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Abstract. Model cheding is the processof verifying whether a model of a
concurrent system satis es a speci ed temporal property. Symbolic algorithms
based on Binary Decision Diagrams (BDDs) have signi cantly increased the
size of the models that can be veried. The main problem in symbolic model
chedking is the image computation problem, i.e., e cien tly computing the suc-
cessorsor predecessorof a set of states. This paper is an in-depth study of the
image computation problem. We analyze and evaluate seweral new heuristics,
metrics, and algorithms for this problem. The algorithms use combinatorial
optimization techniques such as hill climbing, simulated annealing, and order-
ing by recursive partitioning to obtain better results than was previously the
case.Theoretical analysis and systematic experimentation are usedto evaluate
the algorithms.

1 Intro duction

Model Checking and State Explosion. In model chedking [CGPO(], the systemto be
veried is represertied as a nite Kripke structure or lakelled transition system A
Kripk e structure over a set of atomic propositions AP is a tuple K = (S;R;L; 1)

where S is the set of states,R S S is the set of transitions, | S is the non-
empty set of initial states,and L : S'! 2P labels ead state by a set of atomic
propositions.

Given a Kripk e structure K = (S;R;l;L) and a specication in a temporal
logic such as CTL, the model checking problemis the problem of nding all statess
such that K;sjE  and cheding if the initial statesare amongthese.Model cheding
algorithms usually exploit the fact that temporal operators can be characterized as

calculusterms. For example, the set of stateswherethe CTL formula EF holds,
is given by

EF S: _EXS:

Recallthat EF expresseseachability, i.e., the existenceof a path where evertually
holds. Such xp oint translations directly correspond to iterativ e algorithms.
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Symlplic Veric ation. In practice, the systemsto be veri ed are described by pro-
gramsin nite state languagessudc as SMV or VERILOG. Theseprograms are then
compiled into equivalent Kripk e structures. The main practical problem in model
cheding is the state explosion problem the size of the state space of the systemis
exmnential in the size of its description. Therefore, even for systems of relatively
modest size, it is often impossibleto compute their state spaceexplicitly.

In symlwolic veri c ation, the transition relation of the Kripk e structure is not explic-
itly constructed, but instead a Booleanfunction represerning the transition relation is
computed. Setsof statesare alsorepresetted asBooleanfunctions. Then, the xp oint
algorithms are applied to the formulas rather than to the Kripk e structure. Since
the Booleanformula is usually exponertially smaller than an explicit represenation,
symbolic veri cation is often able to alleviate the state explosion problem in these
situations. Binary Decision Diagrams (BDDs) have been a particularly useful data
structure for represening Booleanfunctions; in addition to their relative succinctness
they provide a canonical represenation for Boolean functions. As a result, equality
of two Boolean functions can be easily chedked in this represenation.

At the core of all symbolic algorithms is image computation,® i.e., the task of
computing the set of successorsmg (S) of a set of states S, where

Img (S) := fs°: 9s:R(s;s) * s 2 Sg:

Image computation is one of the major bottlenecks in veri cation. Often it is impossi-
ble to construct a single BDD for the transition relation R. Instead, R is represerted
as a partitioned transition relation, i.e., as the conjunction of sewral BDDs, eadh
representing a pieceof R. The problem is how to compute Img (S) without actually
computing R.

As the above de nition of Img indicates, the processof image computation in-
volvesquartifying state variables. In the BDD represetation, this amourts to quan-
tifying over se\eral Booleanstate variables. Early quanti c ation [BCL91b, TSL™* 9Q] is
a technique which attempts to reorder the conjuncts sothat the scope of eat quan-
tier is minimized. The e ect of early quanti cation is that the evaluation of single
quarti ers can be done over relatively small intermediate BDDs. An exact de nition
of early quanti cation will be given in Section 2. The succesf early quanti cation
hingesheavily upon the derivation and ordering of sub-relations. Signi cant e ort has
beendirected over the last decadeto this problem. Sincethe problem is known to be
NP-hard, various heuristics have beenproposedfor the problem.

In this paper, we proposeand analyze se\eral new techniques for e cien t image
computation using the partitioned represettation. The main cortributions of the pa-
per are the following:

We extend and analyze image computation techniques previously deweloped by
Moon et al. [MKRSO0Q]. Thesetechniques are basedon the degendene matrix of the
partitioned transition relation. We explore various lifetime metrics related to this
represertation and argue their importance in predicting costs of image computation.
Moreaover, we provide e ectiv e heuristic techniquesto optimize these metrics.

We show that the problem of minimizing the lifetime metric of [MKRSO00] is NP

! The techniques in this paper also apply to preimage computation. For easeof exposition,
we restrict ourselvesto image computation.



complete. More importantly, the reduction usedto prove this result explainsthe close
connectionbetweene cien t image computation and the well studied problem of com-
puting the optimal linear arrangementfor an undirected graph.

We model the interaction betweenvarious sub-relationsin the partitioned transition
relation as a weighted graph, and introduce a new classof heuristics called ordering
by recursive partitioning .

We have performed extensive experiments which indicate the e ectiv enessof our
techniques. By implementing these techniques, we have also cortributed to the code
baseof the symbolic model chedker NuSMV [CCGR99].

The main conclusionto be drawn from our analysisis the following: For compli-
cated industrial designs,the e ort initially spent on ordering algorithms is clearly
amortized during image computation. In other words, the bene ts of good orderings
outweigh the cost of slow combinatorial optimization algorithms.

The remainder of this paper is organized as follows: in Section 2, we introduce
notations and de nitions used throughout the paper. Section 3 reviews the state
of the art for this problem. Section 4 discussesvarious algorithms that facilitate
early quarti cation. Section5 describesexperimental results. Finally, we concludein
Section 6 with somedirections for future researd.

2 Preliminaries

Notation: Every state is represerted as a vector by ::: b, 2 f0;1g" of Boolean val-

Example 1. [3 bit counter. (Running Example)] Considera 3-bit counter with
bits x1; X2 and x3. X3 is the least signi cant and x3 the most signi cant bit. The state
variables are X = x1;X2; X3, X %= x9;x9;x$. The transition relation of the courter
can be expressedas

TOGXY= (x98  x) 2 (X3$ x1 x2) M (X3$ (X1” X2)  Xa):

In later examples,we will compute the image Img (S) of the set S(X) = : x;. Note
that S(X) contains those states where the courter is even.

Partitioned BDDs: For most realistic designsit is impossibleto build a single BDD
for the ertire transition relation. Therefore, it is commonto represen the transition

relation asa conjunction of smaller BDDs T1(X; X 9; To(X;X9; :::; Ti(X; X9, i.e.,
N
T(X;X9 = Ti(X;X9;
10 1
whereead T; is represened asa BDD. The sequenceTly;:::; T, is called a partitioned

transition relation. Note that T is not actually computed, but only the T;'s are kept
in memory.



Example 2. [3 bit counter, ctd.] For the 3 bit counter, a very simple partitioned
transition relation is given by the functions Ty = (x9$ :x1);To = (X3 $ X1 Xp)
and T3 = (x§$ (X1” X2)  Xa).

Partitioned transition relations appear naturally in hardware circuits where each
latch (i.e., state variable) has a separatetransition function. Howewer, a partitioned
transition relation of this form typically leadsto a very large number of conjuncts.
A large partitioned transition relation is similar to a CNF represenation. So asthe
number of conjuncts increasesthe advantagesof BDDs are gradually lost. Therefore,

a BDD represetting the conjunction of seweral T;'s. The image Img (S) of S is given
by the following expression.

Img (S(X)) = 9X (T{X;X 9" S(X)) 1)
= 9X ( Ti(X; X9~ S(X)) )

101
= 9X ( Ci(X;X9 " S(X)) ®)

10

Note that in general9x( ”~ ) isnot equivalert to (9x )™ (9x ). Coqpequeny, to com-
pute Img (S(X)), formula 3instructs usto compute rst aBDD for ~, ; , Ci(X; X9
S(X). As arguedabove, partitioned transition relations have beenintro ducedto avoid
computing this potentially large BDD.

Early Quanti c ation: Under certain circumstances,existertial quanti cation can be
distributed over conjunction usingearly quanti ¢ ation [BCL91b, TSL* 90]. Early quan-
ti cation is basedon the following obsenation: if we know that  does not contain
X, then 9x( ~ ) is equivalent to ”~ (9x ). In general, we have | conjuncts and
n variablesto be quarti ed. Sinceloosely speaking, clusters correspond to semariic
ertities of the designto be veri ed, it is expectedthat not all variables appearin all
clusters. Therefore, someof the quanti cations may be shifted over sewral C;'s. For

Img (S(X)) = 9X1 (Ci(X; X9 9X, (Ca(X;X9:::
X (Cr(X; X9 S(X))) 4
where X is the set of variables which do not appearin Supp(Cy) [ :::[ Supp(Ci 1)
and ead X; is disjoint from ead other. Existentially quartifying out a variable from

a formula f reducesj Supp(f )j which usually corresponds to a reduced BDD size.
The successof early quanti cation strongly depends on the order of the conjuncts

Quanti ¢ ation Schealuling. The size of the intermediate BDDs in image computation
can be reduced by addressingthe following two questions:

Clustering:  How to derive the clustersCy;:::; C, from the bit-relations Tq;:::;T;?



Ordering: How to order the clusters so asto minimize the size of the intermediate
BDDs?

These two questions are not independert. In particular, a bad clustering results in
a bad ordering. Moon and Somenzi[MSO0(Q] refer to this combined problem as the
quanti c ation scheluling problem. The ordering of clustersis known asthe conjunction
schelule.

Our algorithms are based on the concepts of deenden@ matrices (introduced
in [MKRSO00, MSO00]) and sharing graphs

De nition 1 (Mo on et al). The dependence matrix of an ordered setof functions

columnssuchthat d = 1if function f; depgendson variable x;, and dj = 0 otherwise.

Thus, ead row corresponds to a formula, and ead column to a variable. For
image computation, we will assaiate the rows with the conjuncts of the partitioned
transition relation, and the columns with the state variables. For example, f, =

S(X);fm 1= C;;:::.. Thus,dierent choicesfor fi;1 i m correspond to dierent
orderings.
We will assumethat the conjunction istakenin the orderf ;fn 1;:::;f2;f1,1.e.,

we consideran expressionof the form 9X (f;~ (fo™ :::” (fmn 1" fim))). If avariable
occursonly in f,, we can quartify it early by pushingit to the right just beforef ,.

Example 3. [3 bit counter, ctd.] For f4 = S(X), fg3 = T3, fo = T,, f1 = T; the
dependencymatrix for our running examplelooks as follows:

V1 V2 vz V§ VO Vg
f1=T1/1 00100
f2=T2110010
f3:T3111001

f4=S(X)1 00000

In general, for a variable x;, let |; denote the smallestindex i in columnj suc
that dj = 1. Analogously, h; denotesthe largest index. We can quartify away the
variable x; as soon asthe conjunct corresponding to the row |; has beenconsidered.
The variable doesnot appear in any conjuncts after h;. Hence,h; |; can be viewed
asthe lifetime of a variable. Moon, Kukula, Ravi and Somenzi[MKRSO00] de ne the
following metric and useit extensively in their algorithms.

De nition 2 (Mo on, Kukula, Ravi, Somenzi). The normalize d average life-
time of the variablesin a dependen@ matrix D, , is given by

P

I 2 i+ 1)

m n

Note that the de nition of assumeghat S(X) isgiven. Therefore,since depends
on S(X), the ordering hasto be recomputedin eadt step of the xp oint computation.
We are consideringstatic ordering techniqueshere,which are computed independertly
of any particular S(X), soit is necessaryto make assumptionsabout the structure of
S(X). We obtain two lifetime metrics y and | depending on whether we assume



Supp(S) = X or Supp(S) = ;. It is easyto seethat | u- The terms average
active lifetime and total active lifetime are alsousedto denote | and  respectively.
Moon and Somenziargue in favour of using . We will evaluate the e ectiv enessof
ead of these metrics to predict image computation costs.

3 Related Work

The importance of the clustering and ordering problem was rst recognizedby Burch
et al. [BCL91a] and Touati et al. [TSL* 90]. Geist and Beer [GB94] proposeda sim-
ple heuristic algorithm, in which they ordered conjuncts in the increasing order of
the number of support variables. All these techniques are static techniques. Subse-
quently, the sameclustersand ordering are usedfor all the image computations during

symbolic analysis. Since the clustering and ordering problems are not independen,

these techniques typically begin by rst ordering the conjuncts and then clustering
them and nally ordering the clusters again using the sameheuristics. The rst suc-
cessfulheuristic (commonly known as IWLS95) for this problem is due to Ranjan
et al. [RAP* 95]. They have an elaborate heuristic procedure for ordering the initial

conjuncts and the clusters. The ordering procedure maintains a set Q of conjuncts
that are already orderedand a setR of conjuncts that areyet to be ordered. Note that

we have usedthe word conjunct hereto mean both the conjuncts before clustering
and the clustersin the nal ordering phase.The next conjunct in the order is cho-
senfrom R using a heuristic score.The scoreis computed by using four factors: the
maximum BDD index of a variable that can be quanti ed, the number of next state
variablesthat would be intro duced, the number of support variables, and the number
of variables that will be quantied away. After the ordering phase,the clusters are
derived by repeatedly conjoining the conjuncts until the BDD of the cluster grows
larger than somepartition sizelimit, at which point a new cluster is started. Bwolen
Yang proposed a similar technique in his thesis [Yan99. Howewer, he introducesa
pre-merging phasewhere conjuncts are initially mergedpairwise basedon the sharing
of support variables and the maximum BDD size constraint. His ordering heuristic
is basedon six factors which are similar to those used by Ranjan et al. [RAP* 95).
Howevwer, he also takesinto accourt the relative growth in BDD sizes.The cluster-
ing algorithm Yang usesis the sameas the one usedin IWLS95. A recert paper by
Moon and Somenzi[MS0(Q preseris an ordering algorithm (henceforth referred to as
FMCADOO) basedon computing the Bordered Block Triangular form of the depen-
dencematrix. Their clustering algorithm is basedon the sharing of support variables
(anit y). They report large performancegainswith respectto the IWLS95 technique.

4 Algorithms for Ordering Clusters

The algorithms we proposealso follow the order-cluster-order strategy. The ordering
algorithms that we presen in this section are used before and after clustering. Our
clustering strategy is asin IWLS95. For the sake of clarity of notation, let us assume

We presert two classef algorithms. The rst oneis basedon dependencematrix
and the other one on sharing graphs



In Section2 we de ned a dependencematrix D corresponding to the setof clusters
Ci1; ;C:. As already pointed out, the number of support variables provides a good
estimate of the sizeof a BDD. Therefore, we seeka schedule in which the lifetime of
variablesis low. Moon and Somenzi[MS0(] provide a method to convert a dependence
matrix into bordered block triangular form with the goal of reducing | .

4.1 Minimizing is NP-complete

The main result of this subsection(Theorem 1) motivates the use of various combi-
natorial optimization methods.

Let -OPT be the following decision problem: given a dependencematrix D and
a number r, doesthere exist a permutation  of the rows of D such that < r? The
following theorem shaws that OPT is NP-complete. The reduction is from the
optimal linear arrangementproblem(OLA) [GJ79, page200].Due to spacelimitations
the proof is givenin the appendix.

Theorem 1. -OPT is NP-complete.

The complexity of this problem was not explored by Moon and Somenzi[MS0(].
There existsa variety of heuristics for solving the optimal linear arrangemen problem
and related problemsin combinatorial optimization. Someof theseheuristics are based
on hill climbing and simulated annealing. There are two important characteristics of
this class of algorithms. First of all, they all try to minimize an underlying cost
function. Second,these heuristics usea nite set of primitive transformations, which
allows them to move from one solution to another. In our case,the set of swaps of the
rows of the dependencematrix constitutes the set of movesand the cost function can
be chosento be either | or . Our experimental results (Section 5) con rm that

L correlateswith image computation costsmuch better than  does,in accordance
with the claim of [MSO0(Q]. Simulated annealingis a more generaland exible strategy
than hill climbing.

4.2 Hill Clim bing

Hill climbing is the simplest greedy strategy in which at ead point, the solution is
improved by choosing two rows to be swapped in sucdh a manner asto achieve best
improvemert in the cost function. This processis repeated until no further move
improves the solution. Since the best move is chosenat eat point, this strategy is
also called steepest des@nt hill climbing. Howewer, this algorithm can easily get stuck
in local optima. Randomization is usedto alleviate this problem as follows: The best
move that improvesthe solution is acceptedonly with someprobability p, and with
probability 1 p, arandom move is accepted.This allows the algorithms to get out of
local optima. Note that with p = 1:0, we get the steepest descem hill climbing. The
algorithm can be run multiple number of times, ead time beginning with a random
permutation, and the best solution that is achieved is accepted.

Figure 1 describes the algorithm in exact terms. The hill climbing procedure is
repeated N umStar ts times. In the algorithm, denotesa permutation of the rows of
the dependencymatrix. Hill climbing is performed until no further improvemert in
is possible.



HillClimbOrder (D)
pest = 2 // any number greater than 1 will do, since is always lessthan 1
for i = 1to NumStarts
let °be arandom permutation of conjuncts.
while there exists a swap in  °to reduce
make the best swap with probabilit y p,
or make a random swap with probability 1 p to update
if O< best

0

best =

© 00N O Ol WN P

best =

=
o

endif
endfor

[EEY
[

Fig. 1. Hill climbing algorithm for minimizing

4.3 Simulated Annealing

The physical processof annealing involves heating a piece of metal and letting it
cool down slowly to relieve stressesn the metal. The simulated annealing algorithm
(introduced by Metropolis et al. [MRR* 53]) mimicks this processto solwve large com-
binatorial optimization problems[KJV83]. Drawing analogyfrom the physical process
of annealing, the algorithm beginsat a high \temp erature”, where the set of moves
is essetially random. This allows larger jumps from local to global optima. Gradu-
ally, the temperature is decreasedand the movesbecomelessrandom favoring greedy
moves over random moves for achieving a global optimum. Finally, the algorithm
terminates at \freezing" temperatures where no further moves are possible. At eath
stage, the temperature is kept constart until \thermal quasi-equilibrium" is reaced.
While random moves help in the beginning, when the algorithm has a greater ten-
dencyto get stuck in local optima, the greedymoveshelp to achieve a global optimum
oncethe solution is in the proximity of one.In practice, simulated annealinghasbeen
successfullyusedto solve optimization problemsfrom seweral domains.

The probability of making a move that increasesthe costfunction is related to the
temperature t; at the i-th iteration, andis givenby e = i. Thus at higher temper-
atures, the probability of accepting random movesis high. The gradual decreaseof
temperature is called the cooling schelule. If the temperature is decreasedy a fraction
r in ead stage,we get an exponertial cooling schedule. Thus beginningwith an initial
temperature of to, the temperature in the i-th iteration istor'. It hasbeenshawn that
a logarithmic cooling scheduleis guaranteed to achieve an optimal solution with high
probability [B'€92, Haj85]. Howewer, this is an extremely slow cooling schedule and
simple cooling scheduleslike exponertial schedulesperform well for many problems.
Figure 2 describesour algorithm. The parameter N umStarts corntrols the number of
times the temperature is decreasedThe parameter N umStar ts2 cortrols the number
of iterations at a xed temperature t;.

4.4 Sharing Graphs and Separators
We build sharing graphsas de ned below to model interaction between clusters.



SimAnnealOrder (D)

for i = 1to NumStarts
1 ti tor
2 for j = 1to NumStarts2
3 permute two random rows of D to get Dj
4 if (i< ) [/l greedy move
5 i;D D
6 else /I random move
7 with probability e ', set D D
8 endif
9 endfor
10 endfor

Fig. 2. Simulated annealing algorithm to minimize

De nition 3. A sharing graph correspnding to a set of Boolean functions ff 1;f,;

Wwe : E! < is areal-valued weight function.

We shall use heuristic weight functions to expressinteraction between clusters.
Intuitiv ely, the stronger the interaction betweentwo clusters, the closerthey should
be in the ordering. IWLS95 and Bwolen Yang's heuristics order the conjuncts based
on this type of interaction between conjuncts. We proposeto use graph algorithms
on sharing graphs to order the conjuncts. We de ne the weight w(T;; T;) of an edge
(Ti;Tj) in the sharing graph as

Supp(Ti)\ Supp(T,-) +W B ddSiz e(Ti N Tj)
i Supp(T;)j + j Supp(T;)j 2 B ddSize(T;) + BddSize(T;)

w(Ti;Tj) = W,

The rst factor (W;  0) denotesthe relative weight of sharing of support between
two conjuncts, while the secondfactor (W, 0) denotesthe weight of the relative
growth in the sizesof BDDs if thesetwo conjuncts are conjoined. Therefore, a higher
edgeweight betweentwo conjuncts indicates a higher degreeof interaction and con-
sequetly these conjuncts should appear \close" in the ordering.

A separator partitions the vertices of a weighted undirected graph into two sets
such that the total weight of the edgesbetweentwo partitions is \small". Formally,
an edge seprator is de ned as follows:

De nition 4. Given a weightel undirected graph G(V; E) with two weight functions
we:E! <andw, :V ! <, anda positive constant < 0:5, an edgeseparatoris a
collection of edgesE suchtlgat removingpgs from G partitions G into two disconnected

sulgraphsV; and V,, and T v ppr™ _ (VVZ)VZWV (V)]
vav Y

Usually, is chosenvery closeto zero sothat the size of the two setsis approxi-
mately the same.The weight of the edgeseparator E is simply the sum of the weight
of the edgesin Es. It has beenshown that nding an edge separator of minimum



10

weight is NP-complete [GJ79, pp. 209],in fact nding an approximation is NP-hard,
too [BJ92]. The problem of nding a good separator occurs in many dierent con-
texts and a wide range of application areas.A large number of heuristics have been
proposedfor the problem. One of the most important heuristics is due to Kernighan
and Lin [KL70]. Variations of this heuristic [FM82] have beenfound to work very well
in practice.

By nding a good edge separator of the sharing graph, we obtain two sets of
vertices with a low level of interaction betweenthem. Thus the vertices of thesetwo
setscan be put apart in the ordering. A complete ordering is achieved by recursively
invoking the algorithm on the two halves. Sincethis ordering respectsthe interaction
strengths between conjuncts, we expect to achieve smaller BDD sizes.

We usethe Kernighan-Lin algorithm for nding a good edgeseparator Es. This
producestwo sets of verticesL and R. A vertex v 2 L that has an edgeof non-zero
weight to a vertex in R is called an interface vertex L, denotesthe set of interface
vertices in L. Similarly, R, denotesthe set of interface verticesin R. We invoke the
algorithm to recursively order L nL,, L,, R;, and R nR,. Finally, the order on the
vertices is given by the order on L nL, followed by the order on L, , followed by the
order on R, and followed by the order on R nR, . Figure 3 describesthe complete
algorithm.

KLinOrder (G(V;E);W)

1 Find a separator Es using
Kernighan-Lin heuristic

2 Let L and R be two partitions of
vertices induced by Es.

3 L Interface(L).
4 Ri Interface(R). Fig. 4. Kernighan-Lin partition

5 Recursively call the procedure on
the subgraphsinduced by L nL;, L;,
Ri and RnR;.
6 Order the vertices as
K LinO rder(L nL;) KLinO rder(L;)
K LinO rder(R;) K LinO rder(R nR;).

Fig. 3. An ordering algorithm based on graph
separators

5 Exp erimen tal Results

In order to evaluate the e ectiv enessof our algorithms, we ran reachability and model
cheding experimernts on circuits obtained from the public domain and industry. The
\S" seriesof circuits are ISCAS'93 benchmarks, and the \IU" seriesof circuits are var-
ious abstractions of an interface control circuit from Synopsys.For a fair comparison,
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we implemented all the techniquesin the NuSMV model chedker. All experiments
were done on a 200MHz quad Pentium Pro processormachine running the Linux
operating system with 1GB of main memory. We restricted the memory usageto
900MB, but did not set a time limit. The two performance metrics we measuredare
running time and peak number of live BDD nodes We provided a prior ordering to
the model cheder and turned o the dynamic variable reordering option. This was
done sothat the e ects of BDD variable reordering do not \p ollute” the result. We
also recorded the fraction of time spert in the clustering and ordering phases.The
cost of these phasesis amortized over se\eral image computations performed during
model cheking and reachability analysis.

In the techniquesthat we have described, seweral parameters have to be chosen.
For example, the cooling sdhedule in the caseof simulated annealing needsto be
determined. We ran extensive \tuning experiments" to nd the best value for these
parameters.Due to spaceconstraints, we do not describe all those experiments. How-
ever, the choice of lifetime metric to optimize is a crucial one and hencein our rst
set of experimerts, we evaluate the e ectiv enessof these metrics for predicting image
computation costs.

Our algorithms for combinatorial optimization of lifetime metrics can chooseto
work with either upper or lower approximations of lifetimes. We ran the following
experimert to estimate the correlation betweenthe performance,and | and | re-
spectively. We generate various conjunction schedulesfor a number of bendimarks
by di erent ordering methods and by varying various parameters of the optimization
methods. Each schedule givesus di erent valuesfor lifetime metrics. We measurethe
running time and the peak number of live BDD nodesusedfor the model cheding or
reachability phase.For ead circuit, this givesus four scatter plots for running time
vs lifetime metric and spacevs lifetime metric. A statistical correlation coe cien t
betweenruntime/space and lifetime metric indicates the e ectiv enessof a metric for
predicting the runtime/space requiremert. The following Table 1 concisely summa-
rizesthe correlation results.

Circuit || Runtime Space

L | u L | u
IU40 |/0.5600.3030.6100.227
IU70 ||0.6030.336//0.6440.263
TCAS |{|0.587|0.366//0.6280.240
S1269 [|0.536/0.402/|0.5590.345
S3271 ||0.572/0.350]|0.602/0.297|

Table 1. Correlation betweenvarious lifetime metrics and runtime/space for a represertativ e
sample of benchmarks.

It is clear from this data that the active lifetime ( ) is a much more accurate
predictor of image computation coststhan total lifetime ( ). Hence,simulated an-
nealing and hill climbing techniques optimize | .

In the following set of experiments (Table 2), we compare our techniques against
the FMCADOO strategy [MS0Q]. The rst column indicates the total running time
of the bendimark (including ordering/clustering and model cheding/reachability
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phases),the secondcolumn indicates the peak number of live BDD nodesin thou-
sandsduring the whole computation, the third column indicatestime usedby ordering
phase, the next two columns indicate | and  achieved. From hill climbing and
simulated annealing, we only report the results of simulated annealing, as both of
them belongto the sameclassof algorithms. Moreover, we found out that in general,
simulated annealing achievesbetter performancethan hill climbing.

The algorithm KLin basedon edgeseparatorsachieveslower peaklive node court
for seweral circuits than FMCADOO. For the 15 large bencdimarks for which FM-
CAD'00 takesmore than 100secsto nish, KLin wins 10 casesin terms of Peaklive
BDD nodes,and 7 casesin terms of running time. In somecasesthe savings in space
is 40%.

The result for the simulated annealing algorithm that minimizes is shown in
Table 2. Again, in comparisonto FMCADOQQO, for the 15 non-trivial benchmarks, sim-
ulated annealing wins 14 casesand ties for the other in space,and wins 11 casesin
time. In somecases,the savings in spaceis 55%. The simulated annealing algorithm
can also complete 16 reachability stepsfor the S1423circuit, which to our knowledge
has not be achieved by other techniques. Comparing KLin and simulated annealing,
simulated annealing achievesthe better results for all the nontrivial bendmarks.

The improvemerts in execution times are lessthan the improvemerts in space,
especially for smaller circuits. This is becauseseparator basedalgorithms spend more
time in the ordering phaseitself. Howewer, for larger circuits, this cost getsamortized
by the smaller BDDs achieved during analysis. An important obsenation that can be
madeis that in general,our algorithms spend more time in the initial ordering phase
as comparedto FMCADOO. This is to be expected since both KLin and simulated
annealing are optimization methods.

The last two columnsin Table 2 indeed demonstrate that our algorithms improve
various s with respectto FMCAD'00. The main objective of our algorithms wasto
improve |, though we can seethat they alsoresult in better (sin general.

6 Conclusions and Future Work

We have given corvincing evidencethat variable lifetimes have a crucial impact on the
performanceof imagecomputation algorithms. We have alsopreseried new algorithms
for conjunction scheduling basedon hill climbing, simulated annealing, and graph
separatorsand shown the e ectiv enessof them. The performanceof these algorithms
was comparableto that of the current best known methods. Our experimerts clearly
demonstrate that for large circuits, we can achieve savings in memory in the range of
50-60%.Since ne-tuned imagecomputation algorithms are obviously mostimportant
for large circuits, we believe that our results are a signi cant cortribution to model
cheding and readchability analysis. On the implemertation side, we have contributed
seeral new image computation algorithms to the NuSMV model cheder, and believe
that it will be a valuable researt tool.

There are someinteresting researt directions to pursue. First of all, we needto
understand the behavior of our algorithms on broader classof systems.The examples
were mostly chosenfrom the circuit domain, and we would like to seethe e ectiv e-
nessof thesealgorithms on other classof circuits. Secondly techniques which switch
betweendi erent conjunction sdedulesdepending on intermediate state setsin the



Circuit ||#FF |#inp. | log of Total Time Peak space Ordering time L U
#reach|| T [ 11T [Tl [ oy C [ [ 1 [

IDLE 73 0] 14.63 159 161 182 289 276| 223|| 2| 20 29(|0.329|0.2930.200]|0.421/0.515|0.487|
GUID 91 0| 47.58 14 200 24 137 106 138 4| 15 19||0.346/0.220/0.165/|0.394(0.452/0.294
S953 29 16/ 8.98 1 2 3 15 13] 15/ 1] 1 3/|0.290/0.290/0.271)(0.507|0.485|0.410
IU30 30, 138 18.07 28 104 63 290 563 290| 3| 24 34(|0.360]0.368)0.324{|0.459/0.522/0.634
U35 35 183 22.49 13 29 11 257 366| 202 4| 24 6//0.364/0.373/0.304]/0.573/0.360/0.308
1U40 40, 159 25.85 13 37, 14 353 384 232|| 5| 21 5/|0.326/0.336/0.302|(0.508/0.326|0.334

IU45 45/ 183 29.82|MOut | 11256 165/|MOut 3952 483||10( 32 39(|0.360]0.353/0.300/|0.465|0.663|0.569
IU50 50, 615 31.57 476 522 540| 1627 1599 1602|16| 52 77(|0.319/0.4180.133||0.459/0.654(0.403
IU55 55| 625 33.94 982 891 870] 4683 3358 329814 90 84|(0.384(0.386|0.324]|0.583/0.432/0.515
IU65 65 632 39.32|MOut 1260 1083 |MOut 7048 6793|18| 81 100}|0.389|0.353|0.353/|0.659/0.448|0.423
IU70 70| 635 42.07]| 5398 3033 2855 17355 9099 996438| 95 129||0.303/0.296|0.286||0.424/0.393/0.486
IU75 75 322 46.59| 5367 4218 3822| 16538 12193 9404(45(115 140(/0.398|0.371/0.349||0.731/0.692|0.526
1U8o 80, 350 49.80|MOQOut 6586 4824 MOut | 2223417993|49|127 136(|0.372]0.335/|0.322/|0.570/0.628|0.345
U85 85 362 52.14|MOut |MOut | 6933|MOut |MOut |25661|59|141 154|0.332|0.303)0.287||0.623|0.597|0.591
TCAS || 139 0| 106.87] 5058 5285 4598| 11931 12376 9140|27|173 165|/0.173|0.182/0.227||0.299|0.306|0.261
S1269 37| 18] 30.07]| 2109 2466 1875 1440 1736 893||10 19 24(|0.584(0.622/0.449/|0.659/0.929(0.589
S1512 57 29| 40.59 799 1794 651 159 190, 135||15| 24 30(|0.412/0.394|0.386||0.521/0.619(0.714
S5378 || 179 35| 57.71*| 18036 MOut |1016§| 1632 MOut | 1279|42| 49 67|(0.124(0.114/0.099]|0.219/0.164(0.152
S4863 || 104 49| 72.35| 3565 3109 3013 1124 947, 910|38| 45 56(|0.102|0.103/0.086||0.251/0.109(0.179
S3271 || 116] 26| 79.83| 4234 3286 3399| 8635 6240 6203||33| 30 30(|0.224(0.185/|0.184|0.366|0.306(0.226
S3330 || 132 40| 86.64| 23659 1953324563 12837, 986611381|69|123 150(0.214(0.217|0.227||0.299|0.335|0.378
SFEY 293 69| 218.77 863 916| 762 147 146/ 130||14| 84 76(|0.383]0.354/0.344(|0.554/0.624(0.531
S1423 74 17|37.41*| 2332519265 35876 6521527653 [48366|10 17 35||0.486/0.501)0.301)|0.622/0.622/0.460

Table 2. Comparing FMCADOO(l), Kernighan-Lin separator (I11) and Simulated annealing (I 1) algorithms. The times are reported in seconds.
The peak spaceis reported by the peak number of live BDD nodesin thousands. (MOut ){Out of memory, (¥){SFEISTEL, (*}{8 reachability
steps, (**){14 reachability steps, (¥ )}{13 readhability steps. The lifetimes reported are after the nal ordering phase.
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Xp oint computation seemto be promising. We also plan to study in greater depth
the e ect of various parameters of our methods and automatic ways to tune them.
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App endix A

It is easyto seethat for a given permutation  of rows, we can compute in polynomial
time (O(n m)) and ched if r.

To show that OPT is NP-hard, we reduce a known NP-complete problem called
optimal linear arrangement (OLA) [GJ79, page 200] to OPT. An instance of OLA
consists of a graph G(V;E) and aositive integer K. The question is whether there exists
a permutation f of V sud that (v )2 E if(u)  f(Vv)j K. The reduction consists of
constructing a dependencematrix D and a number r such that (V;E);K is a solution of
OLA i D;r is a solution to OPT. An example of a reduction is givenin gure 5.

Vi
. o 123456
1 & 1110000
4 3011100
& € 4001001
va K - kys 5000011
K =9 r=K+n =1

(a) (b)

Fig. 5. (@) An instance of Optimal Linear Arrangement, (b) its reduction to OPT. The
permutation vi;Vz;Vs;Vs; Vs is a solution to both.

Formally, D has jV]j rows corresponding to the vertices of G(V;E), and jJEj columns
corresponding to the edgesof G(V; E). For any edgeex = (vi;V;j), setdx = djx = 1 and set
all other dj 's to 0. Thus, in ead column there are two occurencesof the symbol 1. We set
r= 'ﬁ% Trivially we obtain the following equivalence:

P

1 o i+ 1) .

x hm
: (hy i+ r (nm
1)d'n
, (hy [+1) K+n
1 n

Let bea permutation of the vertices of V. Note that  simultaneously is a permutation of
the rows of D. We have to show that is a solution of G(V;E);K i is a solution of D;r.

The important obsenation is that becauseof the construction of D, the only non-zero
entries in ead column j correspond to the two vertices of the edgee; = (u;v). Therefore,
we conlude that h; I; = j (u) (v)j. Continuing the above equivalence we obtain

j (u) (Vj+n K+n
1 nx
, ifu fvi K

(uv)2E



