Probablistic Graphical Models, Spring 2007

Homework 4
Due at the beginning of class on 11/26/07

I nstructions

There are four questions in this homework. The last questiaslves some programming which should be done in
MATLAB. Do not attach your code to the writeup. Make a tarball of your cod# @mput, name itkuserid>.tgz
where your userid is your CS or Andrew id, and copy it to /af&lcademic/class/10708-f07/hwdiserid> .

If you are not submitting this from an SCS machine, you migggdto authenticate yourself first. See
http://ww. cs. cnu. edu/ ~hel p/ af s/ cross_real m ht ni forinstructions. If you are nota CMU student and don’t
have a CS or Andrew id, email your submission to 10708-0#@es.cmu.edu.

You are allowed to use any of (and only) the material distgdun class for the homeworks. This includes the
slides and the handouts given in the clasRefer to the web page for policies regarding collaboratiture dates, and
extensions.

1 [20 pts]Importance Sampling

To do this question, you will need to read (Koller& Friedmd®,2.2). The likelihood weighting of an importance
sampler is defined/(x) = P(x)/Q(x) whereP is the distribution we want to sample from and Q is a proposafidu-
tion.

1. Why is computing the probability of a complete instambiatof the variables in a Markov Random Field com-
putationally intractable?

2. Given a chordal graph, describe how to compute the ligelihweighting for an importance sampldit:\What
is the relationship between chordal graphs and junctioesf®

3. Given a non-chordal graph, describe how to compute tleéitidod weighting for an importance sampler.

4. Briefly comment on why it is not useful to use importance jglimg for approximate inference on MRFs.

2 [20pts] BP in sigmoid networks

Consider a three-layer sigmoid netwoi(...Xn,Y1,...,Yn,Z1...2Z,). All the variables are binary; the variables
Xi1,...%n in the top layer are all independent of each other; the viegab the second and third layers depend on the
variables in their previous layer CPT:

P(yj[x1.. %) = sigmoid ) wl jxi +Wwlo)
|

P(zjly1-..yn) = sigmoid y w2; ;yi +W2o,j)
|

wheresigmoidx) = 1/(1+exp ).

1please contact Monica Hopes(meh@cs)if you need a copy afdoba



1. Write down the belief propagation updates for the network

2. Is the above graph loopy? Are the updates in the previait®eeguaranteed to converge?

3 [30pts] Mean Field Variational I nference for Admixture Models

Let us consider a specific case of the Admixture model for, tiet uses a Dirichlet prior. This model is commonly
known as the Latent Dirichlet Allocation (LDA) model. Theaghical representation of the model is shown in figure
1(a). The complete data log-likelihood is given as follows:
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whereM is the number of documentsy is the length of document, K is the number of topics) is the position in
the document anklis the topic indexwg = (Wq1, - - -, Wqdn ) iS the text of the document, wheng, € {1,---,V} is the
word at then™ position in documend, whereV is the vocabulary size.

e The vectorzg,.) = (zdm, - -+, Zdnk) is @ topic indicator vector for positiomin the documend, such thatzynk €
{0,1} andSxzgnk =1,

B4 = (Bg1,- -, 6aK)| ZE:1 Bgk = 1;64k > 0 is the multinomial topic mixing proportions for documeht

a is the parameter of the symmetric Dirichlet distributioattgenerate8y for any documend,

By = Bk, -, Brv)| Tt Brw = 1;Brkw > 0 is a multinomial distribution over the vocabulary for tofj and

I() is the Gamma function.

1. This model is intractable for exact inferenceRiBq, zqn)|w, B,a). Let us actually understand and verify this
fact: construct a junction-tree for a single documéntith Ny = 3. In other words, assume the document
is (w1, W2, w3). What is the maximum tree-width? Does the tree-width grothwicreasing\Nq? Write an
expression for the marginal f&(z; = k|B,a) andP(64|B, a) in terms of the messages on the junction tree. Is it
possible to compute the marginals? what is the main reasantfactability of exact inference?

2. Let us use mean-field variational technique for approténimaference. In particular, let us approximate the
posterior by the following distribution:

Ny
Q(Ba, {Zan}nla Ve, {@unnde) = { P(Balva) [ (cpdnkvdnk} 2)
n=1
where@y, = (®an, - -, Qunk) IS @ variational multinomial distribution over topics foogitionn in the document
d andyy = (Ya1,- -, Yak ) are the parameters of a variational Dirichlet distributipren by:

Zkydk K ydkfl
P(Balyy) = M (Vak) [l 3)

The graphical representation for the variational distidouis given in figure 1(b).



(a) LDA graphical representation
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(b) Mean field variational distribution for LDA
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Figure 1: Admixture model: graphical representation

Starting with the results of the mean field variational iefeze given in Eq. (4) below, derive closed form
expressions for the variational parametgisand@ynk.

QW =Zexa Y Equln®(Us.x)) @

d:XeSCOPED)

whered is a factor in the graphical model ablg = scopé®) — X. In your derivation, you will use the following
properties of the Dirichlet distribution:

Eq@qly,)[1098ak] = ¥ (Yak) — z Yaw ) (®)

whereW(yqx) = 13- logr (yqx) is the digamma function. Prove the result above using theestis of the expo-
nential family we é|scussed in class. (Hint: convert Dilatho its natural parametrization and use the property
that the expected value of a sufficient statistic is equdieéditst derivative of the log-partition function w.r.t the
corresponding natural parameter.)

. Now, let us consider the Logistic Normal admixture mokewn in common parlance as the Correlated Topic
Model. It differs from LDA in only that the symmetric Diricht prior with parameteu is replaced by a Logistic
normal distribution, which is given as follows:

PNglnz) = A (K2) (6)

whereng = (Ng1, -+, Ndk) With eachng, € R. EachByy is a simple logistic transformation gfk given by

exp(Ndk)
ZE/:1 expNax)

Using a logistic normal distribution as described aboveya us to capture correlations in topics, given by the
matrix Z.

()

Bak =

Note that the description of logistic normal distributidmoae is actually an overcomplete representation since
84 has only(K — 1) free parameters, bug hasK free parameters.
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Figure 2: Graphical model for Segmentation

(a) Suggest a simple transformation to solve this problem.
(b) Let us use the following mean-field variational disttiba for approximate inference:

K Ny
Q(Ng: {Zan}n 1Ad: Vo {Bantna) = [T {2 MetAat Vai) } ] (@i ®)
k=1 n=1

where we chose to use independent normal distributionsach éopic in each document. Are you still
able to derive a closed-form relation for the variationagpaeters? If yes, why? If not, why not? (justify
your answer in terms of the relationship between the digiobs used in the model.)

4 [25 pts] Image Segmentation

Given an image, a K-ary segmentation is a clustering thagresgach pixel to one of K-classes, typically under the
assumption that neighbouring pixels are more likely to bglto the same class. As discussed in class, we could
represent this as a pairwise Markov Random Field where eagh corresponds to a pixel. Note that the value of a
node is the cluster it belongs to.
Formally, the observed image is denoee- {Y;} andX = {Xi}, X € {1...K} is the segmentation. The markov
random field has distribution 1
P(X,Y) =3 |T|<p(>q7yi) 1 wx))
(i.1)€E|
where@is the node potential, the effegthas on the label of; Y is the edge potential, how the labebfs influenced
by the labels of its neighbors. Let
o) — exp— )
’ 202

WX, x}) = exp—B(x —x))?)
Consider the image in Figure 2. We want to produce a binargsetation (K=2). You are given the following

parametersp = 20,1 = 147, of =1/2, =150, 0% =1/2.ing. dat in hw4data.tar.gz contains this image. You may
use the helper functions provided in hw4data.tar.gz tothlwimage and segmentations.

1. Perform a binary segmentation using naive mean field ajppation.



2. Perform a binary segmentation using loopy belief propaga

Produce plots of your segmentations which must be includegur writeup. Initializemyj = 1vi # j. Stop running
your algorithm when the absolute difference between yodimnéssage and new message is less thef. 18how a

separate plot of the original image(ie pis).
Remember to compute the messages in log space, for numsdbdity. You don’t need to dampen messages in

your implementation of loopy BP.
Submit a code along with a README describing your code brjeflgng with instructions on how to run it.



