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Numerical Optimization on the Euclidean Group
With Applications to Camera Calibration

Seungwoong Gwak, Junggon Kim, and Frank Chongwoo,aekber, IEEE

Abstract—\We present the cyclic coordinate descent (CCD) algo- X € SE(3) andy € R*, with N; andQ; symmetric matrices
rithm for optimizing quadratic objective functionson SE(3),and constructed from measurements.

apply it to a class of robot sensor calibration problems. Exploiting L .
the fact that SE(3) is the semidirect product of SO(3) and R®, In principle, one can choose a set of local coordinates for

we show that by cyclically optimizing between these two spaces, SE(3), and apply any number of unconstrained vector space op-
global convergence can be assured under a mild set of assump-timization algorithms. One could, for example, parameterize the
t_ions. The CCD algorith_m is alsc_) invariant with respect to choice of rotation groupSO(3) using, e.g., Euler angles or exponential

fixed reference frame (i.e., left invariant, as required by the prin- +,ginates, and optimize the objective function with respect to

ciple of objectivity). Examples from camera calibration confirm ; .
the simplicity, efficiency, and robustness of the CCD algorithm on the chosen parameters. Alternatively, there is both a well-devel-

SE(3), and its wide applicability to problems of practical interest Oped theory and an abundance of numerical algorithms for the
in robotics. constrained optimization of functions defined on vector spaces.
Index Terms—Camera calibration, cyclic coordinate descent |_n the case 050(3):_f0r example, one could view the_0pt|m|2a'

(CCD), Euclidean group, optimization, rotation group, SE(3), tion as taking place in the vector space af3real matrices, and

50(3). impose the equality constrain®” R = I anddet(R) = 1 for
anyR € R3%3,
|. INTRODUCTION One disadvantage with the local coordinate-based approachis

. - that local coordinates typically cannot cover the entire manifold
S. IS well known, the Euclidean group of r|g.|d-body MOWith a single coordinate chart. Changes in local coordinates are
_t|ons, denoteds £(3) and referred _to more simply as the equired when the iteration ventures near boundaries of the local
Eughdean group, plays a ce_n.tral rple n the_ mathemat|cal jart. Also, particular choices of local coordinates can introduce
Scrlpnon of th_e location O.f r!g|d objects. ,AS"_’e fro”? its morefarge nonlinearities that degrade algorithm performance. A gen-
opwous Uses n the descrlptlon. of a robgt § kinematics, the Eé’r’al feature of constrained vector space optimization algorithms
clld_ean groupis the natural settmg inwhich to EXpress af‘d ‘Q’.O‘\éethat imposing algebraic constraints on the optimization pa-
awide variety of problems, ranging from workpiece IOCaI'Zat'oFélmeters without taking into account the geometric structure
and.camera calibration to trajectory generation and mechanigmhe pr(,)blem, can often complicate the optimization proce-
design. ure. For example, the iterations may produce points that only

— d
In the cqntegt of the abovg apphcanoqs, one frequ_e n_tly ehr proximately satisfy the constraints, requiring corrective pro-
counters situations that require the solution of an optimizati dures after each iteration

roblem on the Euclidean group. For examplegtal.[8] have
g grone plectal. [8] In this paper, we suggest an alternative approach that takes

formulated the workpiece localization problem as one of mini- i ;
mizing a function of the formy(g, z) = 3", llg=ys — a:? advantage of the geometric structure of the Euclidean group
) — i=1 [3 [3 l

whereg € SE(3) andz € R3", and eachy; € R3. The SE(3), and, in the absence of other constraints on the optimiza-

problem of robot sensor calibration, in which the objective flon parameters, recasts the problem as one of unconstrained

to determine the relative location of a sensor mounted on™jnimization. More generally, in the case of Lie groups like
robot end-effector, can naturally be framed as one ofminimizirﬁ)E(?’)' it is possible to exploit the geometric and algebraic
n(X) = ||[AX — XB||?, whereA, B, X € SE(3), with A, B S ruct_ure of the unde_rlylng space, and obtgln_nat_ural exte_nsmns
constructed from measurements [14], [17]. The camera Ca"bp‘,;_vanoys unconstrained vector_space optimization algorithms.
tion problem, which we address in more detail later in this pap%gé:‘ertgm cases, andwe showth_|s to be true for the class of _prob-
can also be represented as the optimization of an objective fulfdl'S isted above, the geometric approach leads to algorithms

tion of the formy(X, y) = 7, Tr{ X N; XTQi(y)}, where with faster and more robust convergence properties.
Previous literature on the optimization of functions defined
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et al. [16] have independently developed a set of geometnicherethe general linear grougzL(n, R) is the group con-
optimization algorithms onSO(3) for solving the attitude sisting ofn x n nonsingular real matrices. The Lie algebra of
determination problem using the global positioning system. M#0O(n), denotedso(n), may be identified with the real x n
[11] also develops a set of geometric optimization algorithmskew-symmetric matrices; far = 3 they assume the form

on SO(3) x S? for solving a variety of problems arising in
computer vision.

Motivation for the above works can be traced in large [w] = w3 0 —wy (2)
part to the seminal work of Brockett [4], [5], who studied
gradient flows for objective functions ofiO(n) of the form
Tr{ RN RTQ}, whereN and(@ are given symmetrie x n ma- wherew = (w; w2 w3)? € R?. Inthis paper, we use the square
trices. He shows that a variety of continuous and combinatortaiackefw] to denote the skew-symmetric matrix representation
problems (e.g., the eigenvalue problem, linear programmirgf,a vectorw € R3, and a superscript arrof to denote the
sorting) can be posed as the minimization of such an objectivector representation of a skew-symmetric mattix
function. Li [8], Blochet al. [3], Helmke and Moore [6], and  Thespecial Euclidean grou E(n) is given by
others (see, e.g., [4] and the references cited therein) further
examine the geometry of these and other related optimization  gp(y) = { [R p} ‘R € SO(n), p € mn} )
problems on non-Euclidean spaces. In the case whamd @ 0 1
are p_ositive definite, Baya_rd .[1] derives a_clqsed-form analyti]che Lie algebra ob E(3), denotedie(3), can be identified with
solution for the global minimizer and maximizer. .

. o . .. the 4x4 matrices of the form

In this paper, we focus specifically on quadratic objective
functions on the Euclidean groupE(3). Unlike SO(n), be- ¢ = [[w] 1}}

0 — w3 w2a

— W2 wq 0

3
causeSFE(n) is not compact, and because natural (or bi-in- 0 0 w, v € R “)

variant) Riemannian metrics do not exist 8f(n), a number ) o )
of important subtleties arise when attempting to develop a corfe" bothso(3) andse(3) the Lie bracket is given by the matrix
sponding set of geometric optimization algorithms. For our pufommutatofA, B] = AB — BA.
poses, perhaps the most important difference is that the one-pal/e now consider the construction of minimal geodesics on
rameter subgroups ofiE(n) are no longer geodesics. The reSO(n) andSE(n). In the standard construction of a distance
sultis that the computation of gradients and Hessiansefr,) Metric on a Riemannian manifold, the distance between two
becomes more complicated; the straightforward extension of f@ints on a Riemannian manifold is defined as the length of
geometric optimization algorithms defined 6)(n) to the Eu- the shortest curve connecting the two points; here, curve length
clidean group becomes much less appealing. Worse yet, if dhéneasured in the usual way with respect to the Riemannian
abandons the computation of geodesic§’ﬂ(n) in favor of the metric. OnSO(3) with the natural metric, the shortest curves,
more easily computed one-parameter subgroups, then, in nfjsthinimal geodesics, are of the form
cases, the algorithms fail to converge. o

Instead, in this paper we develop a cyclic coordinate descent R(t) = Roe ®)
(CCD.) _algorlthm for optimizing _quadratlc fgn_ctlons OHE(3). whereR, € SO(3) is the initial point,R; € SO(3) is the final
Exploiting the3 fact thatSF(3) is the sgmdwect_pr_oduct of point, and® = log(RT R,) € so(3). Here, the curvei() is
SO(3) and ®°, we show that by cyclically optl_mlzmg be- defined such thaR(0) = Ry andR(1) = R,.
tween these two spaces, globgl convergence (in the sense cﬁh [9], itis shown that left invariance is sufficient to guarantee
converging fo a point that safisfies the _flrst-order NECESSaAt the principle of objectivity is satisfied. Siné&(3) does
cond_|t|0ns) can be guaranteed under a mild set of assUMpUONG o 4mit a bi-invariant Riemannian metric, it is reasonable to
In this way, one can also take advantage of the many efﬂuel%k for minimal geodesics with respect to left-invariant met-

geometric optimization algorithms that have already beq&s; [2] contains a discussion of Riemannian metrics fi(3)

de_\lfﬁlgpzd (fa(:riO()(?)én' ed as follows. In Section Il we re .eand their implications for motion interpolation. In [15], it is
Paper IS organiz¢ WS. : W TeVIeEhown that the minimal geodesics 61F/(3) with respect to
the necessary geometric background on the Euclidean gro

The CCD algorithm is presented in Section Ill, together with H%ftand?rd left-invariant Riemannian metric defined =
X + dv®, have the form
proof of global convergence and some examples. In Section IV,
we present a detailed case study of the intrinsic camera calibra- X (t) = (Roe™, po + (p1 — po)t) (6)
tion problem, and show that th#£(3) geometric optimization
algorithm proposed in the paper offers a unified, simple, and ébr the end pointsX (¢o) = (Ro, po) and X (t1) = (R1, p1).
ficient means of solving the camera calibration problem.  Thatis, the minimal geodesic ¢h(3) consists of the union of
the respective geodesics 610 (3) and®?.
[I. GEOMETRY OF THEEUCLIDEAN GROUP
[1l. CCD oN SE(n)
We begin with a brief discussion of the standard CCD al-
gorithm in R™. Given an objective functiod.(z), = € R",
SO(n) ={R|R € GL(n, R), RR" =1,det R = +1} (1) the CCD method optimize&(z) by sequentially minimizing

Recall that thespecial orthogonal grousO(n) is defined by
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with respect to each of the componenisthat is, L(z) is first 1) Expand the objective functiod(R) defined onSO(3)
minimized with respect te; while keeping the remaining;’s aboutR, € SO(3) in terms of the matrix exponentid? =
fixed, followed byz,, 23, and so forth (variations of this methodRe®?, Q € s0(3), as

are collectively referred to as coordinate descent methods). Al-

though, in general, the CCD method has poorer convergence /(R) = J(Ri) + tr{2(NRy QRy. — WRy)Q} + - --.
properties than steepest descent, it has the advantage that co
plete gradient information fol(z) is not required in deter-
mining the descent directio_n, and that _it is unaffected by (diag- O = NRTQR), — (NRTQR,)T — WRy, + (WRy)T.

onal) scale factor changes in the coordinates. On the other hand,

the CCD algorithm (and coordinate descent methods in gen-3) Perform a line search along the minimal geodesic indi-
eral) is affected by orthogonal transformations of coordinatasated by the gradient direction

The exact opposite is true for methods like steepest descent or

Newton’s method, which are invariant to orthogonal coordinate lp = arg Iféigr;l J(Rkeg”)

transformations but affected by diagonal scale factor changes. Riyy = Ryt

One of the attractive features of the minimal geodesic-based

approach to optimization ofO(n)—indeed, what makes this  4) Go to step 2) until the convergence conditions are satis-
class of algorithms of practical use—is the relatively straightfofied.

ward means by which the minimal geodesics can be computedin general, the steepest descent method converges more
as the one-parameter subgroups, or matrix exponentials. Unfgibwly than Newton or quasi-Newton methods, particularly if
tunately, the one-parameter subgroupsSdi(n) are not min- the Hessian of the objective function is ill conditioned (i.e.,
imal geodesics. The necessary computations in determining the level sets of the function resemble a long narrow valley).
minimal geodesic in the direction of the gradient (or, in the cagg [16], methods for rapidly computing a rough stepsize that
of Newton's method, the gradient transformed by the inverggiarantee a decrease in the objective function are given;

Hessian) become much more involved, to the point where gegnpirical simulations indicate a significant improvement in
metric descent algorithms begin to lose their appeal. Althoughtidnvergence over an exact line search.

r?f Calculate the gradient

is tempting to simply replace the minimal geodesicsSdi(n) Since Newton’s method uses both the gradient and Hessian in
by the_one-parametersubgroupS, the algorithms in this case ugétermining the line search direction, the objective function in
ally fail to converge. this case needs to be expanded to second order. The algorithm

Rather than attempting to perform line searches over the mfgr Newton’s method or$O(3) to second order is as follows.
imal geodesics oW E(n), the strategy we adopt is to perform 1) Expand/(R)to second order nedt;, € SO(3) using the
CCD overSO(n) andR™. In this section, we first provide a matrix exponentialk = Rye?, Q € so(3)
brief review of the steepest descent and Newton’s methods on
S0O(3), followed by a convergence analysis of CCD®A (n). J(R) = J(Ry) + tr{2(NRF QR), — W R;,)Q}

We then present gxamples of _the CCD algorithm applied to var- +1 tr{2(NRF QR), — W R;,)Q?
ious quadratic objective functions ¢hF(3). —ORTQRLONQ) + - -.

. L 2) Calculate the following temporary variables:
A. Numerical Optimization o§O(3)

T =NRFQRy + (NRFQR,)" — WRy — (WRy)™
In this subsection, we review both steepest descenj, — _2RTQR,

and Newton’'s methods as first presented in [16] for k
quadratic objective functions onSO(3) of the form
J(R) = tr(RNRTQ — 2RW). Although most of the
objective functions that we shall encounter are of the mor
general forn]jJ ﬁR) |: _Zé?;l tg(ll%NiRTQé_— 21%%);1 thﬁj g{ = MN + NM — tr(M)N — tx(N)M
extension of the algorithms below to this case should be
straightforward. For the simpler form of objective function + (tr(M)tr(N) = tr(MN)I + T = tr(T)1.
J(R) = tr(RNRTQ), whereR € SO(n),andN =YTY and 4 Find Ry, that minimizes the second-order quadratic ap-
Q = X XT are both positive definite x n matrices, Bayard [1] proximation toJ(R)
offers closed-form analytic formulas for the global maximizer

S =2{(NR{QR:)" — NRLQR; + (WRy)" — WRy}.

eB) Calculate the Hessian

and minimizer. LettingN = P,A,P? andQ = P,A,PT Q) = [H—lg]

be orthogonal decompositions with the diagonal entries,pf ] Ot

and P, arranged in decreasing order, he shows that the global ty = arg P J(Re™")

maximizer and global minimizer are given B, = P, P’ R — Ry ot

andP,JPT, whereJ € R"*" is the reverse identity with ones f g '

along the opposite diagonal. RecallS is the three-dimensional (3-D) vector representation of

The procedure for steepest descent can be summarized astf-skew-symmetric matrig, while [] is the 3x3 skew-sym-
lows. metric matrix representation of a 3-D vector.
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5) Go to step 2) until the convergence conditions are satishered corresponds to the search direction along’tfiecom-

fied. ponent ofSE(n) at the point R, p). For example, for steepest
descentd = —V,L(R, p) where the subscripi denotes the
B. CCDonSE(n) gradient of the objective functioh with respect t.

In this subsection, we perform a global convergence analysis?) st is a mapping defined of E5(n) x R" that assigns to
of the CCD algorithm oS E(n); our approach is based on Lu-8Very POINt(R, p, d) € SE(n) x R" the following subset in
enberger’s [10] presentation of the framework originally laid ot E(n):
by Zangwill [20] for the global convergence analysis of algo-
rithms. We first review the general case &f being a metric S*(R, p, d) = {(R, p+)|p+ = p+ ad for somea > 0,
space.

Definition 1: An algorithm A is a mapping defined oX’ L(R,py)= min L(R,p+ ad)} G
that assigns to every poiste X a subset ofX. 0<a<oo

An algorithm A generates a sequence of points as follow
Givenxy € X, the algorithm yieldsA (xx ), which is a subset
of X; in our caseA (xy) will typically be a point,xy ;1.

Definition 2: Given an algorithnA on X, a continuous real-
valued functionZ: X — R, and a subsdf C X, Z is said to

§1 is a set-valued mapping, since in some cases, there may be
many vectorg . yielding the minimum (withR fixed).

3) C2: SE(n) — SE(n) x so(n) is a point-to-point map-
ping defined by

be adescent functiofor I' and A if it satisfies the following. 2 _
1) Ifx ¢ T andy € A(x), thenZ(y) < Z(x). C*(R,p)= (R, p, @) ©)
2) Ifx e I'andy € A(x), thenZ(y) < Z(x). whereQ corresponds to the search direction along $i6&(r)
In this case] is said to be aolution sefor A andZ. component atthe poifiR2, p), expressed as an elementofn)

For example, in the standard problem of minimizifgx) py jeft translation (see the examples below).
subject tax € X, we letI" be the set of minimizing points, and 4) S2 is a mapping defined o8 E(n) x so(n) that assigns

define an algorithmA on X in such a way thal. decreases at 1 gach point R, p, ) € SE(n) x so(n) the following set in
each step and thereby serves as a descent function. SE(n):

Definition 3: A point-to-set mapping\ from X toY is said
to beclosedatx € X if the assumptions
1) xx — x,xx € X;
2) yk — ¥, Yk € A(xx)
b o

S?2(R, p, Q) = {(R+, p) | Ry = Ref* for some0 < o < 2,

imply y € A(x). The point-to-set mag is said to beclosed L(Ry, p) = Oélgigfl% L(Re, p)

on X if it is closed at each point oX'.

It can be shown that given two point-to-set mappingagain, S2 is a set-valued mapping, since in some cases, there
A: X —YandB: Y — Z, if Aisclosed ak, B is closed on may be many values dt,. yielding the minimum (withp fixed).
A(x), andY is compact, then the composite m@p= B o A:  Theorem 2 [Global Convergence of CCD 6tE(n)]: Let
X — Zis closed ak. With the above preliminaries, the Globals £(n) have a left-invariant metric space structure, and consider

Convergence Theorem can now be stated. a differentiable objective functiofi(R, p) on SE(n). Define
Theorem 1 (Global Convergence Theorenipt A be an al- the solution set

gorithm onX, and suppose that, giveR, the sequencex}y°

is generated, satisfyingi 1 € A(xx). Let a solution sel’ € I'={(R, p)|VrL=V,L=0} (11)
X be given, and suppose
1) all pointsx, are contained in a compact st X; whereV i denotes the gradient éf (regardingp as fixed) with
2) there is a continuous functiofi on X such that respect to the natural Riemannian metricsgn(n), andVv, L =
2a) ifx ¢ ', thenZ(y) < Z(x) forally € A(x); O0L/0p (regardingR as fixed). LetA be an algorithm o5 E(n)
2b) ifx € T, thenZ(y) < Z(x) forally € A(x); defined as the composition of four mafis= S20C20S'oC?,
3) the mappin@A is closed at points outsidé whereC! andC? are assumed continuous, a®tl andS? are
Then the limit of any convergent subsequencefy is a assumed to yield unique minimum points. We also assume that
solution. A is restricted to points on a compact setS¥(n). Then the
Proof: See [10]. m algorithmA is globally convergent.

An important corollary of the Global Convergence Theorem ~ Proof: BothS* andS?, which are just line searches over
is that if, under the conditions of the theorefhgonsists of a the doubly infinite line (as opposed to the semi-infinite line),
single pointx, then the sequendex } converges tex. are clearly closed, and since points are restricted to a compact
With the above preliminaries, we now consider the objecti&et, the composite mag is also closed. The objective func-
function L: SE(n) — R, denotedL(R, p). We first define the tion L(R, p) also serves as a continuous descent function for

following mappings. A with respect tdl’; this is because a search along eith@r
Definition 4: 1) C!: SE(n) — SE(n) x R is a point-to- 0r SO(n) must either yield a decrease or, by the uniqueness as-
point mapping defined by sumption, it cannot change position. Therefore, at a point not

in the solution set’, eitherVgL or V,,L must be nonzero; a
C'(R,p) = (R, p,d) (7) search along the corresponding direction must yield a decrease.
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The theorem now follows by invoking the general Global Con- Minimization onSO(3): The steepest descent algorithm for

vergence Theorem. E minimizing aboutR is given by

Remark 1: As long as we do not consider objective functions

. - , . Qp =L (Ry AT, — A1 RY)
with local minima at infinity, the assumption that points are re- k=3 Mtk 114
stricted to a compact set is a mild one; the objective functions of tr, = arg Itréiél J(Ryeft)

interest in this paper are quadratic, and are derived from phys-
ical problems with real solutions. In fact, most of the objective
functions considered in this paper are coercive, L£X) ap-
proaches infinity a§ X || — oo, X € SE(3), thereby satisfying 35 constant, which was optimized in the previous step. For
the compactness requirement. Also, for our algorith@sand g special caseRz andp are decoupled; from the first-order

C* will be determined by the gradient and Hessian, and ca{bcessary conditiori#.//dp)(R, p) = 0, the optimalp is p —
therefore, both be regarded as continuous mappings. A ' ’

Remark 2: Supposingr = (z!, 22, ®) are local coordi-

Rk+1 = Rkeﬂktk .

Minimization onf*3: We now minimize aboyt considering

12-
, Example 2: We now consider the more general case of two
nates forSO(3), the gradientV L above can be expressedyiyen arpitrary matricest, B € ®***. The objective is to find

in local coordinates bW rl = G_l(“")(aL/_ax)T’ where v S E(3) that minimizes the following objective function:
G(z) = (gi;) is the 3x3 matrix representation of the Rie-

mannian metric onSO(3). Explicit formulas for calculating ‘min_J(X) = ||AX — XBJ]?
the gradient (with respect to the bi-invariant metfi¢), L, in XeSE@E)

terms of both Euler angle and exponential coordinates, &@iere the Frobenius norm defined byl||? = tr{4AT} is

given in [13]. Because the objective functions in this paper aggyain used. In the event thdt B are assumed to be elements
all quadratic, the gradients assume a particularly simple forg, SE(3), the above objective function arises in the problem of
and can be calculated without resorting to the general formgiibrating wrist-mounted robotic sensors [14], [17], [21]. The

as we show below. above objective function can be rewritten as follows:
From the construction, it should be clear that both steepest

descent and Newton’s methods produce search directions thek ) = tr{AX X" A" — AXB" X"

decrease the objective function, thereby satisfying one of the re- —~ XBXTAT + XBBTXT}.

quirements for global convergence. In principle, any optimiza-

tion method oSO (n) and®™ that produces descent directionsSince each term is of the form{.X AX" B"}, the necessary

in a continuous fashion, such as appropriate generalizationggedients and Hessian of the objective function can be obtained

the various vector space guasi-Newton methods, can be useBjifiepeating the procedure for the following simplified objective

the CCD algorithm. function:
Example 1: In this first example, for an arbitrary matrix € e

R4*4, we want to findX € SE(3) that is the closest point td J(X) =tr{XAX" B"}.

in some sense. One means of formulating this as an optimizatjqg X, A, and B be partitoned in the same manner as

problem onSF(3) is in the previous example. The general matrix relation

min J(X) = || X — A2 tr(ABC) = tr(.CAB.) = tr(BCA) for any arbitrary
XESE(3) matricesA, B, C in which the products make sense is also
useful. Ignoring the constant term, the objective function

where the Frobenius norm defined By||> = tr{AAT}is .~ .o
used. The objective function can be simplified to simplifies to

J(R, p) = tI‘{RAHRTBll
+R(Az1 (p" Bu+Bh)+An(p” Bu+B3))}
which is a special case of{ X NXTQ — 2X W} that arises in + Aoo(pT Biap + pT(Bis + Ban)).
the workpiece localization problem [17]. We ignore the constant
AAT and expanding in terms of the andp components of ~ Minimization onSO(3): The objective function is first min-

J(X) =tr{XXT —2XAT + AAT}

SE(3). Specifically, let imized with respect t& regardingy as constant. After ignoring
the constant terms, the objective function can be rewritten as fol-
x= (%P A= (A A lows:
0 1)’ Az Az

_ T _
whereR € SO(3), p € B3, Ay € N33, Ay,, AT, € R31, J(R) = tr{RAn R By = 2RC}

Asy € R. The objective function can then be simplified to  whereC' = —(1/2)(As1(p” B11 + BT,) + A12(pT B11 + BL))
. _ T T ouT is constant. The corresponding steepest descent algorithm for
RGSOn(liil)I,lpeﬂ?S J(R, p) = =2tr{RAy } +p"p — 2A5,p. minimizing with respect taR is

Applying CCD onSE(3), the objective function is first min- Q) =A1REB11 Ry — RFB11 R, AL — CRy + R{CT
imized aboutR regardingp as constant, followed by a mini-

mization aboup regardingR as constant. These two steps are
repeated until convergence occurs. Rpy1 = RpeStte,

ty = in J(Rye? !
k argrtrélgrg (Rre™*")
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Newton's method onSO(3) can also be applied; the corre- ™[, ‘ : ' '
sponding algorithm is (see [16]) ek R R B
T = Ay R{ B11 R+ (A1 R} By Ry)" —CR,— R C" S S R -
M =—2R] B11 Ry o [ . |
S =" 2{(A11 Rf B11 Ri)" — A11 R B11 Ry 22} -
i=1 S
+ RTCT — CRy) S IR I
H = Z{BllAll‘f‘Alan—tT(Bn)An—tl“(Au)Bn 28 +: using Steepest descent on SE(3) ]
i=1 o8l * : using Newton method on:SE(3) R
+ (tI‘(Bll)tI‘(All)—tI‘(BllAll))l + tI‘(T)I—T} * 7 ‘
Qk = I:H_ls:| . * ; * * + + + + + + +
tk - arg ItIg?}Ifl J(Rkegkt) _3.20 é ‘Il Nulmberof iteratiéns 1I0 1I2 "

_ Quty,
Ry = Rpe™ ™. Fig. 1. Convergence of the objective function using coordinate descent.
Minimization oniR?: We now minimize about considering

R as constant. Set the optimal value Bffrom the previous
step to beR_.. The objective function can then be rewritten as

TABLE |
SIMULATION RESULTS FOROBJECTIVE FUNCTION ON S E/(3)

follows: Steepest descent | Newton’s method
SE(B)| ® | SEQ®R)| %

J(p) = Ag2p” Buip Time (sec) || 0.2103 | 0.8031 | 0.1032 | 0.5488
+pT{Ag(Bis + Bo1) + Bi1 Ry (A1a + As)}. Iterations 23 38 8 5

If Ass > 0andBi1 > 0, 0r Ass < 0 andB;; < 0, then
there exists @ which minimizes the objective function. From
the first-order necessary conditions

for the gradient and Hessian of the objective function becomes
very difficult; we resort to numerical approximations of these

guantities.
dJ(Ry, p) The simulations are performed using MATLAB, on a Pentium
o = 2A2Buip + {A22(B12 + Ba1) 700 MHz PC with 128 MB of memory. The iteration is stopped

4 BiiRy (A2 + A1)} =0 at thekth step when the convergence criter|pRy._1 — R|| +
* lpr—1 — px|| < 10~% is satisfied. The values fot and B used
in this simulation are given by algorithms, while Fig. 1 shows

from which the optimap is evaluated to be ,
the average convergence behavior.

1 1
P==3 {351(312 + Bon) + o Ry (An + A?l)} : 0.950 0.486 0.457 0.952
A= 0.231 0.891 0.019 0.231
Simulation Results\We now present simulation results for 0.607 0.762 0.821 0.607
minimizing the objective function using the CCD algorithm 0.486 0.891 0.762 1
on SE(3). We use both the steepest descent algorithm and 1 0 0 0.922
Newton’s method onSO(3) to optimize with respect tdz. 0 1 0 0.738
Alternatively, for benchmarking purposes, we parameterize the B = 0 0 1 0.176
objective function using exponential coordinates $0(3), 0445 0615 0.792 1

and minimize the function using the standard steepest descent
algorithm an_d Newtons _method in Euclidean space. In thll":‘able | shows the average elapsed time to convergence and the
case, the objective function can be regarded as the fOHOW'Hgmber of iterations for the respective algorithms
function defined in Euclidean spa® with R = el ; L
We note that the speed of the algorithms defined &i{3) are
: faster than those of the algorithms definedith In the case of
J(R, p) =tr {e[w]Alle_[w]Bll steepest descent, the number of iterations for the CCD algorithm
w T T T T on SE(3) is much smaller than that of the algorithm &A.
+ e (Ao (p" Bu+Bly)+ Arz(p B“+B21))} AIthouE:]h) the opposite is true in the case of Newton’s method,
+ Ags(p? Biip + p* (Bia + Bay)). Newton’s method orit® is slower than the corresponding on
CCD algorithm onSE(3), due to the computational burden of
As with other local coordinate parameterizations561(3), for numerically approximating the gradient and Hessian of the ob-
this particular parameterization, obtaining analytic expressiojestive function ini®.
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IV. CAMERA CALIBRATION Wt
Image Plane

As another application of the CCD algorithm on the Eu 3D Real
clidean group, in this section, we address the camera calibrat coordinate
problem. Camera calibration is the process of determining t x X ? S
camera’s geometric and optical characteristics (the intrins o 9 £ / R
parameters) and the 3-D position and orientation of the cam . '\ Tt
frame relative to a certain world coordinate system (the e (x‘)d/? Lens center
trinsic parameters) [11], [19].

One of the first works to address this problem was [19], whic
solved the problem by breaking itinto four steps. Inthe firstste ~ SorPurer inace
the position and orientation of the camera are calibrated, while
in the remaining steps, the optimal intrinsic parameters are §#- 2. Basic model of the imaging process.
quentially obtained in aad hocfashion. The solutions are ob-
tained by solv@ng a set of constraint_equations associateql V‘{itlﬂfé‘ 3-D camera coordinates
k_nown monoview coplanar set of points rather than by optlmlg - computer image coordinates
tion. Ma [11] addressed the problem of camera self-calibratign real image coordinates
using only information from image measurements, without any c,s  computer image coordinates for the image plane
a priori knowledge about the observed scene. In this approagﬁ',? d,:  center to center distance between adjacent sensor
an uncalibrated camera is considered as a calibrated camera in elements inz, y direction
a space with an unknown metnc,_ and camera callbratpn is rp- effective focal length
garded as the process of recovering this unknown metric. . . lens distortion coefficient

In this paper, we follow Tsai's [19] original problem formu-; s - yncertainty scale factor far, y.

lation. Observe that there is some variation in mathematicallflzrhyé objective function is similar to that &xample 2n the

formulating the camera calibration problem due to differenjrevious section, but with the additional variables R* that
choices of intrinsic parameters. In our approach, the camegyresent the intrinsic parameters of the camera. The CCD op-
calibration problem is framed in what we believe is its_ MOgimization algorithm onSE(3) therefore needs to be modified
natural form: as an optimization problem 6(3) x R%, in  accordingly. Rather than minimizing with respect to the three
which all the parameters to be determined are treated uniformiknowns R € SO(3), p € ®?, andy € R* sequentially using

With the given data setn; = R° ¢; = R%)i=1....m, the cCD, we optimize» andy in the same step. The objective func-
objective function can be defined succinctly as follows: tion can be rewritten in the following form:

m m T
i JX. ) =Y tr{XN;XTQ; 12 _ Rop) (nini i
oot J(Xoy) =3 wXNXTQ)) 1D sk, y>_;tr{<0 (M

i=1 n; 1
RT 0\ [(Qi(y) 0
where pT 1 0 0
n; T nlan n; = Z tr{Rnbn?RTQZ(y) =+ QRHiPTQi(y)}
NL' = (n 1) = -
1 ' nl 1 =t
1 0 —¢1 0 + 0" Qi(y)p.
Q=0 L o
¢ —p1 —do TP 0 The camera calibration problem can, therefore, be reduced to
0 0 0 0 the following optimization problem:
L4+ y2q; S°qi ..
Py, @) = (i;) = le Sqi m

X i tr{ Rnin] RTQ;(y) + 2Rnip” Q;

=g — Resoé?,l&,y)ew; r{Rnin] R"Qi(y) + 2Rnip" Qi(y)}
Cy A

. (C ) +p"Qi(y)p
Y
d, .
U 0 whereQ;(y) € R3*3 is symmetric.

§= 0 dy 1) MinimizationonSO(3): To minimize the objective func-

y_4 tion onSO(3), p andy are regarded as constants. Ignoring con-
y=(f, ke, Sz, 5)7. stant terms, the objective function becomes

The physical meaning of the above camera parameters are as min J(R) = Ztr (RN;RTQ; — 2RW;}
follows (see Fig. 2): RESO(3) i=1
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whereN; = n;nT, W; = —n;p”Q; are constant. We apply TABLE I \
Newton’s method to perform the optimization with respedkto SIMULATION RESULTS FOROBJECTIVE FUNCTION IN SE(3) x %
R R R R R R Steepest descent Newton’s method
(T; = N;R{ Qi Ry + (N; R} Q; Ry,)" — W;Ry, — R{W SEG) xR | RV [ SEG)xR* [ RY
o m = 4: time (s) 1.595 3.201 1.441 2.289
M; = —2RYQ;Ry, m =4 % fter. 1 50 39 23
m m = 10: time (5) 1.705 4.583 1113 n/a
3 A 3 A 2 2 m = 10: # iter. 12 18 4 n/a
S=> 2{(N:R{ QiRy.)"— NiR{ Q; Ri+ R{ W - W, Ry} T =100- Tme () || 10.158 | 15603 | 7001 | u/a
= m = 100: # iter. 8 6 8 n/a
H = Z{MLN’L + N,Ml — (tI‘ MZ)NL — (tI‘ N,)Mz r 0 0 8(;51
=t Yk,
+(tI‘ M; tr N; — tr MlNL)I + (tI‘ E)I — Tz} aQL(U) 0 0 O
Q= [H‘lg} . Ay,
Op1 0o T 0¢
— : Qpt = __= ¢
i = arguin J(Bre™") L agyk Ay, Ay,
1
| Riy1 = RpeStete. oo | om
For comparison purposes, the steepest descent method is also Oy %
used Yk
¢ L+ 20 S%Gi -
m G =g S
O = S {N,RTQiRy— RT Qi Ry N; — Wi Ry, + RTWT o h
k—;{ [ kQ’L k— kQ’L IV — Wilty + k i } 8_@5:(1;1—'5261 S(j
- Y2 Y1 ‘
t = arg min J(Ryef+? -
k= argmin J(Ree™) 99 220! 8* 52 G s 4 L+ vl 782G, 05
Rpq1 = Ryef*te. dys Y1 € Y1 Jdys3 &
09 2@ ST 5 G 14yl %G 95
2) Minimization onR”: We now minimize the objective s " Sqi + " 8—y4(Ii
function in the Euclidean spad®’ by fixing R to the constant d,
value R obtained in the previous step. The objective function 95 _ _y_z 0
can be rewritten as dys3 0> o
os [0 0
T T A T T A = _ Qa
<,,,m1£%72{p QP2 Q) Rynnl RIQ Ry gy~ |0~

As seen from above, the equationsfare quite complex com-

We can construct the following steepest descent algorithsared with those forz andp.

using the gradient(0.J/dp), (8.J/dy)):

(0]
= ;2{#63 y) + 0l RLQi(y))

0 _ (01 o a1 oy
oy \ oy’ Oya’ Oys’ Oy

ty = argmin J <pk — Qt, Yk — Qt)
teR dp dy
oJ oJ
| (Pr+1; Y1) = <Pk o Uy Yk — O_Utk>

where

R n;
Yk Mk .

ﬂ — i {pT a@i(y) 2pT 3QL(1/)

i=1

T

I g Aic) R+n,,-}
k

3) Simulation ResultsWe now present simulation results
for the objective function using the modified CCD algorithm
on SE(3) x R*. Alternatively, for comparison purposes, we
minimize the function using the steepest descent and Newton’s
methods in Euclidean spatd?, by parameterizing? with the
exponential coordinate® = e[*!. As before, we must resort to
numerically calculating the gradient and Hessian of the objec-
tive function, which will degrade convergence.

The simulations are performed in MATLAB under the same
conditions and convergence criteria as in the previous example.
We perform the simulations for a range of data points: 4, 10,
and 100 data points. For each set we perform ten trials, in which
each trial consists of an application of the four optimization al-
gorithms. The starting points are arbitrarily chosen and varied
for each of the ten trials. For each algorithm, we compute the av-
erage elapsed time and number of iterations over the ten trials.
Table Il displays the simulation results, while Fig. 3 shows the
average convergence behavior.

Like the results obtained fdExample 2the speed of the al-
gorithms defined or§ E(3) x R* are faster than those of the
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120 ' ' ' ' ' ' geodesics or6E(n). The straightforward extension of geo-

* ’ : metric optimization algorithms t&' £ (n) now becomes much
100f o SR T e less appealing, due to the difficulty in evaluating the search
directions. Instead, the CCD algorithm allows one to take
advantage of the extant geometric optimization algorithms on
SO(n)—computation of gradients and HessiansSan(n) and

R™ is much simpler than 0§ E(n)—and provides conditions

- 6o e e ' e under which global convergence can be guaranteed.

' As with Newton’s method iR", we expect that employing
quasi-Newton methods ofiO(n) that do not require explicit

80} . : : . 4

40+ . . : 4

+ using Steepest descent on SE(3) calculation of the Hessian should improve performance even
ot * : using Newton method on SE(3) further. The algorithm is, moreover, invariant with respect to
20 ++++++ R ] choice of fixed reference frame, as it should be to satisfy the
******H::;;;;; principle of objectivity. Also, because they do not rely on local
. ‘ ‘ B b bbb R i coordinates forSFE(n), the geometric algorithms of the type
° s 10 B et 0 % “© % considered in the paper are also immune to any problems arising
from local coordinate singularities. When done right, local co-
Fig. 3. Quadratic convergence of the objective function using CCD. ordinate-based methods involve a significant amount of book-

keeping and coordinate changes that will degrade their perfor-

algorithms defined oft'® by approximately a factor of two. Mance even moreis-a-visgeometric methods.
Newton’s method o' failed to converge, most likely due 1he examples considered in this paper confirm the algo-
to numerical stability in evaluating the 0.0 inverse Hessian. Mthmic simplicity, efficiency, and robustness of the CCD
Note that the computation time increases with the number @g0rithm onSE(n). In particular, for the camera calibration
data points: this is due to the number of summation terms in tREPPIEm treated in Section IV, in which the objective function
objective function, which is equal to the number of data point$ defined onSE(3) x R*, the corresponding CCD algorithm

It should also be emphasized that what is not reflected in tH§atS the parameters to be determined in a uniform and
table is the extreme sensitivity of the local coordinate-bas€@nSistent manner. This is in contrast to previous algebraic
(i.e., %1) optimization procedures when the iteration venturédPProaches, in which a set of constraint equations derived
near coordinate singularities. The results shown represent/Tm Physical principles, together with the assumption that
some sense, a best-case scenario for the local coordinate-b§§8@N intrinsic parameter errors are negligible compared to
methods. In general, when using local coordinate-bas@H€r errors, are solved for the unknown parameters iacan
methods, one must always check to see whether the iteraf}f Se€quence, leading to extremely complicated procedures
has ventured sufficiently close to a coordinate patch boundaf§}0se results may depend on the order in which the unknown
and if so, transform to another set of local coordinates. In tR&rameters are solved.
case of the exponential coordinate parameterizatios(of3),
for example, one ensures thaw(R) + 1| always exceeds some REEERENCES
specified threshold. Such methods are not only cumbersome ) o _ o ,
from a programming standpoint, but also significantly degrade"! Eba?:é C?g%arrgécg‘gn ofvtr"z'ezlagﬂgn;:figg V;'ézi;npflggtant;e?i‘ggal
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