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Abstract

Although mary real-world stochasticplanning
problemsaremorenaturallyformulatedby hybrid
modelswith both discreteand continuousvari-
ables,currentstate-of-the-arethodscannotad-
equatelyaddresgheseproblems. We presentthe
rst framework thatcanexploit problemstructure
for modeling and solving hybrid problemsef-
ciently,. We formulate theseproblemsas hybrid
Markov decisionprocesse§MDPs with continu-
ousanddiscretestateandactionvariables)which
we assumecan be representedn a factoredway
using a hybrid dynamic Bayesiannetwork (hy-
brid DBN). This formulationalsoallows usto ap-
ply our methodsto collaboratve multiagentset-
tings. We presenta new linear programapprox-
imation methodthat exploits the structureof the
hybrid MDP and lets us computeapproximate
valuefunctionsmoreef ciently. In particular we
describea new factoreddiscretizationof continu-
ousvariablesthat avoids the exponentialblow-up
of traditionalapproachesWe provide theoretical
boundson the quality of suchan approximation
andonits scale-upgpotential.We supportour theo-
reticalagumentswith experimentsonasetof con-
trol problemswith up to 28-dimensionatontinu-
ousstatespaceand22-dimensionahctionspace.

1 Intr oduction

Markov decisionprocessesMDPs) [2, 3] offer an elegant
mathematicalframevork for representingsequentialdeci-
sionproblemsn thepresencef uncertainty While standard
solutiontechniquessuchasvalueor policy iteration,scale-
up well in termsof the total numberof statesand actions,
theseechniquesrelesssuccessfuin real-world MDPsrep-
resentedy stateandactionvariables.In purelydiscreteset-
tings, the runningtime of thesealgorithmsgrows exponen-
tially in the numbervariablesthe so called curseof dimen-
sionality. Furthermoremary real-world problemsincludea

combinatiorof continuousanddiscretestateandactionvari-

ables.In this hybrid setting,the continuouscomponentsre
typically discretized Jeadingagain to an exponentialblow

upin thenumberof variables.

In this work, we presenthe rst MDP frameawvork thatcan
exploit problemstructureto representand solwe large hy-
brid stochasticplanning problemsef ciently. We model
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theseproblemsusinga hybrid factored MDP wherethe dy-
namicsarerepresented¢ompactlyby a probabilisticgraph-
ical model,a hybrid dynamicBayesiametwork (DBN) [7].
Unfortunately compactDBN parameterizationsf hybrid
MDPs do not guaranteehe existenceof ef cient exact so-
lutionsto theseproblems.In hybrid settingsthisissueis ac-
centuatedasexact parametricsolutionsmay not exist. We
thusapproximatehe solutionwith a simplerparametriaep-
resentation.We focuson linear approximationswherethe
value function is approximatedy a linear combinationof
basisfunctions[1, 3]. Speci cally, we usea factored (lin-
ear) valuefunction[12], whereeachbasisfunctiondepends
on a small numberof statevariables. This architectureis
centralfor obtainingef cient approximationalgorithmsfor
factoredVIDPs[12, 8].

In hybrid settings,eachbasisfunction may dependon both
continuousanddiscretestatecomponentsWe shav thatthe
weightsof this approximatiorcanbe optimizedusinga con-
vex formulationwe call hybrid approximatelinear program-
ming (HALP). TheHALP reducego theapproximatdinear
programmingALP) formulation[15] in purelydiscreteset-
tings. When appliedto discretefactoredMDPs, the ALP

approacHeadsto linearprogrammingLP) problemswith a
smallnumberof variablesput with exponentiallymary con-
straints;one constraintper eachstate-actiorpair. Guestrin
et al. [8] presentan efcient LP decompositiontechnique
that exploits the structureof the factoredmodelto repre-
sentthis LP by an equialent, exponentially-smalleiprob-
lem. SchuurmanandPatrascy14] build on this decompo-
sition techniqueto designan ef cient constraintgeneration
approachfor the ALP problem. Alternatively, de Fariasand
Van Roy [5] proposea samplingapproachfor selectinga

subsebf the exponentially-lage constraintset.

In purely continuoussettingsthe HALP reducedo the for-
mulationrecentlyproposediy HauskrechindKveton[11]
for factoredcontinuous-statt®DPs (CMDPs). This formu-
lation requiresthe computationof several comple integra-
tion problems,which Hauskrechtand Kveton addressby
identifying conjucate classesof parametrictransitionmod-
elsandbasisfunctionsthatleadto ef cient closed-formso-
lutions. Theirformulationalsoincludesa constrainfor each
state,now leadingto anin nite numberof constraints.To
solve theproblemthey applytheconstrainsamplingmethod
in combinationwith variousheuristic2o generate smallset
of constraintghatde ne anLP approximatiorwith notheo-
reticalguarantees.

In this paper we rst provide theoreticalguaranteegor the
solutionsobtainedby the HALP formulationthatalsoapply



to the purely continuoussettingof HauskrechandKveton.
Speci cally, we extendthe theoreticalanalysisof de Farias
andVanRoy [6] for discreteALPsto thecontinuousandhy-
brid settingsaddressebly our HALP formulation,providing
boundswith respecto the bestapproximationin the space
of thebasisfunctions.

Although theoreticallysound,the HALP formulation may

still be hardto solve directly. In particular the HALP leads
to a linear programwith anin nite numberof constraints.
We addresghis problemby de ning arelaxed formulation,

"-HALP, overa nite subsebf constraintsusinga new fac-

tored discretizationtechniquethat exploits structurein the

continuouscomponents Oncediscretized this formulation

canbe solved ef ciently by existing factoredALP methods
[8, 14]. We nally provide aboundonthelossin thequality

of the solutionof this relaxed relaxed"-HALP with respect
to thatof thecompleteHALP formulation.

We illustratethe feasibility of our formulationandits solu-
tion algorithmon a sequencef control optimizationprob-
lems with 28-dimensionakontinuousstate spaceand 22-
dimensionalaction space. Thesenontrivial dynamicopti-
mization problemsare far out of reachof classicsolution
techniques.

2 Multiagent hybrid factored MDPs

FactoredMDPs [4] allow oneto exploit problemstructure
to representexponentially-lage MDPs compactly Here,
we extend this representatiorto hybrid systemswith con-
tinuous and discretevariables. A multiagenthybrid fac-
tored MDP is de ned by a 4-tuple (X ; A ; P; R) that con-
sistsof a statespaceX representebly asetof statevariables
X = fX3;::: X0, anactionspaceA de ned by a setof

actionvariablesA = fAg1;:::AnQ, astochastidransition
model P modelingthe dynamicsof a stateconditionedon

the previous stateandactionchoice,anda reward modelR

that quanti es the immediatepayofs associate@f a state-
actioncon guration.

State variables: In a hybrid model,eachstatevariablecan
be eitherdiscreteor continuous We assumehatevery con-
tinuousvariablesis boundedto a [0; 1] subspaceand each
discretevariable X takeson valuesin some nite domain
Dom(X;), with jDom(X;)j possiblevalues. A stateis de-
ned by avectorx of valueassignment$o eachstatevari-
able.We split this statevectorx into discreteandcontinuous
componentslenotedby X = (Xp; Xc), respectiely.

Actions: We assuma distributedactionspacesuchthatev-
ery actioncorrespond$o oneagent.As with statevariables,
theglobalactiona is de ned by avectorof individual action
choicesthatcanbedividedinto discreteap andcontinuous
ac components.

Factoredtransition: We de ne a statetransitionmodelus-
ing a dynamicBayesiametwork(DBN) [7]. Let X; denote
a variable at the currenttime and let X 2 denotethe same
variable at the successie step. The transition graph of a

DBN is atwo-layerdirectedagyclic graphwhosenodesare
fXq; 0 XA A XD X %99, We denotethe
parentsof X2 in the graphby Par(X iB)_ For simplicity of

exposition,we assumehatPar(X %) p fX;Ag, i.e, all arcs
in theDBN arebetweervariablesn consecutie time slices.

EachnodeX 0 is associatedvith a conditional probability
function(CPF) p(X 2j Par(X 9) .J hetransitionprobability
p(x%j x;a) isthende nedto be *; p(x?j u;), whereu; is
thevaluein f x; ag of thevariablesn Par(X 9. In our hybrid
setting the CPFassociatesvith X %is de ned eitherin terms
of adistribution or adensityfunctiondependingn whether
X Pis discreteor continuous.

Parameterization of CPFs: The transitionmodelfor each
variableis local,aseachCPFdepend®nly onasmallsubset
of statevariablesand on the actionsof a small numberof
agentslin hybrid settingswe mustalsoensurehatthelocal
transitionmodelcanbe parameterizedompactly To model
the transitionsof a continuousstatevariablein [0; 1] with
hybrid parentswe assumebetaor mixture of betadensities
asproposedecentlyby HauskrechaindKveton [11]. Here,
the CPFis givenby:

P(X P Par(X)) = Beta(X?j hi(Par(X{)); hf(Par(X{));

wherehl(Par(X9) > 0;h?(Par(X?) > 0 areary posi-
tive functionsof the value of the parentsof X ? thatde ne
thesufcient statisticsof the betadistribution. Notethatthe
functionsh?! andh? candepencbn bothcontinuousanddis-
creteparentvariablesPar(X 9. Additionally, we allow the
CPFp(X?j Par(X9) to be modeledby a (weighted)mix-
ture of betadistributions. This mixture model provides a
very generalclassof distributions for randomvariablesin
[0; 1]. Additionally, the choiceof (mixture of) betadistribu-
tions allow usto performmary operationgequiredby our
algorithmvery ef ciently, asdiscussedh Sectior4.

The CPFfor adiscretestatevariablewith hybrid parentscan
be de ned using a rathergeneraldiscriminantfunction ap-
proach. Speci cally, the conditional distribution P (X ? j

Par(X 9) canbeimplementedn termsof jDom(X;)j dis-
criminantfunctionsd; (Par(X 9) > 0. Thesdunctionsspec-
ify thedistribution over X 2 by:

o di (Par(X 9)
P(X0= X)) = Psomix :
(Xi' =] | Par( |0)) Jul3:01m(xi)J dy (Par(X IO))

Thisdiscriminantfunctionrepresentatioallows usto repre-
sentavery wide classof distributions.

(1)

Rewards: We assumehat reward function for every state
and action also decomposess the sum of partial reward
functionsde ned on subset)%)f stateandactionvariables:

R(x;a) = Rj(xj;a);
i
whereR; denotepartialrewardfunctions,andx; anda; de-

ne therestrictionof thefull stateandactionto thesubspace
associateavith the scopeof R; .

Policy: Given our factoredMDP, our objective isto nd a
control policy ¥ : X ! A that maxigizesthe in nite-
horizon, discountedeward criterion: E[ ilzo °'ri], where
° 2 [0; 1) is adiscountfactor andr; is arewardobtainedn
stepi.

Valuefunction: Thevalueof theoptimalpolicy satis esthe
Bellman x edpointequation2, 3]:

2

7 3

V7(x) = sup4R(x;a) + ° p(x°j x;a)V* (x93 ; (2)
a x9 xQ



whereV* is thevalueof theoptimalpolicy. Giventhevalue
functionV ®, theoptimalpolicy ¥# (x) is de ned by thecom-
positeactiona optimizing Eqn2.

3 Approximatelinear programming solutions
for hybrid MDPs

Thereexist a numberalgorithmsfor computingthe optimal
valuefunctionV?, and/orthe optimal policy ¥4 for MDPs.
The arsenalof standardmethodsinclude value and pol-
icy iteration,andlinear programming[3]. However, mary
of thesemethodsare usually ineffective in hybrid factored
MDPs: First, even,if the stateandthe actionspacesrede-
ned solelyin termsof discretevariablesthe runningtime
of thesestandardsolution methodsare polynomial in the
numberof statesandactions,i.e., exponentialin the dimen-
sionof thesespacesFurthermorein our hybrid setting,the
stateandactionspacesncludescontinuouscomponentsof-
ten leadingto optimal value functionsor policies with no
compacfunctionalrepresentation.

A standardvay to solve suchcomple« MDPsiis to assume
a surrogate value function form with a small setof tunable
parameters.The goal of the optimizationis thento iden-

tify the value of theseparametershatbestt the MDP so-

lution. This approximatiorof thetrue valuefunction model

by a parametrianodelis bestviewed astransformatiorof a

highly complex high dimensionabptimizationproblemto a

lower dimensionabne. Particularly popularin recentyears
areapproximationdasedon linear representationsf value

functions,wherethe value function V (x) is expressedasa

linearcombinationof k basisfunctionsf; (x) [1, 13]:

V(x) = w;fi(x):
i=1

In thegeneratasepasisfunctionsarede ned overcomplete
statespaceX , but very oftenthey arerestrictedonly to sub-
setsof statevariables[1, 12]. Thegoalof the optimization

3.1 Formulation

A variety of methodshave beenproposedor optimizingthe
weightsw of the linear value function model [3]. In this
paperwe build ontheincreasinglypopularapproximatdin-
earprogramming(ALP) formulationthatwas rst proposed
by Schweitzerand Seidmanr{15] for discreteMDPs. Their
methodrestrictsthe generalLP-basedsolutionformulation
for MDPsto consideronly valuefunctionsin the restricted
linearsubspacele ned by the basisfunctions.

Our formulation generalizeALPs to hybrid settings,opti-
mizingw by solvinga corvex optimizationproblemwe call

hybrid approximatelinear program (HALP). The HALP is
givenby:

X
minimizey wi ®
Xi
subjectto: wiFi(x;a)j R(x;a), 08x;a;, (3

where®, in theobjective functiondenoteshebasisfunction

relevanceweightthatis givenby:

Ax)fi(x)dxc; 4)

Xxp XC

® =

whgeA(;Q) > 0is astaterelevancedensityfunctionsuch
that xe A(x)dxc = 1, allowing usto weighthequal-
ity of ourapproximatiordifferentlyfor differentpartsof the
statespace;andthe Fj(x;a) functionin the constraintsis
givenby:
z

. p(x%j x;a)fi (xHdx2:  (5)

0 X
Xp Cc

Fi(x;a)=fi(x)j °

Theweightsw optimizedin the HALP reducethe comple-
ity of original value optimizationproblem;insteadof opti-
mal valuesfor all possiblestates,only k weightsneedto
be found. Note that this formulation reducesto the stan-
darddiscrete-cas@LP [15, 9, 6, 14] if the statespacex is
discrete,or to the continuousALP [11] if the statespaceis
continuous.

A numberof concernsrisein contet of theHALP approxi-
mation. First, theformulationof the HALP appeardo bear-
bitrary, thatis, it is notimmediatelyclearhow it relatego the
original hybrid MDP problem. Secondthe HALP approxi-
mationfor the hybrid MDP involvescomplex integralsthat
mustbe evaluated. Third, the numberof constraintgde n-
ing the LP is exponentialif the stateandactionspacesare
discreteandin nite if ary of the spacesnvolvescontinuous
components.In the following text we addressand provide
solutionsfor eachof theseconcerns.

3.2 Theoretical analysis

Our theoreticalanalysisof the quality of the solution ob-
tained by the HALP formulation follows similar ideasto
thoseusedby de FariasandVan Roy to analyzethediscrete
cas€6]. They notethattheapproximatdormulationcannot
guaranteean uniformly good approximationof the optimal
value function over the whole statespace. To addresghis
issue they de ne aLyapune functionthapveighsstatesap-
propriately:a Lyapune functionL(x) =, whf;(x) with
contractionfactor- 2 (0; 1) for thetransitionmodelPy,, is
astrictly positive functionsuchthat:

L(x), ° Py (x%) x)L (x%dx2:
0

C

(6)

0 X
Xp

Usingthisde nition, we canextendtheirresultto the hybrid
setting:

Proposition1 Letw® be an optimal solutionto the HALP
in Equation(3), then,for any Lyapune functionL (x), we
havethat:
AL
kKV®i Hw k5 - T min kKV®i Hwk; .

P
whee Hw representghefunction ; w;f;(9, theL; norm
weightedby A i givenby k¢k 5, andkek -, is the max-
normweightedby 1=L.
Proof: Theproofof thisresultfor the hybrid settingfollows
the outline of the proof of de Farias and Van Roy's Theo-

rem4.2[6] for thediscretecase m



The main intuition behind this result is that, if our ba-
sis functions can approximatethe optimal value function
in the statesemphasizeddy the Lyapuna function, then
miny, KV® i Hwk; ., will be low, and the HALP will

provide a good approximatesolution. We refer the reader
to [6] for furtherdiscussions.

4 Factored HALP

FactoredMDP modelsoffer, in additionto structuredpa-
rameterization®f the processan opportunityto solve the
problemmore ef ciently. The opportunity stemsfrom the
structureof constraintde nitions thatdecomposever state
andactionsubspacesThisis thedirectconsequencef: (1)
factorizations(2) the presencef local of transitionproba-
bilities, and(3) basisfunctionsde ned over small statesub-
spacesThis sectiondescribesiow thesepropertiesallow us
to computethefactorsin the HALP ef ciently .

4.1 Factoredhybrid basisfunction representation

Koller andParr [12] shav that basisfunctionswith limited
scopethatis, eachf (x;) is restrictedto dependnly onthe
variablesX; p X, providethebasisfor ef cient approxima-
tionsin thecontet of discretefactoredViDPs. An important
issuein hybrid settingss thattheproblemformulationincor
poratesntegrals,which maynotbecomputableHauskrecht
andKveton[11] proposeconjugatetransitionmodelandba-
sisfunction classeghatleadto closed-formsolutionsof all
integralsin thestrictcontinuouscase. Thematchingpairsin-
cludetransitionshasedn betaor mixture of betasdensities,
wherebetadensityis de ned asin Section2, andpolynomial
basisfunctions. Speci cally, eachbasisfunctionis de ned
asaproductof factors:

— Y mi.i .
fi(xi) = X

(7)

Xj 2 X

wherem; ; is the degreeof the polynomialfor variableX;
in basisfunctioni.

In our hybrid setting,we mustallow basisfunctionsto have
both discreteand continuouscomponents.We de ne each
functionf; (x;), wherex; hasdiscretecomponent;, and
continuouscomponents;. by the productof two factors:

fi(xi) = fip (Xip)fic (Xie); (8)

wheref;_ (X;. ) takestheform of polynomialsover thevari-
ablesin X , asin Equation(7), andf i, (Xi, ) isanarbitrary
functionoverthediscretevariablesX i, . Thisbasisfunction
representatiogivesusvery high e xibility overthe classof
possiblebasisfunctions,but alsoleadsto an ef cient solu-
tion algorithmfor the hybrid planningproblem.

4.2 Hybrid backprojections

Our rst taskis to computethe differencedn Equation(5)

that appearin the constraintsfor the HALP formulation.

EachF;(x; a) is thedifferencebetweerbasisfunctionf; (x)

andthe discountedbadkprojection °g;(x;a), of this basis
function,givenby:

X Z

Gi(x;a) = . p(x°%j x; a)f i (xYaxg:

0 X
Xp c

This backprojectiorrequiresus to computea sumover the
exponentiahumberof discretestatesx 3 , andintegralsover
the continuousstatesx 2 .

For discretesettings Koller andParr [12] shav that, for ba-
sisfunctionswith restrictedscopethesebackprojectiongan
be computedefciently. Hauskrechtand Kveton[11] ex-
tendthisideaby shaving thatfor polynomialbasisfunctions
andbetatransitionmodels the integralscanbe computedn
closed-form.

In hybrid settings we combinethesetwo ideasin a straight-

forward manner Using our basisfunction representation
from Equation(8), we canrede nethebackprojection:

gi(x;a) = giXD(x;a)gic(X:a); ©)
= p(xiy i x;a)fiy (X))

&
oz
(PO i xia)fic (<7 JaxTe ):

X+
'c

Notethatg;, (x;a) is thebackprojectiorof adiscretebasis
functionandg;. (x; a) is thebackprojectiorof a continuous
basisfunction. Thus,g; (x; a) canbe computedoy backpro-
jectingeachtermseparatelyandthenmultiplying theresults.
We review theseconstructionserefor completeness.

Letus rst considerthebackprojectiorg;, (x; a) of thedis-
cretecomponenbf the basisfunction. Note thatthe scope
of this functionis restrictedto Par(X ), the parentsof the
variablesX iOD in our DBN. Thus,if f;, is restrictedto a
small scope,then g, will also have restrictedscope. If
Par(X PD ) only includesdiscretevariables thenwe cande-
ne g, (x;a) asatablewith anentry for eachassignment
Dom(Par(X PD )). If someof theseparentvariablesarecon-
tinuous,we cande ne g, by the combinationof a tabu-
lar representatiowith the productof discriminantfunctions,
suchasthoseshavn in Equation(1).

For the backprojectiorg; . (x; a) of the continuouscompo-
nentof the basisfunction, we usethe closed-formformula

for theintegral of abetadistributionwith a polynomialbasis
functiondescribedy HauskrechaindKveton[11]:
Gic (x;a) =
Y i( hf(x;a) + hf(x;@))i( hi(x;a) + mjs)
i(hi(x;a) + h?(x;a) + mj; )i hi(x;a))’

i x0px0
jAXiZXiC

wherej( :) is a gammafunction. Note that the scopeof
Gi. (x;a) isrestrictedo Par(X ioc ). Thereforewe cancom-
putebothg;, (x;a) andg. (x;a) in closed-formyieldinga
closed-formrepresentatiorior eachF;(x;a) in the HALP
formulation; nally, obtaining a closed-formformula for
eachconstraintasthe sumof restrictedscopefunctions.

4.3 Hybrid relevanceweights

As with backprojectionsgomputingthe basisfunctionrele-
vanceweights® s in Equation(4) thatappeaiin the objec-
tive function of the HALP formulationrequireus to solve
exponentially-lage sumsandcomple integrals. Guestrinet
al. [9, 10] show thatif thestaterelevancedensityA(x) isrep-
resentedn a factorizedfashion,theseweightscanbe com-
putedefciently. In this section,we shav that theseideas
alsoextendfor continuousandhybrid settings.



In hybrid settingswe candecomposé¢he computatiorof ®
in asimilar fashionto the backprojectionsn Equation(9):

® = ®,®;
3P -
= X 3A(XiD)fiD(XiD)
'°°R ~
CA(Xic)fic(Xic)dXic ;

(10)

whereA(x, ) is the mamginal of the densityA(x) to the
discretevariablesX i, , and A(xi. ) is the maginal to the
continuousvariablesX;, . As discussedby Guestrinet
al. [9, 10], we can computethesemaminal densitiesef -

ciently, for example,by representingA(x) asthe productof
mauginals,or asa Bayesiametwork. Usingthesemaginals,
we cancompute® , and® . efciently, aswe shaw in this
section.

Given the maginal A(x;, ), the discreteweight ®, can
be obtainedby simply enumeratingthe discretestatesin
Dom(Xi, ), and usingthe sumin Equation(10). If each
fi, (Xi, ) hasscopeestrictedo asmallsetof variablesthen
the numberof joint statesiDom(X, )j is relatively small,
and®, canbecomputed:fciently.

The seconderm® . from the continuouspart of the basis

functionrepresentationequiresusto computeintegralsthat

maybedif cult to obtainin closed-form Notethat®, . isthe

expectationof f;_ (X, ) with respecto thedensityA(xi. ):
Z

®; = AXio)fic (i )dXic = Ea [fic (Xie)]:

Xic

Note further thatthe continuouspart of our basisfunctions
take the form of polynomials,asin Equation(7). Thus,
Ex [fi. (Xic )] is simply oneof the momentsof the density
A(Xi. ). For mary densitiesjncluding uniform, mixture of

Betas,etc, thesemomentscan be obtainedin closed-form.
For betadensities for example,the computationis similar

to that usedfor backprojectionspresentedn the previous
section.

5 Factored"-HALP formulation

Despitedecompositionsandthe closed-formrepresentation
for the objective function coefcients and constraintsfac-
toredHALPs remainhardto solve. Theissueis that,in the
generalcase the HALP formulationincludesoneconstraint
for eachjoint statex andactiona. The discretecompo-
nentsof thesespacedeadto exponentially-mag constraints,
while the continuouscomponenteadsto anuncountablyin-
nite constraintset. To addresshis problemwe propose
to transformthe factoredHALP into "-HALP, an approxi-
mation of the factoredHALP with a nite numberof con-
straints.

The"-HALP reliesonthe" coverageof theconstrainspace.
In the "-coverageeachcontinuoug(stateor action)variable
is discretizedinto zi + 1 equally spacedvalues. The dis-

cretizationinducesa multidimensionabrid G, suchthatarny

pointin [0; 1]¢ is at most" far from a pointin G underthe
max-norm.

If we directly enumerateachstateandactioncon guration
of the "-HALP we obtainan LP with exponentially-max
constraintsHowever, notall theseconstraintsie ne the so-
lution andneedto be enumeratedThis is the samesetting

"-HALP algorithm

Inputs:

", HMDP, f 1;f,; ¢¢af .

Outputs:

Basis function weights w = wy; wy; ¢¢owy

1. Discretize every continuous state variable X, 2
[0; 1] and action variable A, 2 [0; 1] using (2% +1)
equally spaced values.

2. For each Fi(x;a) and R; (x; a) identify subsets X
and A; (X and Aj) the functions F; and R; de-
pend on.

3. Compute Fi(xi;a;) and R;(x;;a;)for all possible
con gur ations of values of variables in X; and A;
(Xj and A ), for continuous variables use their dis-
cretizations.

4. Calculate basis state relevance weights ®.

5. Use the ALP algorithm by Guestrin et al [8]
or Schuurmans and Patrascu [14] for factored
discrete-valued variables to solve for the optimal
weights w.

Figurel: A summaryof the"-HALP algorithm.

asthefactoredLP decompositiorof Guestrinetal. [8]. We
canusethe sametechniqueto decompos@ur "-HALP into
anequialentLP with exponentially-faver constraints.The
compleity of this new problemwill only be exponentially
in the tree-widthof a costnetwork formedby the restricted
scopefunctionsin our LP, ratherthanin the completeset
of variables[8, 10]. Alternatively we can also apply the
approachby Schuurmansnd Patrascu[14] thatincremen-
tally builds the setof constraintsusing a constraintgener
ation heuristicand often performswell in practice. Figure
1 summarizeghe main stepsof the algorithmto solve the
hybrid factoredvVIDP via "-HALP approximation.

The "-HALP offers an ef cient approximationof a hybrid
factoredMDP; however, it is unclearhow the discretization
affects the quality of the approximation. Most discretiza-
tion approachesequirean exponentialnumberof pointsfor
a x ed approximationlevel. In the remainderof this sec-
tion, we provide a proof thatexploits factorizationstructure
to shav thatour"-HALP providesa polynomialapproxima-
tion of the continuousHALP formulation.

5.1 Bound onthe quality of "-HALP

A solutionto the "-HALP will usuallyviolate someof the
constraintsn the original HALP formulation. We shav that
if theseconstraintsareviolatedby a smallamountthenthe
"-HALP solutionis nearoptimal.

Letus rst de ne thedegreeto which arelaxed HALP, that
is, aHALP de ned over a nite subsetconstraintsyiolates
thecompletesetof constraints.

De nition 1 A setof weightsw is +-infeasibleif:

wiFi(x;a)i R(x;a), i+ 8x;a: m



Now we arereadyto shaw that,if the solutionto therelaxed
HALP is +-infeasible thenthe quality of the approximation
obtainedfrom the relaxed HALP is closeto the onein the
completeHALP.

Proposition2 Letw® be any optimal solutionto the com-
pleteHALP in Equation(3), andWw beany optimalsolution
to a relaxedHALP, such that v is t+-infeasible then:

+
kVi Hikys - KV i Hwoky + 20—
' ’ |

Proof: First, by monotonicityof the Bellmanoperatorary
feasiblesolutionw in thecompleteHALP satis es:

wifi(x), V(x): (11)
i
Usingthisfact,we have that:
kHw® i V.2 = AljHw"j V°j;
= A (Hw"; V%),
= AHw"; Alv®©: (12)

Next, notethat the constraintsin the relaxed HALP area
subsebf thosein the completeHALP. Thus,w*® is feasible
for therelaxed HALP, andwe have that:

AlHw® | AlHw: (13)
Now, notethatif W is t-infeasiblein the completeHALP,
thenif we add ﬁ to HWw we obtaina feasiblesolutionto

thecompleteHALP, yielding:

) * no ~ + .
sHW + —— V° = AlHWw+ — Alv®;
1j 1A i
4 a i ~ a
AlHw® + = Alve;
1j
= KkHw"| V°kz + —
; 1j
(14)

The proof is concludedby substitutingEquation(14) into
thetriangleinequalitybound:

[ o
o o

o o
oHW + i V% o+
1A

1 °

kKHW i V7K 4 .

+
1 °

Theabove resultcanbe combinedwith theresultin Section
3 to obtainthe boundon the quality of the"-HALP.

Theorem 1 LetWw beanyoptimalsolutionto therelaxed"-
HALP satisfyingthe + infeasibility condition. Then,for any
Lyapuna functionL (x), we have:

o + 2AT L
. . .
KVZ i Hbkys 25+ T

min kKV™i Hwk, ., ¢

Proof: Directcombinationof Propositionsl, 2. =

5.2 Resolutionof the " grid

Our boundfor relaxed versionson the HALP formulation,
presentedn the previous section,relies on addingenough
constraintgo guaranteat most+-infeasibility. The"-HALP

approximateshe constraintdn HALP by restrictingvalues
of its continuousvariablesto the " -grid. In this section,we
analyzetherelationshipbetweerthe choiceof " andthe vi-

olation level +, allowing us to choosethe appropriatedis-
cretizationlevel for a desiredapproximatiorerrorin Theo-
reml.

Our condition in De nition 1 can be satis ed by a set
ponstraintsC that ensuresa * max-normdiscretizationof

iWiFi(x;a) i R(x;a). Inthe"-HALP this conditionis
met with the "-grid discretizationthat assureghat for ary
statﬁt-ﬁcttiorpairx; a thereexistsapairxg; ac in the"-grid
suchthat:

P .
iWiFi(x;a)i R(x;a)i WiFi(Xe;ac) + R(Xc;ac)
.o+

Usually, suchboundsare achieved by consideringthe Lip-
schitz modulus of the discretizedfunction: Let h(u) be
an arbitrary function de ned over the continuoussubspace
U 2 [0;1]¢ with a LipschitzmoduluskK andlet G be an
"-grid discretizatiorof U. Thenthe+ max-normdiscretiza-
tion of h(u) canbeachievedwith a" -grid with theresolution
" % Usually, the Lipschitzmodulusof afunctionrapidly
increasesvith dimensiond, thusrequiringadditionalpoints
for adesireddiscretizatiorlievel.

Eachconstgainin the"-HALRis de nedin termsof asumof
functions: ;WiFi(x;a)i ; R(x;a), whereeachfunc-
tion dependnly on a smallnumberof variables(andthus
hasa smalldimension).Thereforejnsteadof usinga global
Lipschitz constantK for the completeexpressionwe can
expressthe relationin betweenthe factor+ and" in terms
of the Lipschitz constantsf individual functions, exploit-
ing the factorizationstructure. In particular let K 5« be
theworst-casd.ipschitzconstanover boththerewardfunc-
tions R; (x;a) andw;F;(x;a). To guaranteghatK yax is
bounded we mustboundthe magnitudeof ;. Typically,
if the basisfunctionshave unit magnitude,the W; will be
boundedRmax =(1i °). Here,wecande ne K ,ax tobethe
maximumof the Lipschitz constant®f therewardfunctions
andof Rnax =(1j °) timesthe constanfor eachF;(x; a).
By choosingan" discretizatiorof only:

+

MK max

whereM is the numberof functions,we guarante¢he con-
dition of Theoreml for aviolation of +.

6 Experiments

This section presentsan empirical evaluation of our ap-
proach,demonstratinghe quality of the approximatiorand
thescalingproperties.

6.1

An irrigationsystenconsistof anetwork of irrigationchan-
nelsthatareconnectedby regulationdevices(seeFigure2a).

Irrigation network example



Non-outgoing channels
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Figure2: a. Thetopologyof anirrigationsystem.rrigationchan-
nelsare representedy links x; andwaterregulationdevicesare
marked by rectanglesa;. Input andoutputregulationdevicesare
shawn in light anddark gray colors. b. Reward functionsfor the
amountof waterx; in theithirrigationchannel.

Regulation devices are usedto regulatethe amountof wa-
terin thechannelswhichis achieved by pumpingthe water
from oneof thechanneldo anothermne. Thegoalof theop-
eratorof theirrigationsystems to keeptheamountof water
in all channelonanoptimallevel (determinedy thetypeof
plantedcrops,etc.),by manipulationof regulationdevices.

Figure2aillustratesthe topologyof channelsaandregulation
devicesfor oneof theirrigation systemausedin the experi-

ments. To keepproblemformulationsimple,we adoptsev-

eral simplifying assumptionsall channelsare of the same
size,water o ws areoriented,andthe control structureop-

eratein discretemodes.

The irrigation systemcan be formalizedas a hybrid MDP,
andthe optimalbehaior of theoperatorcanbefoundasthe
optimal control policy for the MDP. The amountof water
in the ith channelis naturally representedby a continuous
statefactorx; 2 [0;1]. Eachregulationdevice canoperate
in multiple modes:thewatercanbe pumpedn betweerary
pair of incomingand outgoingchannel. Theseoptionsare
representedy discreteactionvariablesa;, onevariableper
regulationdevice. The input and outputregulationdevices
(deviceswith noincomingor no outgoingchannelsparespe-
cial and continuouslypumpthe waterin or out of the irri-
gation system.Transitionfunctionsarede ned asbetaden-
sitiesthatrepresentvater o ws dependingon the operating
modesof the regulation devices. Reward function re ects
our preferencdor the amountof waterin differentchannels
(Figure 2b). The reward function s factorizedalongchan-
nels, de ned by a linear reward function for the outgoing
channelsanda mixture of Gaussiangor all otherchannels.
Thediscounffactoris °© = 0:95. To approximateheoptimal
valuefunction,a combinationof linearandpiecaviselinear
featurefunctionsis usedat every channelFigure3).

6.2 Experimental results

Theobjective of the rst setof experimentsvasto compare
the quality of solutionsobtainedby the"-HALP for varying
grid resolutions" against othertechniquedor policy gen-
erationandto illustrate time (in secondsheededto solve
the "-HALP problem. All experimentsare performedon
the irrigation network from Figure 2a with 17 dimensional

0 05 1.0 05 1 0 05 1 0 05 1
)(i )(i Xi Xi
Figure 3: Featurefunctionsfor the amountof waterx; in theith

irrigationchannel.

"-HALP Alter native solution
" I % | Time[s] | Method T Ya
1 4281 3.0 2 | Random | 359 2.7
1=2 | 60.3| 3.0 21 | Local 554 | 25
1=4 | 61.9| 2.9 184 | Globall 60.4 | 3.0
1=8 | 72.2| 3.5 1068 | Global4 66.0 | 3.6
1=16 | 73.8 | 3.0 13219 | Globall6 | 68.2 | 3.2

Figure4: Resultsof the experimentsfor the irrigation systemin

Figure2a. Thequality of foundpoliciesis measuredy theaverage
reward! for 100 state-actiortrajectories. Symbol % denoteghe
standardleviation of rewardvalues.

statespaceand15 dimensionahctionspace.Theresultsare
presentedn Figure4. The quality of policiesis measured
in termsof the averagereward that is obtainedvia Monte
Carlosimulationsof the policy on 100 state-actiorirajecto-
ries,eachof 100steps.To assurghefairnesof the compar
ison,thesetof initial statess kept x edacrossxperiments.

Threealternatve solutionsareusedin the comparisonran-

dompolicy, local heuristic,andglobalheuristic. Therandom
policy operatesegulationdevicesrandomlyandsenesasa

baselinesolution. Thelocal heuristicoptimizesthe one-step
expectedreward for every regulation device locally, while

ignoring all other devices. Finally, the global heuristicat-

temptsto optimize one-stepexpectedreward for all regula-

tory devicestogether The parametenf the globalheuristic
is the numberof trials usedto estimatethe global one-step
reward. All heuristicsolutionswere appliedin the on-line

mode;thus,their solutiontimesarenotincludedin Figure4.

The resultsshow that the "-HALP is ableto solve a very

comple optimizationproblemrelatively quickly andoutper

form stravmanheuristicmethodsin termsof the quality of

their solutions.

6.3 Scale-upstudy

The secondsetof experimentsfocuseson the scale-uppo-
tentialof "-HALP methodwith respecto the compleity of
the model. The experimentsare performedfor n-ring and
n-ring-of-ringstopologieqseeFigure5a). Theresults sum-
marizedin Figure5b, shav severalimportanttrends:(1) the
quality of the policy for the "-HALP improveswith higher
grid resolution”, (2) the runningtime of the methodgrows
polynomiallywith thegrid resolution and(3) theincreasen
the runningtime of the methodfor topologiesof increased
compl«ity is mild andfar from exponentialin the number
of variablesn. Graphicalexamplesof eachof thesetrends
aregivenin Figuressc,5d,and5e. In additionto therunning
time curve, Figure5e shawvs a quadratigpolynomial tted to
thevaluesfor differentn. This supportourtheoreticalnd-
ingsthattherunningtime compleity of the"-HALP method
for an appropriatechoice of basisfunctionsdoesnot grow
exponentiallyin the numberof variables.



n-ring
n==6 n=79 n=12 n=15 n =18
T 7 Time[s] T 7 Time[s] T 7 Time[s] T 7 Time[s] T T Time[s]
1 284 11375 11469 11 55.6 2 645 3
1/2 | 335 3| 430 51| 526 9| 62.9 17 72.1 28
1/4 | 35.1 11 | 45.2 21 | 54.2 43 | 64.2 63 74.5 85
1/8 | 40.1 46 | 51.4 85| 62.2 118 | 73.2 168 84.9 193
1/16 | 40.4 331 | 51.8 519 | 63.7 709 | 75.5 963 86.8 1285
n-ring-of-rings
n==6 n=179 n=12 n =15 n =18
T 7 Time[s] T T Time[s] T T Time[s] T T Time[s] T 7T Time[s]
1 14.8 11162 21175 41185 5 19.7 6
1/2 | 38.6 12 | 50.5 25| 44.0 103 | 75.8 69 87.6 107
1/4 | 40.1 82 | 53.6 184 | 66.7 345 | 79.0 590 93.1 861
1/8 | 48.0 581 | 62.4 1250 | 76.1 2367 | 90.5 3977 | 104.5 6377
1/16 | 47.1 4736 | 62.3 11369 | 77.6 22699 | 92.4 35281 | 107.8 53600
(@) o b _
-ring-of-rings x 10*12 ring of rings nringotrings,1/ e=8
5 80 3 8000
g 60 6000
e [} 2 [}
T 40 £ £ 4000
5 = 1 (=
gzo 2000
w
0 0 0
12 4 8 16 12 4 8 16 6 9 12 15 18
1/e 1/e n
(c) (d) (e)

Figure5: a. Two irrigation network topologiesusedin the scale-upexperiments:n-ring-of-rings(shavn for n = 6) andn-ring (shavn
forn = 6). b. Averagerewardsandpolicy computationtimesfor different" andvariousnetworks architecturesc. Averagereward as
a function of grid resolution". d. Time compleity asa functionof grid resolution”. e. Time compleity (solid line) asa function of
differentnetwork sizesn. Quadraticapproximatiorof thetime compleity is plottedasdashedine.

7 Conclusions

We presentthe rst framework that can exploit problem
structurefor modeling and approximatelysolving hybrid

problemsefciently. We provide boundson the quality

of the solutionsobtainedby our HALP formulation with

respectto the best approximationin our basis function

class.This HALP formulationcanbe closelyapproximated
by the (relaxed) "-HALP, if the resulting solution is near
feasiblein the original HALP formulation. Although we

would typically requireanexponentially-lagediscretization
to guaranteehis nearfeasibility, we provide an algorithm
that can efciently generatean equivalent guaranteewith

an exponentially-smallerdiscretization. When combined,
thesetheoreticakesultsleadto a practicalalgorithmthatwe

have successfullydemonstratedn a setof control problems
with up to 28-dimensionakontinuousstatespaceand 22-

dimensionahctionspace.

The techniquespresentedn this paperdirectly generalize
to collaboratve multiagentsettings whereeachagentis re-
sponsiblefor one of the actionvariables,andthey mustco-
ordinateto maximizethetotal reward. Theoff-line planning
stageof our algorithmremainsunchangedHowever, in the
on-lineactionselectionphaseat every time step,the agents
mustcoordinatelo choosethe actionthatjointly maximizes
the expectedvaluefor the currentstate.We canachieve this
by extendingthe coorination graph algorithm of Guestrin
etal. [9] to our hybrid settingwith our factoreddiscretiza-
tion scheme.The resultwill be anefcient distribute coor
dination algorithmthat can copewith both continuousand
discreteactions.

Many real-world problemsinvolve continuousanddiscrete
elementsWe believe thatour algorithmsandtheoreticalre-
sultswill signi cantly furthertheapplicability of automated
planningalgorithmsto thesesettings.
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