+ - yn < M)
S <& 2 S & TA@ - Ty - YL

Now substitute the terms

, ) L , ) )
el<...n‘.... ;...m.....), ...er(yl...yr_l;...n':....;...mz...)

for ¢;--- ¢ in n and m and denote the resulting terms by njii, ---, n}t,
r+1 r+1

Mey1, e, My .
Remark. In the applications below we shall need the result only when

(Ex) () - (Bza)(Wa) 1 A(@y -+ Ty - -+ Yn)

has been proved.
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ON THE INTERPRETATION OF NON-FINITIST PROOFS
PART II. INTERPRETATION OF NUMBER THEORY. APPLICATIONS.
G. KREISEL

V. 34. Since the Hilbert substitution method has been applied by Ackermann
to the formalism Z of number theory in [3], we shall give the no-counter-example
interpretation for extensions (¢) of Z, e.g. Z,. The work required on top of
Ackermann’s investigations to check conditions (a) and (B), consists only in a
suitable definition of a class of recursive functionals. The verification of (v) and
(6) is much more difficult, and requires the ideas of paras. 32 and 33 in the
preceding section.

Ordinal recursive functions of finite order. 35. We call the primitive recursive
functions of [2], I, 287, of order zero. We take for granted that the func-
tion w(p, m, n) is of order zero with respect to its three variables, where
w(p, m,n) = 0if and only if m < n [3], p. 179. The proof of this is only indicated

b4

by Ackermann, but, as he says, is easily written out in full.
Def. 1: Primitive recursive functions of finite order.

(a) Functions of order zero have already been defined.
(b) ¢(n) is of order p + 1, either if it is of order p, or

90) =0, () = ¥in, sl*@)),

where a, ¥(n, m), t(n) have already been introduced, t*(n) =
t(n)w*[P + 1, t(n), n], and

o*p+1,mmn) =1 if wp+1,mmn) =0,

0 otherwise.
Observe that this scheme is a finite scheme in the sense of para. 17.
Def. 2: k-tuple recursive functions of finite order.
(a) Any multiple recursive function of order p is k-tuple of order p + 1.
(b) é(ny - - - m) is k-tuple of order p + 1  if
¢(0---0)=a and . .
¢(n1 ceemg) = Ying e my ¢,[¢{(n1 ceemy) e di(ng - )] - -}
¢i(ny -+ mp) = nifori < 7, ¢f;(ny -+ - my) fl Ny
p

(lexicographic ordering), and a, ¥, ¢} are k-tuple of order p 4+ 1.

Such functions are used in the definition of counter-examples.

Remark. k-tuple recursive functions of order p can be defined by primitive
recursive definitions of order p + 2, so that we may restrict ourselves to primi-
tive recursive ones of finite order without ‘losing’ those of def. 2.

The principle of the proof is this: we map k-tuples in lexicographic order < on

4
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a section v(p + 1; k) of the integers in order < : the mapping is O-primitive
Pl

recursive. We define a primitive recursive function ®(n) for n < 2"®*E 56 that
P2

@(201 4 e 9°r 1) — 2¢(¢1) .. Df(cr)

where ¢, < €1+ < & < v(p + 1; k), p, is the r** prime number, ¢ is the
+1 p+1 p+1

p
number of the k-tuple (n; - -+ ni) in our mapping, and ¢(c) denotes the value
of ¢(ny -+ - mi). ®(n) can actually be defined by a p + 2 -primitive recursive
definition, and then the values of ¢(n; - - - ni) are got from ®(n) by means of
the inverse mapping which is also 0-primitive recursive.

36. We must now show that these functions are computable in Z, , actually
also in Z, in sense (1) of remark 2 to para. 29. This result is needed for the fol-
lowing applications:

(i) for introducing explicit definitions for terms representing them in ex-
tensions (c) of Z; that is, if e(n) is an e-term of Theorem I representing the or-
dinal recursive function f(n) of finite order, by adding the recursive relations for
f(n) to the formalism Z we can prove in Z

@)f (@) = e()]

which is used in verifying (y) and (5);

(ii) it follows from footnote 8 that the general definition of the counter-ex-
ample cannot be recursive of finite order;

(iii) Theorem II will show that any function computable in Z, is ordinal
recursive of finite order so that we have a simple characterization of functions
computable in Z, . Also it will follow that our class of functionals is the smallest
class which is needed for the interpretation of extensions of Z.

TaeoreM L. If ¢(n) is ordinal recursive of order p, we find a term e(n) of Z so
that e(n) can be proved in Z to satisfy the recursive relations by which ¢(n) is de-
fined.

Suppose

¢(n) = ¥in, ¢lt* )]}, 36.1

and suppose terms ¢ , t¥(n) of Z have been found for ¢ and t*. Adopt some num-
bering of quasi-recursive definitions, e.g. that of [2], II, 407-410. We take [ to be
the number of 36.1 together with the (quasi-recursive) definitions of ¢ and t*.
Using the notation of [2], II, 410, b(l, n, r) = 0 if and only ifr = 23™ k =
y(r, 0), m = »(r, 1), and m is the number of a proof from the definition with
number I of the formula ¢(n) = k. We shall show that

¢1(n) = »{wl(L, n, ) = 0], 0} 36.2
can be proved in Z to satisfy the relation
$i(n) = dafn, ¢ilti )]}

Note that since » and § are primitive recursive, by [2], I, 410 the term ¢:(n)
can be represented by a term of Z.
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The crucial part of the proof is to establish in Z
®)EWDHE n,r) = 0&-5(, n,v) = 0— »(v,0) = »(r, 0)]. 36.3

Assume that the relevant results for ¥, and t;(n) have been established. We
call a proof from the definition with number [ (by repeated substitution) an
[-proof.

(@) B n,s) = 0— (E{HL, tF(n), 7] = 0 & »(s, 0) = ¢uln, »(r,0)]} 36.4
B, t1 (n), 1] = 0 — (Es){H(, n, s) = 0 & »(s,0) = yaln, v(r, 0)]}.  36.5

(i.e. if ¢(n) = »(s, 0) can be proved, then also ¢[ti (n)] = »(r, 0), and ¢(n) =
¥(s, 0) = ya{n, [t} (n)]}, and conversely). From the definition of §(I, n, 7), if
v(s, 1) is the number of an [-proof P of ¢(n) = »(s, 0), P must contain an l-proof
of [ty (n)] = k, and of yi(n, k) = (s, 0), hence 36.4. Conversely, if we have
already an I-proof P, of @[t} (n)] = »(r, 0), by the assumption that 36.3 holds
for ¢, there is an I-proof P of ¢[n, »(r, 0)] = ki for a unique integer k; . Writing
PB. after Py, we get an [-proof of p(n) = k; , hence 36.5.
(ii) t(n) < n. Trivial.

b4
(iii) To prove 36.3 we throw 36.4 and 36.5 into a form suitable for induction
of order p.
By 36.5, there is an s so that b(l, n, s) = 0 provided I, t;(n), r] = 0 for
some r; all the more if for all m < n (Er)[§((, m, r) = 0], by (i).

p
By 36.4, v(s, 0) is uniquely determined by §(l, n, s) = 0 provided »(r, 0) is
uniquely determined by B[l t (n), r] = 0; again, all the more, if for all m < n,
»

»(r, 0) is uniquely determined by §({, m, r) = 0. Hence
m){m < n — (Er)@IHL m,r) =0& H(, mv) =0
¥4

— (v, 0) = »(r, 0)]} — (Er)@)[H{ 7, r) = 0
&-5(l, n,v) = 0—>»(v,0) = »(r,0)]. 36.6
Applying ordinal induction of order p to 36.6
(n)(Er)@)H(I, n, r) = 0 &-H(, n,v) = 0 — »(v, 0) = »(r, 0)]. 36.7

By [2], 11, 366, for any given p, 36.7 can be proved from 36.6 by repeated appli-
cation of ordinary induction, hence in Z.
Observe, from uniqueness in 36.7

bh(L, n, 1) = 0 —»(r, 0) = »{nh(l, n, z) = 0], 0}. 36.8

@iv) To prove the recursive relations, substitute w.[H(l, n,z) = 0] for s in
36.4. Since from 36.7 follows (n)(Er)[H(l, n, r) = 0], the premiss reduces to a
provable formula, and hence

(BN, (), 7] = 0 & »{wlb(, n, 2) = 0],0} = yuln, »(r, 0)]}.
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Using 36.2, and 36.8 with tf (n) instead of n,
$i(n) = Yain, &ilti )]},

as required.

Remark. The principle is to use a numbering of [-proofs, and establish some
elementary properties of them, in our case 36.4 and 36.5, essentially free variable
formulae. Then induction is applied to these results. The idea is due to von
Neumann, and was used by Péter in [8] to represent interlocked (verschrinkt)
recursive functions by terms of Z.

Concerning the formalization of this type of proof see the third footnote on
p- 49 of [2], II.

Ordinal recursive functionals. 37. Observe first that the function é(a, b), =
a — bforb < a,0 for a < b, is 0-primitive recursive, [2], I, 303, and of a given
set of terms t; - - - ta , the mazimum is defined as follows: if M; denotes the maxi-
mum of t, - -+ t;, Miya = M; + 8(ti1, M.). Further the maximum value ¢ of
functions fi(a) - - - fm(a) for a < m, and a term t, satisfies the recursive relations

¢:[fi(@) - -+ fn(@) t, 0] = max [f1(0) - -- fu(0) 1]
bolfi(@) -+ fu(@) t,n + 1]
= max {fl(n + 1) tt f'm(n + 1) ¢‘z[f1(x) e fm(x) t, n]}'

If t and f are terms of Z these recursive relations can be proved for the term

@y <n—t<z&fily) <z &faly) <2l
The maximum of the nt iterations of functions fi(a) - - - fx(a), and t, satisfies:
w:[fi@) -+ fm(@) 1, 0] = ¢:[fi(2) - - - fum(z) 1, 0]

@ [fi@) -+ fa@) t, 1+ 1] = ¢l fi(@) -+ fm(@) t, @2 [f1(2) - - - (@) 1, m]}.
By Godel’s argument, [2], I 414, w, also, can be represented by a term of Z when
the f and t are terms of Z. Both ¢ and v are increasing functions of n.

Remark: By the usual mapping of n-tuples we can reduce our functionals to

functionals with a single function variable which simplifies the definitions below:
Define

F(z) = 2@ ... pfr®

¢.[F (), t; 0] = maximum of exponents of F(0) and t, see [2], I, 319,
¢F(z),t;n + 1] = maximum of exponents of F(n + 1), and of ¢.[F(z), t; n].
Similarly

w,[F (x), t; 0] = ¢,[F(2), t; 0]

wF(z), t;n + 1] = maximum of the exponents of F(@) for t < w,[F(z), t; n].
By the use of [2], II, 168, we can replace a function of r variables by one of
one variable.
'Def: An ordinal recursive functional of finite order, containing the free variable a
and the function variable g(b), is either
(a) an ordinal recursive function with the variable a,
(b) a term g(x) where 1 is an ordinal recursive functional containing a and g,
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(¢) a term f(a, tr) where f(a, b) is an ordinal recursive function of finite order,
or

(d) wlg(z), 11 ; r2) where w is the iteration functional defined above, and 1, £z
are ordinal recursive functionals containing a and g.

LemMa. Let t(c) be a term of Z, with the single free variable c, and let an ordinal
recursive functional of finite order with the variables a and g, be represented by the
term 1(a), when t is substituted for g. Then we find a term N(a) of Z, so that for
any term ti(c) of Z,

@M < N(a) — t) = h@)] — @) = ul)

can be proved in Z, .

Note that N(a) is independent of t: : e.g. ti(c) may contain free variables other than
¢ and these will not occur in N. Both t and t; may contain bound variables.

The result is proved by induction. For expressions (a) in the definition it is
trivial. For (b), the functional is t(x), say z, so that for it we may take the
maximum of No(a) and 1. For (c¢), if f(a, L) is again denoted by g, N(a) =
No(a). Lastly for (d), suppose the terms , and N, have already been found,
and w.[t(z)To , ro] is represented by t. Then, for N(a) take max [z, No, Rol.

Remark. This is the analogue of the theorem at the end of para. 23, and justi-
fies the first condition of para. 32 for ordinal recursive functionals of finite order.

Note that when recursive terms are substituted for the f in ¢ and w the re-
sulting term is a O-primitive recursive function. By the definition of the func-
tionals, it follows that any ordinal recursive functional of finite order reduces
to an ordinal recursive function of finite order, if a function of this class is sub-
stituted for the function variable. Note that the function may contain param-
eters. This shows that the second condition of para. 32 also applies to our
functionals.

A free variable formalism. 38. With regard to a development of arithmetic
in a free variable formalism we mention for reference the system F; which con-
sists of the elementary calculus of number theory with free variables, free func-
tion variables, the schema for primitive recursive definitions of finite order, the
recursive relations for ¢ and o, and finally the schema for ordinal induction of
finite order:
if t(n) is a term of F;, A(0) and A(n) v 71 A[t:(n)] have been proved in F,,
then A(a), where ti(n) = t(n)w*[p, t(n), nl.

Note that by our formulation we avoid bound variables in the induction
schema.—(The formulation is quite obvious; actually in the proof of 36.7 the
introduction of the bound variable m was artificial, and only used to bring
the induction into the form discussed in [2].)

Construction of counter-examples. 39. By a straightforward application of the
remarks of para. 29 to [3], we show first that a no-counter-example interpreta-
tion can be given to extensions (¢) of Z which satisfies conditions (a) and (B).
The only point to be checked is that ordinal recursive functionals provide the
functionals required.
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Note in passing that the concepts of rank (= Rang, [2], II, 25) and matriz
(= Grundtyp, [2], II, 57) of e-expressions have been defined not only for terms
of Z but for all terms of the predicate calculus including function symbols.

TaeoreM IL. If the formula

(@) (By1) - -+ (@n)(Byn)A@y -+ + TaYs =+ Yn) 39.1
has been proved in an extension (c) of Z, we find an ordinal recursive functional ¢
"of finite order so that
Alafo(q) <+~ falgy <+ - o) * -+ @nl

is verifiable (for any a, fa - -+ fa), s = n¥™(q) and n{™(m) - - - 7 (m) s the m"™ n-
tuple of integers in some (primitive recursive) ordering of n-tuples.

Recall that any formula 2.3 can be reduced to the form 39.1 by the use of n{”.

LeEmMA. Given a proof in an extension (c) of Z of a formula

(Bxy) +++ (Bxn)A(zy *++ 4)

where ay - - - &, are the only variables of A(a, + -+ an), we can find numbers 1y -+« Ny
so that A(ny - - - 1,) 8 true. Also, if

(i) ¢(n) is a function so that when numbers <n are substituted for the e-
terms of the given proof, the terms occurring in the resulting sequence of nu-
merical formulae <¢(n),

(ii) w(0) = ¢(0), w(n + 1) = ¢lw(n)],

(iii) A(a, b), p(a, b) are as defined in [3], 182, 194,

(iv) e is the number of e-terms, g the number of critical matrices of the given
proof,

(v) 7*(c, p, 1, a), for fixed p, is defined together with auxiliary functions 6(a),
v(a), x*(c, b, 1, a) as follows:

a=29200) +1] -1
*(c, 0, n, a) = 7*(c, p, 1, 0) = x*(c, p, n, 0) = x*(¢, 0, u, a) = O,
0(a) = 0:x*(c, 1, m, a) = 2°“[26(a) — 1] — 1
8a) =0, »(a) %= 0:x*(c, L,ma) = 2972+ 1) — 1
x*¥e, p,ma) =a—1 if p > 1, a even
= 7*c,p — 1,n,a) if a=2" -1

2% + x*{c, p, n + A(a, p), x*[c, », 1 + A(a, p), al}
fa=2"4+...2" -1 i1 < 04

p—-1

(n)
n

T*(c) o, a) =2 + T*{C, p,n+ >\(a7 P), X*[Cy p,n+ )\(C(, p)) ﬂ]},
then
n < o{MPRC™, g, 1, 0, w), 6 + 1} 39.2
The definitions (v) are those of [3], 182 bottom, if one uses instead of Acker-
mann’s function w(m, 1) our w(n).
The difference between e-terms of Z and those of extensions (c) of Z is the
occurrence of function symbols; more precisely of symbols other then the four
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symbols for the successor, predecessor, sum, and product, which occur in Z.
Since the rank of terms of extensions (c) is defined, Ackermann’s rule for form-
ing successive substitutions, p. 171, and the definition of indices of p-sequences
on p. 176 apply. So does the proof of the crucial theorems I-V where it is
only required that the function symbols should be computable.

Further the proofs of theorems 4-17 remain correct if throughout
r(m, ¢, p, n, a) and x(m, e, p, n, a) are replaced by r*[¥(m, n, ¢), p, n, a]
and x*[y(m, n, ¢), p, n, a], ¥(m, 1, ¢) defined on p. 182, with similar modifica-
tions in the predicate 3. The only fact about ¢(m, n, ¢) used in the proofs of
Theorems VI and VIII is that ¢(m, 1, ¢) = 2¢“™* where w(m, 1) is a bound
for the terms occurring in the proof after n substitutions. So is our w(n).

This gives the bound A{r*[2¢“®* ¢ 1, p(g, ©)], ¢ + 1} for the number of
steps in the substitution, and hence 39.2.

To prove the theorem it is sufficient to verify that w(n) is a functional of
finite order. Terms occurring in an extension (c) of Z fall into three groups:
terms without variables, e-terms, and function symbols whose arguments are
e-terms where we adopt the convention that f[g(t)] is written as A(t) if f(a), g(a)
are symbols for computable functions, and t is an e-term.

Let fi(a) - - - fi(a) be the function symbols occurring in the proof, functions
of one variable being used throughout. Denote the maximum of the terms with-
out variables by f, then the ¢(n) of the lemma is simply the functional

¢F(z), t,n]  where  F(a) = 2" ... /'@

of para. 37. By the definition of ordinal recursive functionals of finite order,
for any proof in an extension (¢) of Z, w(n) is seen to be one of them.

Ezxample. Consider the theorem that a bounded, monotone increasing se-
quence of reals a. converges. To simplify notation let them lie between 0 and 1,
and let us use binary scale, in which rationals n/2™ terminate.

ol m) ¢ < alrm) 1

Then convergence means:
(m)(Eng)(m)[n > no — a(n, m) = alng, m)]-
v (Er)(Es)la(r + 1, s) < a(r,s) v a(r,0) > 1v a(r, 0) < 0].
A counter-example would be a number m, and a function N (n,) so that for all ne
N(ny) > no and a[N(ng), m] # a(ny, m), also
ar,m) <alr+1,m and 0<a(r,0) < 1.

This is impossible: take ny = 0, n1 (= N(ng)), -+, nipa(= N(n;)); then if for
all v, a(r, m) < a(r + 1, m),
a0, m) + 1 < a(ny, m)

a(n, m) + 1 < a(ng, m)

39.3

a(nem, m) + 1 < a(ngmyy m)
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so that a(nami1, m) > 2" + a(0, m), hence a(ngmy1, 0) > 1. In our notation,
for some 7y, 0 < ny < w[N(x), 0, 2™ + 1], 39.3 breaks down.

40. Condition (y) is checked in TaEorEM III. Suppose the formula 19 has
been proved in an extension (c¢) of Z, and q is an ordinal recursive functional con-
taining the function variable F(a) = 22 ... p/»© Then we determine a number
%, and functions gs(ay) - - - gu(@1 * * + @n), 2ero except for a finite number of argu-
ments, so that

TA[2g2(@) - -+ 9@ - -+ Gnt)Ta -+ - Tl 40.1
w(hfre G is got from q by substituting g;.a[ni™(a) - -+ i (a)] for fini(a), and §; =
7" (9).

(1) To the proof of 719 add the proof of the implication 71 A — 71 A[eex(ay) - - -
e.(a1 ** - @n_1)a: -+ - a,] where the e were defined in para. 33.

(ii) By para. 37, find the term q of Z, which represents the functional ¢ with
¢ as arguments, so that

U — TAleea(qr) <« ea(qr *** Guo1)qr *** Gnl 40.2
can also be proved in Z,.

(iii) By the lemma of para. 33, find a term N without variables a! - - - b} so
that

@) - @)@ SN E- - 2ay SN) D@ -0 )
= er-i-l(xl"'xr;"'ai‘."’ ;-..bi:...)] —)Q:q'(...a{..' ;...b'l:...)
1<r<n,

can be proved in Z,, where the primitive recursive terms e are defined in the
lemma of para. 33, and ¢’ represents the functional ¢ withe( -+- ;---ai -+ ;---
bi --- ) as arguments: i.e. an ordinal recursive function, by the note at the end
of para. 38.

(iv) Let M1 be the maximum of N, g1 -+- Ga.

(v) By the lemma of para. 33, define terms n} m} and write out the proofs in
Z, of the formulae

W SM& -+ Yn1 S N) — (Y1 - - Y1)
= er(yl..- yr_l;..- n‘: oo ;-.. mi ) ).
(vi) From (v), (iv) and (iii) we get proofs of
q= q’(.-. ni..... HERE m{...)
e = 61("'111- cee taese m’ .o )
.. ; 403
er+1(q1 oo qr) = er+l(q1 cee qr; s e n‘. “ee ;... m‘. DY )Where
q: = ny‘)[q'( ceoo ni.' cee iy m': e )]_

Now apply the Hilbert substitution method to the proofs in (i), (ii), and (vi).
It provides substitutions ni m} for the e-terms n} m} which reduce the given proof
to a sequence of true formulae. In particular, 19 is reduced to a true formula,
so is the conclusion in 40.2, and all the formulae 40.3. It follows that functions
€ + -+ e, with the parameters n; m} are the y and ¢ required.
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41. To check (5), we have to show that if an A, of the form
Alafo(qr) «+« falgr ** @n1)@r **+ @nl 41.1

is verifiable for an ordinal recursive functional ¢, and 8 can be proved from %
in an extension (¢) of Z, then we find a functional ¢*, so that

Blafo(g?) -+ foldh -+ G0)di -+ &)
is verifiable, B being the formula
(@) (Byy) -+ (2)(By)B@ -z --- y) and ¢ = 0" (g*).
(i) Again
Aleiea(ar) -« - en(@r -+ @Gn1)ay «++ @] = A

can be proved in Z,.
(i)
B — (By)Blafa(yy) -+ fryr -+ vodyn -+ vl w1 = 2" (®)

can also be proved, i.e. in e-notation

B — B(af2(yy) - - Fr@ e Yoy - - 0, Y: "lgr)(t))

for an e-term Y.

(iif) Substitute in (i) 7{™(q) for a;, where q is defined in para. 40 (ii), and add
also the proofs of para. 40 (vi), which ensure that if e.(a; - - - a,—1) is replaced
by the function e,(a; - - - a,_1), q is replaced by the value of ¢ for the arguments e.

Now, apply the substitution method to the formulae consisting of the proofs
of B from ¥, (i) and (iii). By the final substitution all formulae will be reduced
to true ones. Since 41.1 is verifiable and q gets its ‘true’ value,

Alesea(q) -+ €1+ + ¢ Gue1)1 * * * qal

is replaced by a true formula, hence also o, by the proof of B from ¥ also B,
and for any a and functions f we get a number §) so that

Blafa@) -+« £ -+ - 50)fr - - - /]

holds. This § is easily checked to be bounded by an ordinal recursive functional
of finite order containing the variables a, fo, <+ ,fn.

VI. 42. We shall apply the ideas of the present paper to a theorem of analytic
number theory whose interpretation has given trouble. Littlewood proved in
1914 that for any e and n there are numbers n; and n, so that n; > n, n, > n

y(n) — m > (& — €)v/n log log log ny
ny — Y(ne) > (} — ev/ns logloglog ns

where y(n) is the logarithm of the l.c.m. of numbers <=, and also a similar
result for the difference between (n) and li(n). It was believed that the proof
gave no indication on how the n, and n, were to be found. In the thirties Skewes
took up this problem and Littlewood reports on Skewes’ work in [5]. It seems
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worth while to give a systematic discussion of all this based on the present paper.
The discussion will avoid the somewhat mysterious difficulties in stepping from
¥(m) to li(m), which are referred to in Littlewood’s report.

43. By theorem II of section V we could be sure of finding the n; and n. if
42.1 were written out in one of the extensions (¢) of Z which we have discussed.
I have discussed elsewhere how proofs in large parts of the theory of functions
of a complex variable can be presented in Z, . Here we shall only give a method
of constructing rational approximations to zeros of computable regular func-
tions. This will enable us to deal with the present problem if we remember our
familiar principle of para. 26. If (z)A(x) — B, and B is false, we find an n so
that 1A (n); or in other words if (x)A(x) — B, then B holds provided A(n) is
true for sufficiently many n. (4 is assumed to be decidable.)

Computable reqular functions.

43. From now onwards we consider only computable regular functions.
Lemma A. Suppose thai

() f(2) is regular, and | f(2)/f(20) | < ¥ in |2z — 2| < 70,

(ii) f(2) has at most N zerosin |z — z | < 3 1o,

(iii) 2’ ¢s at distance >8 from the nearest zero of f(z2).

Then 1) | > | flzo) | e (25/m0)".
By Landau’s lemma, p. 15 of [9],
Ing(zo)n 7= < 4M if|2 —z| <3dn
where p are those zeros of f(z) which satisfy | p — 2| < %70 . Thus
17E) | > 15 | e m | ==L .
20— D

Since |2/ — p| > 8, |p — 2| < %, and since the product contains no more
than N factors, the lemma follows.

Application. Suppose D is a domain which can be covered by (a finite number
of) circles C;, |z — 2z;| < ri, and | f(z:;) | > c; further suppose that f(z) is
bounded in =C; where C; is the circle | z — 2; | < 2r; ; lastly suppose that there
are no more than N zeros of f(2) in C: . Then, if 2 in D is at a distance > from
the nearest zero of f(z)

|f@) | > ee™*¥(5/max r;)~.

Observe in passing that these conditions are satisfied by the {-function in the
rectangle 8,0 < 1 <o < a2, 0 <t <t < T, say, since R can be covered
by circles with centreson ¢ = 1 + 5, 7 > 0 where | ¢ | > ¢, and | { | is bounded
in these circles.

Lemma B. Suppose that

(i) f(2) is regular in D, and satisfies the conditions of lemma A in D,

@) |f'(e)| < Fin D.
Then we can locate the zeros of f(z) in D in arbitrarily small squares of side X so
that f(z) exceeds some constant e on the sides of the X squares. Also for any Y we



INTERPRETATION OF NON-FINITIST PROOFS 53

can separate the zeros in the sense that there are no zeros of f(2) at a distance YX
from any square which contains a zero.

(a) Without real loss of generality we suppose D to be rectangular, and we

throw a grating of gauge X over D whose lines are horizontal and vertical. By
shifting the grating arbitrarily little we can make | f(z) | > e > 0 on the grat-
ing. To get a rough lower bound for ¢ , we argue:
Given X > & > 0 we shift the grating bodily through a distance 35/N upwards
and to the right, where N is a bound for the number of zeros of f(z) in D. Re-
peat this 3N times. Now, the region swept out by the lines of the grating in
each step is a grating & of sirips, each of width 36/N. There must be one grat-
ing ® which is at a distance >35/N from all the zeros of f(z); since f(z) satisfies
lemma A, [f(z) | > 2e, say, on . This grating can be found by trial: let
8 < 3e&/F and cover the total region swept out by the grating in the 3N steps
by circles with rational centres and radius <9, ; this can be done by a finite
number of circles. Calculate f(z) at their centres to accuracy ¢ , which is pos-
sible since f(z) is computable. There will be one grating (&) which is covered
by circles at whose centres | f(z) | > 2¢ , and therefore | f(2) | > & in .

Now the integral of —if’(z)/f(z) round the squares formed by the mesh ®,
can be evaluated: it need only be evaluated to accuracy = since it is a multiple
of 2r. Thus the singularities of f’(2)/f(z), and therefore the zeros of f(z), are
located in squares of side X.

(b) To separate the zeros we choose X so small that a generalization of the
Schubfachprinzip can be used: if X, is the shorter side of D, take X < X, Y~ 7.

Lemma C. If f(2) satisfies the conditions of lemma A, and if we have found a
(rational) 2, so that

(i) |21“‘Zo|<i‘fo,

(ii) there is a zero p of f(2) so that |p — 21| < 3x,|p — 20| < %m0,
(iii) the zeros of f(2) at a distance <(N — 1)x from 2, lie in one quadrant,

@iv) x < ir/M,
then FOVOTEES
By Landau’s lemma

f'(2) 1 I a
- < — f z21 — <1
f(z) lp—s0l<iro?1 — p 1 | 1 zol 170,

\ Z 1 lzmax

lp—s1l<(N-1)x 21 — p

3

I p— 2z l )_(
1 1
WN=1)x<|p—z1]s|p—20| <iro 21 — P ‘72
1

and

since in the latter sum |p — 2,| > (N — 1)x, and there are at most N —
such p.

f ’(Zl)
J(z1)

3_1_4u
X X To

Hence
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CoROLLARY. If the zeros are located closely x is small, and therefore | f(21)/f(2) |
18 large.

43. We now use these lemmas to discuss 42.1. We base our remarks on
theorem 34 of [4], and theorem H of [4].

Note that ¢(s) is computable since

v 1 1 1
£(s) 21 o (—.ST_——I)]\T‘:I < N

(actually, for rational s, 1, the rational approximations of {(s) can be defined
by a computable term of Z). ~

Step I. On the Riemann hypothesis we can find 7, and ne of 42.1: from lemma
3 on p. 99 of [4], lemma 4, and a trivial restatement of the Phragmen-Lindelsf
theorem on p. 95, we define two recursive functions gi(e, n), ga(e, n) so that for
any e and n either gi(e, n) > n, g:(e, n) > n

Ygi(e, )] — gi(e, n) > (& — €) Vgule, n) log log log gi(e, n),
gale, m) — Ylga(e, )] > (3 — € Vgale, n) log log log ga(e, n)

holds, or there is a zero of {(s) in the rectangle { < S r+n<e<l,9>0
a lower bound for n can be given (p. 101). All this is also done in Littlewood’s
report.

Concerning the bound for 4, note that it is to be expected from our principle,
since if the conclusion 43.1 holds when the Riemann hypothesis is true, it should
also hold when the Riemann hypothesis is nearly true: not all zeros need lie on
o = 1, but only those whose imaginary part lies below a certain bound depend-
ing on ¢ and n, and they need not lie on the line ¢ = 1 but near it.

Step II. Suppose then we have found an e and an n so that 43.1 is false. Then
the integral of —i¢’(s)/¢(s) along the contour of

43.1

R:it+n<o<l 30<t<g

is >2r, 300 being chosen since it is known that for ¢ < 300 the zeros of the
¢-function lie on ¢ = %. By lemmas B and C the zeros in R can be located
arbitrarily closely, and separated.

44. The real problem is to show that if we have found a counter-example to
43.1, we can construct two more functions gi(e, n), gez(e, n) so that 42.1 holds.
This and more is asserted by theorem H of p. 88 in [4]. But the theorem men-
tions an upper bound for the real parts of the zeros of {, which we do not neces-
sarily find if 43.1 breaks down.

Actually, this upper bound is a mere flourish. To see this we observe (suppose
now we have a counter-example to 43.1):

(1) Since a bound for the number of zeros of {(s), |t | < T is given by theo-
rem 25 of [4], we can separate the zeros in R.

(2) If ¢ + ¢ is the bottom right hand corner of any X square in % which
contains a zero, we can find the squares of side X of our mesh nearest to 1 4
n + i, n > 0, which contain a zero. We choose one of them, whose nearest
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corner to 1 4 5 + ity is of + 4t; . By choosing X sufficiently small at the start,
we can ensure that | {’(s7)/¢(st) | is as large as we please.
(3) If we consider the difference between ¢/(n) and n, we take

0= [0 toas 1, b = o0 — 2 0

and
J8) = —=¢'(8)/5(s) — 8/(s — 1) £ cosls — 3(1 + )]
(theorem 33 of [4]).

To study the difference between (n) and %(n) we take the analogous Dirichlet
integral. L

(4) Since, by theorem 23 of [4], |¢(z) — z| < Axe=sVez for¢ > 1 + 9,
n > 0, a bound for

[0,

| qlte I

can be given which tends to zero as X tends to infinity.

(5) f(s)isregularin|s — 1 — 9| < 1

(6) f(s)isregularin |s— 1 — 9 — 4ty | < |sf —1— 59— ity |+ & for some &
since by the construction of the squares in lemma B, and the maximum modulus
principle, | {(s) | > & outside the squares which contain a zero.

45. Now we use Landau’s theorem H; it says: if f(s) = f c(x)r™ dx for
1

¢ > 1, and if for all z ¢(z) > 0, then | f™(1 4 7) | > |F™ 1 + 2 + i) | . But
if for all m | f™(1 + n) | > |F™ (1 + 9 + i) |, f(s) can be continued as far
from 1 4+ n + 4t as from 1 + 7. If it can’t there must be an z so that c(z) < 0.
By our principle we should find the z. In detail:

TrEOREM H*.

o) If fwc(x)x_’_’ dz converges for R(s) > 1 + n > 1o f(s),

(2) f(s) isregular and <M in|s — 1 — 2p| < c + ¢ € > 0,

3) for any N > 0 we can find an si so that | f(st) | > 2M(c + €)¢* + N,
|sf —1—2n—ity|<c— ¢ — ¢, ¢ >0,¢ >0 (where st depends on N),

(4) f(s) is regular and <M’ in|s — 1 — 29 — ity | < ¢ — €,
then c(x) changes sign infinitely often, and we can give a recursive bound to the
n** change of sign.

Observe that it is sufficient to give a bound for one change of sign. Since

f c(z)z™*dr is an integral function of s, conditions 45.1 apply to
1

/ c(x)z” " dx if they apply to f c(x)r™""° dx, so that we get a change of
1

sign for z > n.
Next note that if for some n

d"f d"f

(1+2ﬂ+1t0)‘ (1+2n)\+v, y>0, 452
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c(z) changes sign for some z < X where
f |c@) | Qog )" ;) < s

x x1+27;

and this inequality has a solution by (1).
Lastly we show that 45.2 is implied by the conditions 45.1 for some
Me'(c + € c— ¢
M'e(c —¢€) log c— ¢ — €'’
For, by Cauchy’s inequality and (2), | 20 + 29) | < r'M(c + € and by
@ 70 + 29 4 o) | < riM'(c — €)7.
By Taylor’s expansion

n < log

75 — Z(s‘ - ",', — i) o (1+2n+’5t0)l
ro__ e\
”Z-Qll__c___._llf('>(1+2n+zto)| <M< cf—e,e) 66"6.
Thus by (3)
Z(s: 1—T2n zt‘))rf(')(1+2n+ito)l>N+ M(ce-l- e).
. Sle—€é =" o Me+o
Since ;—-———-——-——r! |F7Q+ 29| < P

1 FO +20) | < |fO0 + 29+ dto) | — ii for some r < 7.

Step IT1. If 43.1 is false, we find by para. 44, st, ¢, € €, € so that ¢(z) and
f(s) of 44(3) satisfy the conditions 45.1.

Appendix I The naive interpretation of bound variable formulae of the
predicate calculus of first order to which suitable free variable formulae have
been added as axioms, is false.

The proof is nowadays trivial. Let Prov(a, b) be the primitive recursive
formula which holds if and only if a is the number of a proof in Z, of the formula
with number b (2], II, 294-306). Let s(a, b) be the number of the formula which
is got by substituting the numeral a for the free variable in the formula with
the number b (ibid. 307).

Let A(a, b) denote the formula Provla, s(b, b)]. By the predicate calculus of
first order

(Ey)A(yz) V (2)A (2x)
ie.
(@) (Ey) (2)[A (yz) v 1A (ex)],

but for any computable function ¢(n) we determine numbers ¢ and 3 so that

Alp(x), t] v 1A, o]
is false.
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Proor. Let ¢(b) be a computable term of Z, with free variable b, and let the num-
ber of the formula 71 A[p(b), b], i.e. of 71 Prov[¢(b), s(b, b)] be t; then the number of
TAle(2), ] is s(z, 1), and VA[p(x), 1] s true: for, if it were false, ¢(r) would be
the number of a proof of the formula with number s(z, t), i.e. of 1A[p(r), 1]; since
Z, 1s consistent, this may be excluded. On the other hand, since ¢(r) is computable,
there is a proof in Z, of 1Al¢(x), tl, the proof having the number 3 say. Then
Al3, 1] is true.

Since by [2], II, 392-403, a function which is computable in any of the general
senses, can be expressed by a term of Z,, our result is established.

Note in passing that by the same argument the monotone decreasing sequence
of positive rationals

n

an = 2, a(n, m)2™",

m=1
where prov(a, b) = 0 or = 1,

n

a(n, m) = [] prov(r, m) and Prov(a, b) ~ prov(a, b) = 0,

have no computable limit.

Appendix II. We have to show that for systems (b) of para. 18 which include
all primitive recursive formulae, there is no interpretation in which every formula
of the system is associated with a single free variable formula. (We prove a
little more, namely that there is no interpretation which associates a conjunction
of numerical formulae with every formula of the system.) By the usual Gédel
method we get the following theorem:

THEOREM. Let the system considered be an extension (b) of =, a system of type
18 (a), which contains all 0-primitive recursive terms. Let bi(l, n, r) = H(l, n, )
(of [2], 11, 410) ¢f for s < r we have H(I, n, r) = 0, and let h,(I, n, r) = 1 other-
wise; let the quasi-recursive function f(n, m) be represented by v{u[5:(l, 2"3™, r) =
0], 0}, where f(n, m) is the number of a formula decidable in Z, when m is the number
of a formula of Z (in some suitable numbering). Then we find a formula Q of the
system Z which either can be proved in the system although there is an n so that
f(n, q) is the number of a false formula, or else can be disproved in an extension
(b) of = although f(n, q) s, for all n, the number of a true formula.

Note. Both §; and » are O-primitive recursive functions.

Let s(a, b) be the primitive recursive substitution function for =, and e(z) the
number of the negation of the formula of = with number 2, and Prov(a, b) the
‘proof predicate’ for Z, .

Consider the formula @,

(Ez)(By)(B2) (Bw) {(h:(l, 2°3°“"y) = 0 & »(y, 0) = 2z & Provlu, e(2)]},

with number qo, substitute qo for @ so that the resulting formula Q has the
number q.
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If we can find numbers z, y, 2, u to satisfy @, then f(z, q) is the number of a
false formula, q of a true one.

If there are no such numbers, we add the verifiable free variable formula
h(, 2°8%, y) = 0 & »(y, 0) = 2z - — 71 Prov[u, e(2)]

to the system Z. Then @ can be disproved in this extension (b) of =, but no
formula with the number f(n, q) can be disproved in Z, . Since these formulae
are decidable in Z,, they are true.
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