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Abstract

Although many real-world stochasticplanning
problemsaremorenaturallyformulatedby hybrid
modelswith both discreteand continuousvari-
ables,currentstate-of-the-artmethodscannotad-
equatelyaddresstheseproblems.We presentthe
�rst framework thatcanexploit problemstructure
for modeling and solving hybrid problemsef�-
ciently. We formulate theseproblemsas hybrid
Markov decisionprocesses(MDPs with continu-
ousanddiscretestateandactionvariables),which
we assumecanbe representedin a factoredway
using a hybrid dynamic Bayesiannetwork (hy-
brid DBN). This formulationalsoallows usto ap-
ply our methodsto collaborative multiagentset-
tings. We presenta new linear programapprox-
imation methodthat exploits the structureof the
hybrid MDP and lets us computeapproximate
valuefunctionsmoreef�ciently . In particular, we
describea new factoreddiscretizationof continu-
ousvariablesthatavoids theexponentialblow-up
of traditionalapproaches.We provide theoretical
boundson the quality of suchan approximation
andonits scale-uppotential.Wesupportour theo-
reticalargumentswith experimentsonasetof con-
trol problemswith up to 28-dimensionalcontinu-
ousstatespaceand22-dimensionalactionspace.

1 Intr oduction

Markov decisionprocesses(MDPs) [2, 3] offer an elegant
mathematicalframework for representingsequentialdeci-
sionproblemsin thepresenceof uncertainty. While standard
solutiontechniques,suchasvalueor policy iteration,scale-
up well in termsof the total numberof statesandactions,
thesetechniquesarelesssuccessfulin real-world MDPsrep-
resentedby stateandactionvariables.In purelydiscreteset-
tings, the runningtime of thesealgorithmsgrows exponen-
tially in thenumbervariables,thesocalledcurseof dimen-
sionality. Furthermore,many real-world problemsincludea
combinationof continuousanddiscretestateandactionvari-
ables.In this hybrid setting,thecontinuouscomponentsare
typically discretized,leadingagain to an exponentialblow
up in thenumberof variables.

In this work, we presentthe �rst MDP framework that can
exploit problemstructureto representand solve large hy-
brid stochasticplanning problemsef�ciently . We model

theseproblemsusinga hybrid factoredMDP wherethedy-
namicsarerepresentedcompactlyby a probabilisticgraph-
ical model,a hybrid dynamicBayesiannetwork (DBN) [7].
Unfortunately, compactDBN parameterizationsof hybrid
MDPs do not guaranteethe existenceof ef�cient exact so-
lutionsto theseproblems.In hybrid settings,this issueis ac-
centuated,asexact parametricsolutionsmay not exist. We
thusapproximatethesolutionwith asimplerparametricrep-
resentation.We focuson linear approximations,wherethe
value function is approximatedby a linear combinationof
basisfunctions[1, 3]. Speci�cally, we usea factored (lin-
ear) valuefunction[12], whereeachbasisfunctiondepends
on a small numberof statevariables. This architectureis
centralfor obtainingef�cient approximationalgorithmsfor
factoredMDPs[12, 8].

In hybrid settings,eachbasisfunctionmaydependon both
continuousanddiscretestatecomponents.We show thatthe
weightsof thisapproximationcanbeoptimizedusingacon-
vex formulationwecall hybridapproximatelinear program-
ming(HALP). TheHALP reducesto theapproximatelinear
programming(ALP) formulation[15] in purelydiscreteset-
tings. When appliedto discretefactoredMDPs, the ALP
approachleadsto linearprogramming(LP) problemswith a
smallnumberof variables,but with exponentiallymany con-
straints;oneconstraintper eachstate-actionpair. Guestrin
et al. [8] presentan ef�cient LP decompositiontechnique
that exploits the structureof the factoredmodel to repre-
sentthis LP by an equivalent, exponentially-smallerprob-
lem. SchuurmansandPatrascu[14] build on this decompo-
sition techniqueto designan ef�cient constraintgeneration
approachfor theALP problem.Alternatively, deFariasand
Van Roy [5] proposea samplingapproachfor selectinga
subsetof theexponentially-largeconstraintset.

In purelycontinuoussettings,theHALP reducesto the for-
mulationrecentlyproposedby HauskrechtandKveton[11]
for factoredcontinuous-stateMDPs(CMDPs). This formu-
lation requiresthe computationof several complex integra-
tion problems,which Hauskrechtand Kveton addressby
identifying conjugateclassesof parametrictransitionmod-
elsandbasisfunctionsthat leadto ef�cient closed-formso-
lutions.Their formulationalsoincludesaconstraintfor each
state,now leadingto an in�nite numberof constraints.To
solvetheproblemthey applytheconstraintsamplingmethod
in combinationwith variousheuristicsto generateasmallset
of constraintsthatde�ne anLP approximationwith no theo-
reticalguarantees.

In this paper, we �rst provide theoreticalguaranteesfor the
solutionsobtainedby theHALP formulationthatalsoapply



to thepurelycontinuoussettingof HauskrechtandKveton.
Speci�cally, we extendthe theoreticalanalysisof deFarias
andVanRoy [6] for discreteALPsto thecontinuousandhy-
brid settingsaddressedby ourHALP formulation,providing
boundswith respectto the bestapproximationin the space
of thebasisfunctions.

Although theoreticallysound,the HALP formulation may
still behardto solve directly. In particular, theHALP leads
to a linear programwith an in�nite numberof constraints.
We addressthis problemby de�ning a relaxed formulation,
" -HALP, over a �nite subsetof constraints,usinga new fac-
tored discretizationtechniquethat exploits structurein the
continuouscomponents.Oncediscretized,this formulation
canbesolvedef�ciently by existing factoredALP methods
[8, 14]. We �nally provideaboundon thelossin thequality
of thesolutionof this relaxedrelaxed"-HALP with respect
to thatof thecompleteHALP formulation.

We illustratethe feasibility of our formulationandits solu-
tion algorithmon a sequenceof control optimizationprob-
lems with 28-dimensionalcontinuousstatespaceand 22-
dimensionalaction space. Thesenontrivial dynamicopti-
mization problemsare far out of reachof classicsolution
techniques.

2 Multiagent hybrid factoredMDPs

FactoredMDPs [4] allow one to exploit problemstructure
to representexponentially-large MDPs compactly. Here,
we extend this representationto hybrid systemswith con-
tinuous and discretevariables. A multiagenthybrid fac-
tored MDP is de�ned by a 4-tuple (X ; A ; P; R) that con-
sistsof astatespaceX representedby asetof statevariables
X = f X 1; : : : X n g, an actionspaceA de�ned by a setof
actionvariablesA = f A1; : : : Am g, a stochastictransition
modelP modelingthe dynamicsof a stateconditionedon
thepreviousstateandactionchoice,anda rewardmodelR
that quanti�es the immediatepayoffs associatedof a state-
actioncon�guration.

Statevariables: In a hybrid model,eachstatevariablecan
beeitherdiscreteor continuous.We assumethatevery con-
tinuousvariablesis boundedto a [0; 1] subspace,andeach
discretevariableX i takeson valuesin some�nite domain
Dom(X i ), with jDom(X i )j possiblevalues. A stateis de-
�ned by a vectorx of valueassignmentsto eachstatevari-
able.Wesplit thisstatevectorx into discreteandcontinuous
componentsdenotedby x = (x D ; xC ), respectively.

Actions: Weassumeadistributedactionspace,suchthatev-
eryactioncorrespondsto oneagent.As with statevariables,
theglobalactiona is de�nedby avectorof individualaction
choicesthatcanbedividedinto discreteaD andcontinuous
aC components.

Factored transition: We de�ne a statetransitionmodelus-
ing a dynamicBayesiannetwork(DBN) [7]. Let X i denote
a variableat the current time and let X 0

i denotethe same
variableat the successive step. The transition graph of a
DBN is a two-layerdirectedacyclic graphwhosenodesare
f X 1; : : : ; X n ; A1; : : : ; Am ; X 0

1; : : : ; X 0
n g. We denotethe

parentsof X 0
i in the graphby Par(X 0

i ). For simplicity of
exposition,we assumethatPar(X 0

i ) µ f X ; A g, i.e., all arcs
in theDBN arebetweenvariablesin consecutive timeslices.

EachnodeX 0
i is associatedwith a conditional probability

function(CPF) p(X 0
i j Par(X 0

i )) . Thetransitionprobability
p(x0 j x ; a) is thende�ned to be

Q
i p(x0

i j u i ), whereu i is
thevaluein f x ; ag of thevariablesin Par(X 0

i ). In ourhybrid
setting,theCPFassociatedwith X 0

i is de�nedeitherin terms
of a distribution or a densityfunctiondependingon whether
X 0

i is discreteor continuous.

Parameterization of CPFs: The transitionmodelfor each
variableis local,aseachCPFdependsonly onasmallsubset
of statevariablesandon the actionsof a small numberof
agents.In hybrid settings,wemustalsoensurethatthelocal
transitionmodelcanbeparameterizedcompactly. To model
the transitionsof a continuousstatevariablein [0; 1] with
hybrid parentswe assumebetaor mixture of betadensities
asproposedrecentlyby HauskrechtandKveton [11]. Here,
theCPFis givenby:

p(X 0
i j Par(X 0

i )) = Beta(X 0
i j h1

i (Par(X 0
i )) ; h2

i (Par(X 0
i ))) ;

whereh1
i (Par(X 0

i )) > 0; h2
i (Par(X 0

i )) > 0 are any posi-
tive functionsof the valueof the parentsof X 0

i that de�ne
thesuf�cient statisticsof thebetadistribution. Notethatthe
functionsh1

i andh2
i candependonbothcontinuousanddis-

creteparentvariablesPar(X 0
i ). Additionally, we allow the

CPFp(X 0
i j Par(X 0

i )) to be modeledby a (weighted)mix-
ture of betadistributions. This mixture model provides a
very generalclassof distributions for randomvariablesin
[0; 1]. Additionally, thechoiceof (mixtureof) betadistribu-
tions allow us to performmany operationsrequiredby our
algorithmveryef�ciently , asdiscussedin Section4.

TheCPFfor adiscretestatevariablewith hybrid parentscan
be de�ned usinga rathergeneraldiscriminantfunction ap-
proach. Speci�cally, the conditional distribution P(X 0

i j
Par(X 0

i )) canbe implementedin termsof jDom(X i )j dis-
criminantfunctionsdj (Par(X 0

i )) > 0. Thesefunctionsspec-
ify thedistributionoverX 0

i by:

P(X 0
i = j j Par(X 0

i )) =
dj (Par(X 0

i ))
P jDom (X i ) j

u=1 du (Par(X 0
i ))

: (1)

Thisdiscriminantfunctionrepresentationallowsusto repre-
sentaverywideclassof distributions.

Rewards: We assumethat reward function for every state
and action also decomposesas the sum of partial reward
functionsde�ned onsubsetsof stateandactionvariables:

R(x; a) =
X

j

Rj (x j ; aj );

whereRj denotepartialrewardfunctions,andx j andaj de-
�ne therestrictionof thefull stateandactionto thesubspace
associatedwith thescopeof R j .

Policy: Given our factoredMDP, our objective is to �nd a
control policy ¼¤ : X ! A that maximizesthe in�nite-
horizon,discountedreward criterion: E [

P 1
i =0 ° i r i ], where

° 2 [0; 1) is a discountfactor, andr i is a rewardobtainedin
stepi .

Valuefunction: Thevalueof theoptimalpolicy satis�esthe
Bellman�x edpointequation[2, 3]:

V ¤ (x ) = sup
a

2

4R(x ; a) + °
X

x 0
D

Z

x 0
C

p(x 0 j x ; a)V ¤ (x 0)

3

5 ; (2)



whereV ¤ is thevalueof theoptimalpolicy. Giventhevalue
functionV ¤, theoptimalpolicy ¼¤(x) is de�nedby thecom-
positeactiona optimizingEqn2.

3 Approximate linear programming solutions
for hybrid MDPs

Thereexist a numberalgorithmsfor computingtheoptimal
valuefunctionV ¤, and/ortheoptimalpolicy ¼¤ for MDPs.
The arsenalof standardmethodsinclude value and pol-
icy iteration,and linear programming[3]. However, many
of thesemethodsareusually ineffective in hybrid factored
MDPs: First, even,if thestateandtheactionspacesarede-
�ned solely in termsof discretevariables,the runningtime
of thesestandardsolution methodsare polynomial in the
numberof statesandactions,i.e., exponentialin thedimen-
sionof thesespaces.Furthermore,in our hybrid setting,the
stateandactionspacesincludescontinuouscomponents,of-
ten leadingto optimal value functionsor policies with no
compactfunctionalrepresentation.

A standardway to solve suchcomplex MDPs is to assume
a surrogatevaluefunction form with a small setof tunable
parameters.The goal of the optimizationis then to iden-
tify the valueof theseparametersthat best�t the MDP so-
lution. This approximationof thetruevaluefunctionmodel
by a parametricmodelis bestviewedastransformationof a
highly complex high dimensionaloptimizationproblemto a
lower dimensionalone. Particularlypopularin recentyears
areapproximationsbasedon linear representationsof value
functions,wherethe valuefunction V (x) is expressedasa
linearcombinationof k basisfunctionsf i (x) [1, 13]:

V (x) =
kX

i =1

wi f i (x):

In thegeneralcase,basisfunctionsarede�nedovercomplete
statespaceX , but very oftenthey arerestrictedonly to sub-
setsof statevariables [1, 12]. Thegoalof theoptimization
is to �nd thebestsetof weightsw = (w1; : : : ; wk ).

3.1 Formulation

A varietyof methodshavebeenproposedfor optimizingthe
weightsw of the linear value function model [3]. In this
paper, webuild on theincreasinglypopularapproximatelin-
earprogramming(ALP) formulationthatwas�rst proposed
by SchweitzerandSeidmann[15] for discreteMDPs. Their
methodrestrictsthe generalLP-basedsolutionformulation
for MDPs to consideronly valuefunctionsin the restricted
linearsubspacede�ned by thebasisfunctions.
Our formulationgeneralizesALPs to hybrid settings,opti-
mizingw by solvingaconvex optimizationproblemwecall
hybrid approximatelinear program (HALP). The HALP is
givenby:

minimizew

X

i

wi ®i

subjectto:
X

i

wi F i (x ; a) ¡ R(x ; a) ¸ 0 8 x ; a; (3)

where®i in theobjectivefunctiondenotesthebasisfunction

relevanceweightthatis givenby:

®i =
X

x D

Z

x C

Ã(x)f i (x )dx C ; (4)

whereÃ(x) > 0 is a staterelevancedensityfunctionsuch
that

P
x D

R
x C

Ã(x)dxC = 1, allowing usto weighthequal-
ity of ourapproximationdifferentlyfor differentpartsof the
statespace;and the Fi (x ; a) function in the constraintsis
givenby:

F i (x ; a) = f i (x ) ¡ °
X

x 0
D

Z

x 0
C

p(x 0 j x ; a)f i (x
0)dx 0

C : (5)

Theweightsw optimizedin theHALP reducethecomplex-
ity of original valueoptimizationproblem;insteadof opti-
mal valuesfor all possiblestates,only k weightsneedto
be found. Note that this formulation reducesto the stan-
darddiscrete-caseALP [15, 9, 6, 14] if thestatespacex is
discrete,or to thecontinuousALP [11] if thestatespaceis
continuous.

A numberof concernsarisein context of theHALP approxi-
mation.First, theformulationof theHALP appearsto bear-
bitrary, thatis, it is notimmediatelyclearhow it relatesto the
original hybrid MDP problem.Second,theHALP approxi-
mationfor thehybrid MDP involvescomplex integralsthat
mustbe evaluated.Third, the numberof constraintsde�n-
ing the LP is exponentialif the stateandactionspacesare
discreteandin�nite if any of thespacesinvolvescontinuous
components.In the following text we addressandprovide
solutionsfor eachof theseconcerns.

3.2 Theoretical analysis

Our theoreticalanalysisof the quality of the solution ob-
tained by the HALP formulation follows similar ideasto
thoseusedby deFariasandVanRoy to analyzethediscrete
case[6]. They notethattheapproximateformulationcannot
guaranteean uniformly goodapproximationof the optimal
value function over the whole statespace.To addressthis
issue,they de�ne aLyapunov functionthatweighsstatesap-
propriately:a Lyapunov functionL(x) =

P
i wL

i f i (x) with
contractionfactor· 2 (0; 1) for the transitionmodelP¼, is
astrictly positive functionsuchthat:

·L (x) ¸ °
X

x 0
D

Z

x 0
C

P¼(x0 j x )L (x0)dx0
C : (6)

Usingthisde�nition, wecanextendtheir resultto thehybrid
setting:

Proposition1 Let w ¤ be an optimal solutionto the HALP
in Equation(3), then,for any Lyapunov functionL(x), we
havethat:

kV ¤ ¡ H w ¤k1;Ã ·
2Ã| L
1 ¡ ·

min
w

kV ¤ ¡ H wk1 ;1=L ;

where H w representsthefunction
P

i wi f i (¢), theL 1 norm
weightedby Ã i givenby k¢k1;Ã , and k¢k1 ;1=L is the max-
normweightedby1=L.
Proof: Theproofof this resultfor thehybridsettingfollows
the outline of the proof of de Farias and Van Roy's Theo-
rem4.2[6] for thediscretecase.



The main intuition behind this result is that, if our ba-
sis functions can approximatethe optimal value function
in the statesemphasizedby the Lyapunov function, then
minw kV ¤ ¡ H wk1 ;1=L will be low, and the HALP will
provide a goodapproximatesolution. We refer the reader
to [6] for furtherdiscussions.

4 FactoredHALP

FactoredMDP modelsoffer, in addition to structuredpa-
rameterizationsof the process,an opportunityto solve the
problemmoreef�ciently . The opportunitystemsfrom the
structureof constraintde�nitions thatdecomposeover state
andactionsubspaces.This is thedirectconsequenceof: (1)
factorizations,(2) the presenceof local of transitionproba-
bilities, and(3) basisfunctionsde�ned over smallstatesub-
spaces.Thissectiondescribeshow thesepropertiesallow us
to computethefactorsin theHALP ef�ciently .

4.1 Factoredhybrid basisfunction representation

Koller andParr [12] show that basisfunctionswith limited
scope,thatis, eachf i (x i ) is restrictedto dependonly on the
variablesX i µ X , providethebasisfor ef�cient approxima-
tionsin thecontext of discretefactoredMDPs.An important
issuein hybrid settingsis thattheproblemformulationincor-
poratesintegrals,whichmaynotbecomputable.Hauskrecht
andKveton[11] proposeconjugatetransitionmodelandba-
sis functionclassesthat leadto closed-formsolutionsof all
integralsin thestrictcontinuouscase.Thematchingpairsin-
cludetransitionsbasedonbetaor mixtureof betasdensities,
wherebetadensityis de�nedasin Section2,andpolynomial
basisfunctions. Speci�cally, eachbasisfunction is de�ned
asaproductof factors:

f i (x i ) =
Y

x j 2 x i

xm j ;i
j ; (7)

wherem j ;i is thedegreeof thepolynomialfor variableX j
in basisfunctioni .

In our hybrid setting,we mustallow basisfunctionsto have
both discreteandcontinuouscomponents.We de�ne each
functionf i (x i ), wherex i hasdiscretecomponentsx i D and
continuouscomponentsx i C by theproductof two factors:

f i (x i ) = f i D (x i D )f i C (x i C ); (8)

wheref i C (x i C ) takestheform of polynomialsover thevari-
ablesin X i C , asin Equation(7),andf i D (x i D ) is anarbitrary
functionover thediscretevariablesX i D . Thisbasisfunction
representationgivesusvery high �e xibility over theclassof
possiblebasisfunctions,but alsoleadsto an ef�cient solu-
tion algorithmfor thehybrid planningproblem.

4.2 Hybrid backprojections

Our �rst taskis to computethe differencesin Equation(5)
that appearin the constraintsfor the HALP formulation.
EachFi (x ; a) is thedifferencebetweenbasisfunctionf i (x)
and the discountedbackprojection, ° gi (x ; a), of this basis
function,givenby:

gi (x ; a) =
X

x 0
D

Z

x 0
C

p(x0 j x ; a)f i (x0)dx0
C :

This backprojectionrequiresus to computea sumover the
exponentialnumberof discretestatesX 0

D , andintegralsover
thecontinuousstatesX 0

C .

For discretesettings,Koller andParr [12] show that,for ba-
sisfunctionswith restrictedscopethesebackprojectionscan
be computedef�ciently . Hauskrechtand Kveton [11] ex-
tendthis ideaby showing thatfor polynomialbasisfunctions
andbetatransitionmodels,theintegralscanbecomputedin
closed-form.
In hybrid settings,we combinethesetwo ideasin a straight-
forward manner. Using our basisfunction representation
from Equation(8), wecanrede�nethebackprojection:

gi (x ; a) = gi D (x ; a)gi C (x ; a); (9)

= (
X

x 0
i D

p(x 0
i D

j x ; a)f i D (x 0
i D

))

(
Z

x 0
i C

p(x 0
i C

j x ; a)f i C (x 0
i C

)dx 0
i C

):

Notethatgi D (x ; a) is thebackprojectionof a discretebasis
functionandgi C (x ; a) is thebackprojectionof acontinuous
basisfunction. Thus,gi (x ; a) canbecomputedby backpro-
jectingeachtermseparatelyandthenmultiplying theresults.
Wereview theseconstructionsherefor completeness.

Let us�rst considerthebackprojectiongi D (x ; a) of thedis-
cretecomponentof the basisfunction. Note that the scope
of this function is restrictedto Par(X 0

i D
), theparentsof the

variablesX 0
i D

in our DBN. Thus, if f i D is restrictedto a
small scope,then gi D will also have restrictedscope. If
Par(X 0

i D
) only includesdiscretevariables,thenwe cande-

�ne gi D (x ; a) asa tablewith an entry for eachassignment
Dom(Par(X 0

i D
)) . If someof theseparentvariablesarecon-

tinuous,we can de�ne gi D by the combinationof a tabu-
lar representationwith theproductof discriminantfunctions,
suchasthoseshown in Equation(1).

For the backprojectiongi C (x ; a) of the continuouscompo-
nentof the basisfunction, we usethe closed-formformula
for theintegralof abetadistributionwith apolynomialbasis
functiondescribedby HauskrechtandKveton[11]:

gi C (x ; a) =
Y

j : X 0
j 2 X 0

i C

¡( h1
j (x ; a) + h2

j (x ; a))¡( h1
j (x ; a) + m j ;i )

¡( h1
j (x ; a) + h2

j (x ; a) + m j ;i )¡( h1
j (x ; a))

;

where¡( :) is a gammafunction. Note that the scopeof
gi C (x ; a) is restrictedto Par(X 0

i C
). Therefore,we cancom-

putebothgi D (x ; a) andgi C (x ; a) in closed-form,yieldinga
closed-formrepresentationfor eachF i (x ; a) in the HALP
formulation; �nally , obtaining a closed-formformula for
eachconstraintasthesumof restrictedscopefunctions.

4.3 Hybrid relevanceweights

As with backprojections,computingthebasisfunctionrele-
vanceweights®i s in Equation(4) thatappearin theobjec-
tive function of the HALP formulation requireus to solve
exponentially-largesumsandcomplex integrals.Guestrinet
al. [9, 10] show thatif thestaterelevancedensityÃ(x) is rep-
resentedin a factorizedfashion,theseweightscanbecom-
putedef�ciently . In this section,we show that theseideas
alsoextendfor continuousandhybrid settings.



In hybrid settings,wecandecomposethecomputationof ®i
in asimilar fashionto thebackprojectionsin Equation(9):

®i = ®i D ®i C ;

=
³ P

x i D
Ã(x i D )f i D (x i D )

´

³ R
x i C

Ã(x i C )f i C (x i C )dx i C

´
;

(10)

whereÃ(x i D ) is the marginal of the densityÃ(x) to the
discretevariablesX i D , and Ã(x i C ) is the marginal to the
continuousvariablesX i D . As discussedby Guestrin et
al. [9, 10], we can computethesemarginal densitiesef�-
ciently, for example,by representingÃ(x) astheproductof
marginals,or asaBayesiannetwork. Usingthesemarginals,
we cancompute®i D and®i C ef�ciently , aswe show in this
section.

Given the marginal Ã(x i D ), the discreteweight ®i D can
be obtainedby simply enumeratingthe discretestatesin
Dom(X i D ), and using the sum in Equation(10). If each
f i D (x i D ) hasscoperestrictedto asmallsetof variables,then
the numberof joint statesjDom(X i D )j is relatively small,
and®i D canbecomputedef�ciently .

The secondterm ®i C from the continuouspart of the basis
functionrepresentationrequiresusto computeintegralsthat
maybedif�cult toobtainin closed-form.Notethat®i C is the
expectationof f i C (x i C ) with respectto thedensityÃ(x i C ):

®i C =
Z

x i C

Ã(x i C )f i C (x i C )dx i C = EÃ [f i C (x i C )] :

Note further that the continuouspart of our basisfunctions
take the form of polynomials,as in Equation(7). Thus,
EÃ [f i C (x i C )] is simply oneof the momentsof the density
Ã(x i C ). For many densities,includinguniform, mixtureof
Betas,etc, thesemomentscanbe obtainedin closed-form.
For betadensities,for example,the computationis similar
to that usedfor backprojections,presentedin the previous
section.

5 Factored "-HALP formulation

Despitedecompositions,andtheclosed-formrepresentation
for the objective function coef�cients andconstraints,fac-
toredHALPs remainhardto solve. The issueis that, in the
generalcase,theHALP formulationincludesoneconstraint
for eachjoint statex and action a. The discretecompo-
nentsof thesespacesleadto exponentially-many constraints,
while thecontinuouscomponentleadsto anuncountablyin-
�nite constraintset. To addressthis problemwe propose
to transformthe factoredHALP into "-HALP, an approxi-
mationof the factoredHALP with a �nite numberof con-
straints.

The"-HALP reliesonthe" coverageof theconstraintspace.
In the "-coverageeachcontinuous(stateor action)variable
is discretizedinto 1

2" + 1 equallyspacedvalues. The dis-
cretizationinducesamultidimensionalgrid G, suchthatany
point in [0; 1]d is at most" far from a point in G underthe
max-norm.

If we directly enumerateeachstateandactioncon�guration
of the "-HALP we obtain an LP with exponentially-many
constraints.However, not all theseconstraintsde�ne theso-
lution andneedto be enumerated.This is the samesetting

"-HALP algorithm

Inputs:
" , HMDP, f 1; f 2; ¢¢¢f k .
Outputs:
Basis function weights w = w1; w2; ¢¢¢wk

1. Discretize every continuous state variable X u 2
[0; 1] and action variable Au 2 [0; 1] using ( 1

2" + 1)
equally spaced values.

2. For each Fi (x ; a) and Rj (x ; a) identify subsets X i
and A i (X j and A j ) the functions Fi and Rj de-
pend on.

3. Compute Fi (x i ; ai ) and Rj (x j ; aj )for all possible
con�gur ations of values of variables in X i and A i
(X j and A j ), for continuous variables use their dis-
cretizations.

4. Calculate basis state relevance weights ®i .
5. Use the ALP algorithm by Guestrin et al [8]

or Schuurmans and Patrascu [14] for factored
discrete-valued variables to solve for the optimal
weights w.

Figure1: A summaryof the"-HALP algorithm.

asthefactoredLP decompositionof Guestrinet al. [8]. We
canusethesametechniqueto decomposeour " -HALP into
anequivalentLP with exponentially-fewer constraints.The
complexity of this new problemwill only be exponentially
in the tree-widthof a costnetwork formedby therestricted
scopefunctionsin our LP, ratherthan in the completeset
of variables[8, 10]. Alternatively we can also apply the
approachby SchuurmansandPatrascu[14] that incremen-
tally builds the set of constraintsusinga constraintgener-
ation heuristicandoften performswell in practice. Figure
1 summarizesthe main stepsof the algorithmto solve the
hybrid factoredMDP via "-HALP approximation.

The "-HALP offers an ef�cient approximationof a hybrid
factoredMDP; however, it is unclearhow thediscretization
affects the quality of the approximation. Most discretiza-
tion approachesrequireanexponentialnumberof pointsfor
a �x ed approximationlevel. In the remainderof this sec-
tion, we provide a proof thatexploits factorizationstructure
to show thatour " -HALP providesapolynomialapproxima-
tion of thecontinuousHALP formulation.

5.1 Bound on the quality of " -HALP

A solutionto the "-HALP will usuallyviolate someof the
constraintsin theoriginal HALP formulation.We show that
if theseconstraintsareviolatedby a smallamount,thenthe
"-HALP solutionis nearoptimal.

Let us �rst de�ne thedegreeto which a relaxedHALP, that
is, a HALP de�ned over a �nite subsetconstraints,violates
thecompletesetof constraints.

De�nition 1 A setof weightsw is ±-infeasibleif:
X

i

wi Fi (x ; a) ¡ R(x; a) ¸ ¡ ±; 8x; a:



Now wearereadyto show that,if thesolutionto therelaxed
HALP is ±-infeasible,thenthequality of theapproximation
obtainedfrom the relaxed HALP is closeto the onein the
completeHALP.

Proposition2 Let w ¤ be any optimal solutionto the com-
pleteHALP in Equation(3), and bw beanyoptimalsolution
to a relaxedHALP, such that bw is ±-infeasible, then:

kV ¤ ¡ H bwk1;Ã · kV ¤ ¡ H w ¤k1;Ã + 2
±

1 ¡ °
:

Proof: First,by monotonicityof theBellmanoperator, any
feasiblesolutionw in thecompleteHALP satis�es:

X

i

wi f i (x ) ¸ V ¤ (x ): (11)

Usingthis fact,wehave that:

kH w ¤ ¡ V ¤k1;Ã = Ã| jH w ¤ ¡ V ¤ j ;

= Ã| (H w ¤ ¡ V ¤ ) ;

= Ã| H w ¤ ¡ Ã| V ¤ : (12)

Next, note that the constraintsin the relaxed HALP area
subsetof thosein thecompleteHALP. Thus,w ¤ is feasible
for therelaxedHALP, andwehave that:

Ã| H w ¤ ¸ Ã| H bw : (13)

Now, notethat if bw is ±-infeasiblein the completeHALP,
thenif we add ±

1¡ ° to H bw we obtaina feasiblesolutionto
thecompleteHALP, yielding:

°
°
°
° H bw +

±
1 ¡ °

¡ V ¤

°
°
°
°

1;Ã

= Ã| H bw +
±

1 ¡ °
¡ Ã| V ¤ ;

· Ã| H w ¤ +
±

1 ¡ °
¡ Ã| V ¤ ;

= kH w ¤ ¡ V ¤k1;Ã +
±

1 ¡ °
:

(14)

The proof is concludedby substitutingEquation(14) into
thetriangleinequalitybound:

kH bw ¡ V ¤k1;Ã ·

°
°
°
° H bw +

±
1 ¡ °

¡ V ¤

°
°
°
°

1;Ã

+
±

1 ¡ °
:

Theabove resultcanbecombinedwith theresultin Section
3 to obtaintheboundon thequalityof the"-HALP.

Theorem1 Let bw beanyoptimalsolutionto therelaxed"-
HALP satisfyingthe± infeasibilitycondition. Then,for any
Lyapunov functionL(x), wehave:

kV ¤ ¡ H bw k1;Ã · 2
±

1 ¡ °
+

2Ã| L
1 ¡ ·

min
w

kV ¤ ¡ H w k1 ;1=L :

Proof: Direct combinationof Propositions1, 2.

5.2 Resolutionof the " grid

Our boundfor relaxed versionson the HALP formulation,
presentedin the previous section,relieson addingenough
constraintsto guaranteeatmost±-infeasibility. The"-HALP
approximatestheconstraintsin HALP by restrictingvalues
of its continuousvariablesto the"-grid. In this section,we
analyzetherelationshipbetweenthechoiceof " andthevi-
olation level ±, allowing us to choosethe appropriatedis-
cretizationlevel for a desiredapproximationerror in Theo-
rem1.
Our condition in De�nition 1 can be satis�ed by a set
constraintsC that ensuresa ± max-normdiscretizationofP

i bwi Fi (x ; a) ¡ R(x; a). In the "-HALP this conditionis
met with the "-grid discretizationthat assuresthat for any
state-actionpair x ; a thereexistsa pair x G ; aG in the"-grid
suchthat:

°
° P

i bwi F i (x ; a) ¡ R(x ; a) ¡
P

i bwi F i (x G ; aG ) + R(x G ; aG )
°
°

1

· ±:

Usually, suchboundsareachieved by consideringthe Lip-
schitz modulusof the discretizedfunction: Let h(u) be
an arbitrary function de�ned over the continuoussubspace
U 2 [0; 1]d with a Lipschitz modulusK and let G be an
"-grid discretizationof U . Thenthe± max-normdiscretiza-
tion of h(u) canbeachievedwith a"-grid with theresolution
" · ±

K . Usually, theLipschitzmodulusof a functionrapidly
increaseswith dimensiond, thusrequiringadditionalpoints
for adesireddiscretizationlevel.

Eachconstraintin the"-HALP isde�nedin termsof asumof
functions:

P
i bwi Fi (x ; a) ¡

P
j R(x; a), whereeachfunc-

tion dependsonly on a smallnumberof variables(andthus
hasa smalldimension).Therefore,insteadof usinga global
Lipschitz constantK for the completeexpressionwe can
expressthe relation in betweenthe factor± and" in terms
of the Lipschitz constantsof individual functions,exploit-
ing the factorizationstructure. In particular, let K max be
theworst-caseLipschitzconstantoverboththerewardfunc-
tions Rj (x ; a) andwi Fi (x ; a). To guaranteethat K max is
bounded,we must boundthe magnitudeof bwi . Typically,
if the basisfunctionshave unit magnitude,the bwi will be
boundedRmax =(1¡ ° ). Here,wecande�ne K max to bethe
maximumof theLipschitzconstantsof therewardfunctions
andof Rmax =(1 ¡ ° ) timestheconstantfor eachFi (x ; a).
By choosingan" discretizationof only:

" ·
±

M K max
;

whereM is thenumberof functions,we guaranteethecon-
dition of Theorem1 for aviolationof ±.

6 Experiments

This section presentsan empirical evaluation of our ap-
proach,demonstratingthequality of theapproximationand
thescalingproperties.

6.1 Irrigation network example

An irrigationsystemconsistsof anetwork of irrigationchan-
nelsthatareconnectedby regulationdevices(seeFigure2a).
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Figure2: a. Thetopologyof anirrigationsystem.Irrigationchan-
nelsare representedby links x i andwater regulationdevicesare
marked by rectanglesai . Input andoutputregulationdevicesare
shown in light anddark gray colors. b. Reward functionsfor the
amountof waterx i in thei th irrigationchannel.

Regulationdevicesareusedto regulatethe amountof wa-
ter in thechannels,which is achievedby pumpingthewater
from oneof thechannelsto anotherone.Thegoalof theop-
eratorof theirrigationsystemis to keeptheamountof water
in all channelsonanoptimallevel (determinedby thetypeof
plantedcrops,etc.),by manipulationof regulationdevices.

Figure2aillustratesthetopologyof channelsandregulation
devicesfor oneof the irrigationsystemsusedin theexperi-
ments.To keepproblemformulationsimple,we adoptsev-
eral simplifying assumptions:all channelsareof the same
size,water�o ws areoriented,andthecontrolstructuresop-
eratein discretemodes.

The irrigation systemcanbe formalizedasa hybrid MDP,
andtheoptimalbehavior of theoperatorcanbefoundasthe
optimal control policy for the MDP. The amountof water
in the i th channelis naturally representedby a continuous
statefactorx i 2 [0; 1]. Eachregulationdevice canoperate
in multiplemodes:thewatercanbepumpedin betweenany
pair of incomingandoutgoingchannel. Theseoptionsare
representedby discreteactionvariablesai , onevariableper
regulationdevice. The input andoutputregulationdevices
(deviceswith no incomingor nooutgoingchannels)arespe-
cial andcontinuouslypumpthe water in or out of the irri-
gationsystem.Transitionfunctionsarede�ned asbetaden-
sitiesthat representwater�o ws dependingon theoperating
modesof the regulationdevices. Reward function re�ects
our preferencefor theamountof waterin differentchannels
(Figure2b). The reward function is factorizedalongchan-
nels, de�ned by a linear reward function for the outgoing
channels,anda mixtureof Gaussiansfor all otherchannels.
Thediscountfactoris ° = 0:95. To approximatetheoptimal
valuefunction,a combinationof linearandpiecewiselinear
featurefunctionsis usedateverychannel(Figure3).

6.2 Experimental results

Theobjective of the�rst setof experimentswasto compare
thequality of solutionsobtainedby the"-HALP for varying
grid resolutions" against other techniquesfor policy gen-
erationand to illustrate time (in seconds)neededto solve
the "-HALP problem. All experimentsare performedon
the irrigation network from Figure2a with 17 dimensional
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Figure3: Featurefunctionsfor theamountof waterx i in the i th
irrigationchannel.

" -HALP Alter nativesolution
" ¹ ¾ Time[s] Method ¹ ¾
1 42.8 3.0 2 Random 35.9 2.7

1=2 60.3 3.0 21 Local 55.4 2.5
1=4 61.9 2.9 184 Global1 60.4 3.0
1=8 72.2 3.5 1068 Global4 66.0 3.6
1=16 73.8 3.0 13219 Global16 68.2 3.2

Figure4: Resultsof the experimentsfor the irrigation systemin
Figure2a.Thequalityof foundpoliciesis measuredby theaverage
reward ¹ for 100 state-actiontrajectories.Symbol¾denotesthe
standarddeviationof rewardvalues.

statespaceand15 dimensionalactionspace.Theresultsare
presentedin Figure4. The quality of policies is measured
in termsof the averagereward that is obtainedvia Monte
Carlosimulationsof thepolicy on 100state-actiontrajecto-
ries,eachof 100steps.To assurethefairnessof thecompar-
ison,thesetof initial statesis kept�x edacrossexperiments.

Threealternative solutionsareusedin thecomparison:ran-
dompolicy, localheuristic,andglobalheuristic.Therandom
policy operatesregulationdevicesrandomlyandservesasa
baselinesolution.Thelocal heuristicoptimizestheone-step
expectedreward for every regulation device locally, while
ignoring all otherdevices. Finally, the global heuristicat-
temptsto optimizeone-stepexpectedreward for all regula-
tory devicestogether. Theparameterof theglobalheuristic
is the numberof trials usedto estimatethe global one-step
reward. All heuristicsolutionswereappliedin the on-line
mode;thus,theirsolutiontimesarenot includedin Figure4.
The resultsshow that the "-HALP is able to solve a very
complex optimizationproblemrelatively quicklyandoutper-
form strawmanheuristicmethodsin termsof thequality of
their solutions.

6.3 Scale-upstudy

The secondsetof experimentsfocuseson the scale-uppo-
tentialof " -HALP methodwith respectto thecomplexity of
the model. The experimentsareperformedfor n-ring and
n-ring-of-ringstopologies(seeFigure5a).Theresults,sum-
marizedin Figure5b,show severalimportanttrends:(1) the
quality of the policy for the "-HALP improveswith higher
grid resolution" , (2) the runningtime of themethodgrows
polynomiallywith thegrid resolution,and(3) theincreasein
the runningtime of the methodfor topologiesof increased
complexity is mild andfar from exponentialin the number
of variablesn. Graphicalexamplesof eachof thesetrends
aregivenin Figures5c,5d,and5e.In additionto therunning
timecurve,Figure5eshowsaquadraticpolynomial�tted to
thevaluesfor differentn. Thissupportsour theoretical�nd-
ingsthattherunningtimecomplexity of the"-HALP method
for an appropriatechoiceof basisfunctionsdoesnot grow
exponentiallyin thenumberof variables.



n-ring
" n = 6 n = 9 n = 12 n = 15 n = 18

¹ Time[s] ¹ Time[s] ¹ Time[s] ¹ Time[s] ¹ Time[s]
1 28.4 1 37.5 1 46.9 1 55.6 2 64.5 3

1 / 2 33.5 3 43.0 5 52.6 9 62.9 17 72.1 28
1 / 4 35.1 11 45.2 21 54.2 43 64.2 63 74.5 85
1 / 8 40.1 46 51.4 85 62.2 118 73.2 168 84.9 193
1 / 16 40.4 331 51.8 519 63.7 709 75.5 963 86.8 1285

n-ring-of-rings
" n = 6 n = 9 n = 12 n = 15 n = 18

¹ Time[s] ¹ Time[s] ¹ Time[s] ¹ Time[s] ¹ Time[s]
1 14.8 1 16.2 2 17.5 4 18.5 5 19.7 6

1 / 2 38.6 12 50.5 25 44.0 103 75.8 69 87.6 107
1 / 4 40.1 82 53.6 184 66.7 345 79.0 590 93.1 861
1 / 8 48.0 581 62.4 1250 76.1 2367 90.5 3977 104.5 6377
1 / 16 47.1 4736 62.3 11369 77.6 22699 92.4 35281 107.8 53600
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Figure5: a. Two irrigationnetwork topologiesusedin thescale-upexperiments:n-ring-of-rings(shown for n = 6) andn-ring (shown
for n = 6). b. Averagerewardsandpolicy computationtimesfor different" andvariousnetworksarchitectures.c. Averagerewardas
a function of grid resolution" . d. Time complexity asa function of grid resolution" . e. Time complexity (solid line) asa function of
differentnetwork sizesn. Quadraticapproximationof thetimecomplexity is plottedasdashedline.

7 Conclusions
We presentthe �rst framework that can exploit problem
structurefor modeling and approximatelysolving hybrid
problemsef�ciently . We provide boundson the quality
of the solutionsobtainedby our HALP formulation with
respectto the best approximationin our basis function
class.This HALP formulationcanbecloselyapproximated
by the (relaxed) " -HALP, if the resultingsolution is near
feasiblein the original HALP formulation. Although we
would typically requireanexponentially-largediscretization
to guaranteethis nearfeasibility, we provide an algorithm
that can ef�ciently generatean equivalent guaranteewith
an exponentially-smallerdiscretization. When combined,
thesetheoreticalresultsleadto a practicalalgorithmthatwe
havesuccessfullydemonstratedonasetof controlproblems
with up to 28-dimensionalcontinuousstatespaceand 22-
dimensionalactionspace.

The techniquespresentedin this paperdirectly generalize
to collaborative multiagentsettings,whereeachagentis re-
sponsiblefor oneof theactionvariables,andthey mustco-
ordinateto maximizethetotal reward.Theoff-line planning
stageof our algorithmremainsunchanged.However, in the
on-lineactionselectionphase,at every time step,theagents
mustcoordinateto choosetheactionthat jointly maximizes
theexpectedvaluefor thecurrentstate.We canachieve this
by extendingthe coordination graph algorithmof Guestrin
et al. [9] to our hybrid settingwith our factoreddiscretiza-
tion scheme.The resultwill beanef�cient distributecoor-
dinationalgorithmthat cancopewith both continuousand
discreteactions.

Many real-world problemsinvolve continuousanddiscrete
elements.We believe thatour algorithmsandtheoreticalre-
sultswill signi�cantly furthertheapplicabilityof automated
planningalgorithmsto thesesettings.
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