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The product multinomial model 3
[Lawrence et al. Science 1993] °
e Positional specific multinomial distribution:
6,= [Op, ..., O]”
0, 0, o; e
] |
AAAAGAGTCA
AAATGACTCA
AAGAGTCA
atGCeTCA = A A~P,(A|6)

e Position weight matrix (PWM): @
e The nucleotide distributions at different positions are independent




Bayesian approach

e For model AA|0):
e Treat parameters @ as unobserved random variable(s)

e probabilistic statements of @is conditioned on the values of the observed
variables A
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e Bayes' rule: p(O|A)oc p(A|6)p(0)
posterior likelihood  prior
e Bayesian estimation: Opyes = Igp(g | A)do

Bayesian missing data problem

e (: parameter of interest

o X={x,,...,.xy}: asetof complete i.i.d. observations from a
density that depends upon 6: p(X | 6)

PO 1X) = Ny px; | 6) )/ p(X)

¢ In practical situations, x; may not be completely observed.
e Assuming the unobserved values are missing completely at random,
o let X=(Y,2), x~(y,z) ~1,....n
e y; observed part, z; missing part

pe1Y) = [p01Y,2)pnZ]|Y)dzZ

e This integration is usually hard obtain in close-form - Imputation




Data Imputation

|
e Multiple values, 2" ,...,Zm are drawn from p(Z | Y) to
form m complete data sets.

e With these imputed data sets and the ergodicity
theorem,

PO 1Y) =1m {pO Y, Z0)+ ..+ pO| Y, Zm)}

e But in most applied problems it is impossible to draw
Z from (Z | Y) directly.

Data Augmentation

e Tanner and Wong’s data augmentation (DA)

e apply Gibbs Sampler to draw multiples of 8's and multiples of Z's jointly
from p(6, Z | Y)

e DA algorithm
Notice that: p(Z | Y)=Ip(6,Z | Y)d6=IpZ | 6, Y)p(6 | Y)d6
=1/m {pZ | 60Y)+ ... + pZ | 6™,Y)}

e |-step Zm~ p(Z | 6(m | Y)

Recall that: p(@ | Y)=1/m {p6|Y, Z0)+ ...+ p6 | Y, ZM)}
e P-step om~pO|Y, Zm)

e By iterating between drawing 6 from p(8 | Y,Z) and drawing Z
from p(Z | 8,Y), DA constructs a Markov chain whose
equilibrium distribution is (8, Z | Y)
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Collapsed Gibbs Sampler (J. Liu) |2
e Consider Sampling from p(0 | D), 6=(6,,6.,,6,)
e Original Gibbs Sampler
(i) 6~ p(6,6,,6;,D)
(i) 6, ~ p(6,)6,,65,0)
(i) 6, ~ P(6’3‘«91,6’2,D)
e Collapsed Gibbs Sampler (J. Liu):
(i) (6,6,)~ p(6,,6,|D)
(i) 6;~ P(93‘91,92,D)
. . eess
Back to de novo Motif Detection sece
— Bayesian missing data problem .o

e The oops model (one occurrence per sequence)
Motif
i

ds

width = w

ay

length n,
e Parameter of Interest
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e Missing Data

e Observed Data Y= Given Sequences




The Gibbs Motif Sampler

\
o Standard Gibbs Sampler (Iterative sampling): p(4A,Y); p(A|6,Y)

Draw from [@| A, Data], then draw from [A | 6, Data]

° Collapsed Gibbs Sampler (Predictive Updating): A~p(A | Y)

pretend that K-71 motif instances have been found. We stochastically predict
for the K-th instance!!

e Step0. choose an arbitrary starting point
A0=(a,,a,0,...,a,);
e Step1. Generate At =(a,tN, a,t", ... a\®" ) as follows:

Generate a,*" ~ p(a, | a,,...,a0, Y);

Generate a,*) ~ p(a, | a, ), a0 ,...,a0,Y);
Generate a, "~ play | a,"", a,"",...,a, D, Y);
Generate 61 -p(el a, ), a,tn,..,a,0,Y);

e Step2. Set t=t+1, and go to step 1

The Predictive Update Version

e Initialized by choosing random starting positions

al” al”,...,aY%

e [terate the following steps many times:

e Randomly or systematically choose a

sequence, say, sequence k, to exclude. a,

e Carry out the predictive-updating step "
to update a, k-

(no need to sample @1 at each t, we can compute it in close-form, see next slide

Notations:
A= la,a .a., a) = G w1 =1 W, j=ATG,C

a = ¢,a)

e Stop when not much change observed, or some criterion met.
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Predictive Distribution o
\
e The predictive distribution for a,:
¢, ()
p(a, =] A.Y) ~Conste HH(Z[{]} ) o

e Predictive update:

5 St Py

9 [ :71
MR 14 EL@J

assuming: 6, ~ Dirichlet(a ) 8 ~ Product Dirichlet(B), B = (B, ), a ~ Uniform

6 similarly

e Sampling: every segment of width Win Y, has probability (*).
Choose one at random according to these probabilities, and
this becomes the new a,.
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Derivation :
_ pVla.AnpA) pVlan Ak
pala,.a ., ’a'('y%ZP(VW=/v4fk])ﬁ(/‘)7ZP(V|0;(=’744]) 1)
PO A)= | P 16,60, 4)p(6) p6,)dlct, @
Y10,00. A)p(018) p (6ol ) =| T2/ < TTo7+ |x () 0o x r(s)) ot
10,65, A) p(015) PG|l B) [l:[ 0.7 l/_/[ ).d J [WH HWH
r(p) 0,1 (Ao -1 r(s)) A
_ PG P 3
H/r[ﬁJ)H >/ HH F(Z//)I;[ ( )

PYIA=[pV16,6,, A)p(e)p(eo)dadao
(Z ) T8 e, 0) Hr(z #,) 11,10, +6,4)
) r(z ﬂ°/+C°J(A)) Hr(ﬂ//) F{Z ﬂ“+4‘//(/1))
r(z A /) T8+ 60, A+ 60, @) HF(Z ﬂu) [Lrlp, o tmroe @)
LTI J" F(Z Poj+60(A- kl)“o/(”k)) I, r(ﬁu) 0+, 8., +6,A40)

s ~ NGy (a0
pVlanA k) 3.5, K1 0,
plala,-.a. .a..,-.a.Y)= - ~ o ==+
k‘ 1 k10 Tpest /3 Zp(ym(:/,/} ) H {’7% H 0, (5)
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Phase-shift and fragmentation g
e Sometimes get stuck in a local shift optimum
: True motif locations
a ?
e How to “escape” from this local optimum?
e Simultaneous move: A —-A+3, A+d={a,+3, ..., ax+d}
e Use a Metropolis step: accept the move with prob=p,
r = min{l p(A+75| y)} Compare entropies between
" p(AlY) new columns and left-out ones.
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Convergence o
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Model Selection oo
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Pattern width
» - 000
Natural Extensions to Basic sels
Model | °e

e Multiple Pattern Occurances in the same sequences:

Liu, J. "The collapsed Gibbs sampler with applications to a gene regulation problem," Journal of the American Statistical Association 89 958-966.

e Prior: any position i has a small probability e to start a binding site:

A=(,...3,) P(A) ~ ¥ (1-&)¥* (with nonoverlapping constraints)
width =w

a length n_

e Recall
PV a4y pA)

F(ﬂk“’zv"'vak lvakdv"'vuk'y):m

augmented proposal distribution for the Gibbs motif sampler




Back to the binary indicator
model

D i)

Z {0, 1V

Although sampling z directly is prohibitive, a very simple form of
the conditional distribution of any z, given all the rest z, is

available
~ 6 (Ynsi-1:J)
p(z, =11 7.,y F HH o
p(z,=0]z,

Y) 1 £94 ja 0, ;

where £and @ are estimated from y and z,.

Any problem with the model?

O® - @

) e

Z {0, 1

* How about multiple types of motifs?

This model can be easily extended to solving K different types motif
simultaneously by letting Z €{0, ..., K}NT

» Can motif overlap?
A Markov chain for Z.

» Are motif sites independent?
See next ...
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Natural Extensions to Basic sess
Model i et
e Composite Patterns:
e Multiply the motif p-values
—{ T — N —See-
Combined p-value = 0.00001 * 0.0035 * 0.007 * 0.00000005
=1.225* 10"
00
0000
o000
a2
The product of p-values g

e Theorem: The probability Fn(p) that the product of n
independent, uniform [0,1] random variables

z,-11#

/=1

e has an observed value less than or equal to p, is given by

e for0<p<1,andiszero when pis zero.

Timothy L. Bailey and Michael Gribskov, “Combining evidence using p-values: application to
sequence homology searches,” Bioinformatics, 14:48-54, 1998.

10
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Model Il .
e Correlated in Nucleotide Occurrence in Motif:
Modeling within-motif dependence for transcription factor binding site predictions. Bioinformatics, 6, 909-916.
o Insertion-Deletion
BALSA: Bayesian algorithm for local sequence alignment Nucl. Acids Res., 30 1268-77.
Wy
W3
K ¢  — 1
Wy
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Recall the PM Model g

e The PM parameter, 6, = [0,, ..., 6.]", corresponds exactly to the

B,@ H;@ U,,@

M M M

The nucleotide distributions at different sites are independent !

e The score (likelihood-ratio) of a candidate substring: AAAAGAGTCA

R _ P(x={AAAAGAGTCA} PWM) _ 7 p(y, [PWM) _ 1 Oy

p(x ={AAAAGAGTCA}| bk) i Pp(y, | bk) i Gy,

11



Mixture of PM models

CHCIRC
Weighted PWHs _*® OO}

6 6, 0, k! | (Barash etal. 2002)

The nt-distributions at different sites are conditionally independent but marginally dependent !
The likelihood of a candidate substring: AAAAGAGTCA
P(x={AAAAGAGTCA}) = 7, p(-| PWM,) + 7z, p(-| PWM,)

Tree models

Tree CPTs — & @ 6 @ & @

M| | (Barash et al. 2002)

The nt-distributions at different sites are pairwisely dependent !
The likelihood of a candidate substring: AAAAGAGTCA
P(x={AAAAGAGTCA}) = [ [ p(x | Pi(X)) =p(X | %) P(X [ %)+ P(Xy | %)
|

Mixture of trees

12



MotifPrototyper:
A Bayesian Markovian model

P e g [Xing and Karp, PNAS 2004]
Local HMM | | i
parameters

Dirichlet |
parameters

Learning: empirical Bayes estimation:

a family of training motifs {A}, = hyperparameters {¢, 7, B},

Enhanceosome:
Cis-Regulatory Modules -

Space [ time Domain 1 Space ( time Domain 2

different spatial repressors ===5,

other inputs

13
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Cluster Finding Methods &
e Poisson model
e A. Wagner
e Cister (CIS-element clusTER finder)
e M. Frith et al.
e Comet (Cluster Of Motifs E-value Tool)
e M. Frith et al.
e cis-regulatory module finder
e Gupta M, Liu JS.
e LOGOS
e Xing et al.
[ X X ]
0000
[ X XX
. . . b
Finding Motif Clusters &
e Poisson Method
] [} [} ] ]
I L ]
Exponential distribution: “Pearson type Il distribution”:
a k-2
df (x)=ae™ df (x)= ax) e
pef (x) po ()= 7 (2)
e Regulatory Modules:
Cister & Comet R——> @
Gene A ® ;/
o - Gene B \.

14
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Cister & Comet: Introduction .
DNA sequence segment
score(segment) = In Prob(segment | cluster model )
Prob(segment | random model)
Cluster model:
— -
Poisson-distributed cis-elements, embedded in random DNA
00
0000
o000
= ::.
Hidden Markov Model .

Random DNA

15



Cister

Random DNA

Cluster
model

0.001 Random
0.999
Random DNA model

Cister applied to Human c-fos

position in segquence Chases)
pLvv] 2000 Fo00 oo falels) RO

0.4
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ooz ‘
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i
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: Il | |
2, o
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—— cluster probability protein coding region
ciz-elements:  TATA Spl Ets L3F




Comet

DNA sequence segment

Prob (segment A optimal parse | cluster model)
Prob (segment | random model)

score(segment) = In

Parse:
—

One particular arrangement of cis-elements in the segment

The CisModuler global HMM

» Space of hidden states

— all possible functional annotations
e Parameters

— transition parameters {5}
 Empirical priors for {5}
 Posterior decoding

e g ERIERIARR g a3t 2 G GAE EGqGCGAt Gt AgeCAt OgCAE GE LG CG eI EE Gt e
<t g0t BEERG R GAaTCCaA CECgA A et CECRAtCeCaat CeCaat CEctt
FEEEEE tt oot tugaaayt SRR A C At aat aat gat gt ogas CRERTIREEgJC Cy caggteeagceaacicad
fEascqgactageaactoy ot A UMM - occoactt ageoet gatecyegay ot (NNEIY = JECTHgEE
Jeagetagttqtaggtagacceeacy (IMMIMMMB G caaacct ceaagetaacttgogeaagtggcaagtegecgattt
getgeeccezgagecctgetgttctttttggeect gttttcttttttgtggttagaagt ccaatttttagetaata

“ctgccagezctgetgttetttttggecct caacgttaaceeggtqgtaggttagaagtggacceaatttttagetaata

[Xing, Wu, Jordan and Karp. JBCB 2004]




Systems Biology Approach:

Combining Signals and other Data

Coding regions

e Expresssion and Motif Regression: Mot{S

Integrating Motif Discovery and Expression Analysis Proc.Natl.Acad.Sci. 100.3339-44

1. Rank genes by E=log2(expression fold change)

2. Find “many” (hundreds) candidate motifs

3. For each motif pattern m, compute the vector Sm of matching scores for genes
with the pattern

4. Regress E on Sm yg =a+ ﬂm‘smg té&,

e ChlP-on-chip - 1-2 kb information on protein/DNA interaction:

An Algorithm for Finding Protein-DNA Interaction Sites with Applications to Chromatin Immunoprecipitation Microarray
Experiments Nature Biotechnology, 20, 835-39

Protein binding

'@
Phylogenetic Footprinting §§:
(homologous detection) s

e Term originated in 1988 in Tagle et al. Blanchette et al.: For
unaligned sequences related by phylogenetic tree, find
all segments of length k with a history costing less than
d. Motif loss an option.

begin signal end

[ Salmon

Lates

Fugu

Chicken

| | Rat

Mouse

Human

Dog

Ill-_EE-

Sheep

-OV8E'ET'TE ¥YN .Bunundioos onauabolAyd oy paubisap wresbod e 1ajunidi00d,, (£00¢) edwio | pue ayayouelg
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Databases

TRANSFAC: http://www.gene-regulation.com/pub/databases.html#transfac

 TRANSFAC

TRANSFAC FACTOR TABLE, Release 7.0 — public - 2005-09-30 {(C) Biobase C

Tao3oz

Taoa02

15.10.1992 (created); ewi.
26.08.2002 (updated); hom.
cpase GmbHE.

yeast, Saccharomyces cerevisiae
Eukaryota; Fungi; Ascomycota; Hemiascomycetes; Saccharomycetales;
Saccharomycetaceae; Saccharomyces.

MELLSSIEQACDICR LEKLECSHERPRCAKCLENNWECRY SPRTRRIPLTRAELTEVESR
LERLEQLFLLIFPREDLOMILEMDSLODIKALLIGLEVQD

QHRISAT. sssr_r_ssmﬂ:qud:\.sr SARHEDNSTIPLDFMPRDALEGFDWSEEDDM
ENYIHENVNRLE THITORYTLASRETT

§ ROHTHTSVNFHEFS TRMATSLG
WEIQLSLLYGRSIQLSONTISFPSSVDDVORTT

FTAEKED ICAKKCLMICNE [EEVWROADKFLQ
THETQKKSQLEQDONDHOS
YEFHAVLVPIKTLLENSKSN

More Databases

The high-quality transcription factor binding profile database

BROWSE profies by |I0| Name || Species || Slass | [ Tacnomic graup |
cambine seanches vl
Nama | | AND
SEARCHE  Mame AND

e Species-specific: o W =
e SCPD (yeast) http://rulai.cshl.edu/SCPD/
e DPInteract (e. coli) http://arep.med.harvard.edu/dpinteract/
e Drosophila DNase | Footprint Database (v2.0) http://www.flyreg.org/

19



Log OS: http://weblogo.berkeley.edu/ o

rantn Segquance Logos - Microzof Intermet Explores provided

wiew Fgoontss  Toale  Help

3 - [®) B & JOseaeh frraveres @ I ) @ - LB
&) htwiiwebioga che nec caflogo cgi v Bco O Devd E1BEC @ CNN &) Yahoo Mad

WEBLOGO - about - create - examples -

& Multiple Sequence Alignment
@ Upload Sequence Data Erowig
Image Format & Size
@ Imags Format PHG (betmag) |+ @ Lot Size per Lins AL X5 em =

[ Ceoetom [Fese]

Gibbs Motif Sampler

http://bayesweb.wadsworth.org/gibbs/gibbs.html °

The Gibbs Motif Sampler

(for DNA)
options
Email Address: ‘
Flease enter the data sequence: (FASTA format) *

|[ Browse.. |
%‘;& Prokaryotic Defaults %%m Eukaryotic Defaults
Sampler Mode ) Site Sampler OMotif Sampler ) Recursive Sampler
oo .
motifs (patterns): recursive samnpler’

MoV | gmmesels
zach motif type:

20
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http://meme.sdsc.edu/meme/website/meme.html
Eile Edit Wiew Fawontes Tools Help h
Qoo - @ - (2] (&) € O sewch fyFovies @ i [ = - [JE
& htp ffmeme sdsc edufmemeymene Ml ~ Go Lk 3Devid @1E9C &CNN &) Yahoo Mail
-
Haosted by
e MEME Venion 350
"\ Multiple Em for Mot Eicitation NEBCR
Diata Submission Form
Ulse thas Form to subent DA o protein sequentes to MENME, MEME wil analyze your sequences for suvdanes smong them and produce a destnpbion (motif)
for each pattern ot discovers Your results will be sent to you by &-mal
Your eanail address:
kechnegigename. ucel edy
P T [Optional] Description of your sequences:
kechnsggenome uesl edu
Please enter the sequences which you bebeve share one or « Enter the name gf .
moee motls. The sequences may costain uo more than 60,000
chavacvers total m asry of a large sumber of formats ‘o the actual sequences here (Sample Input Sequencesk
TTGGTAARGT AATTTTTCOCCTTTATTTIGTTCATACATT
TTGAGCGAAGGCTCATTAGATATATTTITCTGTCATTTTCCTTAACCCAL
CGEAAAGGCTOC ARAAAGCCCTOGCACARCTCTTGACCCTCAT
How do you think the ocowrences of a smghe mo
distributed among the sequences?
© One per sequnce
Wn seaence Mindmmm stes(>= ) -
£
000
0000
[ X XX
[
[ X J
etferences o

° Reviews

° Stormo GD (2000), Bioinformatics, 16:16-23

° Bulyk (2003), Genome Biology 5:201
° Logos

° Schneider & Stephens (1990), Nucleic Acids Res. 18:6097-6100
° Probabilistic

° GMS: Lawrence et al. (1993), Science, 262:208-214

. MEME: Bailey & Elkan (1995), Machine Learning, 21:51-80

° Bayesian models for multiple local sequence alignment and Gibbs sampling
strategies. J. S. Liu, A. F. Neuwald, and C. E. Lawrence. Journal of the
American Statistical Association, 90, 1156-1170, 1995.
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