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Abstract

Asso ciation Rule Mining algorithms op erate

on a data matrix ( e.g. , customers � pro ducts)

to deriv e asso ciation rules [2 , 23]. W e pro-

p ose a new paradigm, namely , R atio R ules ,

whic h are quan ti�able in that w e can measure

the \go o dness" of a set of disco v ered rules.

W e prop ose to use the \guessing error" as a

measure of the \go o dness", that is, the ro ot-

mean-square error of the reconstructed v alues

of the cells of the giv en matrix, when w e pre-

tend that they are unkno wn. Another con-

tribution is a no v el metho d to guess miss-

ing/hidden v alues from the Ratio Rules that

our metho d deriv es. F or example, if some-

b o dy b ough t $10 of milk and $3 of bread, our

rules can \guess" the amoun t sp en t on, sa y ,

butter. Th us, w e can p erform a v ariet y of im-

p ortan t tasks suc h as forecasting, answ ering

\what-if " scenarios, detecting outliers, and vi-

sualizing the data. Moreo v er, w e sho w ho w to

compute Ratio Rules in a single pass o v er the

dataset with small memory requiremen ts (a

few small matrices), in con trast to traditional

asso ciation rule mining metho ds that require

m ultiple passes and/or large memory . Exp er-
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imen ts on sev eral real datasets ( e.g. , bask et-

ball and baseball statistics, biological data)

demonstrate that the prop osed metho d con-

sisten tly ac hiev es a \guessing error" of up to

5 times less than the straigh tforw ard comp eti-

tor.

1 In tro duction

Data mining has recen tly b een receiving increasing in-

terest [11 ], of whic h the quin tessen tial problem is as-

so ciation rule mining [2]. Giv en a data matrix with,

e.g. , customers for ro ws and pro ducts for columns, as-

so ciation rules �nd rules that describ e frequen tly co-

o ccurring pro ducts. Existing algorithms �nd rules of

the form

f br ead; mil k g ) butter (90%) ;

meaning that customers who buy \bread" and \milk"

also tend to buy \butter" with 90% con�dence. What

distinguishes database w ork from AI, Mac hine Learn-

ing and statistics w ork is its emphasis on large

datasets. The initial asso ciation rule mining pap er b y

Agra w al et al. [2], as w ell as all the follo w-up database

w ork [4], prop osed algorithms to minim ize the time

to extract these rules through clev er record-k eeping to

a v oid additional passes o v er the dataset.

What is no v el ab out the w ork in this pap er is that

it attempts to assess how go o d the deriv ed rules are, an

issue that has not b een addressed at all in the database

literature. W e prop ose the \guessing error" as a mea-

sure of the \go o dness" of a giv en set of rules for a giv en

dataset. The idea is to pretend that a cell v alue (or

v alues) of the matrix is \hidden" from us, and to try

to guess the missing v alue(s) using the deriv ed rules;

the ro ot-mean-square guessing error (a v eraged o v er all

the cells of the giv en matrix) indicates ho w go o d a set

of rules is.



The second ma jor inno v ation of this w ork is the

in tro duction of R atio R ules of the form:

C ustomer s ty pical l y spend 1 : 2 : 5 dol l ar s

on br ead : mil k : butter .

Ratio Rules can b e used for decision supp ort b y de-

termining unkno wn (equiv alen tly , hidden, missing or

corrupted) v alues. W e pro vide no v el algorithms for

estimating missing v alues, ev en if m ultiple v alues are

sim ultaneously missing.

This pap er is organized as follo ws: Section 2 giv es

the related w ork. Section 3 de�nes the problem b y

en umerating the desired tasks. Section 4 in tro duces

the prop osed metho d. Section 5 presen ts the results

from exp erimen ts. Section 6 pro vides a discussion. Fi-

nally , Section 7 giv es some conclusions and p oin ters to

future w ork.

2 Related W ork

Agra w al et al. distinguish b et w een three data mining

problems: iden tifying classi�cations, �nding sequen-

tial patterns, and disco v ering asso ciation rules [1 ]. W e

review only material relev an t to the latter, since it is

the fo cus of this pap er. See [9 ] for an excellen t, recen t

surv ey of all three problems.

The seminal w ork of [2 ] in tro duced the problem of

disco v ering asso ciation rules and presen ted an e�cien t

algorithm for mining them. Since then, new serial al-

gorithms [4 , 16, 20 ] and parallel algorithms [3 ] ha v e

b een prop osed. In addition, generalized asso ciation

rules ha v e b een the sub ject of recen t w ork [22 , 13 ].

The v ast ma jorit y of asso ciation rule disco v ery tec h-

niques are Bo olean, since they discard the quan tities

of the items b ough t and only pa y atten tion to whether

something w as b ough t or not. A notable exception is

the w ork of Srik an t and Agra w al [23], where they ad-

dress the problem of mining quan titativ e asso ciation

rules. Their approac h is to partition eac h quan titativ e

attribute in to a set of in terv als whic h ma y o v erlap,

and to apply tec hniques for mining Bo olean asso cia-

tion rules. In this framew ork, they aim for rules suc h

as

br ead : [3 � 5] and mil k : [1 � 2] ) butter : [1 : 5 � 2]

The ab o v e rule sa ys that customers that sp end b e-

t w een 3-5 dollars on bread and 1-2 dollars on milk,

tend to sp end 1.5-2 dollars on butter.

T raditional criteria for selecting asso ciation rules

are based on the supp ort-con�dence framew ork [2 ]; re-

cen t alternativ e criteria include the c hi-square test [7 ]

and probabilit y-based measures [21 ]. Related issues

include outlier detection and forecasting. See [15] for

a textb o ok treatmen t of b oth, and [5 , 14 , 8 ] for recen t

dev elopmen ts.

symb ol de�nition

N n um b er of records

M n um b er of attributes

k cuto� (n um b er of Ratio Rules retained)

h n um b er of holes

H set of cells whic h ha v e holes

R set of rules

GE

1

guessing error o v er eac h hole

GE

h

guessing error o v er h holes

� matrix m ultiplicati on

X the N � M data matrix

X

c

the cen tered v ersion of X

X

t

the transp ose of X

x

i;j

v alue at ro w i , column j of the matrix X

^x

i;j

reconstructed (appro ximate) v alue at

ro w i and column j

�x the mean cell v alue of X

C the M � M co v ariance matrix ( X

t

c

� X

c

)

V the M � k RR matrix

T able 1: Sym b ols, de�nitions and notation.

3 Problem De�nition

Ratio Rules can supp ort the follo wing applications,

thanks to their abilit y to reconstruct missing v alues:

� Data cleaning: reconstructing lost data and re-

pairing noisy , damaged or incorrect data (p erhaps

as a result of consolidating data from man y het-

erogeneous sources for use in a data w arehouse);

� F orecasting: ` If a customer sp ends $ 1 on br e ad

and $ 2.50 on ham, how much wil l s/he sp end on

mayonnaise? ';

� \What-if " scenarios: ` We exp e ct the demand for

Che erios to double; how much milk should we

sto ck up on? ';

� Outlier detection: ` Which customers deviate fr om

the typic al sales p attern? ';

� Visualization: Eac h Ratio Rule e�ectiv ely corre-

sp onds to an eigen v ector of the data matrix, as

w e discuss later. W e can pro ject the data p oin ts

on the 2- or 3-d h yp er-plane de�ned b y the �rst

2 or 3 Ratio Rules, and plot the result, to rev eal

the structure of the dataset ( e.g. , clusters, linear

correlations, etc. ).

Next, w e giv e more in tuition b ehind Ratio Rules

and discuss a metho d for computing them e�cien tly .

4 Prop osed Metho d

The prop osed metho d detects Ratio Rules using

eigensystem analysis , a p o w erful to ol that has b een

used for sev eral settings, and is similar to Singular

V alue Decomp osition (SVD) [17 ], Principal Comp o-

nen t Analysis (PCA) [15 ], Laten t Seman tic Index-

ing (LSI) [12 ], and the Karh unen-Lo ev e T ransform



br e ad butter

customer ($) ($)

Billie .89 .49

Charlie 3.34 1.85

Ella 5.00 3.09

� � � � � � � � �

John 1.78 .99

Miles 4.02 2.61

$ 
sp

en
t o

n 
bu

tte
r

$ spent on bread

("v
olume")

(0.866,0.5)

x'

Figure 1: A data matrix in table form and its coun terpart in graphical form, after cen tering (original axis dra wn

with dotted lines). As the graph illustrates, eigensystem analysis iden ti�es the v ector (0 : 866 ; 0 : 5) as the \b est"

axis to pro ject along.

(KL T) [10 ]. Eigensystem analysis in v olv es computing

the eigen v ectors and eigen v alues of the co v ariance ma-

trix of the giv en data p oin ts (see subsection 4.1 for

the details). In subsection 4.2, w e presen t an e�-

cien t, single-p ass algorithm to compute the k b est Ra-

tio Rules. A fast algorithm is extremely imp ortan t for

database applications, where w e exp ect matrices with

sev eral thousands or millions of ro ws. Subsection 4.3

presen ts one of the t w o ma jor con tributions of this pa-

p er: the in tro duction of a measure for the \go o dness"

of a giv en set of rules. Subsection 4.4 presen ts the sec-

ond ma jor con tribution: ho w to use the Ratio Rules

to predict missing v alues.

4.1 In tuiti on Behind Ratio Rules

Figure 1 lists N customers and M pro ducts organized

in an N � M matrix X , where the en tries are the dol-

lar amoun t sp en t b y customer i on pro duct j . T able 1

giv es a list of sym b ols used from here on and their

de�nitions. T o mak e our discussion more concrete, w e

will use ro ws and \customers" in terc hangeably , and

columns and \pro ducts" in terc hangeably . Of course,

the prop osed metho d is applicable to an y N � M ma-

trix, with a v ariet y of in terpretations for the ro ws and

columns, e.g. , patien ts and medical test measuremen ts

(blo o d pressure, b o dy w eigh t, etc. ); do cumen ts and

terms (t ypical in IR [19 ]), etc.

Eac h ro w v ector of the matrix can b e though t of as

an M -dimensional p oin t. Giv en this set of N p oin ts,

eigensystem analysis iden ti�es the axes (orthogonal

directions) of greatest v ariance, after cen tering the

p oin ts ab out the origin. Figure 1 illustrates an ex-

ample of an axis that this analysis �nds. Supp ose that

w e ha v e M =2 dimensions; then our customers are 2-

d p oin ts, as in Fig. 1. The corresp onding direction

x

0

this analysis suggests is sho wn, meaning that if w e

are allo w ed only k =1, the b est direction to pro ject

on is the direction of x

0

. The direction x

0

is a R a-

tio R ule (RR for short) that go v erns the correlations

b et w een money sp en t on the pro ducts, based on cus-

tomer purc hasing activit y . In this case, the pro jection

of a data p oin t on the x

0

axis giv es the o v erall \v olume"

of the purc hase. F or the setting of Figure 1, the co or-

dinates of the �rst RR = (0.866, 0.5) imply the rule

\ br ead : butter ) $0 : 866 : $0 : 5"; that is, for the most

of our customers (2-d p oin ts) the relativ e sp endings

bread-to-butter are close to the ratio 0.866:0.5. As w e

shall discuss later, these Ratio Rules can b e used for

forecasting, \what-if " scenarios, outlier detection, and

visualization. In addition, they are often amenable to

in terpretation as underlying factors that describ e, in

this case, purc hasing b eha vior.

Mathematically , the directions iden ti�ed b y eigen-

system analysis are the eigen v ectors of the c ovarianc e

matrix C (see Eq. 2); eac h eigen v ector has an asso-

ciated eigenvalue whose magnitude indicates the v ari-

ance of the p oin ts along that eigen v ector.

The goal of this metho d is to reduce the dimen-

sionalit y of a dataset while retaining as m uc h v aria-

tion as p ossible. This is done b y iden tifying the di-

rection of maxim um v ariance (giv en b y the largest

eigen v alue/v ector) and then incremen tally iden tifying

the orthogonal direction with maxim um v ariance (the

second eigen v alue/v ector, etc. ). In the end, only the

eigen v ectors asso ciated with the k largest eigen v alues,

namely , the Ratio Rules, are k ept. In order to c ho ose a

go o d cuto� k of rules to retain, the simplest textb o ok

heuristic (and the one used in this pap er) is to retain

enough eigen v ectors so that the sum of their eigen v al-

ues co v er 85% of the grand total [15 , p. 94]. That is,

c ho ose the cuto� k suc h that

P

k

i =1

�

i

P

M

j =1

�

j

� 85% (1)

Next w e presen t a metho d for computing Ratio

Rules b y eigensystem analysis in a single pass.



/* input : training set X on disk */

/* output : co v ariance matrix C */

for j := 1 to M do

colav g s [j]  0;

for l := 1 to M do

C [j][l]  0;

for i := 1 to N do

Read i th ro w of X from disk ( X [i][1],... , X [i] [M]);

for j := 1 to M do

colav g s [j] += X [i][j];

for l := 1 to M do

C [j][l] += X [i][j]* X [i] [l ];

for j := 1 to M do

colav g s [j] /= N ;

for j := 1 to M do

for l := 1 to M do

C [j][l] -= N � colav g s [j] * colav g s [l];

input:

co v ariance matrix C in main memory

output:

eigen v ectors v

1

; : : : ; v

k

( i.e. , the RRs)

compute eigensystem:

f v

1

; : : : ; v

M

g  eigen v ectors( C );

f �

1

; : : : ; �

M

g  eigen v alues( C );

sort v

j

according to the eigen v alues;

c ho ose k based on Eq. 1;

return the k largest eigen v ectors;

complexit y:

O ( M

3

)

(a) Single-pass o v er data matrix (b) Eigensystem computation

Figure 2: Pseudo co de for e�cien tly computing Ratio Rules.

4.2 A Single-P ass Algorithm for Ratio Rules

The computation of Ratio Rules in v olv es determin-

ing the eigen v ectors of the co v ariance matrix C of

the giv en N � M matrix X . The co v ariance matrix

C = [ c

ij

] in tuitiv ely is the \column-to-colum n" simi-

larit y matrix, whic h has high c

ij

v alues if the columns

i and j are correlated. Mathematically , it is de�ned as

C � X

t

c

� X

c

(2)

where X

c

is deriv ed b y the giv en X matrix b y sub-

tracting the column a v erage from ev ery cell. That is,

X

c

is a zero-mean matrix, or \cen tered", in the sense

that its column a v erages are all zero. Th us, the co-

v ariance matrix C is a real, symmetric square matrix

of side M .

The follo wing steps will compute the Ratio Rules in

an I/O-e�cien t w a y: (a) zero-mean the input matrix

to deriv e X

c

; (b) compute C from Eq. 2; (c) com-

pute the eigen v alues/v ectors of C and pic k the �rst

k . W e assume that C can �t in memory: it needs M

2

cells, where M is the n um b er of columns, whic h should

t ypically b e on the order of one thousand for real ap-

plications [2 ]. Under this assumption, w e can compute

the column a v erages and the co v ariance matrix with a

single-pass o v er the N ( � millio ns) of ro ws of the giv en

X matrix, using the algorithm of Figure 2(a). Once w e

ha v e the co v ariance matrix C in memory , w e can use

an y o�-the-shelf eigensystem pac k age to determine its

eigen v alues and eigen v ectors, as sho wn in Fig. 2(b).

1

The prop osed algorithm requires a single p ass to

compute the column a v erages and the co v ariance ma-

trix. In more detail, it requires O( N ) disk op erations

to read the matrix X and O( N M

2

) main-m em ory op-

erations to build the corresp onding co v ariance matrix.

Since the n um b er of ro ws is t ypically in the h undreds

1

If the n um b er of columns are m uc h greater than one thou-

sand, as p oten tially migh t b e the case in some mark et bask et

data analyses, then the metho ds from [6 ] could b e applied to ef-

�cien tly compute the eigensystem of the resulting sparse matrix.

of thousands ( e.g. , sales, or customers), and the n um-

b er of columns in the h undreds ( e.g. , pro ducts, or pa-

tien t symptoms), the algorithm of Fig. 2 is v ery ef-

�cien t. Note that the algorithms of [3 ] require more

than one pass o v er the dataset in an attempt to �nd

large itemsets. Also note that the O ( M

3

) factor for

the eigensystem computation is negligible compared

to the O ( N M

2

) op erations needed to build the co v ari-

ance matrix, since w e assume that N � M .

4.3 Measuring the Go o dness of a Rule-set:

the \Guessing Error"

Let R b e a giv en set of rules. W e w ould lik e to b e

able to assess ho w go o d a giv en set of rules R is. The

asso ciation rule mining literature has not de�ned a

criterion to assess the \go o dness", or accuracy , of a

set of disco v ered rules. W e prop ose a remedy , namely ,

the \guessing error". The fundamen tal requiremen t is

that R m ust allo w for estimations of missing v alues in

a giv en record/ro w.

Let's consider a sp eci�c ro w (customer) x

i

of the

matrix, and pretend that the j -th attribute is hidden

from us ( i.e. , the amoun t sp end on the j -th pro duct,

sa y , bread). Giv en R and the rest of the v alues x

i;l

( l 6= j ), w e should b e able to estimate the missing

v alue as ^x

ij

. The guessing err or for this sp eci�c cell

( i; j ) is ^x

ij

� x

ij

.

De�nitio n 1 The \single-hole guessing err or", or

simply the \guessing err or", for a set of rules R on

a data matrix X is de�ne d as the r o ot-me an-squar e of

the guessing err ors of the individual c el ls, that is,

GE =

v

u

u

t

1

N M

N

X

i

M

X

j

( ^ x

ij

� x

ij

)

2

(3)

More sp eci�cally , w e also de�ne it as the single-hole

guessing err or GE

1

b ecause w e allo w ed only a single

hole at a time. The generalization to the h -hole guess-

ing error GE

h

is straigh tforw ard.



/* input: b

H

, a 1 � M row vector with holes */

/* output:

^

b , a 1 � M row vector with holes filled */

1. V

0

 E

H

� V ; /* ``RR-hyper pla ne' ' */

2. b

0

 E

H

� b

t

H

; /* ``feasible sol'n space'' */

3. solve V

0

� x

concept

= b

0

for x

concept

/* solution in k -space */

4. d  V � x

concept

; /* solution in M -space */

5.

^

b  b � [ E

H

c

]

t

+ d � [ E

H

]

t

;

Figure 3: Pseudo co de for �lling holes.

De�nitio n 2 The \ h -hole guessing err or" for a set

of rules R on a data matrix X is de�ne d as the r o ot-

me an-squar e of the guessing err ors of h c el ls at a time ,

that is,

GE

h

=

v

u

u

t

1

N h jH

h

j

N

X

i

X

H2H

h

X

l 2H

( ^ x

i;l

� x

i;l

)

2

(4)

wher e H

h

c ontains some subset of the

�

M

h

�

c ombina-

tions of sets H with h \holes".

The w a y that R is deriv ed is indep enden t of the

de�nition of the \guessing error". W e exp ect that the

t ypical practice in Mac hine Learning will b e follo w ed:

w e can use a p ortion X

tr ain

of the dataset X to deriv e

the rules R (\training set"), and some other p ortion

X

test

of the dataset X to compute the guessing error

(\testing set"). The details of the c hoice of training

and testing sets are orthogonal to our de�nition, and

outside the scop e of this pap er, since they ha v e b een

extensiv ely examined in the mac hine learning and clas-

si�cation literature [18 ]. A reasonable c hoice is to use

90% of the original data matrix for training and the

remaining 10% for testing. Another p ossibilit y is the

use the en tire data matrix for b oth training and test-

ing. In this pap er, w e rep ort only the results for the

former c hoice b ecause the t w o c hoices ab o v e ga v e v ery

similar results.

The abilit y to measure the go o dness of a set of rules

R for a giv en testing dataset Y is v ery imp ortan t, for

dev elop ers of data-mining pro ducts and for end-users

alik e:

� F or dev elop ers, it allo ws b enc hmarking and com-

parison with comp eting pro ducts and designs: a

lo w \guessing error" o v er a v ariet y of input ma-

trices indicates a go o d pro duct;

� F or end-users that use a giv en pro duct on a sp e-

ci�c dataset, a lo w \guessing error" implies that

the deriv ed rules ha v e captured the essence of this

dataset, and that they can b e used for estimation

of truly unkno wn v alues with more con�dence.

It should b e highligh ted that the de�nition of the

\guessing error" can b e applied to any t yp e of rules, as

long as they can do estimation of hidden v alues. In the

next subsection w e fo cus on the prop osed Ratio Rules,

and sho w ho w to use them to obtain suc h estimates.

4.4 Determini ng Hidden and Unkno wn V al-

ues

Here w e presen t an algorithm for determining un-

kno wn v alues of a data matrix b oth algebraically and

geometrically . If w e can reconstruct these so-called

\holes", then w e can �nd hidden v alues or forecast

future v alues. This framew ork is also applicable to

\what-if " scenarios where w e can sp ecify some of the

v alues (` What if the demand for Che erios doubles? ')

and then forecast the e�ect on other attributes (` Then

the demand for milk wil l double. '). In addition, it can

b e used to disco v er outliers b y hiding a cell v alue, re-

constructing it, and comparing the reconstructed v alue

to the hidden v alue. A v alue is an outlier when its pre-

dicted v alue is signi�can tly di�eren t ( e.g. , t w o stan-

dard deviations a w a y) from the existing hidden v alue.

W e b egin b y dev eloping some notation necessary

for form ulating the problem algebraically . Then w e

giv e the geometric in tuition and sho w ho w the problem

leads to a system of equations.

De�nitio n 3 A n h -hole r ow ve ctor b

H

is de�ne d as a

ve ctor with holes (denote d with \?"s) at indic es given

in H , wher e H is the set of \holes".

An example of a 1 � 5 2-hole ro w v ector is the follo wing:

b

f 2 ; 4 g

= [ b

1

; ? ; b

3

; ? ; b

5

]

De�nitio n 4 A n ( M � h ) � M elimination matrix E

H

is de�ne d as an M � M identity matrix with h = jHj

r ows r emove d, wher e the r ow indic es ar e given in the

set H .

An example of a 3 � 5 eliminatio n matrix is the fol-

lo wing:

E

f 2 ; 4 g

=

2

4

1 0 0 0 0

0 0 1 0 0

0 0 0 0 1

3

5

An elimination matrix is v ery useful in helping us pic k

and c ho ose en tries from v ectors. F or example, w e can
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eliminate the \?"s from b

f 2 ; 4 g

as follo ws:

E

f 2 ; 4 g

� b

t

f 2 ; 4 g

=

2

4

1 0 0 0 0

0 0 1 0 0

0 0 0 0 1

3

5

�

2

6

6

6

4

b

1

?

b

3

?

b

5

3

7

7

7

5

=

2

4

b

1

b

3

b

5

3

5

Once the user has sp eci�ed partial kno wledge from

a transaction b

H

( e.g. , the dollar amoun ts sp en t b y

a new customer, for some pro ducts), the set of un-

kno wns H are determined b y the k Ratio Rules that

ha v e b een k ept, and are rep orted as

^

b , that is, b

H

with

the holes H �lled in. The geometric in tuition is the fol-

lo wing: the rules form a k -dimensional h yp er-plane V

0

(= E

H

� V ) in M -space, the \RR-h yp erplane", on or

close to whic h the data p oin ts lie. The h holes result

in an h -dimensional h yp er-plane b

0

(= E

H

� b

t

H

) in

M -space, the \feasible solution space", on whic h the

solution is constrained. W e w an t to �nd a p oin t that

agrees with our giv en partial data (\feasible solution

space"), and is as close to (or exactly on) the RR-

h yp erplane.

Figure 4(a) illustrates the case in the simplest p os-

sible form: w e ha v e M =2 pro ducts (sa y , amoun t sp en t

on \bread" for the x-axis, and amoun t sp en t on \but-

ter" for the y-axis), k =1 rule, and h =1 hole. W e kno w

(a) that a customer sp ends the giv en amoun t on bread

and (b) that most of our previous customers fall on

or close to the line de�ned b y the �rst rule (RR

1

).

W e w an t to �nd the amoun t sp en t on butter (the

hole). The in tersection of \feasible lo cations" (v ertical

dashed line) and \exp ected lo cations" (solid diagonal

line) giv es our b est prediction for the 2-d p oin t that

corresp onds to that sale; the v alue on the \butter"

axis, lab eled as \guess" is our prop osed estimate for

the required amoun t sp en t on butter.

The in tersection of the t w o h yp er-planes corre-

sp onds to a system of linear equations V

0

� x

concept

=

b

0

, from whic h the solution of x

concept

determines the

unkno wns. Figure 3 giv es the pseudo-co de for the ge-

ometric description ab o v e.

Recall that the in tersection of \feasible lo cations"

and \exp ected lo cations" giv es our b est prediction.

There are three p ossibilities regarding the in tersection

of the t w o h yp er-planes, whic h are illustrated in Fig. 4-

5. Resp ectiv ely , there are three p ossibilities regarding

the equation from step 3 of the pseudo-co de,

V

0

� x

concept

= b

0

(5)

giv en that there are ( M � h ) equations and k un-

kno wns.

CASE 1: (EXA CTL Y-SPECIFIED)

The two hyp er-planes interse ct at a p oint.

This o c curs when ( M � h ) = k . The resp ec-

tiv e linear equations ha v e an exact solution

determined b y

x

concept

= ( V

0

)

� 1

� b

0

(6)

Figure 4(a) illustrates an example in M = 2

dimensions, for h = 1 hole and cuto� k = 1

ratio rule.

CASE 2: (O VER-SPECIFIED)

The two hyp er-planes do not interse ct. This

o ccurs when ( M � h ) > k . The resp ectiv e

equations are o v er-determined, and the closest

distance b et w een them is c hosen for the solu-

tion to x

concept

based on the Mo ore-P enrose



pseudo-in v erse of V

0

(see [17 ]). This uses the

singular v alue decomp osition of V

0

:

V

0

= R � diag ( �

j

) � S

t

(7)

Since V

0

is singular, no in v erse exists, but w e

can �nd a pseudo-in v erse:

[ V

0

]

� 1

= S � diag (1 =�

j

) � R

t

(8)

and, th us,

x

concept

= [ V

0

]

� 1

� b

0

(9)

Figure 4(b) illustrates an example in M = 3

dimensions, for h = 1 hole and cuto� k = 1.

bread

milk

butter

RR1

RR2

Given valueguess

feasible

RR-plane

under-sp eci�ed

Figure 5: The last p ossible case: under-sp eci�ed.

CASE 3: (UNDER-SPECIFIED)

The interse ction of the two hyp er-planes forms

a ( min ( k ; h ) � 1 )-dimensional hyp er-plane.

This o ccurs when ( M � h ) < k . The resp ec-

tiv e equations are under-determined. Among

the in�nite solutions, w e prop ose to k eep the

one that needs the few est eigen v ectors. Th us,

w e ignore ( k + h ) � M rules to mak e the sys-

tem exactly-sp eci�ed, and then solv e it using

CASE 1. Figure 5 illustrates an example in

M = 3 dimensions, for h = 2 holes and cuto�

k = 2.

5 Exp erime n ts

W e ran three sets of exp erimen ts. The �rst w as to in-

v estigate the prediction accuracy ac hiev ed b y the pro-

p osed metho d; the second w as to examine the stabilit y

of Ratio Rules in estimating more than one sim ultane-

ous hole; the third w as to see ho w our metho d scales

up for large datasets.

Metho ds: W e compared Ratio Rules with a

straigh tforw ard tec hnique for predicting v alues, named

col-avgs : for a given hole, use the r esp e ctive c olumn

aver age fr om the tr aining set . Note that col-avgs is

iden tical to the prop osed metho d with k = 0 eigen v al-

ues. Multiple linear regression ( e.g. , [14 ]) is remotely

related to our prop osed approac h: it can predict miss-

ing v alues for a giv en, sp eci�ed column of the data

matrix, if ev erything else is kno wn. Our metho d is

more general b ecause it can predict arbitr ary choic es

of arbitr ary numb ers of missing columns, thanks to our

tec hnique in subsection 4.4. W e cannot compare Ratio

Rules with an y asso ciation-based metho ds b ecause, as

w e argue in Sec. 6.3, asso ciation-based metho ds do not

lead to prediction of missing v alues.

Error Measure: W e use the GE

h

\guessing error"

describ ed in Sec. 4.3.

Datasets: W e ran our exp erimen ts on a v ariet y of

real datasets (see Section 6.1 for scatter-plots of them),

describ ed as follo ws:

� `n ba' (459 � 12) - bask etball statistics from the

1991-92 NBA season, including min utes pla y ed,

�eld goals, reb ounds, and fouls;

� `baseball' (1574 � 17) - batting statistics from

Ma jor League Baseball for four seasons; �elds in-

clude batting a v erage, at-bats, hits, home runs,

and stolen bases;

2

� `abalone' (4177 � 7) - ph ysical measuremen ts of

an in v ertebrate animal, including length, diame-

ter, and w eigh ts.

3

Preliminary to running these exp erimen ts, for eac h

dataset w e c hose 90% of the matrix ro ws for the train-

ing matrix; the remaining 10% w ere used as the test-

ing matrix. W e computed the Ratio Rules from the

training matrix, along with the column a v erages of the

training matrix for use as the comp etitor ( col-avgs ).

5.1 Prediction Accuracy

Figure 7 sho ws the GE

1

guessing error for the

`n ba' , `baseball' , and `abalone' datasets, normal-

ized b y the guessing error attained b y col-avgs . As

a frame of reference, w e also presen t the normalized

GE

1

of col-avgs , whic h is, of course, 100%. Note

that the prop osed metho d metho d w as the clear win-

ner for all datasets w e tried and ga v e as lo w as one-�fth

the guessing error of col-avgs .

5.2 Error Stabili t y

In Fig. 6, w e sho w GE

h

for the `n ba' and `baseball'

datasets, for 1 � h � 5 holes. The results for the

`abalone' dataset w ere similar, and are omitted for

2

The `baseball' dataset is a v ailable at

h ttp://www.usato da y .com /sport s/b aseb all/ sbst ats. h tm .

3

The `abalone' dataset is a v ailable at

h ttp://www.ics.uci.ed u/ � m lear n/MLSu mm ar y .h tml .
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col-avgs for `n ba' , `baseball' , and `abalone' .

brevit y . Note that the guessing error is relativ ely sta-

ble for up to sev eral sim ultaneous holes. Note that

GE

h

is constan t with resp ect to h for cola vgs since

the computation of GE

h

turns out to b e the same for

all h , for that metho d.

5.3 Scale-up

Figure 8 demonstrates the scale-up of our algo-

rithm. The v ertical axis is the a v erage actual com-

putation time to determine the Ratio Rules (in sec-

onds), as measured b y the time utilit y of UNIX

TM

. The horizon tal axis is the n um b er of data matrix

ro ws N . Since all of our datasets are relativ ely small

( N < 5000) for this exp erimen t, w e used a 100,000

� 100 data matrix created using the Quest Syn thetic

Data Generation T o ol.

4

The metho ds w ere imple-

men ted in C and Splus . The exp erimen ts ran on a

dedicated Sun SP AR Cstation 5 with 32Mb of main

4

Quest is a v ailable at

h ttp://www.almaden .ibm .c om/ cs/ que st/sy nd ata .h t ml.
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Figure 8: Scale-up: time to compute RR v ersus db size

N in records.

memory , running SunOS 4.1.3. The disk driv e w as

a FUJITSU M2266S-512 mo del `CRANEL-M2266SA'

with minim um p ositioning time of 8.3ms and maxi-

m um p ositioning time of 30ms.

The plot is close to a straigh t line, as exp ected.

The y -in tercept of the line is the time to compute the

eigensystem, whic h is alw a ys O ( M

3

) = O (100

3

), whic h

apparen tly has a negligible e�ect on the curv e.

6 Discussion

Here w e sho w the visualization capabilities that Ra-

tio Rules o�er b y presen ting 2-d scatter-plots of the

datasets used. Using the `n ba' dataset, w e demon-

strate ho w these Ratio Rules can b e in terpreted, with

references to the plots. Finally , w e presen t a qualita-

tiv e comparison of the Ratio Rules v ersus asso ciation

rules [23 ].
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6.1 Visualizati on

Recall that Ratio Rules iden tify the axes of greatest

v ariation. Similar to PCA, b y pro jecting the p oin ts

on to the b est t w o or three of these axes ( i.e. , the eigen-

v ectors asso ciated with the largest eigen v alues), the

p oin ts can b e plotted to giv e an idea of the densit y

and structure of the dataset. F or example, Figure 11

sho ws a scatter-plot of `n ba' , whic h originally included

the statistics of N =459 pla y ers for M =12 attributes

and has b een reduced to 2-dimensional RR-space ( i.e. ,

t w o Ratio Rules).

In (a), the x-axis corresp onds to the �rst (and

strongest) rule RR

1

; the y-axis corresp onds to RR

2

.

In (b), the x-axis corresp onds to RR

2

and the y-axis

corresp onds to RR

3

. Most of the p oin ts are v ery close

to the horizon tal axis, implying that they all closely

follo w the �rst eigen v ector and are considerably lin-

ear. The plot also sho ws that man y of the attributes

are correlated with one another, suc h as �eld goals and

min utes pla y ed. There are t w o p oin ts that are clearly

outliers: (3000 ; 971) and (2100 ; � 1296), corresp onding

to Mic hael Jordan and Dennis Ro dman, resp ectiv ely .

Figure 9 sho ws 2-d plots for (a) `baseball' and (b)

`abalone' .

6.2 In terpretati on of the Ratio Rules

In this section, w e illustrate b y example ho w Ratio

Rules can b e in terpreted as meaningful rules. The

metho dology is outlined in Figure 10.

T able 2 presen ts the �rst three Ratio Rules (RR

1

,

RR

2

, and RR

3

) for the `n ba' dataset, whose �elds in-

clude min utes pla y ed, �elds goals, o�ensiv e reb ounds,

defensiv e reb ounds, assists, and steals, among others.

By dra wing on a basic kno wledge of bask etball and

b y examining these Ratio Rules, w e conjecture the fol-

lo wing: RR

1

represen ts \court action", separating the

starters from those who sit on the b enc h, and giv es

a 0.808:0.406 � 2:1 ratio. This is a Ratio Rule with

1. Solv e the eigensystem;

2. Keep k strongest rules according to Eq. 1;

3. Displa y Ratio Rules graphically in a histogram;

4. Observ e p ositiv e and negativ e correlations;

5. In terpret;

Figure 10: In terpretation of Ratio Rules.

�eld RR

1

RR

2

RR

3

min utes pla y ed .808 � : 4

�eld goals

goal attempts

free thro ws

thro ws attempted

blo c k ed shots

fouls

p oin ts .406 .199

o�ensiv e reb ounds

total reb ounds � : 489 .602

assists � : 486

steals � : 07

T able 2: Relativ e v alues of the RRs from `n ba' .

the ob vious in terpretation: the a v erage pla y er scores 1

p oin t for ev ery 2 min utes of pla y (equiv alen tly , 1 bas-

k et for ev ery 4 min utes pla y ed). According to RR

1

,

Mic hael Jordan w as b y far the most activ e pla y er in

almost ev ery category (see Fig. 11(a)). RR

2

sho ws that

the n um b er of reb ounds is negativ ely correlated with

p oin ts in a 0.489:0.199 � 2.45:1 ratio. This is b ecause

a goal attempt mak es it di�cult for a pla y er to get in a

go o d p osition for reb ounding, and vice v ersa. F or that

reason, \min utes pla y ed" and \p oin ts" are also nega-

tiv ely correlated, meaning that a reb ounder scores less

as a p ercen tage of time on the �eld than pla y ers who

place emphasis on o�ense. Th us, RR

2

roughly repre-

sen ts \�eld p osition", separating the guards, who get
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the most opp ortunities to sho ot, from the forw ards,

who are more lik ely to b e reb ounders. F or example, in

Fig. 11(a), w e see the extremes among activ e pla y ers:

star sho oting guard Mic hael Jordan at one end with

2404 p oin ts and 91 reb ounds, and p o w er forw ard (and

excellen t reb ounder) Dennis Ro dman at the other with

800 p oin ts and 523 reb ounds. RR

3

sa ys that reb ounds

are negativ ely correlated with assists and steals. T ypi-

cally , tall pla y ers mak e b etter reb ounders b ecause they

can reac h high and short pla y ers are b etter at as-

sists and steals b ecause they can mo v e fast. Th us,

RR

3

roughly represen ts \heigh t", with Mugsy Bogues

(5'3") and Karl Malone (6'8") at opp osite extremes

(see Fig. 11(b)).

6.3 Ratio Rules vs. Asso ciation Rules

Ratio Rules are quite di�eren t from asso ciation rules in

man y qualitativ e asp ects. Here w e compare and con-

trast the t w o paradigms. Of the asso ciation rules, w e

examine b oth Bo olean and quan titativ e rules. Exam-

ples of eac h t yp e of rule with whic h w e are concerned

follo w:

� Bo olean asso ciation rules [2 ]:

f br ead; mil k g ) butter

� quan titativ e asso ciation rules [23 ]:

br ead : [2 � 5] ) butter : [1 � 2]

� Ratio Rules: ratio of sp endings

br e ad:butter = 2:3

Bo olean asso ciation rules ha v e the adv an tages that

they are easy to in terpret and relativ ely easy to imple-

men t. The ma jor dra wbac k, ho w ev er, is that a giv en

data matrix X with, e.g. , amoun ts sp en t p er customer

p er pro duct, is con v erted to a binary matrix b y treat-

ing non-zero amoun ts as plain \1"s. This simpli�es

the data mining algorithms but tends to lose v aluable

information.

Quan titativ e asso ciation rule algorithms p erform an

imp ortan t step to retain the ab o v e information. Fig-

ure 12(a) illustrates ho w these rules migh t w ork for

a �ctitious dataset with a few customers (p oin ts) and

M = 2 pro ducts only , namely , \bread" and \butter".

In this dataset, the quan titativ e asso ciation rules will

deriv e rules that corresp ond to the dashed rectangles

of the �gure. F or example, the �rst t w o lo w er-left rect-

angles will yield the rules

br ead : [1 � 3] ) butter : [ : 5 � 2 : 5]

br ead : [3 � 5] ) butter : [2 � 3]

Ratio Rules, for the same setting of Figure 12 and

with k = 1 rule, will �t the b est p ossible line through

the dataset; its unit v ector is exactly the �rst rule of

the giv en data matrix. Th us, the corresp onding rule

will b e

br ead : butter = : 81 : : 58

F or the remaining discussion, w e fo cus only on quan ti-

tativ e asso ciation rules since the fo cus is on real-v alued

data suc h as dollar amoun ts sp en t b y customers on

pro ducts. W e compare the strengths of quan titativ e

asso ciation rules with those of Ratio Rules.

The adv an tages of quan titativ e asso ciation rules in-

clude the follo wing:

� They will b e more suitable if the data p oin ts form

clusters;

� They ha v e b een applied to categorical data.

The adv an tages of Ratio Rules include the follo wing:

� They ac hiev e more compact descriptions if the

data p oin ts are linearly correlated, as in Figure 12,

or as in the real datasets that w e sa w earlier. In

suc h cases, a single Ratio Rule captures the cor-

relations, while sev eral minim um b ounding rect-

angles are needed b y the quan titativ e asso ciation

rules to con v ey the same information;
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Figure 12: Illustration of rules from a �ctitious dataset of sales on bread and butter: (a) quan titativ e asso ciation

rules; (b) Ratio Rules. The \giv en" en try asks for an estimation for butter, for the giv en amoun t sp en t on bread.

� They can p erform extrap olations and predictions.

F or example, in Figure 12, supp ose that w e are

giv en that a customer b ough t $8.50 of bread and

w e w an t to kno w ho w m uc h butter s/he is ex-

p ected to buy . Ratio Rules will predict $6.10 on

butter, as Figure 12(b) illustrates. Quan titativ e

asso ciation rules ha v e no rule that can �re b ecause

the v ertical line of \feasible solutions" in tersects

none of the b ounding rectangles. Th us they are

unable to mak e a prediction;

� Their deriv ation requires a single pass o v er the

dataset;

� They are easily implemen ted, thanks to highly

�ne-tuned eigensystem pac k ages; the remaining

programming e�ort is minim al .

7 Conclusions

W e ha v e prop osed a completely di�eren t t yp e of rules

as the target of data mining e�orts, namely , R atio

R ules . These rules ha v e signi�can t adv an tages o v er

Bo olean and quan titativ e asso ciation rules:

� They lead to a natural measure, the \guessing er-

ror", whic h can quan tify ho w go o d a giv en set of

rules is;

� They can b e used to estimate one or more

unkno wn (equiv alen tly , missing, hidden or cor-

rupted) v alues when a new data record is giv en,

based on the no v el metho d prop osed in Sec-

tion 4.4; th us, they can also b e used in forecasting,

for \what-if " scenarios, and for detecting outliers;

� They are easy to implemen t. The most di�cult

part of our metho d is the solution of an eigen-

system for whic h reliable pac k ages and/or source

co de are widely a v ailable;

� They are fast and scalable, requiring a single p ass

o v er the data matrix, and gro wing linearly on the

largest dimension of the matrix, presumably the

n um b er N of ro ws (customers);

� They giv e visualization for free, thanks to the di-

mensionalit y reduction prop erties of Ratio Rules.

W e describ ed ho w to in terpret Ratio Rules and w e

discussed their qualitativ e di�erences from asso ciation

rules. Finally , w e presen ted exp erimen ts on sev eral

real datasets, whic h sho w ed that the prop osed Ratio

Rules scale-up for large datasets, and can ac hiev e up

to 5 times smaller guessing error than the comp etitor.

F uture researc h could fo cus on applying Ratio Rules

to datasets that con tain categorical data.
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