Fast Nonlinear Regression via Eigenimages
Applied to Galactic Morphology
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ABSTRACT

Astronomyincreasinglyfacesthe issueof massie, unwieldly data
sets. The SloanDigital Sky Surwey (SDSS)[11] hassofar gener
atedtensof millions of imagesof distantgalaxies,of which only
atiny fraction have beenmorphologicallyclassi ed. Morphologi-
cal classi cationin this context is achieved by tting aparametric
modelof galaxyshapeto a galaxyimage. This is a nonlinearre-
gressionproblem,whosechallengesare threefold, 1) blurring of
theimagecausedy atmospherandmirror imperfections?) large
numbersof local minima,and3) massve datasets.

Ourstrat@y is to usetheeigenimagesf theparametrianodelto
form anew featurespaceandthento mapbothtargetimageandthe
modelparameterénto this featurespace.In this low-dimensional
spacewe searchor the bestimage-to-parametanatch. To search
the space,we sampleit by creatinga databaseof mary random
parameterectors(prototypesyand mappingtheminto the feature
space. The searchproblemthenbecomesne of nding the best
prototypematch,sothe tting processanearest-neighbaearch.

In additionto the savings realizedby decomposindhe original
spaceinto an eigenspaceywe canusethe factthat the modelis a
linear sumof functionsto reducethe prototypesfurther: the only
prototypesstoredare the componentof the model function. A
modi ed form of nearesheighboris usedto searchramongthem.

Additional complicationsarisein the form of missingdataand
heteroscedasticitypoth of which areaddressedvith weightedlin-
earregression. Comparedo existing techniguesspeed-upsch-
ievedarebetweer? and3 ordersof magnitude This shouldenable
theanalysisof theentireSDSSdataset.
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1. INTRODUCTION

In orderto understandhe formationof large scalestructuresn
the universe,it is necessaryo understandhe varied galaxy mor
phologies. This is still an openareaof researchin astronomy;it
is not preciselyknown how galaxy shapesarise. The distribution
of shapesandtheir correlationwith other measuregropertiesof
galaxiesis importantto generatingand testing hypothesesbout
the natureof the universe. This requiresextracting varioustypes
of information from large numbersof faint and noisy imagesof
galaxies.e.,g.,whetherthe galaxyis spherical.elliptical, or disk-
shapedthesizeof the centralbulgerelative to the sizeof the disk,
etc. Exampleimagesaregivenin Figurel.

Figure2illustratesacommorclassi cationsystenstill in useto-
day: theHubble“tuning fork” [3], whichroughlydividesall galax-
iesinto ellipticals (bulge-dominatedandspirals(disk-dominated).
The model parametethat correspondso this is the bulge-to-disk
ratio, which describesherelative amountf light emanatingrom
the two components.Hencea coarsegalaxy classi cation of can
be madedirectly from a single structuralparameterwhich canbe
obtainedby tting amathematicamodelto agalaxyimage.In this
casethemodelis anadditive combinationof adiskimage,abulge
image,andabackgroundsky) image.Theform of this modelwill
begivenin Section2.1.

Therearesigni cant obstacleshowever, to tting thesemodels.
The mostchallengingis the Point Spreadrunction(PSF).Images
of galaxiesfrom ground-basedelescopesresmearedy a turbu-
lentatmosphereganddistortedby lensimperfectiongtelescope |-
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Figure 1: Galaxy imagestaken fr om the SloanDigital Sky Survey

ters,mirrors,lensesgtc.) Figure4 illustratesthe effect of the PSF
onadiskimage.To understandhe mechanisnof the PSF imagine
a singleray of light coming from the direction of the galaxyand
aimedat the centerpixel/detectorof the telescope.Without dis-
tortion, the resultingimagewould be a single point. However, as
theray travelsthroughtheatmospherandthetelescopes optics, it

spreadsut andis distortedbeforeit hits the centerpixel/detectar
Theresultingimageis aPSF! The PSFcanbeviewedastheprob-
ability massfunction for the arrival of a single photonat a given
pixel, giventhatthe photonwasinitially aimedatthe centerpixel.

The problemis that every incoming photonis subjectedo thein-

uencessummarizedn the PSE sotheresultingimageis smeared.

Section2.1.2describesheactionof the PSE

Large numbersof local minimaareanothemproblem. The noise
of theimagesanda sometimegoo- exible modelmale nding the
correctt dif cult. For example,somediskscanbe well approxi-
matedby a combinationof bulgeandsky. In the presencef noise,
the two possibilitiescan be impossibleto distinguish. In orderto
enumeratéhesdocalminima,someform of globalsearchis gener
ally necessaryandthis is quite time-consumingThe mosttrusted
of the current2-d morphologytechniquess a simulatedannealing
algorithm[9], whichis robustto local minima, but is slover dueto
its caution. The algorithmdescribedn this paperis ableto sam-
ple the parameteispacewith on order of 50,000samplesandis
thereforeprobablymorerobustto local minima.

Currently standardnhonlinearregressiontechniquesare usedto
t theseimages,suchas simulatedannealing[9] and Levenbeg-
Marquardt[7]. Theseapproachegreall effective, but time con-
suming,e.g.,roughly 1-3minutesper64 64imageonal.4GHz
pentiumdesktop. Assumingthis, 100 million galaxieswould re-

1The Point SpreadFunction is more generallya smooth two-
dimensionafunction. We discretizeit into a nite-resolution im-
age.
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Figure 2: Hubble tuning fork diagram. The fundamental divi-
sion of galaxiesis into ellipticals (E) and spirals (S). The num-
ber after the ellipticals is the ratio of their major axis to their
minor axis, called the ellipticity . The total light from the cen-
tral bulgerelative to that from the disk (the bulge-to-diskratio)
diminishesfrom left to right.
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Figure 3: The generative model. Parameters from the spaceQ P are mappedinto image space,RN N by y. The error model e
describesthe variance in eachof the N2 pixels/dimensionsof the resultingimage.

quire about200 yearsof CPUtime. For higherresolutionimages,
performanceapidly degrades. The codeintroducedin this paper
performghesamets in lessthanasecondandis robustto changes
in resolutionof thetargetimage.

Othermachindearningapproacheto similar problemshave in-
cludedthe useof EM in classifyingcertain“bent-double”galax-
ies [5], the applicationof the Information Bottleneckmethodto
classi cation of galaxyspectrg[10], andthe useof arti cial neu-
ral networks in classifyinggalaxiesalong a single “galaxy-type”
dimensiomn1].

2. PROBLEM

The generaltaskis to t a parametricmodel to data. In this
casethe datais animageof a galaxy In the galacticmorphology
(GM) task,themodelis afunctionwhosel2freeparameterarethe
morphologicalcharacteristic®f the galaxy e.g.,shape size,and
location (seeAppendix for completelist.) This taskis described
in detailin [9]. We assumeall imagesare squarewith N pixels
perside,giving a total of N2 pixels. Occasionallimagesmustbe
representedsvectors sothey aredenotedwvith anoverheadarrov
€). Imagescanbeturnedinto vectorshy vertically concatenating
thecolumns.

2.1 Generative Model

Themostbasicassumptionthatwe malke is thatthetargetimage
canbe modeled. Herewe usea modelconsistingof a setof four
mainelementsfy ; Q; P; eg, which describeghe expectecnumber
of photongo arrive ataparticularpixel i j in amatrix of pixels. The
ultimateobjective is to invert this modelfor eachtargetimage.

y is afunctionthatmapsparametersntomatricesasin Fig-
ure 3. The matrix's elementscorrespondo the pixelsin an
imageand/orto the detectorsn atelescopey is thesumof
¢ componenfunctions:

C
y(@p)= & y“(dp) (€N
k=1
In the galacticmorphologytask,y hasthreecomponentsa

disk, a bulge,andconstanbackground.This functionis de-
scribedin greatedetailin Section2.1.1andin theAppendix.

Q isthespaceof possiblevaluesfor theq parameteofy. In
thegalacticmorphologytask,theseparameteraredisk ux,

disk angle,disk inclination, bulge ux, etc. (seeAppendix.)
Thesearethe parametersoughtby theregression.

P is thespaceof possiblevaluesfor the xed p parameteof
y. Unlike Q, theseparametersrenot tted. In the galactic

morphologyproblem,p is the PSE The spaceP containsall
the PSFsthatcouldoccur

e is a noisemodel. For the GM task, we assumeadditive,

zero-mearGaussiamoise? The noisecanalso be hetero-
scedastici.e., variancecandiffer betweerpixels. For clarity,

thee componentmay sometimede omittedin the text.

The elementsof the model describedin this sectionareillus-
tratedin Figure3. Eachpixel hasanindependenGaussiardistri-
bution, sothetametimagey is assumedo have the distribution

Yij N vyij(a;p);a;j (2
wherethedistribution for eachpixel valueis Gaussiarwith amean
of yij(a;p) andavarianceof & .

2.1.1 TheFunctiony

Themodel f is afunctionon a 2-dimensionaplanewhich indi-
catesthedensityof ux atagivenpointontheplane.Thegeneral
shapeof thefunctionis a sharppeakat the centerof the galaxy ta-
peringoff with distance Thedisk tapersoff exponentiallywith re-
spectto distancerom the centerof the galaxy andthebulgetapers
off exponentiallyw.r.t. the cuberoot of thedistance Theappendix
containghedetailsof thefunctionandits motivations.Importantly
the modelis not smoothandhasno derivativesat (0;0). Thereis
asinglesharpspike atthis location,which createdif culties later
onwhentrying to decowolve y andp.

2.1.2 TheFixedParameter(sp

In the GM task, the relationshipbetweernthe x ed parametep
(the PSF)andthemodely is oneof convolution.

y(a;p) = p?y(a;D) (3

WhereD is animagewith a singledeltafunction, which indicates
noblurring; convolutionwith Dresultsin aperfectreplicationof the
originalimage.Theeffect of corvolution is illustratedin Figure4.

Sincep is animageof the PSF cornvolving animagewith a par
ticularp is equivalentto blurringwith aparticularatmosphericon-
dition and/ormirrorimperfection.Fortunately corvolutionis alin-
earoperation sinceeachpixel becomes linearcombinationof all
otherpixels. Hence Equation3 canberewritten as

C
y(a:p)=p?y(;D)= & p?y (d“D) @)
k=1

Due to the physicalinterpretationof p, all the pixels of the PSF
mustbe nonngative. Also, conseration of enegy requiresthat
the pixelssumto one.

2As anapproximatiorto thetrue noisedistribution, which is Pois-
son.
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Figure 4: Example of effect of corvolution with PSE The far left gur eis a one-dimensionalbrightnesspro le of a slicefrom a disk
galaxyimage. The middle imageis an exampleof a one-dimensionalPSFK in this casea Gaussian.The far right plot is the corvolution
of the disk pro le by the PSFpro le. Notethat this operation resultsin a “blurring” of the original image.

2.1.3 TheNoiseModele

Althoughy is the expectednumberof photonsto arrive during
an exposure the realizednumberwill be a discretecountingpro-
cess.Sothevaluewill follow a Poissondistribution with a mean
andvarianceof y (q; p). Becauseof this, errorvarianceat a pixel
is proportionalto theamountof signalatthe pixel. This heterosce-
dasticitymustbe accountedor in theregression.

We considerthe Poissonto be well approximatedn this case
with a Gaussiardistribution with a meanandvarianceof y (q; p),
sincethe numberof photonsis usuallygreaterthan30in themore
in uential centralpixels.

The noisemodel canalsobe usedto “mask” bad pixels in the
inputimage. If the galaxyof interestis closeto anothergalaxy or
artifactsare presentin the image,thena maskis usedto specify
which pixelsto ignore. Bad pixels canbe masled out entirely by
settingtheir e valuesto in nity .

2.2 Objective

The objective is to inverty . Speci cally, to take a giventarget
imagey, PSFp, anderrormodele, andto nd aparametewector
g 2 Q that,whenfed to the generatre modelof Equationl, pro-
ducesanimagey closeto y. By “close'we meanto minimize the
distancebetweenthe two images. This distancefunction will be
denotecby c2.

N 12
CZ(y; y’ e) - é (yl qzyl) (5)
I
This distancefunction is the leastsquarescriterion with hetero-
scedastimoise. Assumingthat the noisemodel e is correct, its
minimumwill occuratthemostlikely t.

3. NONPARAMETRIC FITTING

The algorithmmustbe ableto quickly invert the galaxyimage
modelandto decowolve imagesthathave beenblurredby a PSE

Themostsuccessfualgorithmtypewe have foundhasbeenavari-
antof thenearesheighboralgorithm. Thisapproacttreateamap-
ping from imagespaceRN N to parameterspaceQ by remem-
beringandgeneralizingrom mary previousQ-to-RN N mappings
(via prototypes).

We arethususinga nonparametritechniqueto performa para-
metric regression.Two reasongrimarily motivatethis choice: 1)
themodelis expensve to evaluatebecausehe PSFconvolution re-
quiresO(N logN) operationgachtime amodelimageis generated.
Iterative techniquesg.g., Levenbeg-Marquardt,needto evaluate
themodelat every step,sosearchbecomegostly and2) thenum-
ber of local minima s large, so mostdescent-basethethodsare
inappropriatedueto their vulnerability to local minima.

3.1 Brute ForceApproach

For purposesof exposition, we will startwith a naive, infea-
sible approach. The prototypesthat will be usedto map from
imagesto parametersare the membersof the set of prototypes
X = f(xi;qi;pi)gip:l, wherex; = y (gi;pi) andjXj is the number
of prototypes We generatehis setby samplinguniformly from Q
andP.

The regressiontaskin this contet isto nd q by nding the
smallestdistancebetweerthe targetimageandeachof the proto-
types,

h i

X = argmingy Cc2(Xy;€) (6)
whereq is the parametewnector correspondingo the prototype
X . This is the core stratgy of this regressionalgorithm. There
are,however, clearbarriersto overcome.First, the dimensionality
of the prototypespaceis very high; onedimensionper pixel for a
32 32imagegives1024dimensionsComparingorototypedoin-
comingquerieswill thusbeexpensve. Secondthe presencef the
uncontrollablex edparameterp meanghatalargenumberof pro-
totypeswill berequiredto adequatelysamplethe parametespace



Figure 5: The rst 8 eigengalaxieobtained from galaxieswhich have beencorvolved with a GaussianPSF with 2-pixel standard

deviation.

Q P. However, nearesneighborsearchcanexploit threestrate-
gies,which accounfor mostof thespeedyainsmade,1) Principal
Componentdnalysis, 2) PSF-localPrincipal ComponentAnaly-
sis,and3) prototypedecomposition.

4. FEATURE SPACE CREATION

One problemwith working in imagespaceRN N is the com-
putationalload of so mary dimensionsj.e., one per pixel. With-
outnoise,however, themodelfy ; Q; Pg createsmagesthatcanat
mostoccupy a manifold whosedimensionis equalto the number
of modelparametersldeally, oneshouldfocusones efforts in the
mostrelevant subspaceandignorethe rest, especiallysincenear
estneighboralgorithmsare sensitve to excessie dimensionality
Principal Component#Analysis (PCA) achie/esthis by determin-
ing thelinearsubspacén which the mostvarianceresides.

Eachprototypeis a pointin RN N, To determinethe bestsub-
spaceof RN N we would like to know the shapeof the subspace
that theseprototypesoccupy, which is the manifoldfy (q;p)jq 2
Q;p 2 Pg. Onemeasureof shapeis the covariancebetweenthe
valuesof eachdimension/piel of the modelmanifold.

Z Z

b= bR db(@p) Widpda (@)
wherep is the meanmodelimageover all g 2 Q andp 2 P: This
is the pixel covariancematrix,UU T, whosei j-th elemenis theco-
variancebetweerpixel i andpixel j in the modelspace.Oncethe
pixel covarianceis known, the rst K eigevectorsof UUT form
an“optimal” subspacef RN N. This subspaceputof all possible
linear K-dimensionalsubspacesf RN N, explainsthe maximum
variancepossible.Theseeigemvectorsarethe rst K principalcom-
ponents.

We must rst estimateUUT. This canbe doneefciently by
samplingthe model manifold, i.e., by randomlychoosinggs and
ps from the parameteispaceQ P andgeneratingmagesfrom

themusingthe modelfy;Q;Pg. Thesesampleimagesarethen
mean-normalized lined up as column vectorsas the matrix U,
andmultiplied to produceUUT:

In the PCA paradigm,the rst K N2 eigervectorsof UUT
form the basisfor anew spacewhichwe will denoteF. Thisbasis
F isanN K orthonormalmatrix. The spanof the columnsof F
will bereferredto asaneigenspacandtheindividual columnsas
eigenimages.SeeFigure5 for eight sampleeigengalaxies.Note
thatF T is aprojectionmatrixsuchthaty= F Ty. Vectorsprojected
into eigenspacwvill be denotedby e andarealsovectors.

4.1 Projectioninto Feature Space

Theentirenearesheighborsearctshouldnow take placewithin
the eigenspacé . This requiresprojectingall of the prototypeim-
agesandall targetimagesinto F. Sincethe eigervectorsare or-
thogonal projectioninto the eigenspacés straightforvard:

g=F'y ®)

However, if the noiseis heteroscedastithe projectionrequires
morecare.Differentpixels/dimensionsiill beweighteddifferently
by the distancefunction c2, so distancesetweerimageswill be-
have asif theimagespacehasbeenwarped.Thestretchingwill be
axis-alignedn imagespacepecauseachpixel's noiseis indepen-
dentof theothers'.

If noiseis heteroscedastithe optimal projectionis a weighted
linearregression The diagonalmatrix Sy is the covarianceof y in
RN N. Thematrix Sy is just a reoganizationof exactly the same
informationcontainedn e.

diag(s,) = e ©)

3The meanof all sampleimagesis subtractedrom eachimage,as
in Equation?.
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Figure 6: Fitting imagey. The empty circle is a disk componentand the lled circleis a bulge component. The tting is donein
feature spaceF. The intersection of the dashedline and the solid line in F is the best- tting linear combination of the bulge and disk
to ¥. This procesds repeatedfor multiple combinationsof bulge and disk.

Theprojectionof yinto F is

y=(F's,'F) 's,'FTy (10)
andtheresultingerrorcovarianceof y is
Sy= (FTs,'F) * (11)

The matrix Sy is the covariancematrix of §, re ecting ary uncer
tainty in the eigenspacerojectionof y. In contrastto Sy, the co-
varianceSy usuallyhasoff-diagonaltermsbecauséhe noiseis not
axis-alignedwith respectto the basisF. Thusy will mostlikely
have correlatederrorsdueto the projection.

4.2 NearestNeighborin Feature Space

Now we canattacktheregressiorproblemwhile insidetheeigen-
space,wherewe enjoy a much reduceddimensionality The al-
gorithmusesonly the eigencoordinatesf the prototypesdenoted
R. Thealgorithmbecomeslightly morecomplicatedsincethe c2
distancefunction mustnow accountfor ary correlatederrorsin ¥
introducedby projectionof y ontoF . The new algorithm:

h i
argming,, (X 9)'S;MX 9) (12)

whereX andy aretheeigencoordinatesf x andy respectrely. The
tted parametewectorq istheq correspondingo X .

X =

5. PSF-LOCAL FEATURES

Up to this pointwe have includedall possiblePSFsin our PCA.
Themodelmanifoldfy (q;p) j 92 Q;p 2 Pghasrelatively few di-
mensions? butit is highly nonlineamwith respecto p. Thismeans
thatthe numberof eigenspaceimensiongequiredto represenit
adequatelyvill belarger Thereareatleasttwo approacheto this
problem:attemptingto remove the effect of p andPSF-locaPCA.

The mostdirect approachis to modify y to remove the effect
of the PSFp. This canbe accomplishedria decowolution. Un-
fortunately decowolution hasdif culty with regionsof theimage
with suddenchangesn intensity which is the part of the image
with the mostinformationreleventto our model. The centralspike
(which is the galaxycenter)is a discontinuitythatis very dif cult

4We assumehatthe classof possiblePSFsis constrainedo lie in

somemanifoldwith dimensiormuchlessthanRN N, E.g.,images
of trees humanfaceswhite noise,etc. arenotin P.

for decowolution to reconstructAlso, decowolution suffersfrom
instability in the presencef noise.

The next approachis PSF-localPCA. This maintainsa differ-
entF for every PSE Eacheigenspacés obtainedby xing p and
repeatingthe stepsof PCA in Section4. Eacheigenspacés opti-
malfor its p. Thenumberof dimensiongequiredis thereforequite
small,20 dimensiongapturesver 99:999%o0f thevariance.

It is feasibleto reusea F generatedrom a single PSFp be-
causemostPSFsin a givenrun of galaxyimagesare similar, and
becausesmall differenceshetweenPSFsgenerallyproducesmall
differencesn resultingimages.

Thealgorithmstoresarelatively smallnumbems of PSF-speci ¢
eigenspaces(p;i; F i)gin:S 1- Theinitial PSFpopulationconsistsof a
few Gaussian®f varying standarddeviation, to which PSFsare
addedduring on-line operation. The decisionto adda PSFto the
databasés made somevhatarbitrarily, whenanincomingP SFdif-
fersby morethan0.02in varianceexplainedfrom its closestmatch
in thedatabaseVarianceexplainedhereis 1 SN(p;i  p92=S;p®.
WherepPis a PSFfrom the existing database.

6. SPLITTING PROTOTYPES

The fact that the model is of the form y (q;p) = éﬁyk(qk; p)
can be usedto good advantage;only prototypesfor the compo-
nenty ¥(g¥; p) imagesneedto be created For example,in the GM
taskthe componentunctionsarethe disk, bulge,andbackground.
Insteadof generatingandstoringlarge numbersof individual com-
binationsof disksandbulgesto form the setX, we canstorethree
muchsmallersetsof prototypes:adisk setXy, a bulge setXy, and
asky setXgyy. Farfewer prototypeswill be neededo representhe
samenumberof images. The size of the representablaumberof
prototypesis now jXai  1Xoj Xk, but only jXgj + Xej + Xk
imagesneedbe created.

Thefeaturevectorsof the prototypesare decomposablaswell
because

C
g =FTy(@p)= & Fy dp)  (13)
k=1
Thesamaeis truein theheteroscedastitase sinceprojectionis still
achieved with a matrix operation. The matrix in questionis the
productof the matriceswhich aremultiplied by y in theright hand
sideof Equation10.
Nearestneighboralgorithmsrequire somenotion of distance,



| Algorithm | Strategy | Speed |
GIM2d SimulatedAnnealing | “360sec
Galt Levenbeg-Marquadt| “30sec
GMORPH Instance-Based "1sec
1-dapproachegbiased) Descent <lsec

Table 1: Comparison of the differ ent strategiesand speedof existing algorithms for the galaxy morphology task.

anddistancesretypically de ned betweentwo points. However,
since we are combining componentf prototypeswe mustde-
ne adistancemetric betweena particularsetof components ;

be nding the distancebetweena galaxyimageand,for instance,
bulge #55 with disk #1244. The c componentwill de ne a (hy-
per)planeof possiblémageswhich consistof all non-ngative lin-
earcombinationof thec components.

Given our de nition of c2, the errorminimizing metric is the
distanceto the nearespoint on thatplane. This distancec? is cal-

culatedvia weightedinearregression:
h i

Z = LK (14)
b = (27s;'2) 15,27y (15)
¢ = (2 »'s;NZd 9 (16)

Importantly this linear regressionalsodeterminegshe optimallin-
ear combinationof the particular components %°; &%;%2;:::; &g
usedin Equationl14 for the particulartargety. The optimal coef-
cientsarethe elementsf the vectorb. Having thusdeterminect
of theparametersf themodelvia therelatively cheapoperationof
alinearregressiontheremainingdimensionof the searctspaces
reduceddy c. In thecaseof the GM problem thethreecoefcients
of b arethetotal ux esof disk, bulge, andbackground.Figure 6
illustratesthe procedurdor justabulgeandadisk component.
At this point, we in principle have only to calculatec? for all
combination®f disksandbulges,andselectthe combinatiorwith
the smallestc2. Unfortunately speedvould thenbe unacceptably
compromisedsoinsteadwe searchselectvely.

7. NEAREST NEIGHBOR SEARCH

After the eigenspac@asbeenselectechndthe targetimagehas
beenprojectednto thespacethenthesearcHor anearesheighbor
begins. Thesearchcouldbe accomplishedby anexhaustve search
of all bulge-diskcombinations.HHowever, we save time with the
following two-partsearchalgorithmwhich hasglobal anda local
searclcomponents:

1. Global: Random Pair Sampling startsby extensiely ran-
domly samplinga large numberof disk/tulge pairsfrom Xy
andX, (the sky Xsky is held x ed asa constant.)Eachpair
is t toy via weightedlinearregressiorasin Equationsl4-
16. We typically areableto sample50,000pairs, which is
an unusuallydensecovering of the parametespacefor this
particularproblem.

2. Local: Ilterati ve search startswith the bestcandidateérom
phasel. The bulge-relatecharametersareheld x ed while
the bulge componenis thenpairedwith all disk prototypes
from X4 anda c? is calculatedfor eachcombination. The
bestcombinationbecomeshe nev start point for another
“step’. Now the disk is x ed while X, is searchedor a
betterbulge. The processcontinuesin this manneruntil no

improvementresults. To evaluateeachcombination,c? is
obtainedby weightedlinear regressionasin Equation16.
which alsodetermineghe optimal linear combinationcoef-
cients, b, of theprototypedor thatparticulartargety.

The processis guaranteedo corverge becausehe searchspace
is nite, andthe sequencef pairsmustalwayshave a decreasing
c2. Phase2 is run on the top 10 or 20 candidatesrom phasel.
We have foundthe local searchasdescribedo generallycorverge
to a betterminimum thansimplelocal (e.g., hiliclimbing) search.
We conjecturethatthis is dueto the large numberof local minima
inherentin the problem.

8. RESULTS

Table 1 summarizeghe strongestifferencebetweerthis algo-
rithm andits predecessorsyhich is speed.Implementedn MAT-
LAB [4], GMORPHcananalyzea64 64imagein approximately
1 second.The nearestompetitorcando the sameimagein about
30 secondsbhut it is a descentnethodandvulnerableto local min-
ima. The timeswere obtainedby generatingrandomgalaxy pa-
rameterdrom therangeFy 2 [0;1];F, 2 [0;1]; ik = O;py = O;rg 2
(0;16];9nc 2 [0 ;85 1,04 2 [0 ;180 ];re 2 (0;16];e2 [0;0:7]; and
b 2 [0 ;180 ], andwereusedto generaté4 64 imagesof galax-
ies. The PSFswvereGaussiarwith a standarddeviation of 2 pixels.

Figure7 containgheresultsof acomparisorbetweertGMORPH
and the traditional and currently most-trustedmeasureof galaxy
shape: humanclassi cation. We testedthe agreemenbetween
GMORPHandanalready-classi edlatasetvith 300galaxies Each
imagehadbeenclassi edvisually by apanelof four humanexperts
onto a scalewhich variesfrom 0 (all bulge)to 5 (all disk), with
6 being'irregular’. The resultsshav a clearcorrelationbetween
GMORPHandexpertclassi cation.

Figure8 plotstheagreemenbetweerlGMORPHandGIM2d [9]
on the disk radiusfor low-noise, predominantlydisk galaxyim-
agesfrom the SloanDigital Sky Surwy. Both algorithmswere
run on 100imageseachwith a uniquePSF The catalogof proto-
typesusedby GMORPHhadjXgisij = 1000,jXpuigej = 1000,and
iXskj = 1. Thesizeof theimagesvaried,but wereapproximately
50 50. Theagreemenbetweerthetwo methodds apparenhere,
however, in high-noiseimagesthe two methodsproducedifferent
results. Althoughwe arestill investigatingthe sourceof theseoc-
casionaliscrepencieghereis preliminaryevidencethattheseare
casesn which eitherthe galaxymorphologydivergesfrom the as-
sumedbulge/diskmodel,or noiseis too severeto t the datawith
con dence.

9. CONCLUSIONS

We reporton anongoinginvestigationof a nonlinearregression
problemfrom astronomy: given a massve datasetof noisy dis-
tortedimagesof unknavn galaxies,rapidly t anonlinearmodel
to eachimagein the dataset A instance-basedhethodfor accom-
plishingthis taskhasbeendescribed.
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Figure 7: Comparison to human expert classi cation of 300
galaxies.The horizontal axisis the galaxy classi cation, which
varies from O (all bulge) to 5 (all disk), with 6 being 'irr egu-
lar'. Thevertical axisisthe bulge-to-total ux ratio returnedby
GMORPH. Each box indicatesthe 25th, 50th, and 75th quar-
tiles.
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Figure 8: Noise and PSF effect on recovered disk radius er-
ror. The agreementbetweendisk radius parameters tted by
GIM2d andthose tted by GMORPH onimagesfromthe Sloan
Digital Sky Survey.

Instance-baseaethodsallow for veryfastidenti cation of these
galaxiesthrough samplingof the parameterspace the useof an
eigenspaceandthroughsplitting the prototypesnto components.
GMORPHcanavoid the expenseof calculatingthe PSFduringthe
searchprocessand can scanthroughthe spaceof galaxyimages
rapidly becausét restrictssearchto themuchsmallersubspacele-
terminedby PCA. We have measuredhe performancevia simula-
tion andit shouldin principle allow for unprecedentednalysisof
astronomicatlataset®f galaxyimages.
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APPENDIX

A. SURFACE BRIGHTNESS FUNCTION

Before being blurred by the PSF the galaxyis createdby the
surfacebrightnesgunction,y , whichtakesasanargumentavector
from Q. Herearethe 12 modelparametersf Q, abrief description,
andtheirunits:

F,, Fy total integrated ux of bulge and disk componentgerg
cnP=seg

Ix, by thex andy offset of the galacticcenterfrom the centerof
theimage(pixels)

re, rq bulgeanddisk scalelengths(pixels)



e, apparenbulgeellipticity (unitles3
gnc diskinclination(degree3. Rotationtowardviewer

& & bulge anddisk angleof rotation(degree3. Clockwiserota-
tion relative to viewer

sky sky backgroundffset(flux=cr?)

Sersic a bulge shapeparametethatis x edto the value4 for all
experiments

Theclassicmodelof galaxieshasbeenadditive: alinearcombina-
tion of abulgeimage,a diskimage,anda sky (backgroundjmage
[9, 7, 8]. Thesky imageis a constantandwill omittedfrom the
formulaefor clarity.

Before discretizationinto pixels, g is a continuousbrightness
functionde ned over the 2-dimensionalmageplaneuv.®> The ex-
pectednumberof photonsto hit a pixel/detectoris found by inte-
gratingg overtheuv areaof the pixel ontheplane.

Thefunctiong is the sumof c componentunctions:

C
guvap) = & guvasp) 17)
k=1

In the galacticmorphologytask, g hasthreecomponentsa disk,
a bulge,andconstanbackgroundWe will assuménenceforththat
the PSFis a deltafunction, sowe omit p from the discussionWe
referto the entireunblurreddisk function asggis(0), andthe un-
blurredbulgeimageasgyige(d)-

The surfacebrightnessggisk, of a puredisk galaxyw.r.t. radius
hasbeenfound to have an exponentialform [2, 6]. A commonly
usedmodelconsistof anin nitely thin disk with brightnessn the
planeof the disk taperingoff exponentiallyaway from the center
Whenprojectedonto the imageplane,the brightnesgy,sk hasthe

form |

P e+ y2cos 2gne.
aisk(U; V) _ Faexp Tnc (18)
whereFy is theintegratedbrightnes®f thedisk, gnc isthedegree
of inclination of the disk towardsthe viewer, andry is the disk
“radius”, or scaleparameter Both Equation18 and Equation19
aresimpli ed for presentatiorin thatthey omit clockwiserotation
and x thecenterof thegalaxyat(0;0).
The bulge is modeledwith a classicalde Vaucouleurspro le.
Also known asthe ri™ law, de Vaucouleurs'law is perhapsthe
mostwidely usedempiricallaw to describethe surfacebrightness

pro le of apurebulge galaxy Thebulgebrightnesss
" #:1
2

P e 2,
)

Gbulge(Us V) _ Fb@(p@ b (19)

whereFy is theintegratedbrightnesf the bulge, e, describeghe
ellipticity of thebulge,andry, is thebulge “radius”.
Theactualimagerecordedy thetelescopés digitizedinto pix-
els. Pixelsareelementf thematrixy .
Zi+1Z j+1
yij(a;p) = C 9(u; v; @; p)dudv (20)

5Thevariablesu andv areusedonly because andy appearelse-
wherein this paper



