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Abstract

A c entr al issue in the design of mo dern c ommuni-

c ation networks is that of pr oviding p erformanc e guar-

ante es. This issue is p articularly imp ortant if the net-

works supp ort r e al-time tr a�c such as voic e and vide o.

The most critic al p erformanc e p ar ameter to b ound is

the delay exp erienc e d by a p acket as it tr avels fr om its

sour c e to its destination.

We study dynamic r outing in a c onne ction-oriente d

p acket-switching network. We c onsider a network with

arbitr ary top olo gy on which a set of sessions is de�ne d.

F or e ach session i , p ackets ar e inje cte d at a r ate r

i

to

fol low a pr e determine d p ath of length d

i

. Due to lim-

ite d b andwidth, only one p acket at a time may advanc e

on an e dge. Session p aths may overlap subje ct to the

c onstr aint that the total r ate of sessions using any p ar-

ticular e dge is less than 1.

We addr ess the pr oblem of sche duling the sessions

at e ach switch, so as to minimize worst-c ase p acket

delay and queue buildup at the switches. We show

the existenc e of an asymptotic al ly-optimal sche dule

that achieves a delay b ound of O (1 =r

i

+ d

i

) with only

c onstant-size queues at the switches. We also pr esent

a simple distribute d algorithm that, with high pr ob a-

bility, delivers every session- i p acket to its destination

within O (1 =r

i

+ d

i

log( m=r

min

)) steps of its inje ction,

�
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wher e r

min

is the minimum session r ate, and m is the

numb er of e dges in the network. Our r esults c an b e

gener alize d to (le aky-bucket c onstr aine d) bursty tr af-

�c, wher e session i toler ates a burst size of b

i

. In

this c ase, our delay b ounds b e c ome O ( b

i

=r

i

+ d

i

) and

O ( b

i

=r

i

+ d

i

log ( m=r

min

)) , r esp e ctively.

1 In tro duction

1.1 Motiv ation

Motiv ated by the need for qualit y-of-service guar-

an tees, net w ork designers to da y o�er c onne ction-

oriente d service in man y net w orks, e.g. A TM (Asyn-

chronous T ransfer Mo de) net w orks. In this medium,

a user requests a particular share of the bandwidth

and injects a stream of pac k ets along one particular

session at the agreed-up on rate. An imp ortan t conse-

quence of the user's predictabilit y is that the net w ork

can, in return, guaran tee the user an end-to-end de-

lay b ound , i.e. an upp er b ound on the time that an y

pac k et tak es to mo v e from its source to its destina-

tion. In order to pro vide this dela y guaran tee, the

net w ork must determine ho w to sc hedule the pac k ets

that con tend for the same edge sim ultaneously . Apart

from dela y b ounds, it is also imp ortan t to guaran-

tee small queues at eac h switc h due to limited bu�er

size. In this pap er w e sho w, for the �rst time, that

it is p ossible to design suc h a sc hedule that guaran-

tees asymptotically-optim al p er-session dela y b ounds

as w ell as small queues.

1.2 Mo del and problem

Consider a net w ork N of arbitrary top ology and a

set of sessions de�ned on this net w ork. A session i

is asso ciated with a source no de, a destination no de,

and a simple path from the source to the destination.

(A path is simple if it uses eac h edge at most once.)

Pac k ets are injected to the net w ork N in sessions. A

pac k et injected in session i enters the system at the



source no de of i , trav erses the path asso ciated with i ,

and then is absorb ed at its destination. The length d

i

is the num b er of edges on the path from the source to

the destination of session i .

Eac h session i has an asso ciated injection rate r

i

.

This rate constrains the injection of new pac k ets from

the session so that, during an y in terv al of t consecutiv e

steps, at most tr

i

+ 1 pac k ets can b e injected in session

i , for an y t .

W e assume that all pac k ets ha v e the same size and

all edges ha v e the same bandwidth. W e also assume a

sync hronized store-and-forw ard routing, where at eac h

step at most one pac k et can trav erse eac h edge. When

t w o pac k ets sim ultaneously con tend for the same edge,

one pac k et has to w ait in a queue. During the rout-

ing, pac k ets w ait in t w o di�eren t kinds of queues. Af-

ter a pac k et has b een injected, but b efore it leav es its

source, the pac k et is stored in an initial queue . Once

the pac k et has left its source, during an y time it is

w aiting to trav erse an edge, the pac k et is stored in an

e dge queue . The end-to-end delay (dela y for short) for

a pac k et is the total time from the pac k et injection

until it reaches its destination. This includes the to-

tal time the pac k et sp ends w aiting in b oth typ es of

queues, plus the time it sp ends trav ersing edges.

Our goal is to minim ize b oth the end-to-end dela y

for eac h pac k et and the size of all edge queues. In

order to ac hiev e dela y guaran tees and b ounded queue

sizes, it is necessary to require that, for all edges e ,

the sum of the rates of the sessions that use edge e is

at most 1. Throughout, w e shall assume that the sum

of the rates of the sessions using an y edge e is at most

1 � " , for a constant " 2 (0 ; 1).

Our pap er fo cuses on the problem of timing the

mo v emen ts of the pac k ets along their paths. A sche d-

ule sp eci�es which pac k ets mo v e and which pac k ets

w ait in queues at eac h time step. W e address the

problem of �nding a sc hedule which, for eac h session,

guaran tees an asymptotically-opti mal dela y b ound for

pac k ets of that session, while main taining constant-

size edge queues.

In this pap er most of the sc hedules obtained are

template b ase d . The sc hedule de�nes a �xed template

for eac h edge in adv ance. A template of size M is a

wheel with M slots, eac h of which con tains at most

one tok en. Eac h tok en is a�liated with some session.

The wheel spins at the sp eed of one slot p er time step.

A session- i pac k et can trav erse the edge if and only if a

session- i tok en app ears. F or eac h session- i tok en, the

session- i pac k et that uses it will b e the one that has

b een w aiting to cross the edge for the longest amoun t

of time, i.e. the session- i pac k ets use the session- i to-

k ens in a First-Come-First-Serv ed manner. The tem-

plate size and asso ciated tok ens do not change ov er

time.

1.3 Lo wer Bounds

Observ e that d

i

is always a low er b ound on the de-

lay for session i , since ev ery session- i pac k et has to

cross d

i

edges. It is also easy to see that 
(1 =r

i

) is

an existen tial low er b ound. F or instance, consider n

sessions, all of which ha v e the same rate r = (1 � " ) =n

and the same initial edge e . If a pac k et is injected

in eac h session sim ultaneously , one of the pac k ets re-

quires n = 
(1 =r ) steps to cross e .

F urthermore, for any giv en set of sessions, 
(1 =r

i

)

is a low er b ound for some session i in template-based

sc hedules. It can b e pro v en that, in the template for

an edge e where

P

e

r

i

= 1 � " , there exist tw o session- i

tok ens separated by at least (1 � " ) =r

i

slots, for some i .

Then, an adversary can mak e sure a session- i pac k et

arriv es just after the �rst tok en has passed, thereb y

forcing the pac k et to w ait 
(1 =r

i

) steps.

If the sc hedule is not restricted to b eing template-

based, the sc heduler is more p ow erful. The sc heduler

do es not ha v e to decide on a �xed sc hedule in adv ance,

but rather can mak e a new decision at eac h step, based

on seeing the adversary's injections. In this case it is

unkno wn if for any giv en set of sessions 
(1 =r

i

) is a

low er b ound.

1.4 Previous W ork

The problem of dynamic pac k et routing in the

ab ov e setting is w ell studied. Un til recently , the b est

dela y b ound known w as O ( d

i

=r

i

) for pac k ets of session

i . It is tempting to b eliev e that this is the b est p os-

sible dela y b ound, since a session- i pac k et ma y need

to w ait O (1 =r

i

) steps to cross eac h of the d

i

edges on

its route. Ho w ev er, this leav es a large gap b et w een

the upp er b ound of O ( d

i

=r

i

) and the low er b ound of

O (1 =r

i

+ d

i

). The recent w ork seeks to close this gap.

In 1990, Demers, Kesha v and Shenk er [6] prop osed

a widely-studied routing algorithm called W eigh ted

F air Queueing (WFQ). WF Q is a pac k etized appro xi-

mation of the idealized 
uid mo del algorithm Gener-

alized Pro cessor Sharing (GPS). WF Q is simple and

distributed. This same algorithm w as prop osed in-

dep enden tly by Parekh and Gallager [11 , 12] in 1992

under the name of Pac k et-by-P ac k et Generalized Pro-

cessor Sharing (PGPS). Parekh and Gallager pro v e

that the algorithm has an end-to-end dela y guaran tee

of 2 d

i

=r

i

[12 , page 148] in the case when all pac k ets

ha v e the same size.

In their 1996 pap er, Rabani and T ardos [13] pro-

duce an algorithm that routes ev ery pac k et to its des-

tination with probabilit y 1 � p in time O (1 =r

min

) +



(log

�

p

� 1

)

O (log

�

p

� 1

)

d

max

+ pol y (log p

� 1

), where r

min

=

min

i

r

i

and d

max

= max

i

d

i

. Ostrovsky and Ra-

bani improv e the b ound to O (1 =r

min

+ d

max

+

log

1+ "

p

� 1

) [10 ]. These b ounds are not session-based,

meaning that if one session has a small rate or a long

path then the dela y b ounds for all sessions will su�er.

The algorithms of Rabani et al. are distributed, where

knowledge of the en tire net w ork is not assumed, but

eac h pac k et carries some information.

The main tec hnique of Rabani et al. is based on

\dela y-insertion". The in tuition here is that if eac h

pac k et receiv es a large random initial dela y , then the

pac k ets are su�cien tly spread out to ensure that they

only need to w ait O (1) steps at eac h successiv e edge

rather than O (1 =r

i

) steps. This dela y-insertion tec h-

nique is used extensiv ely by Leigh ton et al. in [8, 9]

in the con text of static routing. (In the static rout-

ing problem, all pac k ets are presen t in the net w ork

initially .) Since our main result emplo ys man y tec h-

niques from [8], w e giv e a detailed summary of [8] in

Section 3.1.

A con trasting mo del, the c onne ctionless adversarial

queueing mo del , is also m uc h studied, e.g. [3, 1]. Here

the paths on which pac k ets are injected can change

o v er time giving the adv ersary more p ow er. In the ad-

v ersarial queueing mo del the b est dela y b ound known

is p olynomial in the maxim um path length [1].

1.5 Our Results

W e �rst pro vide a randomized, distributed sc hed-

uler that ac hiev es a dela y b ound of O (1 =r

i

+

d

i

log ( m=r

min

)) and a b ound on the queue size of

O (log ( m=r

min

)), where m is the num b er of edges in

the net w ork and r

min

= min

i

r

i

. While this b ound is

not optimal, it nevertheless con v eys some in tuition for

our main result.

The main con tribution of this pap er is an

asymptotically-optim al sc hedule. W e pro v e that a

sc hedule exists for the dynamic routing problem suc h

that the end-to-end dela y of eac h session- i pac k et is

b ounded by O (1 =r

i

+ d

i

).

1

Our result improv es up on

previous w ork in sev eral asp ects.

� W e pro vide a session-based dela y guaran tee. That

is, pac k ets from sessions with short paths and

high injection rates reach their destinations fast.

This is a big improv emen t ov er the previous

b ounds, which are stated in terms of r

min

=

min

i

r

i

and D = max

i

d

i

. W e also guaran tee that

1

In this pap er, w e concen trate on pro ving the existence of

suc h a sc hedule. Ho w ev er, the pro of can b e made constructiv e

using ideas of Leigh ton, Maggs and Ric ha [9] that are based on

Bec k's algorithm [2]. F or details, see [15].

ev ery pac k et always reaches its destination within

the dela y b ound, without dropping an y pac k ets.

� W e guaran tee constant-size edge queues. This is

in teresting b ecause edge queues are much more

exp ensive than initial queues in practice.

� A consequence of our result is a pac k et-based

b ound, which improv es up on the O ( c + d ) b ound

in [8] for the static problem. (See Section 3.1

for the problem and parameter de�nitions.) W e

sho w that if pac k et p

i

follo ws a route P

i

, then p

i

can b e routed to its destination within O ( c

i

+ d

i

)

steps, where c

i

is the maxim um congestion along

P

i

and d

i

is the num b er of edges on P

i

. This re-

sult trivially follo ws from our result by creating a

di�eren t session i for eac h pac k et p

i

, and de�ning

r

i

= (1 � " ) =c

i

.

The asymptotically-optim al sc hedule is template-

based. Ev en if the computation of the sc hedule is time-

consuming, it only needs to b e done once. Pac k ets can

then b e sc heduled inde�nitely as long as the sessions

do not change.

Leaky-buck et injection mo del Our results ab ov e

can b e generalized to burst y tra�c streams that are

le aky-bucket r e gulate d . Here, eac h session i has a max-

imum burst size (or buc k et size) of b

i

� 1 and an

av erage arriv al rate of r

i

. During an y t consecutiv e

time steps at most r

i

t + b

i

session- i pac k ets are in-

jected. Leaky-buc k et regulated tra�c is widely used

in the literature, e.g. [4, 5, 7, 11 , 12 , 14].

Leaky-buc k et regulated injections allow tra�c

shaping. When session- i pac k ets are injected, they

�rst enter the session- i buc k et at the source. These

pac k ets then leav e the buc k et one at a time at the

rate of r

i

. In this w ay , the end-to-end dela y is sepa-

rated in to tw o comp onen ts, dela y in the buc k et and

dela y in the net w ork. Since dela y in the buc k et is

at most b

i

=r

i

, the end-to-end dela y is increased by at

most b

i

=r

i

steps, and the size of the edge queues is

unc hanged.

The rest of the pap er is divided in to sections as fol-

lows. W e �rst describ e a simple distributed sc heduler

that has a dela y b ound of O (1 =r

i

+ d

i

log ( m=r

min

)) in

Section 2. In Section 3, w e ov erview the main tec h-

niques emplo y ed to ac hiev e a b ound of O (1 =r

i

+ d

i

)

and constant-size edge queues. The pro of details are

presen ted in the full v ersion of the pap er.

2 A Preliminary Result

Before presen ting our main result, w e �rst presen t

a simple cen tralized sc hedule and a simple distributed



sc hedule that ac hiev e dela y b ounds of O (1 =r

i

+

d

i

log( m=r

min

)) with high probabilit y . In addition,

the cen tralized sc hedule has a maxim um queue size of

O (log( m=r

min

)) with high probabilit y . These prelimi-

nary results are substantially simpler to pro v e b ecause

of the relaxed b ounds on dela y and queue sizes. Nev-

ertheless, they illustrate the basic ideas of the main

result.

In this section, for ease of presen tation, w e omit


o ors and ceilings where they are necessary . W e shall

also assume that 1 =r

i

is an in teger for all i and there

is a constant k suc h that k =r

min

is a multiple of 1 =r

i

for all i .

2

2.1 T emplate-Related De�nitions

Throughout m uc h of this pap er w e are consider-

ing template-based sc hedules. Sp ecifying a template-

based sc hedule reduces to the problem of assigning

tok ens to the slots on the templates. Our usual strat-

egy is to assign tok ens in token se quenc es . A tok en

sequence for session i consists of d

i

tok ens, one for

eac h edge along session i . F or eac h metho d of as-

signing tok ens w e initially pro vide b ounds on dela y

and queue size for a token-se quenc e sche dule . In this

sc hedule, pac k ets use tok ens for the initial edge in

a First-Come-First-Serv ed manner. Ho w ev er, once a

pac k et has used one tok en from a particular tok en se-

quence then for subsequen t edges it only uses tok ens

from that tok en sequence. Belo w w e state a theorem

sho wing that tok en-sequence b ounds giv e us b ounds

for the corresp onding template-b ase d sche dule in which

session- i pac k ets use session- i tok ens in a First-Come-

First-Serv ed manner on all edges. The pro of is con-

tained in the full v ersion. If no am biguit y arises, w e

shall often refer to sc heduling pac k ets rather than as-

signing tok ens in tok en sequences.

Let �

1

, : : : , �

d

i

b e a tok en sequence for session i .

If �

j +1

app ears x

j

steps after �

j

, then x

j

is the to-

ken lag for these t w o tok ens and

P

d

i

� 1

j =1

x

j

is the end-

to-end dela y for this tok en sequence. The tok en se-

quences for eac h session i form a partition of all the

session- i tok ens. In the follo wing w e state that, in an y

template-based sc hedule, b ounding the dela y for tok en

sequences is su�cien t to b ound the pac k et dela ys and

that b ounding the tok en lag is su�cien t to b ound the

2

In the main text, w e c ho ose to assume the existence of k so

as to av oid obscuring the main ideas. If there is no suc h constan t

k , w e can always sho w the existence of ^ r

i

for eac h session i suc h

that the follo wing holds. i) ^ r

i

is a fraction s

i

=`

i

, where s

i

, `

i

are in tegers and `

i

= �(1 =r

i

) is a p ow er of 2; ii) r

i

� ^r

i

; iii)

P

i

^r

i

� 1 � 5 "= 6 for all edges. Hence, if w e cho ose the template

size M = max

i

`

i

, then M = �(1 =r

min

) is a m ultiple of all `

i

's.

Then in the tok en placemen t pro cess of Section 2.2, w e place s

i

tokens in one slot ev ery `

i

slots.

edge queues.

Theorem 1 If the end-to-end delay for e ach session- i

token se quenc e is b ounde d by X , then in the template-

based sc hedule , e ach session- i p acket r e aches its desti-

nation within X steps after it obtains an initial token.

If the token lag is b ounde d by x for all token se quenc es

for all sessions, then in the template-based sc hedule

the e dge queue size is also b ounde d by x .

Note that in the template-based sc hedule the session- i

pac k ets reach their destination in or der .

2.2 A Simple Centralized Sc hedule

W e no w describ e the cen tralized sc hedule which w e

call templa te . Let M = k =r

min

where k is the con-

stant chosen ab ov e. Eac h template has size M . W e

�rst place r

i

M initial tokens on the template for the

�rst edge of session i , spaced 1 =r

i

slots apart.

Lemma 2 Each session- i p acket wil l obtain a

session- i token at most 2 =r

i

steps after its inje ction.

Pro of: Supp ose that pac k et p is injected at time t but

has not obtained an initial tok en by time t + 2 =r

i

+ 1.

Let t

0

b e the last time b efore t + 2 =r

i

+ 1 that there

w ere no session- i pac k ets w aiting for initial tok ens.

(Note that t

0

< t .) Betw een times t

0

and t at most

( t � t

0

) r

i

+ 1 session i pac k ets are injected. Ho w ev er,

at least ( t � t

0

+ 2 =r

i

) r

i

� 1 = ( t � t

0

) r

i

+ 1 initial tok ens

for session i app ear b et w een times t

0

and t + 2 =r

i

. By

the de�nition of t

0

, eac h of these tok ens w as used by a

pac k et. Hence none of the pac k ets injected b et w een t

0

and t (and in particular pac k et p ) can still b e w aiting

for an initial tok en at time t + 2 =r

i

+ 1. 2

Once the initial session- i tok ens are placed, w e de-

lay eac h of them by an amoun t chosen uniformly and

indep enden tly at random from [ L + 1 ; L + 1 =r

i

], where

L =

�

2

log ( mM ) and � is a constant. The in tuition is

that the random dela ys w ould spread out the tok ens.

After the tok ens ha v e b een dela y ed w e can b e sure that

eac h pac k et obtains an initial tok en within L + 3 =r

i

steps. W e no w create the tok en sequences. (Recall

the de�nition of tok en sequence from Section 2.1.) F or

ev ery session- i tok en a placed in the template corre-

sp onding to the j th edge, w e place a session- i tok en

b on the template corresp onding to the ( j + 1)st edge

suc h that b app ears exactly 2 L steps after a .

W e observe that tw o di�eren t session-i tok en se-

quences ha v e their initial tok ens in di�eren t slots, and

therefore tw o session-i tok ens can never b e in the same

slot. Unfortunately , tok ens from di�eren t sessions ma y

b e placed in one slot, which w ould cause pac k ets from



di�eren t sessions to cross the same edge sim ultane-

ously . The follo wing lemma sho ws that the tok ens are

not clustered to an y great exten t.

Lemma 3 Ther e ar e at most L tokens in any c on-

se cutive L slots on any template with pr ob ability

1 � 1 = ( mM ) , wher e L =

�

2

log( mM ) and � is a

su�ciently-lar ge c onstant.

Pro of: Since the initial tok ens for session i are

spaced 1 =r

i

apart and eac h is dela y ed by an amoun t

chosen indep enden tly and uniformly at random from

[ L + 1 ; L + 1 =r

i

], the exp ected num b er of session- i to-

k ens in a single slot is r

i

. F or a particular in terv al of L

consecutiv e slots on a particular template, let the ran-

dom v ariable X equal the num b er of tok ens in these

slots. By linearit y of exp ectations, E [ X ] �

P

i

r

i

L �

(1 � " ) L . (Note also that

P

i

b r

i

L c � X �

P

i

d r

i

L e .)

Whether or not a tok en lands in these L slots is a

Bernoulli ev en t. Since the dela ys to the initial to-

k ens are chosen indep enden tly and all session paths

are simple, these Bernoulli ev en ts are indep enden t.

Since E [ X ] � (1 � " ) L , w e ha v e the follo wing by a

Cherno� b ound.

Pr [ X > L ] � Pr [ X > (1 + " )(1 � " ) L ]

� e

� "

2

(1 � " ) L= 3

:

In m templates there are at most mM in terv als of L

consecutiv e slots. Therefore, by a union b ound the

probabilit y that more than L tok ens app ear in any L

consecutiv e slots is b ounded by ,

mM Pr [ X > L ] � mM e

� "

2

(1 � " ) L= 3

= mM e

� "

2

(1 � " ) � log( mM ) = 6

:

By cho osing a su�cien tly large constant � , w e can

b ound the ab o v e probabilit y by 1 = ( mM ). 2

Lemma 3 is not su�cien t to guaran tee one tok en

p er slot. W e solv e this problem by partitioning eac h

template in to in terv als of L consecutiv e slots

3

and

\smo othing out" eac h in terv al as follo ws. W e tak e

the at most L tok ens from these slots and rearrange

them arbitrarily so that there is at most one tok en in

eac h slot. W e ha v e,

Lemma 4 Consider a p acket p . L et K

p

b e the to-

ken se quenc e that c ontains the initial token use d by

p b efore the smo othing pr o c ess. L et �

p

j

b e the token

3

Here w e assume M is a m ultiple of L . This can b e ac hiev ed

b y c ho osing M and L to b e p ow ers of 2. (See the previous

fo otnote.)

for the j th e dge in this token se quenc e. Then, after

the smo othing pr o c ess, the p acket p c an use the token

�

p

j

to cr oss its j th e dge. Ther efor e, p r e aches its des-

tination within O (1 =r

i

+ d

i

log( m=r

min

)) steps of its

inje ction.

Pro of: It is su�cien t to sho w that, after the smo oth-

ing pro cess, tok en �

p

1

(the initial tok en) app ears after

the injection of p and �

p

j +1

app ears after �

p

j

. A tok en

is shifted by at most L � 1 steps by the smo othing

pro cess. Before the smo othing, �

p

1

app ears at least L

steps after the injection of p and �

p

j +1

app ears exactly

2 L steps after �

p

j

. The lemma follo ws. 2

Hence, w e ha v e presen ted a sc hedule templa te

that assigns tok ens on the templates with at most

one tok en p er slot with high probabilit y . Note that

if the �rst execution of templa te assigns more than

one tok en p er slot, templa te can b e executed again

until the condition of one tok en p er slot is satis�ed.

W e ha v e already b ounded the dela y exp erienced by

pac k ets. W e no w sho w that the queue size is small.

Lemma 5 Every session- i p acket waits at most

O (log ( m=r

min

)) steps to cr oss e ach e dge. Ther efor e,

the queue size is O (log ( m=r

min

)) .

Pro of: Supp ose that pac k et p uses tok en �

q

j

from to-

k en sequence K

q

to cross its j th edge. Then pac k et p

can use �

q

j +1

to cross its j + 1st edge. Thus tok en �

q

j +1

app ears at most 4 L = O (log( m=r

min

)) steps later than

�

q

j

. The result follo ws. 2

Therefore,

Theorem 6 With high pr ob ability, the r andomize d

c entr alize d sche dule templa te has a delay b ound

of O (1 =r

i

+ d

i

log( m=r

min

)) and a queue size of

O (log ( m=r

min

)) .

2.3 A Simple Distributed Sc hedule

The ab ov e sc heme templa te is cen tralized since

the session- i tok ens on one template are dep enden t on

the previous template. Ho w ev er, it suggests the fol-

lowing simple distribute d strategy for sc heduling pac k-

ets so as to ac hiev e small dela y . As with the cen tral-

ized sc hedule, w e place initial tok ens on the �rst edge

of session i and then dela y eac h tok en by an amoun t

chosen indep enden tly and uniformly at random from

[ L + 1 ; L + 1 =r

i

]. Supp ose that a pac k et no w has its

initial tok en at time T . Then for the k th edge on

this pac k et's path the pac k et is giv en a \deadline" of

T + 2 L ( k � 1) + L , where L =

�

2

log( mM ). When-

ev er tw o or more pac k ets con tend for the same edge

sim ultaneously , the pac k et with the earliest deadline



mo v es. W e call this sc heme Earliest-Deadline-

First (edf) .

Lemma 7 F or any e dge, ther e ar e at most L de ad-

lines in any c onse cutive L time steps with pr ob ability

at le ast 1 � 1 = ( mM ) , wher e L =

�

2

log ( mM ) and � is

a su�ciently lar ge c onstant.

Pro of: The pro of is almost identical to that of

Lemma 3. 2

Lemma 8 If for any e dge, ther e ar e at most L de ad-

lines in any c onse cutive L time steps, then e ach p acket

cr osses every e dge by its de ad line.

Pro of: F or the purp ose of con tradiction, let D b e

the �rst deadline that is missed. This implies that all

deadlines earlier than D are met. Let p b e the pac k et

that misses deadline D for edge e . Since pac k et p

meets its previous deadlines, p must ha v e crossed its

previous edge by time D � L , or else e must b e p 's �rst

edge and p m ust ha v e obtained its initial tok en by time

D � L . Hence, at ev ery time step from time D � L + 1 to

D pac k et p is held up by another pac k et with deadline

no later than D . F urthermore, these deadlines must

b e later than D � L since all deadlines earlier than

D are met. Therefore, at least L + 1 pac k ets ha v e

deadlines for edge e from time D � L + 1 to D . This

con tradicts the assumption of the lemma. 2

Lemmas 7 and 8 imply ,

Theorem 9 With high pr ob ability, the r andom-

ize d distribute d sche dule Earliest-Deadline-First

achieves a delay b ound of O (1 =r

i

+ d

i

log( m=r

min

)) .

Note that edf do es not generate a template for

eac h edge. Instead, it generates a list of r

i

M initial

deadlines for the �rst edge of session i , and giv es them

in order to the session- i pac k ets injected.

3 Summary of the Main Result

Our main result for the dynamic routing problem

parallels an earlier result on static routing. In Sec-

tion 3.1 w e review the metho d used for solving the

static case, and in Section 3.2 w e giv e an ov erview of

the additional complexities that need to b e addressed

in the dynamic case.

3.1 A Bound of O ( c + d ) for Static Routing

Leigh ton, Maggs and Rao consider the static rout-

ing problem for arbitrary net w orks in [8]. F or static

routing, all pac k ets are presen t in the net w ork initially .

Eac h pac k et is asso ciated with a source, a destination,

and a route. The c ongestion on eac h edge is the total

num b er of routes that require that edge, and the di-

lation of a route is the num b er of edges on the route.

Leigh ton et al. sho w that for an y set of routes with

maxim um congestion c (o v er all edges) and maxim um

dilation d (o v er all routes), there is a sc hedule of length

O ( c + d ) and edge queue size O (1). In this sc hedule, at

most one pac k et trav erses eac h edge at eac h time step.

A pac k et w aits O ( c + d ) steps initially b efore leaving

its source, and it w aits O (1) steps to cross eac h edge

thereafter.

W e summarize here the tec hniques in [8]. The strat-

egy for constructing an e�cien t sc hedule is to mak e a

succession of r e�nements to an initial sc hedule S

(0)

. In

S

(0)

, eac h pac k et mo v es at ev ery step until it reaches

its destination. This sc hedule has length d , but as

man y as c pac k ets ma y trav erse the same edge at the

same step. Eac h re�nemen t brings the sc hedule closer

and closer to the requiremen t that at most one pac k et

uses one edge p er time step.

A T - fr ame is a time in terv al of length T . The fr ame

c ongestion , C , in a T -frame is the largest num b er of

pac k ets that use an y edge during the frame. The r el-

ative c ongestion in a T -frame is the ratio C =T . The

frame congestion (resp. relativ e congestion) on an edge

e during a T -frame is de�ned to b e the frame conges-

tion (resp. relativ e congestion) asso ciated with edge

e .

It is ob vious that the initial sc hedule S

(0)

has rel-

ative congestion at most 1 for an y c -frame. A r e�ne-

ment transforms a sc hedule S

( q )

with relativ e conges-

tion at most c

( q )

in an y frame of size I

( q )

or larger

in to a sc hedule S

( q +1)

with relativ e congestion at most

c

( q +1)

in an y frame of size I

( q +1)

or larger. The re-

sulting frame size I

( q +1)

is much smaller than I

( q )

,

whereas the relativ e congestion c

( q +1)

is only sligh tly

bigger than c

( q )

. In particular, I

( q +1)

= log

5

I

( q )

and

c

( q +1)

= (1 + o (1)) c

( q )

. After a series of O (log

�

c )

re�nemen ts, a sc hedule S

( � )

is obtained where the rel-

ative congestion is O (1) for an y O (1)-frame. A �nal

sc hedule, in which at most one pac k et at a time crosses

eac h edge, can b e constructed by replacing eac h step

of S

( � )

by a constant num b er of steps. Eac h re�ne-

men t is ac hiev ed by inserting dela ys to the pac k ets. It

is the cen tral issue in [8] to sho w that a set of dela ys

always exists satisfying the criteria in T able 1.

3.2 A Bound of O (1 =r

i

+ d

i

) for Dynamic

Routing

Our result for the dynamic routing problem is par-

allel to that in [8]. F or an arbitrary net w ork where

paths (sessions) are de�ned, w e sho w that there is a

sc hedule suc h that ev ery session- i pac k et reaches its

destination within O (1 =r

i

+ d

i

) steps of its injection,



Sc hedule F rame size Relativ e congestion

S

( q )

I

( q )

c

( q )

Re�nemen t log

5

I

( q )

(1 + o (1)) c

( q )

S

( q +1)

I

( q +1)

c

( q +1)

T able 1: F rame-re�nemen t for static routing in [8].

where r

i

and d

i

are the injection rate and path length

for session i , resp ectiv ely . A session- i pac k et w aits

O (1 =r

i

+ d

i

) steps initially b efore leaving its source,

and it w aits O (1) steps to cross eac h edge afterw ards.

T o ac hiev e a session-based, end-to-end dela y b ound

of O (1 =r

i

+ d

i

) for our dynamic routing problem, w e

adopt the general approach in [8]. Ho w ev er, there

are three ma jor problems in transforming the solution

for the static problem in to a solution for the dynamic

problem. In the follo wing w e presen t these three prob-

lems and their solutions.

Problem 1: In�nite time

In [8] all the pac k ets to b e sc heduled are presen t ini-

tially . In the dynamic mo del, pac k ets are injected

o v er an in�nite time line. W e w ould like to parti-

tion the in�nite time line in to �nite time in terv als

which can b e sc heduled indep enden tly of eac h other.

W e divide time in to in terv als of length T , where

T = �(1 =r

min

+ d

max

). W e then indep enden tly sc hed-

ule the time in terv als [0 ; T ), [ T ; 2 T ), [2 T ; 3 T ), etc.

W e asso ciate eac h session i with a quan tit y T

i

=

�(1 =r

i

+ d

i

). F or an y in teger k � 0 consider all

the session- i pac k ets that are injected during in ter-

v al [ k T � T

i

; ( k + 1) T � T

i

). W e pro vide a sc hedule in

which all these pac k ets lea v e their sources no earlier

than time k T and reach their destinations b efore time

( k + 1) T . (See Figure 1.) F rom no w on, w e concen-

trate on sc heduling the arriv als that w ould b e serviced

during in terv al [ T ; 2 T ).

Problem 2: Session-based delay guaran tees

Once w e restrict ourselves to the in terv al [ T ; 2 T ), it

seems that the dynamic routing problem is similar to

the static problem. Ho w ev er, w e cannot simply pro-

ceed with the successiv e re�nemen ts as in Section 3.1,

since some sessions need tigh ter dela y b ounds than

others. Session- i pac k ets can only tolerate a dela y pro-

p ortional to 1 =r

i

+ d

i

. W e group sessions according to

their asso ciated 1 =r

i

+ d

i

v alue. W e start by insert-

ing dela ys to sessions ha ving large v alues of 1 =r

i

+ d

i

,

T

i

T

j

T

i

T

j

T 2 T

Service time for all sessions

Arriv al time for session i

Arriv al time for session j

Figure 1: All the session- i pac k ets that arriv e during

[ k T � T

i

; ( k + 1) T � T

i

) are serviced during [ k T ; ( k +

1) T ). In this �gure, k = 1.

reducing the frame size and b ounding the relativ e con-

gestion. When the frame size b ecomes small enough,

sessions with smaller 1 =r

i

+ d

i

join in.

More precisely , w e in tro duce the concept of inte-

gr al and fr actional sessions. When session i is inte gr al ,

pac k ets of size 1 are injected at rate r

i

. When session

i is fr actional , a pac k et of size ^r

i

is injected at ev ery

time step, where ^r

i

is a v alue sligh tly larger than r

i

.

A pac k et from a fractional session always crosses one

edge at a time, whether or not other pac k ets are cross-

ing the edge at the same time. Therefore, a fractional

pac k et from session i always con tributes exactly ^ r

i

to

the congestion. Integral sessions are those to which

w e can a�ord to insert dela ys in order to b ound the

congestion. F ractional sessions are those to which w e

cannot insert dela ys. Ho w ev er, congestion due to a

fractional session i is only ^ r

i

, which is small.

As b efore, S

( q )

represents the sc hedule in the q th it-

eration. The set of in tegral sessions for S

( q )

is denoted

by A

( q )

. F or the initial sc hedule S

(0)

, all the sessions

are fractional and w e sho w that the relativ e congestion

is less than 1. F or sc hedule S

( q )

w e inductiv ely assume

that the relativ e congestion due to the curren t in tegral

and fractional sessions is at most c

( q )

for an y frame of

size I

( q )

or larger. T o create a sc hedule S

( q +1)

from

sc hedule S

( q )

w e carry out a frame-re�nement step and

a con v ersion step.

The frame-re�nement step reduces the frame size



Sc hedule Integral sessions F rame size Relativ e congestion

S

( q )

A

( q )

I

( q )

c

( q )

Re�nemen t A

( q )

log

5

I

( q )

(1 + o (1)) c

( q )

Con v ersion A

( q )

[ B

( q +1)

log

5

I

( q )

(1 + o (1))

2

c

( q )

S

( q +1)

A

( q +1)

I

( q +1)

c

( q +1)

T able 2: Re�nemen t and con v ersion for dynamic routing.

from I

( q )

to I

( q +1)

= log

5

I

( q )

, while sligh tly increas-

ing the relativ e congestion from c

( q )

to (1 + o (1)) c

( q )

.

This step is ac hiev ed by dela ying the in tegral pac k-

ets by up to �

�

( I

( q )

)

2

�

steps. W e mak e sure that

if session i is in A

( q )

then 1 =r

i

+ d

i

� ( I

( q )

)

2

,

and therefore the dela ys inserted can b e tolerated.

The con v ersion step con v erts some sessions from frac-

tional to in tegral, while main taining the frame size of

I

( q +1)

and sligh tly increasing the relativ e congestion

to c

( q +1)

= (1 + o (1))

2

c

( q )

. These newly-conv erted

sessions form a set B

( q +1)

and ha v e asso ciated v alues

1 =r

i

+ d

i

� ( I

( q +1)

)

2

. This b ound is chosen so that the

sessions in A

( q +1)

, which is A

( q )

[ B

( q +1)

, will b e able

to tolerate the dela ys inserted during the next itera-

tion of frame-re�nement. During the con v ersion step

w e dela y the pac k ets in B

( q +1)

by up to �(1 =r

i

+ d

i

)

steps. W e are able to sho w the existence of \go o d" de-

lays for b oth frame-re�nement and con v ersion steps.

T able 2 summarizes our approach.

At the termination of our algorithm w e ha v e a

sc hedule S

( � )

in which ev ery session is in tegral and

the relativ e congestion is at most 1, for all frames of

size larger than a certain constant. In S

( � )

all session- i

arriv als during [ T � T

i

; 2 T � T

i

) are serviced during

[ T ; 2 T ). F urthermore, all session- i pac k ets reach their

destination within O ( T

i

) steps of their injections.

Problem 3: Constant-factor stretc hing in the

�nal sc hedule

As discussed ab o v e, w e rep eat the pro cess of re�ne-

men t and con v ersion un til w e ha v e a sc hedule, S

( � )

, in

which all sessions are in tegral and in which the rela-

tiv e congestion is 1 for all frames of size larger than

a certain constant w . In the static problem, a �nal

sc hedule can easily b e obtained by stretc hing S

( � )

by

a constant factor. Ho w ev er, w e cannot a�ord to ha v e a

constant blo wup in our �nal sc hedule for the dynamic

problem. This is b ecause w e need to indep enden tly

sc hedule all time in terv als [0 ; T ), [ T ; 2 T ), etc, and a

constant blo wup w ould mak e these time in terv als ov er-

lap.

T o ov ercome this problem, w e �rst devise a sc hedule

for a new net w ork M that is constructed from the

original net w ork N as follo ws. Eac h edge e of N is

replaced by 2 w consecutiv e edges e

1

; : : : ; e

2 w

, where

w is the constant in tro duced ab ov e. The rates and

routes of the sessions are una�ected. In M , session i

has length D

i

= 2 w d

i

= O ( d

i

).

All the tec hniques describ ed earlier are applied to

the net w ork M . W e carry out successiv e con v ersion

and re�nemen t steps for M and obtain a sc hedule S

( � )

,

where the relativ e congestion is 1 for an y frame whose

size is larger than w . W e then \smo oth" S

( � )

and

con v ert it to a sc hedule for N where only one pac k et

at a time trav erses an y edge.

The idea b ehind the smo othing pro cess is as follo ws.

In S

( � )

, more than one pac k et ma y require some edge

of M during a giv en time step, but at most w pac k ets

can require an y giv en edge f in M within w time steps.

This means w e can sh u�e eac h pac k et that requires

edge f by at most w time steps, so that exactly one

pac k et trav erses f at an y step. Unfortunately , this

sh u�ing in time can lead to an illegal sc hedule for M ,

in which a pac k et can b e sc heduled to trav erse the

edges on its path out of order (timewise). Ho w ev er,

one can pro v e that if w e consider the sc hedule with

resp ect to the pac k ets trav ersing edge e

2 w

, for all e ,

then this sc hedule is legal, i.e. the pac k ets cross these

edges in order. Hence, w e sc hedule edge e in N in

exactly the same w ay that the corresp onding edge e

2 w

is sc heduled in M .

Figure 2 is a sc hematic picture of our ov erall ap-

proac h.

The main theorem of this pap er is stated b elow. A

detailed pro of is con tained in the full v ersion of the

pap er.

Theorem 10 Consider an arbitr ary network in which

sessions ar e de�ne d. Each session i is asso ciate d with

an inje ction r ate r

i

and p ath length d

i

. Packets ar e

inje cte d to the network along these sessions subje ct to

the inje ction r ates. If the total r ate on e ach e dge is at

most 1 � " for a c onstant " 2 (0 ; 1) , then ther e exists a



Construct new net w ork M

Sc hedule in terv als indep enden t ly

P artition time in to �nite in terv als

Conv ert bac k to net w ork N

Smo oth sc hedule

Rep eat:

Conv ersion

Re�nemen t

Figure 2: An o v erview of our approach for the dynamic

routing problem.

template-b ase d sche dule such that e ach session- i p acket

r e aches its destination within O (1 =r

i

+ d

i

) steps of its

inje ction and at most one p acket cr osses an e dge at

e ach time step. This sche dule also maintains c onstant

e dge queues.
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