School of Computer Science
Carnegie Mellon

State Space Models

000
Probabilistic Graphical Models (10-708) | oo ®@®
0000
o000
Lecture 13, part Il o0
2 Nov 5th, 2007 | @

Eric Xing

Reading: J-Chap. 15, K&F chapter 19.1 -19.3

1

[ X X ]
A road map to more complex 3
eoo
H o0
dynamic models 5
discrete discrete continuous
discrete continuous continuous
Mixture model Mixture model Factor analysis
e.g., mixture of multinomials e.g., mixture of Gaussians _—
: :
ONONON ONONON
HMM HMM
(for discrete sequential data, e.g., text) (for continuous sequential data,

e.g., speech signal)
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State space models (SSM): secs
:.
e A sequential FA or a continuous state HMM
OR OO ONEE=-TE
vy, =Cx, +v,
¥ W= H(0Q), v~ H(OR)
W ® ® W s
T This is a linear dynamic system.
e In general,
x, = f(x, 1) +Gw,
yf:g(xfTI)étVf 1(,{(:\’\‘\/k
where f is an (arbitrary) dynamic model, and g is an (arbitrary)
observation model
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LDS for 2D tracking :
e Dynamics: new position = old position + Axvelocity + noise
(constant velocity model, Gaussian noise)
1 Lo
Xt 10 A 0)(x) A = Wit Ax,
fonbions % l_jo oAl o T T T
vt'L{Xf_(’Oloxfl—/— Oo—0
X ) o0 0 1)(x, Lo 7jf
OT(:

e Observation: project out first two components (we observe
Cartesian position of object - linear!)

Xf
1 2
Vi 1 00 0)|x .
71 [}’f] (O 100 X,l + noise
N 22

Xy
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The inference problem 1

\
e Filtering - giveny;, ..., y, estimate x. P(X |y.) ;DL(“LQ

e The Kalman filter is a way to perform exact oniine inference (sequential
Bayesian updating) in an LDS.

e |tis the Gaussian analog of the forward algorithm for HMMs:

PX; =71y14) :ﬁ’i o p(y, | X, = /')ZP(X;‘ =/ X, = J)a;‘{l
- J

ao:>a1:>a2

%"
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The inference problem 2 :
e Smoothing = giveny;, ..., ¥n estimate X, (t<T) P(’lkl ‘3(-,-5 >7’,,(1)
e The Rauch-Tung-Strievel smoother is a way_to perform exact off-line %(
inference in an LDS. It is the Gaussian analog of the forwards- tlt{}h’\’.f

backwards (alpha-gamma) algorithm:

e e 1 & N = POl 4)
= al — O, a,: (’(Xe[‘gt )

@@
VECEOREO

p(X, *||y1T) 7/1 xzatP(XuJX.j)?ﬁjA

?&iﬁl Y
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2D filtering 2D smoothing
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alman ftitering in tne prain: .
el
X l/ ) \/l 1k
(s
The World The Estimator
/ l
Parameters
Hidden State . Visible State . Hidden State
("Tnternal” to (PAPRINE  (vEyreppal) [UBVErSe 5 ('Internal” to
the Warld) function) mapping) the Estimator)
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Kalman filtering derivation

\
e Since all CPDs are linear Gaussian, the system defines a

large multivariate Gaussian.

Hence all marginals are Gaussjan.

Hence we can represent the belief state p(X|y,.) as a Gaussian
N A
X,.=E(X e »— C
mean Hr (=-L|_ﬂ.§y’) ’Lk\t = C(ﬂ“’%l'_t}

covariance _;_E E(Z(_rz(l |M¢) {("L?HI',(:) Pl 3(;1‘)
e Hence, instead of marginalization for message passing, we will directly

estimate the means and covari f the required marginals
-1
e Itis common to work with the inverse covariance (precision) matrix Pf\;‘;
this is called information form. —

[ X X ]
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Kalman filtering derivation o2

e Kalman filtering is a recursive procedure to update the belief

state: Pe(Y.e) — Pten] Yy e0)
e Predict step: compute p(X,,4ly,.) from prior belief

p(X{y4) and dynamical model p(X,,|X,) - timﬂpiate

o%e
@

loc

e Update step: compute new belief p(X,4]y.44) from
prediction p(X,.4|y4.), Observation y; 7 ana observation

model A(y.1Xy.4) --- measurement update
PCter|Ypy) = %f(xkﬁlkat) 2 P(m;lu)ﬂnl

- i PCXL—-H\\‘{') ?(‘Vl'él l’)

= 00
\/?f
Q-0

7 (wi”'\ *MH\ . ‘3”'3

L ® (e g, L) ¢ (Ren Q
L ek\ak.«(—(\ﬁ(tﬂ)p(x%’ﬂ\%‘f)
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Predict step

e Dynamical Model: x,,, = Ax, +Gw,, w, ~ ¥ (0;Q) .
e One step ahead prediction of state: @ @ @
= +©
E["Le/r(] \313 el = EAtet c“i‘“‘é\:c} A_QPG O

)

E ("kbﬂ x_’ﬂ“lk ('lk—h" ';\-k.—vH\QT L(j\ t) = E A(’Xe “ﬁe{k-}QNL— (.Auk Q{'e T)
¢ - o
e = A el Ay o A TPt 1)

V@h—HML:r) = APyAT + 616{57

o Observation model: y,=Cx,+v, V.7 #(O:R) : g‘:l/

e One stele ahead prediction of observatlon

jHllE = CIH(“T ‘ ‘x [(C (v(e»rf”}uulk)*veﬂ 33\3
E{(%m M)(\ak—ﬂ ‘5&41 t) ik CE[(uﬂAW\QLy (,-\—-ELV v ]
€ Vin

E(L“L{—,H —’*w\k) (e jk’”@l‘é\ J T Rl A alye
< Py (T Uw\m 1
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Update step PCteal en) | o°
.. . . Le 7<k—,,1
e Summarizing results from previous slide, we have O—0
p(Xt+1’Yt+1|y1't) ~ N(Mesq, Visy), Where (\¥ Ll/
OYH'(

m., _[ Fe1lf J Myt V., :[ 'bf+1|r ’%wir } Yt
Xy ‘Jk*l U Ry A€ +R

e Remember the formulas for conditional Gaussian

distributions: ?(Xeﬂly,ch;h_?
X _ Xp [ |t | |20 22 —
,0(|:Xj|ﬂ,2) _‘/V([Xj |:ﬂ2][221 Z22}) ?(K"'Hllal:b»b
p(x;)=H (x, | mJ,V]) Pi[x,) = A (% [myp, Vi)

mj; = i, my, =4y + 21225 (X, = 115)
Vzm =25 V1|2 =2y _2122512221
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Kalman Filter :
{
\
e Measurement updates: QL’ Vet
&ﬂ_ﬂ = ;‘Hllf + K Y — Cmt)
Pt+1|t+1 = tHt Kt+1CPt+l|t
e where K, is the Kalman gain matrix
Kyt = PryyCT(CP,CT +R)™
[ X X ]
0000
[ X XX
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Example of KF in 1D :

e Consider noisy observations of a 1D particle doing a random

walk:
Xy =X, W, w~H(0,0,) z,=xgv, v~H(0,0,)

e KFequations: R, =ARA"+GQG" =0 +0, , X =AX,, =X,

Kt =PryyCT(CP,CT +R)" = (0, +0,)(0; +0, +0,)

045

(O_I +0, )Zt+l + 0, Xyt 04

s = X Kt+1(zt+1 - CXHl\I) =

035 T
o, +0,+0, = P 5 =2.9)
0.25 Ply
< 02 £
P =P, ,. -KCP = 4(0* O« )GZ 015
1 +1 FHt -+t a1 f N
o,+0,+0, oy ' PN
04 e T />_N -
10 3 o Y 5 10
X 'PO“:I‘IUII
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KF intuition

e The KF update of the mean is ,)
. . R o, + o,z .+ ok
Xigeer = X T Kt+1(zt+l 'Cxum) = ( : @ (t\t

o, +t0,+0,

e theterm (z,, —CXHM) is called the innovation
e New belief is convex combination of updates from prior and
observation, weighted by Kalman Gain matrix:
K,.;=P.y,C"(CP,,C" +R)* = (0, +0,)(0, +0, +07,)
¢ If the observation is unreliable, o, (i.e., R) is large so K, is
small, so we pay more attention to the prediction.

e If the old prior is unreliable (large o;) or the process is very
unpredictable (large o,), we pay more attention to the
observation.

Eric Xing 15

KF, RLS and LMS

e The KF update of the mean is T'Ak = Ct 3

’\;f+1\f+1 = A)?ﬂr + Ko (Ve - Cﬁi
e Consider the special case where the hidden state is a
constant, 5,_19, but the “observation matrix” C is a time-
varying vector, C = x,". o
e Hence the observation model at each time slide, y; = X,76’+ V,,is a
linear regression

e We can estimate recursively using the Kalman filter:
A A . A
0r.1 =0, + P R (Y — X, 6,)X,
This is called the recursive least squares (RLS) algorithm.

e We can approximate P. ;R =~ 7, , by a scalar constant. This is
called the least mean squares (LMS) algorithm.

+1

e \We can adapt 7, online using stochastic approximation theory.

Eric Xing 16
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Complexity of one KF step 5
o Let X,eR™ and y cr™,
e Computing B, = AR, A" +GQG' takes O(N,?) time, assuming
dense P an ense A. —
e Computing K, , =P,,.C"(CP,,,C" +R)" takes O(N ?) time.
e So overall time is, in general, max {NX3,Ny3}
[ X X ]
0000
[ X XX
. ::.
The inference problem 2 :

e Smoothing = giveny,, ..., y, estimate x, (t<T) Mle[ﬁ]‘.‘rv

e The Rauch-Tung-Strievel smoother is a way to perform exact off-line
inference in an LDS. It is the Gaussian analog of the forwards-
backwards (alpha-gamma) algorithm:

Yo <= 1= 12 S £
O = 0 = 0,

008

p(X,=il|yy)= 7/1 xzatp(xt+l|x|j)7[{r1
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RTS smoother derivation L)) - YOl )

L,-'\‘ d
e Smoothing > giveny;, ..., yy, estimate P(x;ly,.r) (t<T) (x _.D
Step 1. joint distribution of x; and x,,, conditioned on y,.,

Use X, = Ax, +Gw,; W, ~ 4 (0;Q); A - @ @
EEXklél?E z 'I)EHL— EEN(E’HM\'.E]: e\ b

E[Qt—Qk\t><if+\—i’\ilt)l\é\:l:]
= E[(’Xe—';.klk) ( A')(.L—"'C\W[T - AQ&(O‘T\E[;J
- E@*t' Qt(k}(ﬁ (Ae- Qe@‘i' Gwe) T \2‘1:6

e \ Ty GRGT
= Al AT+
E[,OLHF jQV'H\Q (-Ibrf {\P«Hlb \JI:L’E e

BN
AN T

RTS smoother derivation 3ot

e Following the results from previous slide, we need to derive
P X1 Xy ) ~ N (M, V), where

m=| 2|
Xf+1|f

e all the quantities here are available after a forward KF pass

V:( B /MT} P mum)

AB, P Px t[ij\ﬂﬁ\:;

e Remember the formulas for conditional Gaussian
distributions:

X oI [ (20 Sk p(xz)=H(x, | m7,V;") POG[x,) = A (x; 1My, Vi)
p(L‘jl/AZ)i‘/’(Lj‘[ﬂz}[zm 222j|)' mg' =y muz:l’1+2122;£(xz*ﬂz)
Vzm =2z Vuz =y *2122;2221
%‘tl‘ﬁw '3(:&
Tt fEt+1aY0;t] = Ty + I_/t_(fEt—H - $t+1|t)
= Tp-1
Var[ze|ze1,¥0.e] = Pup—= LiProajeli L =FyA Py
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RTS smoother derivation

Elz|wii1,y0.4] = T+ Le(@ir1 — Tepa)e)

Vaf[$t|l"t+1,YO:t] = Pt]t - LtPt—Q—l\tLtT

e Step 2: compute X; = E[x]y,.7] using results above
e Use E[I_t‘xtirla}:ﬁ:ﬂ = FEladzir1, Yo
jorr|

e Use EIX|Z] = E[BIX|Y.Z]Z]
e[ Elelton o] [07]

e [tegorr - € €l ten o)
= E_L 7,{(:“,{' LE(_‘L&’QHI\E} HLT

A
S &k[k + Llr(%k&(\’r—ik*(“:)
?M — ?(\(e\‘é\-fr>

A
T

Eric Xing
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RTS derivation

e Repeat the same process for Variance
e Refer to Jordan chapter 15

e The RTS smoother results:

)A(t|T = §t|t +L (it+l|T - ’A‘t+1|t)
o -

Py =Py + L(Pr — Py )

Eric Xing
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Learning SSMs 4 - [OneJe

e Complete log likelihood

£(0.0)=3 10g p(x,.y,) =3 10g p(x)+ 3. > 109 p(x,, | X, 1)+ 2. D 109 p(y, | X,,)

n ————

= £ +AWXCXT L X XT X v A Q.G+ A X X, v #LCLR)

e EM
o E-step: compute (X,.X/,), <X,)§T>, (X) ‘yl,...yr

these quantities can be inferred via KF and RTS filters, etc.,
.9 (XX )=var(X, X)) +E(X,)? = By + Xy

e M-step: MLE using
(6.0.00) = (XN Zo )+ QXX ). (X XT ). (%) v 1 AQ.G )+ A (XX ). (X ) v e R)
c.f., M-step in factor analysis

(X X ]
esce
- [ X0
Nonlinear systems 2

e In robotics and other problems, the motion model and the
observation model are often nonlinear:

Xf:f(Xf—1)+Wf , yf:g(xf)+vf

e An optimal closed form solution to the filtering problem is no longer
possible.

e The nonlinear functions f and g are sometimes represented by
neural networks (multi-layer perceptrons or radial basis function
networks).

e The parameters of f and g may be learned offline using EM, where
we do gradient descent (back propagation) in the M step, c.f.
learning a MRF/CRF with hidden nodes.

o Or we may learn the parameters online by adding them to the state
space: x;'= (x, 6). This makes the problem even more nonlinear.

u—

Eric Xing 24
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Extended Kalman Filter (EKF)

\
e The basic idea of the EKF is to linearize f and g using a

second order Taylor expansion, and then apply the standard
KF.

e i.e., we approximate a stationary nonlinear system with a non-stationary
linear system.

X =1 (X)) T A (K =Xy q) + 0,

X1

Ve = g(iﬂu) ""C);m . (x; _’\’/\7‘\7‘—1) +V;
fof

~ ~ de def 9
where X,,; =7 (X,_4,4) and A, = r g

and C; =—
ox

~

x x

e The noise covariance (Q and R) is not changed, i.e., the
additional error due to linearization is not modeled.

Eric Xing 25
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Complex Graphical Models

Probabilistic Graphical Models (10-708)

Lecture 14, Nov 5th, 2007

Eric Xing

Reading: K&F chapter 20.1 - 20.3
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A road map to more complex
dynamic models

eems—

discrete

Mixture model
e.g., mixture of multin

:

(for discrete sequential data, e.g., text)

discrete continuous

continuous continuous

Mixture model
e.g., mixture of Gaussians

:

(for continuous sequential data,

Factor analysis

e.g., speech signal)

Switching SSM
v

Eric Xing

NLP and Data Mining

We want:

e Semantic-based search

e infer topics and categorize
documents

e Multimedia inference

e Predict how topics

evolve

e Automatic translation T

28
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The Vector Space Model 5
\
e Represent each document by a high-dimensional vector in the
space of words
4 N
iy ‘ document d*

joumal
intelligence !

3¢ document o i
ext 1

agent
internet

webwatchar =

perls

co-cowwol

Kaafman

4| | | volume

* g

Eric Xing 29

Latent Semantic Indexing

Document

Term

(mxn)

— =

e LSA does not define a properly normalized probability distribution of
observed and latent entities
e Does not support probabilistic reasoning under uncertainty and data fusion

Eric Xing 30
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Latent Semantic Structure

Inferring latent structure

o(¢ ) PV IOP()

Words W 1 P(w)

Distribution over words
Crmsmens > po)-Tote

P— 1 = =
e

Prediction

P(w _,|w)=...

n+1

Eric Xing
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Admixture Models

e Objects are bags of elements

Mixtures are distributions over elements a E' L

s, EQ)

e Objects have mixing vector 0 i [ oa
e Represents each mixtures’ contributions | / i a5 04 |
e of 01 |

Object is generated as follows:
e Pick a mixture component from 0

e Pick an element from that component

Eric Xing

32
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Topic Models =Admixture Models

Generating a document

— Draw @ from the prior
For each word n
- Draw z, from multinomia I(9)
-Draw w, | z,,{f3,, | from multinomial(ﬂzn)

:s N: a9

B

Which prior to use? N

~
pd
Q

}

Eric Xing
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o000
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: : o0
Choice of Prior &
e Dirichlet (LDA) (Blei et al. 2003)
e Conjugate prior means efficient inference
e Can only capture variations in each topic’s intensity independently
e Logistic Normal (CTM=LoNTAM) (Blei & Lafferty 2005,
Ahmed & Xing 2006)
e Capture the intuition that some topics are highly correlated and can rise
up in intensity together
e Not a conjugate prior implies hard inference
Eric Xing 34

17



[ X X ]
0000
s
Logistic Normal Vs. Dirichlet -
pirichiet & '
[ X X ]
eece
. . . [ X
Logistic Normal Vs. Dirichlet o
Logist®
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Mixed Membership Model (M3)

e Mixture versus admixture

A Bayesian mixture model A Bayesian admixture model:
Mixed membership model

Eric Xing 37

Latent Dirichlet Allocation: M3 in
text mining

e A document is a bag of words each generated from a
randomly selected topic

— “Arts” “Hudgets" “Children™ “Eduocation™
- — i

NEW MILLION CHILDREN SCHOCL
FILM TAX WOMEN STUDENTS
SHOW FPROGRAM FEQPLE SCHOOLS
MUSIC BUDGET CHILD EDUCATION
MOVIE BILLION TEACHERS
PLAY FEDERAL FAMILIES HIGH
MUSICAL YEAR WORK PUBLIC
BEST SPENDING PARENTS TEACHEH
ACTOR NEW SAYS BENNETT
FIRST STATE FAMILY MANIGAT
YORK PLAN WELFARE NAMPHY
OPERA MONEY MEN STATE
THEATER PROGRAMS PERCENT PRESIDENT
ACTRESS GOVERNMENT CARE ELEMENTARY
OVE CONGRESS LIFE HAITI

The Willun Randolph Hearst Foumdation will give §.20 il to Lincoln Center,
Metropaolitan Opera Co, New Yurk Philbarmonic and Juillisrd Sehnl e bosed
%t that we had & real opportumity to make A omark on the future of the prlhnlmlx
nrts with these auss am act every bit as importast as owr raditionnl aeas T

im health, nmdr.nl ch, e h| acion and the socnl o Henrst  Fo
y i o the . Limcoln
1, which will bouse young mrtists aud e
Opera Co. and New York Fhilharmo il
— d, where music and the perfrming art are
tanght, will get 5250 " .Lml...a mppostes af the Lincaln
Center Comolidated Corporate P will make itn wswal o 00,000 dlemantion,
oo,
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Population admixture: M3 in
genetics

\
e The genetic materials of each modern individual are inherited

from multiple ancestral populations, each DNA locus may
have a di'fferent generic origin ...

Genetic Structure
of Human Populations
Moah & Rosenberg,' fonathan K Pritchard? James L Weber,!

(@ (@) |
i |
1|
— - Howard M. Cann,* Kenneth K. Kidd,"* Lev A. Thivotovsky,*
| el I (‘.-r_l Marcus W, Feldman’

SCIENCE VOL 298 20 DECEMBER 2002

e Ancestral labels may have (e.g., Markovian) dependencies

Eric Xing 39
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Inference in Mixed Membership §§:
Models 2

e Mixture versus admixture

[}

0

PO)= Z j | [ [Hp( l8.)P(Z,n |7, )j (7, |@) |p(¢|6)dr, - dr\dp
° Inference is very hard in M3, all hidden variables are coupled and not factorizable!

pr,10)~ Y | [H[H Py 65)P(Z, ] mjp(m | a)]p«zﬁ |6)ddlp
{z1.m} n m

Eric Xing 40
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Approaches to inference

e Exact inference algorithms
e The elimination algorithm
e The junction tree algorithms

e Approximate inference techniques

e Monte Carlo algorithms:/
Stochastic simulation / sampling methods
Markov chain Monte Carlo methods
e Variational algorithms:,
Belief propagationé__
Variational inference

Eric Xing
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