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1 Introduction

This is the first of two lectures on forms of dependent types. The first, indexed types (also called
dependent refinement types) maintain a full separation between expressions used to index types and
expressions used for computation. They were first proposed by Zenger [1997] and then general-
ized by Xi and Pfenning [1999]. They arose from the goal of eliminating array bounds checks [Xi
and Pfenning, 1998], but were generalized to capture other program property through indexing.
A related modern rendering of the idea are liquid types [Rondon et al., 2008] which has instanti-
ations for many different programming languages including Haskell [Vazou et al., 2014b,a] and
Rust [Lehmann et al., 2023].

The fundamental idea is the a type is indexed by some additional information about the ele-
ments of the type. For example, we might have a type list{n} representing lists of length n. The
type system should guarantee that this intrinsic property of values is preserved by computation.
For example, the list append function should obey

append : ∀n.∀k. list{n}→ list{k}→ list{n+ k}

and the type-checker should verify this. Here, our index domain is natural numbers. Here is how
we might define the type of lists of natural numbers equirecursively:

list : N→ type
list{n} = (nil : {n = 0} ∧ 1) + (cons : {n > 0} ∧ nat× list{n− 1})

Here we see the use of constraints like n = 0 and n > 0.

2 Domain Quantification

With indexed types and dependent types in general we see a tension between a form where terms
from the index domain are explicit in program expressions and one where they are implicit. Gen-
erally, the explicit form is easier to define and type-check but more verbose to write. Because of
the ease of definition, we start with the explicit form of quantification. This mirrors what we have
done for polymorphism: the assumptions in the context are already dependent. For example, in
the typing of Λα. λx. x : ∀α. α → α we arrive at a judgment α type, x : α ⊢ x : α. The context
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α type, x : α has a dependency of the second declaration on the first one. Putting aside polymor-
phism for now, we might propose the following language of types. The language is somewhat
open-ended in the sense that the exact language of terms and constraints and even types may
differ in concrete instantiations of the general idea. Xi and Pfenning [1999] abstract over the con-
straint domain and set out some general properties that it should satisfy to obtain a coherent
language.

Index Terms t ::= c | n | t1 + t2 | t1 − t2 | t1 × t2 | . . .
Index Constraints ϕ ::= t1 = t2 | t1 > t2 | ϕ1 ∧ ϕ2 | ϕ1 ∨ ϕ2 | ¬ϕ | . . .

| ∀n. ϕ | ∃n. ϕ
Indexed Types τ ::= a {t1, . . . , tn} | τ1 × τ2 | τ1 → τ2 | . . .

| ∀n ∈ N. τ | ∃n ∈ N. τ
| {ϕ} ∧ τ | {ϕ} ⊃ τ

Contexts Γ ::= · | Γ, n ∈ N | Γ, ϕ true | Γ, x : τ

At an intuitive level, quantification seems relatively clear, but what about {ϕ} ∧ τ and {ϕ} ⊃ τ?
We can think of {ϕ} ∧ τ as “there exists a proof of ϕ and an expression of type τ” and {ϕ} ⊃ τ as “for
all proofs of ϕ we obtain an expression of type τ . But, actually, we don’t want to write out proofs, or
even generate them, but instead rely on a decision procedure for the constraint domain. In that
case {ϕ} ∧ τ just means “ϕ is true and we have an expression of type τ” and {ϕ} ⊃ τ means “assume ϕ
is true for the expression of type τ”.

We use the judgment Γ̂ |= ϕ for entailment in the constraint domain, where Γ̂ erases any
hypotheses x : τ from Γ. We also use Γ̂ ⊢ t term to verify well-formedness of terms in the constraint
domain, including that all free variables in t are declared in Γ̂.

This suggests the following rules for implication.

Γ, ϕ true ⊢ e : τ

Γ ⊢ e : {ϕ} ⊃ τ
⊃I

Γ ⊢ e : {ϕ} ⊃ τ Γ̂ |= ϕ

Γ ⊢ e : τ
⊃E

Conjunction is unfortunately a bit more complicated due to the nature of natural deduction. Offi-
cially, in the elimination rule, there should be the case rule we show below.

Γ̂ |= ϕ Γ ⊢ e : τ

Γ ⊢ e : {ϕ} ∧ τ
∧I

Γ ⊢ e : {ϕ} ∧ τ Γ, ϕ true, x : τ ⊢ e′ : σ

Γ ⊢ case e (x ⇒ e′) : σ
∧E

In the examples, we piggyback the conjunction elimination with general pattern matching so that
the programmer rarely has to introduce an additional explicit case construct. For natural deduc-
tion, the principled solution is tridirectional typechecking [Dunfield and Pfenning, 2004]. In the
sequent calculus, there are simpler solutions [Das and Pfenning, 2020, Somayyajula and Pfenning,
2023].

Universal quantification is again simpler than existential quantification.

Γ, n ∈ N ⊢ e : τ

Γ ⊢ e : ∀n. τ
∀I

Γ ⊢ e : ∀n. τ Γ̂ ⊢ t term
Γ ⊢ e {t} : [t/n]τ

∀E

For existentials, we again need a case construct.

Γ̂ ⊢ t term Γ ⊢ e : [t/n]τ

Γ ⊢ ⟨{t}, e⟩ : ∃n. τ
∃I

Γ ⊢ e : ∃n. τ Γ, n : N, x : τ ⊢ e′ : σ

Γ ⊢ case e (⟨n, x⟩ ⇒ e′) : σ
∃E

LECTURE NOTES TUE NOV 18, 2025



Indexed Types L20.3

3 The Rules in Action

Let’s implement append and simulate the type checking by recording context at various points in
the expression. We start with the definition including (universal) index quantification.

list{n} = (nil : {n = 0} ∧ 1) + (cons : {n > 0} ∧ nat× list{n− 1})

append : ∀n.∀k. list{n}→ list{k}→ list{n+ k}
append = λn. λk. λl1. λl2.

case l1 (nil ⟨ ⟩ ⇒ l2
| cons ⟨x, l′1⟩ ⇒ cons ⟨x, append {n−1} {k} l′1 l2⟩ )

Next we add, as comments, additional information we get to assume or have to prove at various
points during bidirectional type checking.

list{n} = (nil : {n = 0} ∧ 1) + (cons : {n > 0} ∧ nat× list{n− 1})

append : ∀n.∀k. list{n}→ list{k}→ list{n+ k}
append = λn. λk. λl1. λl2.

case l1 (nil ⟨ ⟩ ⇒ % assume n = 0
l2 % check n ∈ N, n = 0, l1 : list{n}, l2 : list{k} ⊢ l2 : list{n+ k}

% prove n ∈ N, n = 0 |= k = n+ k

| cons ⟨x, l′1⟩ ⇒ % assume n > 0, x : nat, l′1 : list{n− 1}
cons ⟨x, append {n−1} {k} l′1 l2⟩

% check against list (n+ k)
% prove n > 0 |= n+ k > 0
% check append {n− 1} {k} l′1 l2 against list{n+ k − 1}
% prove n ∈ N, k ∈ N, n > 0 |= n− 1 + k = n+ k − 1

)

As another example, let’s consider taking the length of a list. The type

length : ∀n. list{n}→ nat

loses a lot of information, since the result should be the number n not just some unknown natural
number. The way we can maintain the separation between computation and the index domain is
to index natural numbers as constructed from zero and successor by their value.

nat : N→ type
nat{n} = (zero : {n = 0} ∧ 1) + (succ : {n > 0} ∧ nat{n− 1})

We say that nat{n} is a singleton type inhabited only by the representation of the natural number
n. Then we can write and check:

length : ∀n. list{n}→ nat{n}
length = λn. λl.

case l (nil ⟨ ⟩ ⇒ zero ⟨ ⟩
| cons ⟨x, l′⟩ ⇒ succ (length {n− 1} l′) )

The reason is similar to append and a bit simpler.
We can take this further and index binary number representations by their value.
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bin : N→ type
bin{n} = (e : {n = 0} ∧ 1)

+ (b0 : ∃k. {n = 2k} ∧ bin{k})
+ (b1 : ∃k. {n = 2k + 1} ∧ bin{k})

As written, bin{n} is not a singleton type because of leading zeros: in the alternative for b0, n and
k could both be 0. If we want to make the representation unique, we could require k > 0:

bin : N→ type
bin{n} = (e : {n = 0} ∧ 1)

+ (b0 : ∃k. {k > 0 ∧ n = 2k} ∧ bin{k})
+ (b1 : ∃k. {n = 2k + 1} ∧ bin{k})

With this representation it is relatively straightforward to verify, for example, the translations
between unary and binary numbers, or the correctness of addition of binary numbers.

As a last examples that points out some of the difficulties, we consider the filter function. First,
the unindexed function.

filter : (nat→ bool)→ list→ list
filter = λp. λl. case l

(nil ⟨ ⟩ ⇒ nil ⟨ ⟩
| cons ⟨x, l′⟩ ⇒ if p x then cons ⟨x, filter p l′⟩

else filter p l′ )

The first difficulty is that we cannot statically predict how long the output list will be. We just
know it will have some length k ≤ n, if the input list has length n. In our language:

filter : ∀n. (nat→ bool)→ list{n}→ ∃k. {k ≤ n} ∧ list{k}

filter = λn. λp. λl. case l
(nil ⟨ ⟩ ⇒ ⟨{0},nil ⟨ ⟩⟩
| cons ⟨x, l′⟩ ⇒ if p x then cons ⟨x, filter {n−1} p l′⟩ % not type-correct

else filter {n−1} p l′ )

Unfortunately, with our rules, this function will not type-check. The problem is that the recursive
call to filter returns something of length k′, but in the “then” branch we want to return something
of length k′ + 1. But we don’t have access to k′. We can rewrite the code to introduce a case
expression that allows us to create a binding for k′.

filter : ∀n. (nat→ bool)→ list{n}→ ∃k. {k ≤ n} ∧ list{k}

filter = λn. λp. λl. case l
(nil ⟨ ⟩ ⇒ ⟨{0},nil ⟨ ⟩⟩
| cons ⟨x, l′⟩ ⇒ case filter {n−1} p l′

(⟨k′, r⟩ ⇒ if p x then ⟨{k′+1}, cons ⟨x, r⟩⟩ else ⟨{k′}, r⟩) )

As mentioned above, we can make witnesses for the existentials and arguments for the universals
also implicit, under some additional strain on the constraint solver.

The effectiveness of type checking for indexed types depends on the right balance between
brevity of the code and the difficulty of solving the constraints. Modern day SML solvers are often
quite effective even in the presence quantifiers when the theory may be undecidable. One can also
try quantifier elimination procedures for, say, Presburger arithmetic. Even though their theoretical
complexity is quite high, they may work well enough in practice to be usable.
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