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Summary: Monte Carlo Methods o

Direct Sampling
e Very difficult to populate a high-dimensional state space
Rejection Sampling

e Create samples like direct sampling, only count samples which is
consistent with given evidences.

Likelihood weighting, ...

e Sample variables and calculate evidence weight. Only create the
samples which support the evidences.

Markov chain Monte Carlo (MCMC)
e Metropolis-Hasting
e Gibbs
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Rao-Blackwellised sampling | > |3°
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e Sampling in high dimensional spaces causes high variance in t‘he

estimate.

e RB idea: sample some variables Xp, and conditional on that,
compute expected value of rest X analytically:

Epxm [ ()]= [ p0X, %, 1€) F (%, X, )k, dx,
= [ PO, 1€)] [ POxs 1%,,8) T (X, %, )0, [dx,
= _[ p(xp |e)Ep(Xd\xp e)[f (Xp’ Xd)]dxp

:ﬁ; Ep(wve)[f OO X)) XD~ pix, le)

e This has lower variance, because of the identity:
var|z(X,, X,)|=var|E[e(X ,, X4) | X, |+ E[varlz(X,, X ) | X, |
e Hence varlE[r(X,, X,)| X, [|<varlz(X,, X,)], s0 7(X, X4)=E[f (X, X,)X,]
is a lower variance estimator.
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Markov chain Monte Carlo (o | 3ese
(MCMC) ANE

e Importance sampling does not scale well to high dimensions.

e Rao-Blackwellisation not always possible.

e MCMC is an alternative.

e Construct a Markov chain whose stationary distribution is the
target density = A X|e).

e Run for Tsamples (burn-in time) until the chain
converges/mixes/reaches stationary distribution.

e Then collect M (correlated) samples x,, .

e Key issues:

e Designing proposals so that the chain mixes rapidly.

e Diagnosing convergence. o 3

X' x X
P 1K)

Eric Xing 4




o000
o000
— 0000
- — |
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e Definition:
e Given an n-dimensional state space N - )(‘0

e Random vector X = (x,...,X.) Y~
e X0 =xattime-step t
e X0 transitions to x®1 with prob
P(x®D | x®, .., x®) = T(x®D | xO) = T(xO > xt1)
e Homogenous: chain determined by state x©, fixed transition
kernel T (rows sumto 1)

e Equilibrium: #(x) is a stationary (equilibrium) distribution if
X") = X, 2(X) T(X>X").
i.e., is a left eigenvector of the transition matrix 7'T = #TT.
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e An MC isirreducible if transition graph connected s
e An MC is aperiodic if it is not trapped in cycles

e An MC is ergodic (regular) if you can get from state x to x'
in a finite number of steps.

Detailed balance: prob(x®->x0-1) = prob(xt1->x®)

p(x(f))r(x(f—l) IX(?‘)) — p(x(f—l))r(x(f) |X(7‘—1))
summing over x(t1

PO = 3 pXIIT (6 )

Detailed bal - stationary dist exists
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Metropolis-Hastings

\
e Treat the target distribution as stationary distribution

e Sample from an easier proposal distribution, followed by an
acceptance test

e This induces a transition matrix that satisfies detailed balance

e MH proposes moves according to Q(x |x) and accepts samples with
probability A(x |x).

e The induced transition matrix is 7 (x — x') = Q(x'| x)A(x'| x)
e Detailed balance means
7(X)QX'| X)A(x'| x) = m(x")Q(x | X )A(x | x')

)
e Hence the acceptance ratio is X — \4
A(x'|x)=min[1,”(x')Q(X|X')] X1 5 y T
7(x)Q (X' x)
eoo
o000
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etropolis-Hastings ) | ®
1. Initialize X© X' =T (¥4 )
. — _ )(t” ——(X)
2. While not mixing 7 burn-in ~
o x=x0) ’l\
e f+=1,
e sample v~ Unif(0,1)
e sample x* ~ Q(x*|x)
-if u<A(x*|x)= min[l,”(X*)QmX*)J Function
7(X)Q(x*| x) Draw sample (x(t))
X0 = x* /I transition
- else
X0 = x Il stay in current state \m

e Reset t=0, for #=1:N

)
e X(t+1)) € Draw sample (x(t))
\AL \/\‘/‘ ¥\ —_— )(‘
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Mixing time

e The emixing time T_is the minimal number of steps (from any
starting distribution) until D, (A", 7) <, where D, is the
variational distance between the two distributions:

def
Do (14, 1) = iUE‘M (A)— 1, (A)‘

e Chains with low bandwidth (conductance) regions of space
take a long time to mix.

e This arises for GMs with deterministic or highly skewed
potentials.
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MCMC example

(x*2) ~ N(x0,100)

p(x) ~ 0.3 exp(-0.2x2) + 0.7 exp(-0.2(x-10)?)
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Summary of MH

Random walk through state space

e Can simulate multiple chains in parallel
Much hinges on proposal distribution @
e Want to visit state space where p(X) puts mass

e Want A(x*|x) high in modes of p(X)
e Chain mixes well

Convergence diagnosis
e How can we tell when burn-in is over?

e Run multiple chains from different starting conditions, wait until they start
“behaving similarly”.

e Various heuristics have been proposed.

Eric Xing 11

—
')
><
S
z=
~
oo00000
CXX X X )

Ve ) W\M P[X*lY( 2(4)6)

- o A

MO
! X \ \ .
h o QU 2 PO X )
\ o -
' -
W W 2 AWK)=z )
% i X[ ¥er ) = PG Lisy,)

Eric Xing 12




Gibbs sampling

e Gibbs sampling is an MCMC algorithm that is especially
appropriate for inference in graphical models. Em @

e The procedue ‘f'“\/ I
f...f \
EHHE @i
e at each step one of the variables X;is selected (at random or according

to some fixed sequences), denote the remaining variables as X;, and its
current value as x (1)

e we have variable set X={x,, x,, X;,... X,} fora GM

Using the "alarm network" as an example, say at time t we choose Xz and we
denote the current value assignments of the remaining variables, X ¢,
obtained from previous samples, as x4 = {X;””,Xj]’“, }””,X};’“}

e the conditonal distribution p(X] x (*D) is computed
e avalue x(" is sampled from this distribution

e the sample x{? replaces the previous sampled value of X;in X.

e, xN=x@oux?

Markov Blanket o2

e Markov Blanket in BN

e A variable is independent from
others, given its parents, children
and children's parents (d-
separation).

e MB in MRF

e Avariable is independent all its
non-neighbors, given all its direct
neighbors.

= p(X} X)= p(X| MB(X))
e Gibbs sampling

e Every step, choose one variable
and sample it by P(X|MB(X))
based on previous sample.
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Gibbs sampling of the alarm
network

e To calculate P(J|B1,M1)

Earthquake) o e Choose (B1,E0,A1,M1,J1) as a
start

e Evidences are B1, M1,

Burglary ) ]

ﬁ ‘;‘;" variables are A, E, J.
e e Choose next variable as A
F | 001

e Sample A by
P(AIMB(A))=P(A|B1, EO, M1,
J1) suppose to be false.
M)

7 e (B1, EO, A0, M1, J1)
al

.

]
=
o

P)

0

e Choose next random variable

MB(A)={B, E, J, M} as E, sample E~P(E|B1,A0)
MB(E)={A, B} .
[ X X ]
0000
[ X XX
. . ::O
Gibbs sampling :

e Gibbs sampling is a special case of MH

e The transition matrix updates each node one at a time using
the following proposal:

Q((’Y/’ X—/’) - (X/'llx—/)): p(X/'Il X—/)

e This is efficient since for two reasons

e |tleads to samples that is always accepted
PO, X DR X ) = (6% ))]
PG QAKX X)) = (X ,X,)

,mmL PXIX )P )P X, )J min(L.1)
PG IX )PP IX)

. [
A((X,,x (x;,x ) nL
14

Thus T((x,,x ;) = (x,", %)= p(x,'|x_,)

e ltis efficient since p(x;|x_;) only depends on the values in X’s Markov
blanket
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Gibbs sampling :

e Scheduling and ordering: [ l,,/ |

e Sequential sweeping: in each "epoch" t, touch every r.v. in some order
and yield an new sample, x*, after every r.v. is resampled

e Randomly pick an r.v. at each time step

e Blocking:

e Large state space: state vector X comprised of many components (high
dimension)

e Some components can be correlated and we can sample components
(i.e., subsets of r.v.,) one at a time

e Gibbs sampling can fail if there are deterministic constraint

Suppose we observe Z= 1. The posterior has 2 modes:
and AX=0, ¥=1]|Z=1). if we start in mode 1, AX|Y=0, Z=1) leaves X=1,
so we can't move to mode 2 (Reducible Markov chain).

If all states have non-zero probability, the MC is guaranteed to be regular.

Z is xor Sampling blocks of variables at a time can help improve mixing.
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BAD! Chains

Met. with Proposal Unif(x-0.1,x+0.1)
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The -+, of simulation o
=

e Run several chains

e Start at over-dispersed
points

e Monitor the log lik.

e Monitor the serial
correlations

e Monitor acceptance ratios fixed at reasonable vals.

Eric Xing

e Re-parameterize (to get
approx. indep.)

e Re-block (Gibbs)

e Collapse (int. over other
pars.)

e Run with troubled pars.
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Example: Recall Latent Dirichlet
Allocation

\
e Blei, Jordan and Ng (2003)

e Generative model of documents (but broadly applicable e.g.
collaborative filtering, image retrieval, bioinformatics)

e Generative model:

e choose 8 ~ Dir(a)
e choose topic Zn ~ Mult(9)
e choose word Wy, ~ p(Wn[Zn; 3)

[ X X ]
0000
0000
. . . . 00
Variational Approximation o
e Naive Mean Field:
9(0.2)=4,(0).(2) "
=Dir(0|y = F(a,(2)))x '
Multi(z | ¢ =7(8,.(In6))) o
Q) O [O
TorSe 1.l &1 8
\)! OT0-@ = OO0
q)m' o< Bim exp{Eq[log(efHﬂ}
Y = o+ X0, O
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Collapsed Gibbs sampling of M3 sels
model (Tom Griffiths & Mark Steyvers) °°
B |
e Collapsed Gibbs sampling @
e Integrate out 7 \_/ ‘:‘:li
[ C I/’T'r“\
For variables z = z,, z,, ..., Z, | l
Draw z®*9 from P(z]|z; w) ('i) (2o
2.2 2,60, 20D, 7 ©D 7 O 70 S

Gibbs sampling

E

e Need full conditional distributions for variables

e

=
s
{ A}
N/

e Since we only sample z we need

1
\'.'\\
A

Pz = jlz_i,w) ox P{w;i|z; = §,3_5, W_3) P(z; = j|z_;)

—i,7 1,3

—i »J

|

=
=

ng_w) number of times word w assigned to topic j

()
j
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n number of times topic j used in document d

12



Gibbs sampling
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Gibbs sampling
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Gibbs sampling
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Gibbs sampling
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Gibbs sampling
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Gibbs sampling
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Gibbs sampling
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Gibbs sampling
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Gibbs sampling

iteration
1 2 1000
i Wi di Z; Zj Z
1 MATHEMATICS 1 2 2 2
2 KNOWLEDGE 1 2 1 2
3 RESEARCH 1 1 1 2
4 WORK 1 2 2 1
5 MATHEMATICS 1 1 2 2
6 RESEARCH 1 2 2 2
7 WORK 1 2 2 2
8 SCIENTIFIC 1 1 1 1
9 MATHEMATICS 1 2 2 2
10 WORK 1 1 2 2
11 SCIENTIFIC 2 1 1 2
12 KNOWLEDGE 2 1 2 2
50 jov 5 2 1 1
(wq) d;
Pla — ilz Y ”gi,z’f to
(1 = jlz—s, W) x = @)
n' .+ wg nl+ Ta
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MOVIE: BILLION YEARS TEACHERS
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The Willinm Randolph Hearst Fouudation will give $1.25 million to Lincoln Center,

Metropalitan Opera Co, New York Philbarmonic and Juillised Schoal.  “Ome board
felt that we had a real opportunity to make a mark on the future of the performing
arta with these grouts an act every bit as important as our traditional arcas of cupp

in health, medieal rescarch, education and the social services”  Hearst Fouo
President Randolph A. Hearst sadd Monday b sonowncing the graots. Linealn Center'’s
share will be 5200000 for its new building, which will house young artists and provid
new public f it The Metropolitan Opera Qo. and New Yok Philharmonic will
el each, The Juilliard School, whem: musie and the perfonning arts aee
tanght, will get (00, The Hearst Foundation, a leading swpporter of the Linealn
Center Comsolidated Corporate Food, will made: s wsnal ool S100,000 donation,
(1N
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