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Abstract. Appro ximating general distributions b y phase-t yp e (PH) dis-

tributions is a p opular tec hnique in queueing analysis, since the Mark o-

vian prop ert y of PH distributions often allo ws analytical tractabilit y .

This pap er prop oses an algorithm for mapping a general distribution G

to a PH distribution where the goal is to �nd a PH distribution whic h

matc hes the �rst three momen ts of G . Since e�ciency of the algorithm

is of primary imp ortance, w e �rst de�ne a particular subset of the PH

distributions, whic h w e refer to as EC distributions. The class of EC dis-

tributions has v ery few free parameters, whic h narro ws do wn the searc h

space, making the algorithm e�cien t { In fact w e pro vide a closed-form

solution for the parameters of the EC distribution. Our solution is gen-

eral in that it applies to an y distribution whose �rst three momen ts

can b e matc hed b y a PH distribution. Also, our resulting EC distribu-

tion requires a nearly minimal n um b er of phases, alw a ys within one of

the minimal n um b er of phases required b y an y acyclic PH distribution.

Lastly , w e discuss n umerical stabilit y of our solution.

1 In tro duction

Motivation There is a v ery large b o dy of literature on the topic of appro xi-

mating general distributions b y phase-t yp e (PH) distributions, whose Mark o vian

prop erties mak e them far more analytically tractable. Muc h of this researc h has

fo cused on the sp eci�c problem of �nding an algorithm whic h maps an y general

distribution, G , to a PH distribution, P , where P and G agree on the �rst three

momen ts. Throughout this pap er w e sa y that G is wel l-r epr esente d b y P if P

and G agree on their �rst three momen ts. W e c ho ose to limit our discussion in

this pap er to three-momen t matc hing, b ecause matc hing the �rst three momen ts

of an input distribution has b een sho wn to b e e�ectiv e in predicting mean p er-

formance for v ariet y of man y computer system mo dels [4, 5, 19, 23, 27]. Clearly ,

ho w ev er, three momen ts migh t not alw a ys su�ce for ev ery problem, and w e lea v e

the problem of matc hing more momen ts to future w ork.

Momen t-matc hing algorithms are ev aluated along four di�eren t measures:

The n um b er of momen ts matc hed { In general matc hing more momen ts is

more desirable.



The computational e�ciency of the algorithm { It is desirable that the

algorithm ha v e short running time. Ideally , one w ould lik e a closed-form so-

lution for the parameters of the matc hing PH distribution.

The generalit y of the solution { Ideally the algorithm should w ork for as

broad a class of distributions as p ossible.

The minimalit y of the n um b er of phases { It is desirable that the matc hing

PH distribution, P , ha v e v ery few phases. Recall that the goal is to �nd P

whic h can replace the input distribution G in some queueing mo del, allo wing

a Mark o v c hain represen tation of the problem. Since it is desirable that the

state space of this resulting Mark o v c hain b e k ept small, w e w an t to k eep the

n um b er of phases in P lo w.

This pap er prop oses a momen t-matc hing algorithm whic h p erforms v ery w ell

along all four of these measures. Our solution matc hes three momen ts, pro vides

a closed form represen tation of the parameters of the matc hing PH distribution,

applies to all distributions whic h can b e w ell-represen ted b y a PH distribution,

and is nearly minimal in the n um b er of phases required.

The general approac h in designing momen t-matc hing algorithms in the liter-

ature is to start b y de�ning a subset S of the PH distributions, and then matc h

eac h input distribution G to a distribution in S . The reason for limiting the

solution to a distribution in S is that this narro ws the searc h space and th us

impro v es the computational e�ciency of the algorithm. Observ e that n -phase

PH distributions ha v e � ( n

2

) free parameters [16] (see Figure 1), while S can

b e de�ned to ha v e far few er free parameters. F or all computationally e�cien t

algorithms in the literature, S w as c hosen to b e some subset of the acyclic PH

distributions, where an acyclic PH distribution is a PH distribution whose under-

lying con tin uous time Mark o v c hain has no transition from state i to state j for

all i > j . One has to b e careful in ho w one de�nes the subset S , ho w ev er. If S is

to o small it ma y limit the space of distributions whic h can b e w ell-represen ted.

1

Also, if S is to o small it ma y exclude solutions with minimal n um b er of phases.

In this pap er w e de�ne a subset of the PH distributions, whic h w e call EC

distributions. EC distributions ha v e only six free parameters whic h allo ws us to

deriv e a closed-form solution for these parameters in terms of the input distri-

bution G . The set of EC distributions is general enough, ho w ev er, that for all

distributions G that can b e w ell-represen ted b y a PH distribution, there exists

an EC distribution, E , suc h that G is w ell-represen ted b y E . F urthermore, the

class of EC distributions is broad enough suc h that for an y distribution G , that

is w ell-represen ted b y an n -phase acyclic PH distribution, there exists an EC

distribution E with at most n + 1 phases, suc h that G is w ell-represen ted b y E .

2

1

F or example, let G b e a distribution whose �rst three momen ts are 1, 2, and 12.

The system of equations for matc hing G to a 2-phase Co xian

+

distribution (see

Figure 2) with three parameters ( �

1

, �

2

, p ) results in either �

1

or �

2

b eing negativ e.

As another example, it can b e sho wn that the generalized Erlang distribution is not

general enough to w ell-represen t all the distributions with lo w v ariabilit y (see [17]).

2

Ideally , one w ould lik e to ev aluate the n um b er of phases with resp ect to the minimal

(p ossibly-cyclic) PH distribution, i.e., the PH distribution is not restricted to b e
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Fig. 1. A PH distribution is the distribution of the absorption time in �nite state

con tin uous time Mark o v c hain. The �gure sho ws a 4-phase PH distribution. There are

n = 4 states, where the i th state has exp onen tially-distributed so journ time with rate

�

i

. With probabilit y p

0 i

w e start in the i th state, and the next state is state j with

probabilit y p

ij

. Eac h state i has probabilit y p

i 5

that the next state will b e the absorbing

state. The absorption time is the sum of the times sp en t in eac h of the states.

Pr eliminary De�nitions F ormally , w e will use the follo wing de�nitions:

De�nition 1. A distribution G is w ell-represen ted by a distribution F if F

and G agr e e on their �rst thr e e moments.

The normalized momen ts, in tro duced in [18], help pro vide a simple represen ta-

tion and analysis of our closed-form solution. These are de�ned as follo ws:

De�nition 2. L et �

F

k

b e the k -th moment of a distribution F for k = 1 ; 2 ; 3 . The

normalized k -th momen t m

F

k

of F for k = 2 ; 3 is de�ne d to b e m

F

2

=

�

F

2

( �

F

1

)

2

and m

F

3

=

�

F

3

�

F

1

�

F

2

.

Notice the corresp ondence to the co e�cien t of v ariabilit y C

F

and sk ewness 


F

of F : m

F

2

= C

2

F

+ 1 and m

F

3

= �

F

p

m

F

2

, where �

F

=

�

F

3

( �

F

2

)

3 = 2

. ( �

F

and 


F

and

closely related, since 


F

=

��

F

3

( � �

F

2

)

3 = 2

, where ��

F

k

is the cen tralized k -th momen t of

F for k = 2 ; 3.)

De�nition 3. P H

3

r efers to the set of distributions that ar e wel l-r epr esente d

by a PH distribution.

It is kno wn that a distribution G is in P H

3

i� its normalized momen ts satisfy

m

G

3

> m

G

2

> 1 [10]. Since an y nonnegativ e distribution G satis�es m

G

3

� m

G

2

� 1

[13], almost all the nonnegativ e distributions are in P H

3

.

acyclic. Ho w ev er, the necessary and su�cien t n um b er of phases required to w ell-

represen t a giv en distribution b y a (p ossibly-cyclic) PH distribution is unkno wn.
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Fig. 2. An n -phase Co xian distribution is a particular n -phase PH distribution whose

underlying Mark o v c hain is of the form in the �gure, where 0 � p

i

� 1 and �

i

> 0

for all 0 � i � n . An n -phase Co xian

+

distribution is a particular n -phase Co xian

distribution with p

1

= 1.

De�nition 4. O P T ( G ) is de�ne d to b e the minimum numb er of ne c essary phases

for a distribution G to b e wel l-r epr esente d by an acyclic PH distribution.

3

Pr evious Work Prior w ork has con tributed a v ery large n um b er of momen t

matc hing algorithms. While all of these algorithms excel with resp ect to some

of the four measures men tioned earlier (n um b er of momen ts matc hed; generalit y

of the solution; computational e�ciency of the algorithm; and minimalit y of the

n um b er of phases), they all are de�cien t in at least one of these measures as

explained b elo w.

In cases where matc hing only t w o momen ts su�ces, it is p ossible to ac hiev e

solutions whic h p erform v ery w ell along all the other three measures. Sauer and

Chandy [21] pro vide a closed-form solution for matc hing t w o momen ts of a gen-

eral distribution in P H

3

. They use a t w o-branc h h yp er-exp onen tial distribution

for matc hing distributions with squared co e�cien t of v ariabilit y C

2

> 1 and a

generalized Erlang distribution for matc hing distributions with C

2

< 1. Marie

[15] pro vides a closed-form solution for matc hing t w o momen ts of a general dis-

tribution in P H

3

. He uses a t w o-phase Co xian

+

distribution

4

for distributions

with C

2

> 1 and a generalized Erlang distribution for distributions with C

2

< 1.

If one is willing to matc h only a subset of distributions, then again it is

p ossible to ac hiev e solutions whic h p erform v ery w ell along the remaining three

measures. Whitt [26] and Altiok [2] fo cus on the set of distributions with C

2

>

1 and su�cien tly high third momen t. They obtain a closed-form solution for

matc hing three momen ts of an y distribution in this set. Whitt matc hes to a

t w o-branc h h yp er-exp onen tial distribution and Altiok matc hes to a t w o-phase

Co xian

+

distribution. T elek and Heindl [25] fo cus on the set of distributions with

C

2

�

1

2

and v arious constrain ts on the third momen t. They obtain a closed-form

solution for matc hing three momen ts of an y distribution in this set, b y using a

t w o-phase Co xian

+

distribution.

Johnson and T aa�e [10, 9] come closest to ac hieving all four measures. They

pro vide a closed-form solution for matc hing the �rst three momen ts of an y dis-

tribution G 2 P H

3

. They use a mixed Erlang distribution with common order.

3

The n um b er of necessary phases in general PH distributions is not kno wn. As sho wn

in the next section, all the previous w ork on computationally e�cien t algorithms for

mapping general distributions concen trates on a subset of acyclic PH distributions.

4

Co xian

+

and Co xian distributions are particular PH distributions sho wn in Figure 2.



Unfortunately , this mixed Erlang distribution do es not pro duce a minimal solu-

tion. Their solution requires 2 O P T ( G ) + 2 phases in the w orst case.

In complemen tary w ork, Johnson and T aa�e [12, 11] again lo ok at the prob-

lem of matc hing the �rst three momen ts of an y distribution G 2 P H

3

, this time

using three t yp es of PH distributions: a mixture of t w o Erlang distributions, a

Co xian

+

distribution, and a general PH distribution. Their solution is nearly

minimal in that it requires at most O P T ( G ) + 2 phases. Unfortunately , their

algorithm requires solving a nonlinear programing problem and hence is v ery

computationally ine�cien t.

Ab o v e w e ha v e describ ed the prior w ork fo cusing on momen t-matc hing algo-

rithms (three momen ts), whic h is the fo cus of this pap er. There is also a large

b o dy of w ork fo cusing on �tting the shap e of an input distribution using a PH

distribution. Of particular recen t in terest has b een w ork on �tting hea vy-tailed

distributions to PH distributions, see for example the w ork of [3, 6, 7, 14, 20, 24].

There is also w ork whic h com bines the goals of momen t matc hing with the goal

of �tting the shap e of the distribution, see for example the w ork of [8, 22]. The

w ork ab o v e is clearly broader in its goals than simply matc hing three momen ts.

Unfortunately there's a tradeo�: obtaining a more precise �t requires man y more

phases. Additionally it can sometimes b e v ery computationally ine�cien t [8, 22].

The Ide a Behind the EC Distribution In all the prior w ork on compu-

tationally e�cien t momen t-matc hing algorithms, the approac h w as to matc h a

general input distribution G to some subset S of the PH distributions. In this

pap er, w e sho w that b y using the set of EC distributions as our subset S , w e

ac hiev e a solution whic h excels in all four desirable measures men tioned earlier.

W e de�ne the EC distributions as follo ws:

De�nition 5. A n n -phase EC (Erlang-Coxian) distribution is a p articular PH

distribution whose underlying Markov chain is of the form in Figur e 3.

NE COX2
p

1-p 1-p

pX

X

Y Y Y X1 X2

Exp Exp Exp ExpExp
l l l l l

Fig. 3. The Mark o v c hain underlying an EC distribution, where the �rst b o x ab o v e de-

picts the underlying con tin uous time Mark o v c hain in an N -phase Erlang distribution,

where N = n � 2, and the second b o x depicts the underlying con tin uous time Mark o v

c hain in a t w o-phase Co xian

+

distribution. Notice that the rates in the �rst b o x are

the same for all states.

W e no w pro vide some in tuition b ehind the creation of the EC distribution.

Recall that a Co xian distribution is v ery go o d for appro ximating an y distribution

with high v ariabilit y . In particular, a t w o-phase Co xian distribution is kno wn to



w ell-represen t an y distribution that has high second and third momen ts (an y

distribution G that satis�es m

G

2

> 2 and m

G

3

>

3

2

m

G

2

) [18]. Ho w ev er a Co xian

distribution requires man y more phases for appro ximating distributions with

lo w er second and third momen ts. (F or example, a Co xian distribution requires at

least n phases to w ell-represen t a distribution G with m

G

2

�

n +1

n

for in tegers n �

1) [18]. The large n um b er of phases needed implies that man y free parameters

m ust b e determined whic h implies that an y algorithm that tries to w ell-represen t

an arbitrary distribution using a minimal n um b er of phases is lik ely to su�er from

computational ine�ciency .

By con trast, an n -phase Erlang distribution has only t w o free parameters and

is also kno wn to ha v e the least normalized second momen t among all the n -phase

PH distributions [1]. Ho w ev er the Erlang distribution is ob viously limited in the

set of distributions whic h it can w ell-represen t.

Our approac h is therefore to com bine the Erlang distribution with the t w o-

phase Co xian distribution, allo wing us to represen t distributions with all ranges

of v ariabilit y , while using only a small n um b er of phases. F urthermore the fact

that the EC distribution has v ery few free parameters allo ws us to obtain closed-

from expressions for the parameters ( n , p , �

Y

, �

X 1

, �

X 2

, p

X

) of the EC distri-

bution that w ell-represen ts an y giv en distribution in P H

3

.

Outline of Pap er W e b egin in Section 2 b y c haracterizing the EC distribution

in terms of normalized momen ts. W e �nd that for the purp ose of momen t matc h-

ing it su�ces to narro w do wn the set of EC distributions further from six free

parameters to �v e free parameters, b y optimally �xing one of the parameters.

W e next presen t three v arian ts for closed-form solutions for the remaining

free parameters of the EC distribution, eac h of whic h ac hiev es sligh tly di�eren t

goals. The �rst closed-form solution pro vided, whic h w e refer to as the simple

solution , (see Section 3) has the adv an tage of simplicit y and readabilit y; ho w ev er

it do es not w ork for all distributions in P H

3

(although it w orks for almost all).

This solution requires at most O P T ( G ) + 2 phases. The second closed-form

solution pro vided, whic h w e refer to as the impr ove d solution , (see Section 4.1)

is de�ned for all the input distributions in P H

3

and uses at most O P T ( G ) + 1

phases. This solution is only lac king in n umerical stabilit y . The third closed-

form solution pro vided, whic h w e refer to as the numeric al ly stable solution , (see

Section 4.2) again is de�ned for all input distributions in P H

3

. It uses at most

O P T ( G ) + 2 phases and is n umerically stable in that the momen ts of the EC

distribution are insensitiv e to a small p erturbation in its parameters.

2 EC Distribution: Motiv ation and Prop erties

The purp ose of this section is t w ofold: to pro vide a detailed c haracterization of

the EC distribution, and to discuss a narro w ed-do wn subset of the EC distri-

butions with only �v e free parameters ( �

Y

is �xed) whic h w e will use in our

momen t-matc hing metho d. Both of these results are summarized in Theorem 1.

T o motiv ate the theorem in this section, consider the follo wing story . Supp ose

one is trying to matc h the �rst three momen ts of a giv en distribution G to a



distribution P whic h consists of a generalized Erlang distribution (in a general-

ized Erlang distribution the rates of the exp onen tial phases ma y di�er) follo w ed

b y a t w o-phase Co xian

+

distribution. If the distribution G has su�cien tly high

second and third momen ts, then a t w o-phase Co xian

+

distribution alone su�ces

and w e need zero phases of the generalized Erlang distribution. If the v ariabilit y

of G is lo w er, ho w ev er, w e migh t try app ending a single-phase generalized Er-

lang distribution to the t w o-phase Co xian

+

distribution. If that do esn't su�ce,

w e migh t app end a t w o-phase generalized Erlang distribution to the t w o-phase

Co xian

+

distribution. If our distribution G has v ery lo w v ariabilit y w e migh t

b e forced to use man y phases of the generalized Erlang distribution to get the

v ariabilit y of P to b e lo w enough. Therefore, to minimize the n um b er of phases

in P , it seems desirable to c ho ose the rates of the generalized Erlang distribution

so that the o v erall v ariabilit y of P is minimized.

Con tin uing with our story , one could express the app ending of eac h additional

phase of the generalized Erlang distribution as a \function" whose goal is to

reduce the v ariabilit y of P y et further. W e call this \function � ."

De�nition 6. L et X b e an arbitr ary distribution. F unction � maps X to � ( X )

such that � ( X ) = Y � X , wher e Y is an exp onential distribution with r ate �

Y

indep endent of X , Y � X is the c onvolution of Y and X , and �

Y

is chosen so that

the normalize d se c ond moment of � ( X ) is minimize d. A lso, �

l

( X ) = � ( �

l � 1

( X ))

r efers to the distribution obtaine d by applying function � to �

l � 1

( X ) for inte gers

l � 1 , wher e �

0

( X ) = X .

Observ e that, when X is a k -phase PH distribution, � ( X ) is a ( k + 1)-phase

PH distribution whose underlying Mark o v c hain can b e obtained b y app ending

a state with rate �

Y

to the Mark o v c hain underlying X , where �

Y

is c hosen so

that m

� ( X )

2

is minimized. In theory , function � allo ws eac h successiv e exp onen tial

distribution whic h is app ended to ha v e a di�eren t �rst momen t. The follo wing

theorem sho ws that if the exp onen tial distribution Y b eing app ended b y function

� is c hosen so as to minimize the normalized second momen t of � ( X ) (as sp eci�ed

b y the de�nition), then the �rst momen t of eac h successiv e Y is alw a ys the same

and is de�ned b y the simple form ula sho wn in (1). The theorem b elo w further

c haracterizes the normalized momen ts of �

l

( X ).

Theorem 1. L et �

l

( X ) = Y

l

� �

l � 1

( X ) and let �

Y

l

=

1

�

Y

l

1

for l = 1 ; :::; N . Then,

�

Y

l

=

1

( m

X

2

� 1) �

X

1

(1)

for l = 1 ; :::; N .

The normalize d moments of Z

N

= �

N

( X ) ar e:

m

Z

N

2

=

( m

X

2

� 1)( N + 1) + 1

( m

X

2

� 1) N + 1

; (2)

m

Z

N

3

=

m

X

2

m

X

3

(( m

X

2

� 1)( N + 1) + 1) (( m

X

2

� 1) N + 1)

2

+

( m

X

2

� 1) N

�

3 m

X

2

+ ( m

X

2

� 1)( m

X

2

+ 2)( N + 1) + ( m

X

2

� 1)

2

( N + 1)

2

�

( ( m

X

2

� 1)( N + 1) + 1) (( m

X

2

� 1) N + 1)

2

: (3)



Observ e that, when X is a k -phase PH distribution, �

N

( X ) is a ( k + N )-phase

PH distribution whose underlying Mark o v c hain can b e obtained b y app ending

N states with rate �

Y

to the Mark o v c hain underlying X , where �

Y

is c hosen

so that m

� ( X )

2

is minimized. The remainder of this section will pro v e the ab o v e

theorem and a corollary .

Pr o of (The or em 1).

W e �rst c haracterize Z = � ( X ) = Y � X , where X is an arbitrary distribu-

tion with a �nite third momen t and Y is an exp onen tial distribution. The nor-

malized second momen t of Z is m

Z

2

=

m

X

2

+2 y +2 y

2

(1+ y )

2

, where y =

�

Y

1

�

X

1

. Observ e that

m

Z

2

is minimized when y = m

X

2

� 1, namely ,

�

Y

1

= ( m

X

2

� 1) �

X

1

: (4)

Observ e that when equation (4) is satis�ed, the normalized second momen t of

Z satis�es:

m

Z

2

= 2 �

1

m

X

2

; (5)

and the normalized third momen t of Z satis�es:

m

Z

3

=

1

m

X

2

(2 m

X

2

� 1)

m

X

3

+

3( m

X

2

� 1)

m

X

2

: (6)

W e next c haracterize Z

l

= �

l

( X ) = Y

l

� �

l � 1

( X ) for 2 � l � N : By (5) and

(6), (2) and (3) follo w from solving the follo wing recursiv e form ulas (where w e

use b

l

to denote m

�

l

( X )

2

and B

l

to denote m

�

l

( X )

3

):

b

l +1

= 2 �

1

b

l

; (7)

B

l +1

=

B

l

b

l

(2 b

l

� 1)

+

3( b

l

� 1)

b

l

: (8)

The solution for (7) is giv en b y

b

l

=

( b

1

� 1) l + 1

( b

1

� 1)( l � 1) + 1

(9)

for all l � 1, and the solution for (8) is giv en b y

B

l

=

b

1

B

1

+ ( b

1

� 1)( l � 1)

�

3 b

1

+ ( b

1

� 1)( b

1

+ 2) l + ( b

1

� 1)

2

l

2

�

(( b

1

� 1) l + 1) (( b

1

� 1)( l � 1) + 1)

2

(10)

for all l � 1. Equations (9) and (10) can b e easily v eri�ed b y substitution in to

(7) and (8), resp ectiv ely . This completes the pro of of (2) and (3).

The pro of of (1) pro ceeds b y induction. When l = 1, (1) follo ws from (4).

Assume that (1) holds when l = 1 ; :::; t . Let Z

t

= �

t

( X ). By (2), whic h is pro v ed

ab o v e, m

Z

t

2

=

( m

X

2

� 1)( t +1)+1

( m

X

2

� 1) t +1

. Th us, b y (4)

�

Y

t +1

1

= ( m

Z

t

2

� 1) �

Z

t

1

= ( m

X

2

� 1) �

X

1

:

ut



Corollary 1. L et Z

N

= �

N

( X ) . If X 2

�

F j 2 < m

F

2

	

, then

Z

N

2

n

F

�

�

�

N +2

N +1

< m

F

2

<

N +1

N

o

.

Corollary 1 suggests the n um b er N of times that function � m ust b e applied to

X to bring m

Z

N

2

in to the desired range, giv en the v alue of m

X

2

. Observ e that

an y Co xian

+

distribution is in f F j 2 < m

F

2

g

Pr o of (Cor ol lary 1). By (2), m

Z

N

2

is a con tin uous and monotonically increasing

function of m

X

2

. Th us, the in�m um and the suprem um of m

Z

N

2

are giv en b y

ev aluating m

Z

N

2

at the in�m um and the suprem um, resp ectiv ely , of m

X

2

. When

m

X

2

! 2, m

Z

N

2

!

N +2

N +1

. When m

X

2

! 1 , m

Z

N

2

!

N +1

N

. ut

3 A Simple Closed-F orm Solution

Theorem 1 implies that the parameter �

Y

of the EC distribution can b e �xed

without excluding the distributions of lo w est v ariabilit y from the set of EC dis-

tributions. In the rest of the pap er, w e constrain �

Y

as follo ws:

�

Y

=

1

( m

X

2

� 1) �

X

1

; (11)

and deriv e closed-form represen tations of the remaining free parameters ( n ,

p , �

X 1

, �

X 2

, p

X

), where these free parameters will determine m

X

2

and �

X

1

in

(11). Ob viously , at least three degrees of freedom are necessary to matc h three

momen ts. As w e will see, the additional degrees of freedom allo w us to accept

all input distributions in P H

3

, use a smaller n um b er of phases, and ac hiev e

n umerical stabilit y .

W e in tro duce the follo wing sets of distributions to describ e the closed-form

solutions compactly:

De�nition 7. L et U

i

, M

i

, and L b e the sets of distributions de�ne d as fol lows:

U

0

=

n

F

�

�

�

m

F

2

> 2 and m

F

3

> 2 m

F

2

� 1

o

;

U

i

=

n

F

�

�

�

i + 2

i + 1

< m

F

2

<

i + 1

i

and m

F

3

> 2 m

F

2

� 1

o

;

M

0

=

n

F

�

�

�

m

F

2

> 2 and m

F

3

= 2 m

F

2

� 1

o

;

M

i

=

n

F

�

�

�

i + 2

i + 1

< m

F

2

<

i + 1

i

and m

F

3

= 2 m

F

2

� 1

o

;

L =

n

F

�

�

�

m

F

2

> 1 and m

F

2

< m

F

3

< 2 m

F

2

� 1

o

;

for nonne gative inte gers i . A lso, let U

+

= [

1

i =1

U

i

, M

+

= [

1

i =1

M

i

, U = U

0

[ U

+

,

and M = M

0

[ M

+

.

These sets are illustrated in Figure 4. The next theorem pro vides the in tuition

b ehind the sets U , M , and L ; namely , for all distributions X , the distributions

X and A ( X ) are in the same classi�cation region (Figure 4).
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Fig. 4. A classi�cation of distributions. The dotted lines delineate the set of all non-

negativ e distributions G ( m

G

3

� m

G

2

� 1).

Lemma 1. L et Z

N

= A

N

( X ) for inte gers N � 1 . If X 2 U (r esp e ctively,

X 2 M , X 2 L ), then Z

N

2 U (r esp e ctively, Z

N

2 M , Z

N

2 L ) for al l N � 1 .

Pr o of. W e pro v e the case when N = 1. The theorem then follo ws b y induction.

Let Z = A ( X ). By (2), m

X

2

=

1

2 � m

Z

2

, and

m

Z

3

= (resp ectiv ely ; <; and > )

2 m

X

2

� 1

m

X

2

(2 m

X

2

� 1)

+ 3

m

X

2

� 1

m

X

2

= (resp ectiv ely ; <; and > ) 2 m

Z

2

� 1 ;

where the last equalit y follo ws from m

X

2

=

1

2 � m

Z

2

. ut

By Corollary 1 and Lemma 1, it follo ws that:

Corollary 2. L et Z

N

= A

N

( X ) for N � 0 . If X 2 U

0

(r esp e ctively, X 2 M

0

),

then Z

N

2 U

N

(r esp e ctively, Z

N

2 M

N

).

The corollary implies that for all G 2 U

N

[ M

N

, G can b e w ell-represen ted

b y an ( N + 2)-phase EC distribution with no mass probabilit y at zero ( p = 1),

since, for all F 2 U

0

[ M

0

, F can b e w ell-represen ted b y t w o-phase Co xian

+

distribution, and Z

N

= A

N

( X ) can b e w ell-represen ted b y (2 + N )-phase EC

distribution. It can also b e easily sho wn that for all G 2 L

N

, G can b e w ell-

represen ted b y an ( N + 2)-phase EC distribution with nonzero mass probabilit y

at zero ( p < 1).

F rom these prop erties of A

N

( X ), it is relativ ely easy to pro vide a closed-

form solution for the parameters ( n , p , �

X 1

, �

X 2

, p

X

) of an EC distribution Z

so that a giv en distribution G is w ell-represen ted b y Z . Essen tially , one just needs

to �nd an appropriate N and solv e Z = A

N

( X ) for X in terms of normalized

momen ts, whic h is immediate since N is giv en b y Corollary 1 and the normalized

momen ts of X can b e obtained from Theorem 1. A little more e�ort is necessary

to minimize the n um b er of phases and to guaran tee n umerical stabilit y .

In this section, w e giv e a simple solution, whic h assumes the follo wing condi-

tion on A : A 2 P H

�

3

, where P H

�

3

= U [ M [ L . Observ e P H

�

3

includes almost

all distributions in P H

3

. Only the b orders b et w een the U

i

's are not included. W e

also analyze the n um b er of necessary phases and pro v e the follo wing theorem:



Theorem 2. Under the simple solution, the numb er of phases ne e de d to wel l-

r epr esent any distribution G by an EC distribution is at most O P T ( G ) + 2 .

The Close d-F orm Solution: The solution di�ers according to the classi�ca-

tion of the input distribution G . When G 2 U

0

[ M

0

, a t w o-phase Co xian

+

distribution su�ces to matc h the �rst three momen ts. When G 2 U

+

[ M

+

,

G is w ell-represen ted b y an EC distribution with p = 1. When G 2 L , G is

w ell-represen ted b y an EC distribution with p < 1. F or all cases, the parameters

( n , p , �

X 1

, �

X 2

, p

X

) are giv en b y simple closed form ulas.

(i) If G 2 U

0

[ M

0

, then a t w o-phase Co xian

+

distribution su�ces to matc h

the �rst three momen ts, i.e., p = 1 and n = 2 ( N = 0). The parameters ( �

X 1

,

�

X 2

, p

X

) of the t w o-phase Co xian

+

distribution are c hosen as follo ws [25, 18]:

�

X 1

=

u +

p

u

2

� 4 v

2 �

G

1

; �

X 2

=

u �

p

u

2

� 4 v

2 �

G

1

; and p

X

=

�

X 2

�

G

1

( �

X 1

�

G

1

� 1)

�

X 1

�

G

1

;

where u =

6 � 2 m

G

3

3 m

G

2

� 2 m

G

3

and v =

12 � 6 m

G

2

m

G

2

(3 m

G

2

� 2 m

G

3

)

.

(ii) If G 2 U

+

[ M

+

, Corollary 1 sp eci�es n um b er, n , of phases needed:

n = min

n

k

�

�

�

m

G

2

>

k

k � 1

o

=

�

m

G

2

m

G

2

� 1

+ 1

�

; (12)

( N =

j

m

G

2

m

G

2

� 1

� 1

k

). Next, w e �nd the t w o-phase Co xian

+

distribution X 2

U

0

[ M

0

suc h that G is w ell-represen ted b y Z , where Z ( � ) = Y

( n � 2) �

( � ) � X ( � )

and Y is an exp onen tial distribution satisfying (1), Y

( n � 2) �

is the ( n � 2)-th

con v olution of Y , and Y

( n � 2) �

� X is the con v olution of Y

( n � 2) �

and X . T o

shed ligh t on this expression, consider i.i.d. random v ariables V

1

, ... V

k

whose

distributions are Y and a random v ariable V

k +1

. Then random v ariable

P

k +1

t =1

V

t

has distribution Z . By Theorem 1, this can b e ac hiev ed b y setting

m

X

2

=

( n � 3) m

G

2

� ( n � 2)

( n � 2) m

G

2

� ( n � 1)

; m

X

3

=

� m

G

3

� �

m

X

2

; �

X

1

=

�

G

1

( n � 2) m

X

2

� ( n � 3)

; (13)

where

� = ( n � 2)( m

X

2

� 1)

�

n ( n � 1)( m

X

2

)

2

� n (2 n � 5) m

X

2

+ ( n � 1)( n � 3)

�

;

� =

�

( n � 1) m

X

2

� ( n � 2)

� �

( n � 2) m

X

2

� ( n � 3)

�

2

:

Th us, w e set p = 1, and the parameters ( �

X 1

, �

X 2

, p

X

) of X are giv en b y case

(i), using the �rst momen t and the normalized momen ts of X sp eci�ed b y (13).

(iii) If G 2 L , then let

p =

1

2 m

G

2

� m

G

3

; m

W

2

= pm

G

2

; m

W

3

= pm

G

3

; and �

W

1

=

�

G

1

p

: (14)

G is then w ell-represen ted b y distribution Z , where Z ( � ) = W ( � ) p + 1 � p . T o shed

ligh t on this expression, consider a random v ariables V

1

whose distribution is W ,



where W is an EC distribution whose �rst momen t and normalized momen ts are

sp eci�ed b y (14). Then,

V

2

=

�

V

1

with probabilit y p

0 with probabilit y 1 � p:

has distribution Z , since Pr ( V

2

< t ) = p Pr ( V

1

< t ) + (1 � p ).

Observ e that p satis�es 0 � p < 1 and W satis�es W 2 M . If W 2 M

0

,

the parameters of W are pro vided b y case (i), using the normalized momen ts

sp eci�ed b y (14). If W 2 M

+

, the parameters of W are pro vided b y case (ii),

using the normalized momen ts sp eci�ed b y (14).

Figure 5 sho ws a graphical represen tation of the simple solution.
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Fig. 5. A graphical represen tation of the simple solution. Let G b e the input distribu-

tion. (i) If G 2 U

0

[ M

0

, G is w ell-represen ted b y a t w o-phase Co xian

+

distribution X .

(ii) If G 2 U

+

[ M

+

, G is w ell-represen ted b y A

N

( X ), where X is a t w o-phase Co xian

+

distribution. (iii) If G 2 L , G is w ell-represen ted b y Z , where Z is W = A

N

( X ) with

probabilit y p and 0 with probabilit y 1 � p and X is a t w o-phase Co xian

+

distribution.

A nalyzing the Numb er of Phases R e quir e d The pro of of Theorem 2 relies

on the follo wing theorem:

Theorem 3. [18] L et S

( n )

denote the set of distributions that ar e wel l-r epr esente d

by an n -phase acyclic PH distribution. L et S

V

( n )

and E

( n )

b e the sets de�ne d by:

S

V

( n )

=

n

F

�

�

�

m

F

2

>

n + 1

n

and m

F

3

�

n + 3

n + 2

m

F

2

o

;

E

( n )

=

n

F

�

�

�

m

F

2

=

n + 1

n

and m

F

3

=

n + 2

n

o

for inte gers n � 2 . Then S

( n )

� S

V

( n )

[ E

( n )

for inte gers n � 2 .

Pr o of (The or em 2). W e will sho w that (i) if a distribution G is in S

V

( l )

\ ( U [ M ),

then at most l + 1 phases are used, and (ii) if a distribution G is in S

V

( l )

\ L ,

then at most l + 2 phases are used. Since S

( l )

� S

V

( l )

[ E

( l )

b y Theorem 3,



this completes the pro of. Notice that the simple solution is not de�ned when

G 2 E

( l )

.

(i) Supp ose G 2 U [ M . If G 2 S

V

( l )

, then b y (12) the EC distribution

pro vided b y the simple solution has at most l + 1 phases. (ii) Supp ose G 2 L . If

G 2 S

V

( l )

, then m

W

2

=

m

G

2

2 m

G

2

� m

G

3

>

l +2

l +1

. By (12), the EC distribution pro vided

b y the simple solution has at most l + 2 phases. ut

4 V arian ts of Closed-F orm Solutions

In this section, w e presen t t w o re�nemen ts of the simple solution (Section 3),

whic h w e refer to as the impro v ed solution and the n umerically stable solution.

4.1 An Impro v ed Closed-F orm Solution

W e �rst describ e the prop erties that the impro v ed solution satis�es. W e then

describ e the high lev el ideas b ehind the construction of the impro v ed solution.

Figure 6 is an implemen tation of the impro v ed solution. See [17] for details on

ho w the high lev el ideas describ ed ab o v e are realized in the impro v ed solution.

Pr op erties of the Impr ove d Solution This solution is de�ned for all the

input distributions G 2 P H

3

and uses a smaller n um b er of phases than the

simple solution. Sp eci�cally , the n um b er of phases required in the impro v ed

solution is c haracterized b y the follo wing theorem:

Theorem 4. Under the impr ove d solution, the numb er of phases ne e de d to wel l-

r epr esent any distribution G by an EC distribution is at most O P T ( G ) + 1 .

F or a pro of of the theorem, see [17].

High L evel Ide as Consider an arbitrary distribution G 2 P H

3

. Our approac h

consists of t w o steps, the �rst of whic h in v olv es constructing a baseline EC

distribution, and the second of whic h in v olv es reducing the n um b er of phases

in this baseline solution. If G 2 P H

�

3

, then the baseline solution used is simply

giv en b y the simple solution (Section 3). If G =2 P H

�

3

, then to obtain the baseline

EC distributing w e �rst �nd a distribution W 2 P H

�

3

suc h that

m

W

3

m

W

2

=

m

G

3

m

G

2

and

m

W

2

< m

G

2

and then set p suc h that G is w ell-represen ted b y distribution Z ,

where Z ( � ) = W ( � ) p + 1 � p . (See Section 3 for an explanation of Z ). The

parameters of the EC distribution that w ell-represen ts W are then obtained b y

the simple solution (Section 3).

Next, w e describ e an idea to reduce the n um b er of phases used in the baseline

EC distribution. The simple solution (Section 3) is based on the fact that a

distribution X is w ell-represen ted b y a t w o-phase Co xian distribution when X 2

U

0

[ M

0

. In fact, a wider range of distributions are w ell-represen ted b y the set

of t w o-phase Co xian distributions. In particular, if

X 2

n

F

�

�

�

3

2

� m

X

2

� 2 and m

X

3

= 2 m

X

2

� 1

o

;



then X is w ell-represen ted b y a t w o-phase Co xian distribution. In fact, the

ab o v e solution can b e impro v ed up on y et further. Ho w ev er, for readabilit y , w e

p ostp one this to [17].
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Fig. 6. An implemen tation of the impro v ed closed-form solution.

4.2 A Numerically Stable Closed-F orm Solution

The impro v ed solution (Section 4.1) is not n umerically stable when G 2 U and

m

G

2

is close to

l +1

l

for in tegers l � 1, i.e., on the b orders b et w een U

i

's. In this

section, w e presen t a n umerically stable solution. W e �rst describ e the prop erties

that the n umerically stable solution satis�es. W e then describ e the high lev el

ideas b ehind the construction of the n umerically stable solution. Figure 6 is an

implemen tation of the n umerically stable solution. See [17] for details on ho w the

high lev el ideas describ ed ab o v e are realized in the n umerically stable solution.

Pr op erties of the Numeric al ly Stable Solution The n umerically stable

solution uses at most one more phase than the impro v ed solution and is de�ned

5

While this further impro v emen t reduces the n um b er of necessary phases b y one for

man y distributions, it do es not impro v e the w orst case p erformance.
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3
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.

Fig. 7. An implemen tation of the n umerically stable closed-form solution.

for all the input distributions in P H

3

. Sp eci�cally , the n um b er of phases required

in the n umerically stable solution is c haracterized b y the follo wing theorem:

Theorem 5. Under the numeric al ly stable solution, the numb er of phases ne e de d

to wel l-r epr esent any distribution G by an EC distribution is at most O P T ( G )+2 .

A pro of of Theorem 5 is giv en in [17].

The EC distribution, Z , that is pro vided b y the n umerically stable solution

is n umerically stable in the follo wing sense:

Prop osition 1. L et Z b e the EC distribution pr ovide d by the numeric al ly stable

solution, wher e the input distribution G is wel l-r epr esente d by Z . L et ( n , p , �

Y

,

�

X 1

, �

X 2

, p

X

) b e the p ar ameters of Z . Supp ose that e ach p ar ameter p , �

Y

, �

X 1

,

�

X 2

, and p

X

has an err or �p , ��

Y

, ��

X 1

, ��

X 2

, and �p

X

, r esp e ctively, in

absolute value. L et ��

Z

1

= j �

Z

1

� �

G

1

j b e the err or of the �rst moment of Z and let

�m

Z

i

= j m

Z

i

� m

G

i

j b e the err or of the i -th normalize d moment of Z for i = 2 ; 3 .

If

�p

p

,

��

Y

�

Y

,

��

X 1

�

X 1

,

��

X 2

�

X 2

, and

�p

X

p

X

< � = 10

� 5

(r esp e ctively, � = 10

� 9

), then

��

Z

1

�

Z

1

< 0 : 01 and

�m

Z

i

m

Z

i

< 0 : 01 for i = 2 ; 3 , pr ovide d that the normalize d moments

of G satis�es the c ondition in Figur e 8 (a) (r esp e ctively, (b)).

In Prop osition 1, � w as c hosen to b e 10

� 5

and 10

� 9

, resp ectiv ely . These corre-

sp ond to the precisions of the float (six decimal digits) and double (ten decimal

digits) data t yp e in C, resp ectiv ely . In Figure 8 (b), it is imp ossible to distin-

guish the set of all non-negativ e distributions from the set of distributions for

whic h the stabilit y guaran tee of Prop osition 1 holds. Closed form form ulas for

the curv es in Figure 8 and a pro of of Prop osition 1 are giv en in [17].

High L evel Ide as Ac hieving the n umerical stabilit y is based on the same idea

as treating input distributions whic h are not in P H

�

3

. Namely , w e �rst �nd an

EC distribution W suc h that

m

W

3

m

W

2

=

m

G

3

m

G

2

and m

W

2

< m

G

2

so that the solution

is n umerically stable for W , and then set p suc h that G is w ell-represen ted b y

Z ( � ) = W ( � ) p + 1 � p . (See Section 3 for an explanation of Z ).
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Fig. 8. If the normalized momen ts of G lie b et w een the t w o solid lines, then the normal-

ized momen ts of the EC distribution Z , pro vided b y the n umerically stable solution,

are insensitiv e to the small c hange ( � = 10

� 5

for (a) and � = 10

� 9

for (b)) in the

parameters of Z . The dotted lines delineate the set of all nonnegativ e distributions G

( m

G

3

� m

G

2

� 1).

5 Conclusion

In this pap er, w e prop ose a closed-form solution for the parameters of a PH

distribution, P , that w ell-represen ts a giv en distribution G . Our solution is the

�rst that ac hiev es all of the follo wing goals: (i) the �rst three momen ts of G and P

agree, (ii) an y distribution G that is w ell-represen ted b y a PH distribution (i.e.,

G 2 P H

3

) can b e w ell-represen ted b y P , (iii) the n um b er of phases used in P is

at most O P T ( G ) + c , where c is a small constan t, (iv) the solution is expressed

in closed form. Also, the n umerical stabilit y of the solution is discussed.

The k ey idea is the de�nition and use of EC distributions, a subset of PH dis-

tributions. The set of EC distributions is de�ned so that it includes minimal PH

distributions, in the sense that for an y distribution, G , that is w ell-represen ted

b y n -phase acyclic PH distribution, there exists an EC distribution, E , with at

most n + 1 phases suc h that G is w ell-represen ted b y E . This prop ert y of the

set of EC distributions is the k ey to ac hieving the ab o v e goals (i), (ii), and (iii).

Also, the EC distribution is de�ned so that it has a small n um b er (six) of free

parameters. This prop ert y of the EC distribution is the k ey to ac hieving the

ab o v e goal (iv). The same ideas are applied to further reduce the degrees of

freedom of the EC distribution. That is, w e constrain one of the six parameters

of the EC distribution without excluding minimal PH distributions from the set

of EC distributions.

W e pro vide a complete c haracterization of the EC distribution with resp ect to

the normalized momen ts; the c haracterization is enabled b y the simple de�nition

of the EC distribution. The analysis is an elegan t induction based on the recursiv e

de�nition of the EC distribution; the inductiv e analysis is enabled b y a solution



to a non trivial recursiv e form ula. Based on the c haracterization, w e pro vide three

v arian ts of closed-form solutions for the parameters of the EC distribution that

w ell-represen ts an y input distribution, G , that can b e w ell-represen ted b y a PH

distribution ( G 2 P H

3

).

One take-home lesson from this pap er is that the momen t-matc hing problem

is b etter solv ed with resp ect to the ab o v e four goals b y sewing together t w o or

more t yp es of distributions, so that one can gain the b est prop erties of b oth.

The EC distribution sews the t w o-phase Co xian distribution and the Erlang

distribution. The p oin t is that these t w o distributions pro vide sev eral di�eren t

and complemen tary desirable prop erties.

F uture w ork includes assessing the minimalit y of our solution with resp ect

to general (cyclic) PH distributions. If our solution is not close to minimal, then

�nding a minimal cyclic PH distribution that w ell-represen ts an y giv en distribu-

tion G is also imp ortan t. While acyclic PH distributions are w ell c haracterized

in [18], the minim um n um b er of phases required for a general (cyclic) PH distri-

bution to w ell-represen t a giv en distribution is not kno wn.

Ac kno wledgemen t W e w ould lik e to thank Miklos T elek for his help in im-

pro ving the presen tation and qualit y of this pap er.
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