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1 Introduction

The idea that linear functional programs can avoid garbage collection goes back to Girard and La-
font [1987]. In various forms, it has now made its way into mainstream programming languages
like Rust [Klabnik et al., 2026]. On the functional side, a significant discovery has been that linear
and affine type systems can support update-in-place even for purely functional programs [Hof-
mann, 2000, Lorenzen et al., 2023]. Roughly: instead of simply deallocating a (linear or affine)
memory cell when we read it, we reuse immediately.

In this lecture we can only scratch the surface of these developments. In practice, the difficulty
is that some part of programs can be linear of affine, while others can not be, due to the nature of
the algorithm that a program implements. This means we have to look for ways to combine linear
and nonlinear types into a coherent language. Girard’s [1987] solution of the exponential modal-
ity turns out to be quite verbose in practice. A more usable alternative is Benton’s LNL [1994] in
which we can seamlessly switch back and forth between linear and nonlinear programs. A gener-
alization to allow a richer integration of sublanguages has been proposed by Jang et al. [2024] and
implemented in the SNAX language [Snax]. Since LAMBDA does not support substructural types,
we will roughly follow the latter paper and use the Snax implementation for our illustrative code.

2 Linear Typing

We already have the rules of linear logic, so linear typing is just a matter of annotating them
with proof terms. Plus, we should add recursive types and fixed points for recursive definitions
and see how they fit in. So our judgment is just I' - e : 7 where we need to keep in mind that the
hypotheses I are linear, that is, each should be used exactly once. We will see in Section 3 precisely
what this means.

First the rule for hypotheses which is entirely straightforward. Recall that  must be the only

variable in the context.
var

71: e
z:AF A r:Thx:T
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2.1 Multiplicatives

The first multiplicative is the eager pair. We recall the logical rules for comparison.

'A AFB Pher:m Abey:mn .
— QI tp/pair
I''AFA®B F,Al—<€1,€2>:7'1®7'2
'HrA®B A,z:Ay:BFC lte:m®mn Axz:m,y:mbe: 7 _
QE®Y tp/case/pair
ARC I'AFcasee ((z,y) =€) : 7

Observe that the typing rules are almost the same as for LAMBDA, the only difference being that
we have to split the hypotheses between the premises. This is a critical property that allows for an
effective combination of a mixed linear/nonlinear language. The same principle still applies for
functions.

I'x:AFB I'x:AbFe: B
A tp/lam
I'-A—B '-Xr.e:A—oB
T'+HA—-oB AR A I'Fei:mm—om Aber:m
oE tp/app
I'A+B I'N'AbFerea:mn

At this point we can already write a simple function and see that it typechecks in the linear system.

-  var ————— var
Yy:mbFy:m z:mbEx:m _

var tp/pair

PD:TIRTbEp:T x: T,y ek (y,x) RN

tp/case/pair

p:m®Tmbcasep ((x,y) = (y,x)) : 2 @71
tp/lam

‘FAp.casep ((z,y) = (y,2)) i 1 @ Ty —o T2 @7

This example should remind us that the context is unordered, so in the application of the tp/pair
rule we can carry y to the first premise and z to the second. We can also see that the exact same
function also has type 7 x 72 — 7 ® 71. In general, expressions are the same but the typing is
stricter. Here is an example that doesn’t type-check.

XXX
r:T,y:okFx:T
tp/lam
z:THAy.z:0—T
tp/lam

‘FAr. ANy x T —o0—oT

The typing fails because we have an extraneous hypotheses which is not allowed in a linear type
system. If our type system where affine we could either explicitly or silently drop y and the func-
tion would check.

To complete the multiplicative, we show the rules for the unit.

— 17 — tp/unit
F1 o™
r-1 ArC F'ke:1 Akeé:7 _
— 5 1FE tp/case/unit
INAFC I'NAbcasee (() =€) : 7
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2.2 Additives

As we have seen, conjunction comes in two forms, the second one here being for lazy pairs. Except
for the precise ways that the contexts are propagated these aren’t very interesting at this point.

'-A I'B I'Fepg:mm TI'kex:m .
A Y | tp/lIpair
'-A&B 'k (e, e : 11 &mo
FFA&B&E FFA&B&E FFe:ﬁ&th/ . FFe:ﬁ&th/ .
N — ro B — ro
T A ' T'rB 2 Them.m PO o, PR
A B Fke:mn . F'ke:m .
—— &l ——— ol tp/inj; tp/inj,
I'rAa® B I'rA® B 'l e:mm®on I'troe:m @m

I'FA®B Ax:A-C A,y:BFC
I''AFC

oE

I'te:mm®dmn Axz:mber:o Ay:mber:o

tp/case/plus
I'NAFcasee(l-z=e |r-y=e):0 fease/

The nullary cases of these constructors also exist. T lacks an elimination rule, and 0 lacks an
introduction rule.

7T — tp/lunit
TrFT TR

'O T'Fe:0
— 0F tp/case/zero
NARC I'N"AkFcasee():o

We forego the exponentials, since the reintroduction of the structural rules is handled differ-
ently in SNAX.

3 Dynamics with a Global Environment

Let’s recall simple, standard rule of reduction.

v value

beta
(Az.e)v— [v/z]e

This rule still works exactly like this even in the linear case, because we have a linear substitution
property. Since (Az.e) and v are both closed, we just need that - - v : Tand  : 7 - e : o implies
that - - [v/z]e : 7. A slightly more general form is the following:

Property 1 (Linear Substitution) IfT'Fe; : Tand A,z : 7+ ez : o then T, A - [e1/x]es : 0.

The “problem” is that the original form of dynamics, even though it still applies, obscures the
interesting properties of linearity. Specifically, whether the program is typed nonlinearly (as in
LAMBDA) or linearly, the computation of the program is exactly the same. This means we cannot
even talk about garbage collection, or show that none is required!
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We therefore need a semantics that makes some form of storage explicit. For this purpose we
use a global environment that maps variables to values. It will turn out that the values don’t neces-
sarily have to be closed, which is another departure from the small step substitution semantics we
have used so far.

The state of computation is described by a pair 7 | e where 7 is an environment and e is an
expression. Because it is a bit different from the usual form of substitution, we write n = (z; =
v1,..., %y = vy). We start with a rule that changes the global environment.

v value x ¢ dom(n)

beta
n|(Az.e)v — (nx=w)le
We assume that we can silently rename x so that the binding is to a fresh variable, avoiding am-
biguity. We also assume that the value judgment does not presuppose that v is closed (even if
variables by themselves still don’t count as values). For example, we have \z.y value but not
((Az.x),y) value.
We now also have to change the congruence rules to account for a possible change to the global

environment. S
nler = n'le

— step/app,
nlerea — 1 |elea

vivalue nley — 1 |é€

step/app,
nlvieas — 1| vé,

All the other rules are updated in a similar way. We show just one.

vy value o value x,y ¢ dom(n)

step/case/pair
n | case (vi,v2) ((z,y) = e3) — (n,z=wv,y=12)]e3
Finally, we come to a rule that uses the environment. There is only one such rule, in which variables
are looked up.
r=veEn

step/var(L) ——— step/var(U)
(mz=v) [z = nlv nle = onfv

The key point is that we explicitly remove the binding for x when lookup up a linear variable.

Nonlinear variables instead would keep the binding for x. That is, the rule on the right would

work in a dynamics for LAMBDA while the one of the left works for a purely linear language.
Here are some sample computations for the purely linear case.

(Ay.y) (Az. 2) 3)

|
— =3 | (Ay.y)=z
= | (A\y.y)3
= y=3 |y
o | 3

When evaluating an expression of non-observable type like a function or lazy pair, then the envi-
ronment may not be entirely empty at the end. Here is an example:

(Af- ) (A2 Ay.yx) 3)

: |
o w=3 O Oy )
= =3, f=Myyz | f
= x=3 | A\y.yz
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For fully observable types 77 (built out of eager pairs and unit, sums, and recursive types) we get
the following theorem.

Theorem 2 (Freedom from Garbage) If--e: 7" and - | e —* n | vthenn = (-).

By repeating the usual progress and preservation theorems we also know that - - v : 7.
We could force the global environment to be empty, and also be closer to an implementation
if we constructed closures for values that are A-abstractions or lazy pairs. An example rule would

might read:
dom(nz) = FV(Az.e)

m,m | Az.e = m | (n2, Az e)

where FV(e) computes the free variables of e. This, however, requires further cascading changes
since certain values are now closures which have to be unpacked when functions are applied, etc.

4 Linear Type Checking

As usual, we can turn the typing rules into bidirectional rules. We just show those for functions
and sums.

. I'Fe=r
—— var/linear — =/
r=>T1Thrx<T I'Fe<r
Ne=nkte<esn I'Feg=m—om AbFea<en
tp/lam tp/app
I'FXr.e 1 —omn I'N'AbFeles =7
I'Fe<emn o I'Fe<em o
tp/inj; tp/inj,
I'Fl-e =1 ®m I'Froeen®n

l'Fe=mn®n Axrx=>nte <o Ay=mnhte <o

tp/case/plus
I''Alcasee(l-z=e|r-y=e) <o fease/

We would expect the following modes:

T+ et < rt
MEet =71

On quick check we see that these are not correct! The difficulty is that even if we know I', A we
know neither I" nor A! There are essentially two approaches to generalize these two judgments
for the purpose of type-checking.

The additive approach passes all variables that are in scope to all premises, as we previously
did in the nonlinear typing rules. In addition, we generate a context with the variables that are
actually used as an output of the judgment. In rules such as tp/app when then have to combine the
outputs.

The subtractive approach passes all variables that may still be used into the first premise, but
then generates, as an output, a context with the variables that have not be used.

It turns out in this situation the additive approach is bit simpler. So we have two judgments

THF et e 7t 4 A-
et <=7 4A”
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Here are the theorems relating these to the judgment detailed above, where we combine a couple
of statements writing “«” for either checking or synthesis.

Theorem 3 (Additing Typing)
Soundness IfI'Fe< 74 Athen] D Aand Ak e 7.
Completeness If Al e < 7 thenforeveryl' D A, T'Fe s 7 4A

We show a few rules, which can be generalized to all constructs except for the additive units 0 and
T (empty sums and lazy records). You can find the difficulties they represent for type-checking
and the techniques to handle them in Jang et al. [2024].

For variables, we only need to pick out the needed hypothesis. We show the new output con-
text in red. Because I' is determined just by scoping, it may contain many variables, but only one
is actually used. Nothing interesting happens at the transition between synthesis and checking.

zr=>T717€l i F'kFe=714A
var/linear — =/
lFe<=rde =1 'Fesr14A

A-abstractions require us to check that the bound variable was actually used. And if so, we have
to remove it. Otherwise, this rule will fail to apply.

Fe=nrtecendArs=mn
'FXz.esmn—omndA

tp/lam
For applications, we have to combine the contexts going downward. It is implicit in the notation
A1, Ay that they share no variables. Otherwise, this rule will fail as it should.

FF€1:>T2—071—{A1 F|—€2<:T2—|A2
F'Fereo=m 1A, A

tp/app

The constructor rules for sums are straightforward.

'Feemn4A o l'FesndA o
tp/inj; tp/inj,
I'Fl-eemndndA I'FrecendendA

The case rule for sums requires more care. In the two branches (a) the bound variable must be
used, and (b) the other used variables must coincide exactly. Because they are outputs in the
algorithmic interpretation of the judgment, this requires some explicit equality test. They are then
combined with the disjoint set of variables used in the first premise.

'Fe=mnodondA Thao=snrteag<sodAN o=7 Dy=nte<cocdA y=mn

tp/case/plus
Fhcasee(l-z=e1|r-y=e) <o 1A A fease]

If we were interested in only enforcing affine types, that is, each variable has to be use at most
once, the modification is relatively straightforward. For example, instead of forcing x to occur
in the output of the premise in tp/lam, we would just remove it in case it is there. Also, the two
branches of a case expression we would just take the non-disjoint(!) union of the output contexts
in the two branches.
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5 Some Sample Functions

Even though it uses slightly different syntax and has equirecursive types (instead of isorecursive
ones like LAMBDA), we can check that append is a linear function in both arguments. Functions
(including recursive ones) that are defined at the top level are considered unrestricted and can be
used freely. You can find this code in lec19.adj1.

type nat = +{’zero : 1, ’succ : nat}
type list = +{’'nil : 1, ’cons : nat = list}

(# linear, check with snax -m L %)

decl append (11 : list) (12 : list) : list
defn append 11 12 = match 11 with

| 'nil () => 12

| "cons (x, xs) => ’'cons (x, append xs 12)

You can explicitly check the linearity of the function by computing contexts, or you can track each
variable separately:

1. [ is linear because we match against it.

2. o is linear because it is used in both branches.
3. x is linear because it used once on its scope.
4. xsis linear for the same reason.

A function that is not linear is 1ength because we drop the elements on the list. Perhaps worse,
taking the length of a list consumes it, so we could not use it again after determining its length.

decl length (1 : list) : nat
defn length 1 = match 1 with
| 'nil () => ’'zero ()
| "cons (x, xs) => ’'succ (length xs)

As defined, we can see it should be affine because the variable z is not used in its scope. Everything
else is linear and therefore also automatically affine.
Finally, the functional programming staple map.

decl map (f : nat -> nat) (1 : list) : list
defn map £ 1 = match 1 with

| 'nil () => "nil ()

| "cons (x, xs) => 'cons (f x, map f xs)

While this looks to be linear in [, z, and s, it is not linear in f: f is dropped in the ' nil branch
and used twice in the " cons branch.

In SNAX we have the ability to combine functions and data with different modes. See Jang
et al. [2024] and the Snax implementation for the details. We just show how the map function
would look, using the modes U for “unrestricted” (can be used arbitrarily often) and L for “linear”
(must be used exactly once). The upshift type constructor is lazy requires .force in order to
obtain the underlying function from linear natural numbers to linear natural numbers. You can
find this code and a couple of additional functions in lec19.adj.
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type nat[k] = +{’zero : 1, ’'succ : <nat[k]>}
type list[m k] = +{'nil : 1, "cons : <natl[k]> » <list[m k]>}

mode U structural :> L
mode L linear

decl map (£ : [U] uplL] (nat[L] —-> nat[L])) (1 : list[L L]) : list[L L]
defn map £ 1 = match 1 with
| 'nil () => 'nil ()
| "cons (<x>, <xs>) => ’'cons (<f.force x>, <map f xs>)
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