School of Computer Science
Carnegie Mellon

Statistical learning with basic
graphical models

000
Probabilistic Graphical Models (10-708) ( e®e®e@®
0000
00
Lecture 7, part Il o0
Oct 10,2007 | ®
Eric Xing

Reading: J-Chap. 5,6,7 KF-Chap. 8, 15

1

Announcements

e Condensed set of slides used in this lecture
e Expanded set posted on the class web site: please read it
e Some topics may be elaborated in recitation: please do attend
e Project Descriptions due by 12:00am tonight
e Homework 2 out: due next Wednesday
e Feedback on Homeworks 1 and 2 at the end of the class
e Difficulty?
e Time?
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Before we start:
A note on Plates notation

\
e A plate is a “macro” that allows subgraphs to be replicated

0 X

OO0 =

e We can represent this as a Bayes net with MVnodes.

The rules of plates are simple: repeat every structure in a box a number
of times given by the integer in the corner of the box (e.g. N), updating
the plate index variable (e.g. n) as you go.

Duplicate every arrow going into the plate and every arrow leaving the
plate by connecting the arrows to each copy of the structure.
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Last time we discussed...

e One node GMs

e Parameter estimation for the Bernoulli
distribution

Frequentist: Maximum Likelihood
Bayesian: MAP, Posterior mean
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ML, MAP vs Full Bayesian estimation

R \
uap 1S NOt Bayesian (even though it uses a prior) since it is a

point estimate.

Consider predicting the future. A sensible way is to combine
predictions based on all possible values of g, weighted by
their posterior probability, this is what a Bayesian will do:

P %) = Ip(x,,w,mx)de 9
—J‘p(x”m |0,x)p(0x)d&
_J‘p(xmu |0)p(0 |X)d9 O

Kuen
A frequentist will typically use a plug in’ estlmator such as
ML/MAP:

p(xnew | X) = p(xuew | atlL)* Orl p(xnew | X) = p(xuew | gMAI”)

The Bayesian estimate will collapse to MAP for concentrated posterior
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Frequentist vs. Bayesian

This is a “theological” war.

Advantages of Bayesian approach:
e Mathematically elegant.

e Works well when amount of data is much less than number of
parameters

e Easy to do incremental (sequential) learning.

e Can be used for model selection (max likelihood will always pick the
most complex model).

Advantages of frequentist approach:
e Mathematically/ computationally simpler.
e "objective", unbiased, invariant to reparameterization

As | D |- «, the two approaches become the same:
P(O1D) > 5(0,0,,)
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Discrete Distributions e
\
e Bernoulli distribution: Ber(p) R
1-p forx=0
P(x) _@p forxel = P(x) :_P_X(l—p)l’x ‘
p (-6) |
e Multinomial distribution: Mult(1
e Multinomial (indicator) variable:
Xl
X? X/=[01], and Y Xx/=1
x? jelL.-.6] =
@ X where Q. 5 -:
¥ Xt 0y 2=t &I
Xh
p(x())= P({X/ =1, where j index the dice -face})
—9, :91_‘&02‘&93‘&04” <0 %0, =6 =6
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Example: multinomial model o

e Data: GM:
e We observed Niid die rolls (Ksided): O={5, 1, K, ..., 3} | Gp G G --- &

e The likelihood of datasetD={x;, ..., x\}:

(%)

P(x,, %y Xy | 0) :ﬁp(x,, |6) :]‘[[]‘[9A ] N

n=1
—_—

©

k k

=-T16."
K =

11
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MLE: constrained optimization sess
with Lagrange multipliers o
e Objective function:
£(0:0)=logP(D|0) = IogHH”k_an logd,
_—_/
e We need to maximize this subject to the constraint 2‘9/« =1

/(1

e Constrained cost function with a Lagrange muItipIier’—/

K
¢ =Y nlogd, QI—Z@J
k k=1

Take derivatives wrt 6,

ol _M 1-0
~a _a — ~ n
O e O e =15 Ope = ZX
ne=20,=>n=N /12@ = v
— \k/ Frequency as

sample mean

o Sufficient statistics
e Thecounts, 7 =(,---,/M), Ny = Z” Xﬂ",are sufficient statistics of data O

[ X X ]

eecs

[
Bayesian estimation: o

@
=

e Dirichlet distribution:

r(zak)
P(0) = H;(akﬂ:[gk‘ :C(a)l:[ek‘

&
©

e Posterior distribution of 4: ﬁ

X, Xy | @) p(O " o - et
VZCIE. X»N’):wmngk‘ngﬁ 1:H9,(A -1
P Xy) \-/k‘V—)LA/'Y_J ) o

e Notice the isomorphism of the posterior to the prior,

e such a prior is called a conjugate prior Dirichlet parameters

can be understood

e Posterior mean estimation: as pseudo-counts
0, = jekp(e | D)dO = CMH 9,;’“’“‘1419 =
k

nA + OCk
N+‘a‘ More in HW!
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Sequential Bayesian updating

B - \
e Start with Dirichlet prior P(8|a) = Dir(0: @)

e Observe N'samples with sufficient statistics #7'. Posterior
becomes: — =

P(él&,ﬁ'):Dir(é:&Jr_/z')

e Observe another N" samples with sufficient statistics 7" .
Posterior becomes:

P(6|a,i' fi") = Dir(@ : @+i'+A")

e So sequentially absorbing data in any order is equivalent to
batch update.

Eric Xing 11

Hierarchical Bayesian Models

0 are the parameters for the likelihood p(x| 6)

o are the parameters for the prior p(6| @) .
e We can have hyper-hyper-parameters, etc.

e We stop when the choice of hyper-parameters makes no
difference to the marginal likelihood; typically make hyper-
parameters constants.

(o)
e Where do we get the prior? >/

e Intelligent guesses @Q

e Empirical Bayes (Type-ll maximum likelihood)
- computing point estimates of « :

Ay =AIGMaAX = p@|_a;)
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Limitation of Dirichlet Prior:

o<

The Logistic Normal Prior s

O
0~ LN (u.%)
« 0
7= Nea(w, %) ¢ =0 &
1,5 \60 0
0, =expyy, —log| 1+ > e
) p{y, g[ E;e j} Q N
L - Log Partition Function
cly)= |09(1+Ze") - Normalization Constant

e Pro: co-variance structure
e Con: non-conjugate (we will discuss how to solve this later)

Eric Xing 14




(X X J
0000
1

Logistic Normal Densities -

Logisti

No\'ma‘
(X X ]
esce
[ X0

Example 2: univariate-Gaussian o

e Data: GM:
e We observed Niid real samples: ®@® - ®

0={-0.1,10,1,-5.2, ..., 3} 1

e Model: P(x) = (27[0'2 )7“2 exp{— (x—p)? /20‘2} @
e Log likelihood:

. N 2y 13 (xn_ﬂ)z

£(6;D) = IogP(D|¢9):—EIog(27za )—527

2
n=1 )

e MLE: take derivative and set to zero:

ol 1
7:(1/52)2 (xn_,”) Hie :*Z (xu)

a,U n : ! N n

o¢ N 1 . L N
557 = 257 + 557 Z” ()C,x —,u) Owmip = N & Xn = M
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MLE for a multivariate-Gaussian -
\
e |t can be shown that the MLE for y and % is !
Hyre = ]i] o v“
1 r 1 L
g = 72 (xn ~Hw )(xn 7:”;1/1L) =—S N

N & N

where the scatter matrix is

ey
Xy

5= z“ (x” ~Hw )(xn ~Hur )T - NIUMLIULL

e The sufficient statistics are X x, and X x x,".

nn

e Note that X’X=X x x I may not be full rank (eg. if N <D), in which case

nnn

2,y is not invertible

L] L] L] 00
Bayesian parameter estimation secs
for a Gaussian o

e There are various reasons to pursue a Bayesian approach
e We would like to update our estimates sequentially over time.

e We may have prior knowledge about the expected magnitude of the
parameters.

e The MLE for Z may not be full rank if we don’t have enough data.
e We will restrict our attention to conjugate priors.

e Various cases, in order of increasing complexity:
Known o, unknown@é——

Knowr@ unknowr@
Unknowr@an@
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Bayesian estimation: unknown p, known o

e Normal Prior:

P(u) =272 )" expl(u—po)? 127°

e Joint probability:

!

),

()

1

-2 $ @
P(x, ) = (2702 " exp —2(172 Z::(Xn—#)z F(”dW) @

><(27r12)7“2 exp{—(,u—,uo)Z/Z'[z} f(ﬂt\}ﬂoltﬁ M
\/—\/\/

e Posterior:
~>\1/2 - -~
P(y|X)=(27mZ) exp{— (y—,u)Z/ZJZ}
where = Nio® X+ et and i—(ﬁJriJ
H Nlo*+1/7? Nlo?+1/7? o ¢ \o? 7?
Eric Xing ‘1 Sample mean 19

Bayesian estimation: unknown p, known o

l_@ 1og @) SR
H N/lo?+1l o} N/62+1/U§'u0 o’ \o® ot

e The posterior mean is a convex combination of the prior and the MLE, with
weights proportional to their respective relative precisions.

e The precision of the posterior 1/02,, is the precision of the prior 1/02, plus one
contribution of data precision 1/02 for each observed data point.

e Sequentially updating the mean 5
e =0.8 (unknown), (0?):# = 0.1 (known)

e Effect of single data point

2
) %

= o+ (X = p) ———

o’ +o,

e Uninformative (vague/ flat) prior, g2, —

Hy —> X 0

Eric Xing
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Summary :
e Learning scenarios:
e Objective function
e Frequentist and Bayesian
e Learning single-node GM — density estimation
e Typical discrete distribution
e Typical continuous distribution
e Conjugate priors
Eric Xing 21
g School of Computer Science
Carnegie Mellon
Learning two-node GMs
g™ - - ‘ ‘ ‘
Probabilistic Graphical Models (10-708) ( e®e®®
0000
00
Lecture 8, Oct 10, 2007 o0
o

Eric Xing

Reading: J-Chap. 5,6,7 KF-Chap. 8,15
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Two node GMs e
\
X Y
O—0
./\
Q Q
Generative and discriminative approaches X X
00
0000
o000
- st
Multimodal models °
e A bimodal probability density:
0.9
0.8 -
0.7}
06 |
05}
0.4 ¢
03¢
0.2}
0.1
2 1] 0.5 y | 15 2 2I.5 3 35 4 45 5
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Conditional Gaussian

e The data: GM:

{(xlly1)7(x21y2)’ (X3’J’3)""'(X.wyw)}
ozt

Hin

e Both nodes are observed:
e Vis a class indicator vector

p(y,)=multi(y, :7) = H;r

k=
e Xis a conditional Gaussian variable with a class-specific mean

o — !
k_ — 1 2
p()fi_l_%;é_ 1,/,1,0) = (272'62)1/2 eXp ?('xn ',le)
el o0) =TT TV, |
n k

000

b4

[ X X )
MLE of conditional Gaussian :°
e Data log-likelihood GM:
X D

¢©;D)=log[ [ p(x,.y,)=log [ | p(», | 7)p(x, | ¥, 11,0) M

e MLE

k
DV
Type =ATg I"T‘IaX[(B;D), Tonie =" % = n%\/

k k
DIk, DN,
i _ n _ the average of
FMLE >k n, samples of class m
n

the fraction of
samples of class m

Uy = argmax£(0; D),

Eric Xing 26
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Bsyesian estimation of sess
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conditional Gaussian -
\
e Prior: GM:
P(7z|a)=Dir(z:a) @\
P(u, |v)=Normal(x, :v,t
(4 1v) 7 ) QD?\ Y, D
C X D
e Posterior mean (Bayesian est.) .
N ‘0(‘ a, n, +a
kBaves — 7 T Pk T I
P N ta] " N+|a||a|  N+|a|
4 __mle 7 +71/T2 v, and o} _[ﬁﬁ'ij 1
Hiayes = nlo?+117° Hem nlo?+117% " Boyes T 52 72
Eric Xing 27
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Classification :
e From conditional density modeling to classification: T
e The joint probability of a datum and it label is:
C X D

P, =11 1,0) = p(v =Dx i, 1 =1 p0) ).

expt (s, -7 PORIA0)
(('gj,\[ﬂ(,\) =1
e Given a datum x,, we predict its label using the conditional probability of
the label given the datum:

=7 (2”02)1/2

(272,02)1/2 exp{‘ﬁ()&'” - My, )2}

1
17z eXp{ﬁ(“\’n '/1/;)2}

=" (270%)
e This is basic inference

e introduce evidence, and then normalize

un

p(yy =1lx, 1,0) =

Eric Xing 28
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Naive Bayes Classifier :
\
e When X is multivariate-Gaussian vector:
e The joint probability of a datum and it label is:
PGt =11 ) = p(t =D x p(3, | v =1/, %) C XD

1 . . -
=7, WQXP{'%(X” - 1) 2 (E, '#/\)}

e The naive Bayes simplification

P,y =1 w,0) = p(yy =D)x[ ] p(x] 1vs =Lt ;.00 ;)
J

1 J
=TTy Hm@(p{ﬁ(% _/U/\,/)Z}

k.j

e More generally: "

p(x,. v, Im) = pQ, | )< ] p(x] | ,.m)
j=1

Where p(. | .) is an arbitrary conditional (discrete or continuous) 1-D densit \

Cio
®

Eric Xing 29
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Transductive classification °
. \”
W o
e Given X, what is its corresponding Y, GM: é/o%
when we know the answer for X
- o
a set of training data?
| | <D
KN
e Frequentist prediction: X D
e we fit 7, and o from data first, and then ... M
k
k p(yrzzl’xlzll’l!G’ﬂ) 7T{N(X”,|/J,,G)
p(, =x, pmo.7) = = .
p(x,]|,u,6,7[) Zﬂ/N(Xﬂ,llLl/,U)
e Bayesian: !
e we compute the posterior dist. of the parameters first ...
Eric Xing 30
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The predictive distribution

e Understanding the predictive distribution

PG =Lx, | po,w) _ mN(x,l 4,.0)
p(xnllulg) Zﬂ/N(X,,,|ﬂ/,G)
j

p(yi=1|x,, u,0,7)=

e Fortwo class (i.e., K=2), * turns out to be the logistic function

1 , 1
Py, =1lx,) ————
1. BT
1 R —
Clae?

e For multiple class (i.e., K>2), * correspond to a softmax function

*(}A/ Xn

k_1], 2677
p(y, =1|x,) Z"fﬁ/
000
0000
HE
Discussion °°

e We've seen how to learning two-node model p(y,,x,) , butin
certain problems the goal is to learning p(y, | x,)

e Can we model 2(7, [X,) directly?

e How?

Eric Xing 32
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Generative and discriminative
classifiers

e Generative:
e Modeling the joint distribution
of all data

e Discriminative:

e How?

Eric Xing 33
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Linear Regression: sess
A discriminative model 2

e Let us assume that the target variable and-the inputs are
related by the equation: ;

T s
=0 15) g\ !

where ¢ is an error term of unmodeled effects or random n

X

e Now assume that ¢ follows a Gaussian N(0,0), then we have:

1 (y,-0"x,)?
)| x;50) = exp| — = :
,D(),lx, ) \/ZO' p[ 252
e By independence assumption:

n n n _ 1 2
L@ =]1r0,1x;6)= [lj exp(_zm(yfg"f)]
i=1

J2ro 252

Eric Xing 34
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Linear regression e
|
e Hence the log-likelihood is:
1 11w F o
1(9):'7|Ogm0_?§zle(yf_9 X,)
e Do you recognize the last term?
Yesitis:  J(0)= ;i(ia—y,.)z
e |tis same as the MSE!
[ X X ]
The Least-Mean-Square (LMS) HH
method s

e The Cost Function:
J0)= 53 (/0=
e Consider a gradient descent algorithm:
0" =0'{dv.J(9),
730 = L 2 2o - 9T
c= |

Y P
ot ot + otél(‘ag» ) L
[_;

18



The Least-Mean-Square (LMS)
method

e Now we have the following descent rule:

0r+1 = gr + a%(y” - XI'ITQZ)XII

e This is as a batch gradient descent algorithm

e For a single training point, we have:

0" =0"+a(y,-x,'0")x,

—

e This is known as the LMS update rule, or the Widrow-Hoff learning rule
e This can be used as a on-line algorithm

Eric Xing 37
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The normal equations (A%« | &°
e Write the cost function in matrix form: T
1&, - X, —-
J(H):*Z(x,'ﬂfy,)2 s X= [9}
LA s
*E(XH yy (X6 5) \\/ o ! R /
- 1 %

ooy 90 ) |

- [(XTe
- L)
e To minimize J(G) take derivative and set to zero: n ae

VI (6): @51)(9 %ﬂ@w é(xa ﬂ

YL X X’ y
XTX@ X '3 The normal equations
B - () AT i U

Eric Xing
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A recap: o
e LMS update rule
_ 1+1 ¢ T nt
0 :0 +a(y)1_x)1 e)xﬂ
e Pros: on-line, low per-step cost
e Cons: coordinate, maybe slow-converging
e Steepest descent
9“’1 = 0’ + az (yn - X”TH[)X”
i=1
e Pros: fast-converging, easy to implement
e Cons: a batch,
e Normal equations . N R
0 =(x"x]"x"y
e Pros: a single-shot algorithm! Easiest to implement.
e Cons: need to compute pseudo-inverse (XTX)1, expensive, numerical issues
(e.g., matrix is singular ..) —
Eric Xing 39
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Multivariate Linear Regression o

e Consider vector-valued input XeR* leading to vector-valued
output YeR9via regression matrix AcR*<:

1 1
(1) :Mexp{—@—Ax)Tz-l(y—Ax)}
= (2z)""2|

— 2

e Log-(conditional-) likelihood
1 1 g
l = _EZ‘Z‘_EZ(J}” —Ax,)'T 1(y” —Ax,)+c

e To take derivatives wrt a matrix, we use the following identity

o((Ma +b)" C(Ma +b))
oM
whereM = 4,a=—-x,b=y,andC=3"

=(C+C"(Ma+b)a"

Eric Xing 40
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Bayesian linear regression &
T ol
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) c
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Bayesian Linear regression: secs
L2 regularization o
e Let 2 NI2 . .
p012)=(%) " exl-20-0y (0-0y)
e The joint likelihood:
o 1 _G=Ox ) (A e e
Pl 601x) = mgexp[ 22 ] ( exol- )
e The "regularized" regression cost function
JO) =, -0"x,)} + b, &
\-/—\(_) '\\ﬂa}
e Regularization term restricts large value components
e Smooth and convex,
e Can be computed directly ( O(n3) )
e Or can use iterative methods (e.g. conjugate gradients method)

21
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Bayesian Linear regression: secs
Laplace Prior and Sparsity o
e The Laplace prior: Ao
p(6,12)=Zexpl- 29, |
P(O11)=7 exp(- /6], ) _
e The joint likelihood:
, 1 (- 0"x)? a
p(y,,Hlx[)\/ZUexp[ 52 ] > exp 9\1)
e The "regularized" regression cost function
J(O)=(y,-0"x,)* + /6,
R —
[ X X ]
0000
S
Effects of L1-Regularization o
1 ground truth gularized (A=0)
GL'Y © 4 F‘-ﬁ a8
-1\A/\/
1 A=0.05 A=041
1
1 A=0A5 A=0.2
T L
T 16 32 48 Q 16 32 48
Select 1 by cross-validation
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Recall the condition-Gaussian
classifier

!
e So we have seen a new scheme based on LMS (ML) to learn

two node GM: p(y|x;0) = ./V(y 0" x,c ) discriminatively

e Gradient descent (-~

e Normal equation {(LJ ‘ ) ( (‘)LVB g gj
- /S-’('f"
e

e How can we use this scheme to learning the condltlonal

Gaussian classifier discriminatively? 0Cy= D[*) = [~ M) .
o Recallhat  p(y]x) = 4() - (@) Per) ?
1 IS
where (x) - —_g‘a—-
\/}:,e_/\ %UL

Eric Xing 45

Logistic regression (sigmoid
classifier) s

e The condition distribution: a Bernoulli

P12 = (@) A= ) /

where s a logistic functi

e We can used the brute-force gradient method as in Linear
Regression

e But we can also apply generic laws by observing the p(y[x) is
an exponential family function, more specifically, a
generalized linear model (see next lecture!)

Eric Xing 46
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Summary :
e Conditional Density Est,/
e Classification,
e Generative classifier,/
e Discriminative classifier/
e Linear Regression
e Algorithms
LMS
Steepest descent \/
Normal equation\/
e Regularized regression vs. Bayesian regression
- N—0u
Eric Xing 47
o000
o000
0000
e0o
oo
[ J
e Feedback on Homeworks 1 and 2
o Difficulty?
e Time?
Eric Xing 48
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