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ABSTRACT
Astronomyincreasinglyfacestheissueof massive,unwieldly data
sets.TheSloanDigital Sky Survey (SDSS)[11] hasso far gener-
atedtensof millions of imagesof distantgalaxies,of which only
a tiny fractionhave beenmorphologicallyclassi�ed. Morphologi-
cal classi�cationin this context is achievedby �tting a parametric
modelof galaxyshapeto a galaxyimage. This is a nonlinearre-
gressionproblem,whosechallengesare threefold,1) blurring of
theimagecausedby atmosphereandmirror imperfections,2) large
numbersof localminima,and3) massive datasets.

Ourstrategy is to usetheeigenimagesof theparametricmodelto
form anew featurespace,andthento mapbothtargetimageandthe
modelparametersinto this featurespace.In this low-dimensional
spacewe searchfor thebestimage-to-parametermatch.To search
the space,we sampleit by creatinga databaseof many random
parametervectors(prototypes)andmappingtheminto the feature
space.The searchproblemthenbecomesoneof �nding the best
prototypematch,sothe�tting processa nearest-neighborsearch.

In additionto thesavings realizedby decomposingtheoriginal
spaceinto an eigenspace,we canusethe fact that the model is a
linear sumof functionsto reducethe prototypesfurther: the only
prototypesstoredare the componentsof the model function. A
modi�ed form of nearestneighboris usedto searchamongthem.

Additional complicationsarisein the form of missingdataand
heteroscedasticity, bothof which areaddressedwith weightedlin-
ear regression. Comparedto existing techniques,speed-upsach-
ievedarebetween2 and3 ordersof magnitude.Thisshouldenable
theanalysisof theentireSDSSdataset.
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1. INTRODUCTION
In orderto understandthe formationof largescalestructuresin

the universe,it is necessaryto understandthe variedgalaxymor-
phologies. This is still an openareaof researchin astronomy;it
is not preciselyknown how galaxyshapesarise. The distribution
of shapesandtheir correlationwith othermeasuredpropertiesof
galaxiesis importantto generatingand testinghypothesesabout
the natureof the universe. This requiresextractingvarioustypes
of information from large numbersof faint and noisy imagesof
galaxies,e.,g.,whetherthe galaxyis spherical,elliptical, or disk-
shaped,thesizeof thecentralbulgerelative to thesizeof thedisk,
etc.Exampleimagesaregivenin Figure1.

Figure2 illustratesacommonclassi�cationsystemstill in useto-
day: theHubble“tuning fork” [3], whichroughlydividesall galax-
iesinto ellipticals(bulge-dominated)andspirals(disk-dominated).
The modelparameterthat correspondsto this is the bulge-to-disk
ratio,whichdescribestherelativeamountsof light emanatingfrom
the two components.Hencea coarsegalaxyclassi�cationof can
bemadedirectly from a singlestructuralparameter, which canbe
obtainedby �tting amathematicalmodelto agalaxyimage.In this
case,themodelis anadditive combinationof adisk image,abulge
image,anda background(sky) image.Theform of this modelwill
begivenin Section2.1.

Therearesigni�cant obstacles,however, to �tting thesemodels.
Themostchallengingis thePointSpreadFunction(PSF).Images
of galaxiesfrom ground-basedtelescopesaresmearedby a turbu-
lentatmosphere,anddistortedby lensimperfections(telescope,�l-



Figure1: Galaxy imagestaken fr om the SloanDigital Sky Survey

ters,mirrors,lenses,etc.) Figure4 illustratestheeffect of thePSF
onadisk image.To understandthemechanismof thePSF, imagine
a singleray of light coming from the directionof the galaxyand
aimedat the centerpixel/detectorof the telescope.Without dis-
tortion, the resultingimagewould be a singlepoint. However, as
theray travelsthroughtheatmosphereandthetelescope'soptics,it
spreadsout andis distortedbeforeit hits thecenterpixel/detector.
Theresultingimageis aPSF.1 ThePSFcanbeviewedastheprob-
ability massfunction for the arrival of a singlephotonat a given
pixel, giventhatthephotonwasinitially aimedat thecenterpixel.
Theproblemis thatevery incomingphotonis subjectedto the in-
�uencessummarizedin thePSF, sotheresultingimageis smeared.
Section2.1.2describestheactionof thePSF.

Largenumbersof local minimaareanotherproblem.Thenoise
of theimagesandasometimestoo-�exible modelmake �nding the
correct�t dif�cult. For example,somediskscanbewell approxi-
matedby a combinationof bulgeandsky. In thepresenceof noise,
the two possibilitiescanbe impossibleto distinguish. In orderto
enumeratetheselocalminima,someform of globalsearchis gener-
ally necessary, andthis is quitetime-consuming.Themosttrusted
of thecurrent2-d morphologytechniquesis a simulatedannealing
algorithm[9], which is robustto localminima,but is slowerdueto
its caution. The algorithmdescribedin this paperis ableto sam-
ple the parameterspacewith on orderof 50,000samples,and is
thereforeprobablymorerobustto localminima.

Currentlystandardnonlinearregressiontechniquesareusedto
�t theseimages,suchassimulatedannealing[9] andLevenberg-
Marquardt[7]. Theseapproachesareall effective, but time con-
suming,e.g.,roughly1-3 minutesper64� 64 imageon a 1.4GHz
pentiumdesktop. Assumingthis, 100 million galaxieswould re-

1The Point SpreadFunction is more generally a smooth two-
dimensionalfunction. We discretizeit into a �nite-resolution im-
age.

Figure 2: Hubble tuning fork diagram. The fundamental divi-
sion of galaxiesis into ellipticals (E) and spirals (S). The num-
ber after the ellipticals is the ratio of their major axis to their
minor axis, called the ellipticity . The total light fr om the cen-
tral bulgerelative to that fr om the disk (the bulge-to-diskratio)
diminishesfr om left to right.
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Figure 3: The generative model. Parameters fr om the spaceQ� P are mapped into image space,RN� N by y . The error model e
describesthe variance in eachof the N2 pixels/dimensionsof the resulting image.

quireabout200yearsof CPUtime. For higherresolutionimages,
performancerapidly degrades.The codeintroducedin this paper
performsthesame�ts in lessthanasecond,andis robusttochanges
in resolutionof thetargetimage.

Othermachinelearningapproachesto similarproblemshave in-
cludedthe useof EM in classifyingcertain“bent-double”galax-
ies [5], the applicationof the Information Bottleneckmethodto
classi�cationof galaxyspectra[10], andthe useof arti�cial neu-
ral networks in classifyinggalaxiesalonga single “galaxy-type”
dimension[1].

2. PROBLEM
The generaltask is to �t a parametricmodel to data. In this

casethedatais an imageof a galaxy. In thegalacticmorphology
(GM) task,themodelis afunctionwhose12freeparametersarethe
morphologicalcharacteristicsof the galaxy, e.g.,shape,size,and
location (seeAppendix for completelist.) This task is described
in detail in [9]. We assumeall imagesaresquarewith N pixels
perside,giving a total of N2 pixels. Occasionallyimagesmustbe
representedasvectors,sothey aredenotedwith anoverheadarrow
(~�). Imagescanbe turnedinto vectorsby vertically concatenating
thecolumns.

2.1 Generative Model
Themostbasicassumptionthatwemake is thatthetargetimage

canbe modeled.Herewe usea modelconsistingof a setof four
mainelements:f y ;Q;P;eg, whichdescribestheexpectednumber
of photonsto arriveataparticularpixel i j in amatrixof pixels.The
ultimateobjective is to invert thismodelfor eachtargetimage.

� y is a functionthatmapsparametersontomatricesasin Fig-
ure3. Thematrix's elementscorrespondto thepixels in an
imageand/orto thedetectorsin a telescope.y is thesumof
c componentfunctions:

y (q;p) =
c

å
k= 1

y k(qk;p) (1)

In thegalacticmorphologytask,y hasthreecomponents:a
disk,a bulge,andconstantbackground.This functionis de-
scribedin greaterdetailin Section2.1.1andin theAppendix.

� Q is thespaceof possiblevaluesfor theq parameterof y . In
thegalacticmorphologytask,theseparametersaredisk �ux,
disk angle,disk inclination,bulge�ux, etc. (seeAppendix.)
Thesearetheparameterssoughtby theregression.

� P is thespaceof possiblevaluesfor the�xed p parameterof
y . Unlike Q, theseparametersarenot �tted. In thegalactic

morphologyproblem,p is thePSF. ThespaceP containsall
thePSFsthatcouldoccur.

� e is a noisemodel. For the GM task,we assumeadditive,
zero-meanGaussiannoise.2 The noisecanalsobe hetero-
scedastic,i.e.,variancecandiffer betweenpixels.For clarity,
theecomponentmaysometimesbeomittedin thetext.

The elementsof the model describedin this sectionare illus-
tratedin Figure3. Eachpixel hasan independentGaussiandistri-
bution,sothetargetimagey is assumedto have thedistribution

yi j � N
�
y i j (q;p);ei j

�
(2)

wherethedistributionfor eachpixel valueis Gaussianwith amean
of y i j (q;p) anda varianceof ei j .

2.1.1 TheFunctiony

Themodel f is a functionon a 2-dimensionalplanewhich indi-
catesthedensityof �ux at a givenpoint on theplane.Thegeneral
shapeof thefunctionis a sharppeakat thecenterof thegalaxy, ta-
peringoff with distance.Thedisk tapersoff exponentiallywith re-
spectto distancefrom thecenterof thegalaxy, andthebulgetapers
off exponentiallyw.r.t. thecuberootof thedistance.Theappendix
containsthedetailsof thefunctionanditsmotivations.Importantly,
themodelis not smoothandhasno derivativesat (0;0). Thereis
a singlesharpspike at this location,which createsdif�culties later
onwhentrying to deconvolve y andp.

2.1.2 TheFixedParameter(s)p
In the GM task,the relationshipbetweenthe �x ed parameterp

(thePSF)andthemodely is oneof convolution.

y (q;p) = p?y (q;D) (3)

WhereD is an imagewith a singledeltafunction,which indicates
noblurring;convolutionwith Dresultsin aperfectreplicationof the
original image.Theeffectof convolution is illustratedin Figure4.

Sincep is animageof thePSF, convolving animagewith a par-
ticularp is equivalentto blurringwith aparticularatmosphericcon-
dition and/ormirror imperfection.Fortunately, convolution is a lin-
earoperation,sinceeachpixel becomesa linearcombinationof all
otherpixels.Hence,Equation3 canberewrittenas

y (q;p) = p?y (q;D) =
c

å
k= 1

p ?y k(qk;D) (4)

Due to the physicalinterpretationof p, all the pixels of the PSF
must be nonnegative. Also, conservation of energy requiresthat
thepixelssumto one.
2As anapproximationto thetruenoisedistribution,which is Pois-
son.
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Figure 4: Example of effect of convolution with PSF. The far left �gur e is a one-dimensionalbrightnesspro�le of a slicefr om a disk
galaxyimage.The middle imageis an exampleof a one-dimensionalPSF, in this casea Gaussian.The far right plot is the convolution
of the disk pro�le by the PSFpro�le. Note that this operation resultsin a “blurring” of the original image.

2.1.3 TheNoiseModele
Althoughy is theexpectednumberof photonsto arrive during

an exposure,the realizednumberwill be a discretecountingpro-
cess.So thevaluewill follow a Poissondistribution with a mean
andvarianceof y (q;p). Becauseof this, error varianceat a pixel
is proportionalto theamountof signalat thepixel. Thisheterosce-
dasticitymustbeaccountedfor in theregression.

We considerthe Poissonto be well approximatedin this case
with a Gaussiandistribution with a meanandvarianceof y (q;p),
sincethenumberof photonsis usuallygreaterthan30 in themore
in�uential centralpixels.

The noisemodelcanalsobe usedto “mask” badpixels in the
input image.If thegalaxyof interestis closeto anothergalaxy, or
artifactsarepresentin the image,thena maskis usedto specify
which pixels to ignore. Bad pixels canbe masked out entirelyby
settingtheir evaluesto in�nity .

2.2 Objective
Theobjective is to invert y . Speci�cally, to take a given target

imagey, PSFp, anderrormodele, andto �nd a parametervector
q� 2 Q that,whenfed to thegenerative modelof Equation1, pro-
ducesan imageŷ closeto y. By `close' we meanto minimize the
distancebetweenthe two images. This distancefunction will be
denotedby c2.

c2(y; ŷ;e) =
N

å
i

(yi � ŷi )
2

e2
i

(5)

This distancefunction is the leastsquarescriterion with hetero-
scedasticnoise. Assumingthat the noisemodel e is correct, its
minimumwill occurat themostlikely �t.

3. NONPARAMETRIC FITTING
The algorithmmustbe ableto quickly invert the galaxyimage

modelandto deconvolve imagesthathave beenblurredby a PSF.

Themostsuccessfulalgorithmtypewehave foundhasbeenavari-
antof thenearestneighboralgorithm.Thisapproachcreatesamap-
ping from imagespaceRN� N to parameterspaceQ by remem-
beringandgeneralizingfrom many previousQ-to-RN� N mappings
(via prototypes).

We arethususinga nonparametrictechniqueto performa para-
metric regression.Two reasonsprimarily motivatethis choice:1)
themodelis expensive to evaluatebecausethePSFconvolution re-
quiresO(NlogN) operationseachtimeamodelimageis generated.
Iterative techniques,e.g.,Levenberg-Marquardt,needto evaluate
themodelat every step,sosearchbecomescostly, and2) thenum-
ber of local minima is large, so mostdescent-basedmethodsare
inappropriatedueto their vulnerabilityto localminima.

3.1 Brute ForceApproach
For purposesof exposition, we will start with a naive, infea-

sible approach. The prototypesthat will be usedto map from
imagesto parametersare the membersof the set of prototypes
X = f (xi ;qi ;pi)g

p
i= 1, wherexi = y (qi ;pi ) and jXj is the number

of prototypes.We generatethis setby samplinguniformly from Q
andP.

The regressiontask in this context is to �nd q� by �nding the
smallestdistancebetweenthe target imageandeachof theproto-
types,

x� = argminx2X

h
c2(x;y;e)

i
(6)

whereq� is the parametervector correspondingto the prototype
x� . This is the core strategy of this regressionalgorithm. There
are,however, clearbarriersto overcome.First, thedimensionality
of theprototypespaceis very high; onedimensionperpixel for a
32� 32imagegives1024dimensions.Comparingprototypesto in-
comingquerieswill thusbeexpensive. Second,thepresenceof the
uncontrollable�x edparametersp meansthatalargenumberof pro-
totypeswill berequiredto adequatelysampletheparameterspace
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Figure 5: The �rst 8 eigengalaxiesobtained fr om galaxieswhich have beenconvolved with a GaussianPSF with 2-pixel standard
deviation.

Q� P. However, nearestneighborsearchcanexploit threestrate-
gies,which accountfor mostof thespeedgainsmade,1) Principal
ComponentsAnalysis,2) PSF-localPrincipalComponentAnaly-
sis,and3) prototypedecomposition.

4. FEATURE SPACE CREATION
One problemwith working in imagespaceRN� N is the com-

putationalload of so many dimensions,i.e., oneper pixel. With-
outnoise,however, themodelf y ;Q;Pg createsimagesthatcanat
mostoccupy a manifold whosedimensionis equalto the number
of modelparameters.Ideally, oneshouldfocusone's efforts in the
mostrelevant subspaceandignorethe rest,especiallysincenear-
estneighboralgorithmsaresensitive to excessive dimensionality.
PrincipalComponentsAnalysis(PCA) achievesthis by determin-
ing thelinearsubspacein which themostvarianceresides.

Eachprototypeis a point in RN� N. To determinethebestsub-
spaceof RN� N, we would like to know theshapeof thesubspace
that theseprototypesoccupy, which is the manifold f y (q;p)jq 2
Q;p 2 Pg. Onemeasureof shapeis the covariancebetweenthe
valuesof eachdimension/pixel of themodelmanifold.

UUT =
Z

Q

Z

P
[y (q;p) � µ] [y (q;p) � µ]T dpdq (7)

whereµ is themeanmodelimageover all q 2 Q andp 2 P: This
is thepixel covariancematrix,UUT , whosei j-th elementis theco-
variancebetweenpixel i andpixel j in themodelspace.Oncethe
pixel covarianceis known, the �rst K eigenvectorsof UUT form
an“optimal” subspaceof RN� N. This subspace,outof all possible
linear K-dimensionalsubspacesof RN� N, explainsthe maximum
variancepossible.Theseeigenvectorsarethe�rst K principalcom-
ponents.

We must �rst estimateUUT . This can be doneef�ciently by
samplingthe modelmanifold, i.e., by randomlychoosingqs and
ps from the parameterspaceQ � P andgeneratingimagesfrom

them using the model f y ;Q;Pg. Thesesampleimagesare then
mean-normalized3, lined up as column vectorsas the matrix U,
andmultiplied to produceUUT :

In the PCA paradigm,the �rst K � N2 eigenvectorsof UUT

form thebasisfor anew space,whichwewill denoteF . Thisbasis
F is anN � K orthonormalmatrix. Thespanof thecolumnsof F
will bereferredto asaneigenspaceandtheindividual columnsas
eigenimages.SeeFigure5 for eight sampleeigengalaxies.Note
thatF T is aprojectionmatrixsuchthatỹ = F Ty. Vectorsprojected
into eigenspacewill bedenotedby e� andarealsovectors.

4.1 Projection into Feature Space
Theentirenearestneighborsearchshouldnow take placewithin

theeigenspaceF . This requiresprojectingall of theprototypeim-
agesandall target imagesinto F . Sincethe eigenvectorsareor-
thogonal,projectioninto theeigenspaceis straightforward:

ỹ = F Ty (8)

However, if thenoiseis heteroscedastic,theprojectionrequires
morecare.Differentpixels/dimensionswill beweighteddifferently
by thedistancefunctionc2, sodistancesbetweenimageswill be-
have asif theimagespacehasbeenwarped.Thestretchingwill be
axis-alignedin imagespace,becauseeachpixel'snoiseis indepen-
dentof theothers'.

If noiseis heteroscedastic,theoptimalprojectionis a weighted
linearregression.Thediagonalmatrix Sy is thecovarianceof y in
RN� N. Thematrix Sy is just a reorganizationof exactly thesame
informationcontainedin e.

diag(Sy) = �!e (9)

3Themeanof all sampleimagesis subtractedfrom eachimage,as
in Equation7.
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Figure 6: Fitting image y. The empty circle is a disk componentand the �lled circle is a bulge component. The �tting is done in
featurespaceF. The intersectionof the dashedline and the solid line in F is the best-�tting linear combination of the bulgeand disk
to ỹ. This processis repeatedfor multiple combinationsof bulgeand disk.

Theprojectionof y into F is

ỹ = (F TS� 1
y F )� 1S� 1

y F Ty (10)

andtheresultingerrorcovarianceof ỹ is

Sỹ = (F TS� 1
y F )� 1 (11)

The matrix Sỹ is the covariancematrix of ỹ, re�ecting any uncer-
tainty in theeigenspaceprojectionof y. In contrastto Sy, theco-
varianceSỹ usuallyhasoff-diagonaltermsbecausethenoiseis not
axis-alignedwith respectto the basisF . Thus ỹ will most likely
have correlatederrorsdueto theprojection.

4.2 NearestNeighbor in Feature Space
Now wecanattacktheregressionproblemwhile insidetheeigen-

space,wherewe enjoy a much reduceddimensionality. The al-
gorithmusesonly theeigencoordinatesof theprototypes,denoted
eX. Thealgorithmbecomesslightly morecomplicatedsincethec2

distancefunctionmustnow accountfor any correlatederrorsin ỹ
introducedby projectionof y ontoF . Thenew algorithm:

x̃� = argminx̃2 eX

h
(x̃� ỹ)TS� 1

ỹ (x̃ � ỹ)
i

(12)

wherex̃ andỹ aretheeigencoordinatesof x andy respectively. The
�tted parametervectorq� is theq correspondingto x̃� .

5. PSF­LOCAL FEATURES
Up to this pointwe have includedall possiblePSFsin our PCA.

Themodelmanifoldf y (q;p) j q 2 Q;p 2 Pg hasrelatively few di-
mensions,4 but it is highly nonlinearwith respectto p. Thismeans
that thenumberof eigenspacedimensionsrequiredto representit
adequatelywill belarger. Thereareat leasttwo approachesto this
problem:attemptingto remove theeffect of p andPSF-localPCA.

The most direct approachis to modify y to remove the effect
of the PSFp. This canbe accomplishedvia deconvolution. Un-
fortunately, deconvolution hasdif�culty with regionsof theimage
with suddenchangesin intensity, which is the part of the image
with themostinformationreleventto our model.Thecentralspike
(which is thegalaxycenter)is a discontinuitythat is very dif�cult

4We assumethattheclassof possiblePSFsis constrainedto lie in
somemanifoldwith dimensionmuchlessthanRN� N. E.g.,images
of trees,humanfaces,white noise,etc.arenot in P.

for deconvolution to reconstruct.Also, deconvolution suffersfrom
instability in thepresenceof noise.

The next approachis PSF-localPCA. This maintainsa differ-
entF for every PSF. Eacheigenspaceis obtainedby �xing p and
repeatingthestepsof PCA in Section4. Eacheigenspaceis opti-
mal for its p. Thenumberof dimensionsrequiredis thereforequite
small,20 dimensionscapturesover 99:999%of thevariance.

It is feasibleto reusea F generatedfrom a single PSFp be-
causemostPSFsin a given run of galaxyimagesaresimilar, and
becausesmall differencesbetweenPSFsgenerallyproducesmall
differencesin resultingimages.

Thealgorithmstoresarelatively smallnumberns of PSF-speci�c
eigenspacesf (pi ;F i )g

ns
i= 1. Theinitial PSFpopulationconsistsof a

few Gaussiansof varying standarddeviation, to which PSFsare
addedduringon-line operation.Thedecisionto adda PSFto the
databaseis made,somewhatarbitrarily, whenanincomingPSFdif-
fersby morethan0.02in varianceexplainedfrom its closestmatch
in thedatabase.Varianceexplainedhereis 1� SN

i (pi � p0
i)

2=Sip02
i .

Wherep0 is a PSFfrom theexisting database.

6. SPLITTING PROTOTYPES
The fact that the model is of the form y (q;p) = å c

k y k(qk;p)
can be usedto good advantage;only prototypesfor the compo-
nenty k(qk;p) imagesneedto becreated.For example,in theGM
taskthecomponentfunctionsarethedisk,bulge,andbackground.
Insteadof generatingandstoringlargenumbersof individualcom-
binationsof disksandbulgesto form thesetX, we canstorethree
muchsmallersetsof prototypes:a disk setXd, a bulgesetXb, and
a sky setXsky. Far fewerprototypeswill beneededto representthe
samenumberof images.Thesizeof the representablenumberof
prototypesis now jXdj � jXbj � jXskyj, but only jXdj + jXbj + jXskyj
imagesneedbecreated.

Thefeaturevectorsof theprototypesaredecomposableaswell
because

ey (q;p) = F T �!y (q;p) =
c

å
k= 1

F T �!y k(qk;p) (13)

Thesameis truein theheteroscedasticcase;sinceprojectionis still
achieved with a matrix operation. The matrix in questionis the
productof thematriceswhich aremultiplied by y in theright hand
sideof Equation10.

Nearestneighboralgorithmsrequiresomenotion of distance,



Algorithm Strategy Speed
GIM2d SimulatedAnnealing ˜360sec
Gal�t Levenberg-Marquadt ˜30sec

GMORPH Instance-Based ˜1 sec
1-dapproaches(biased) Descent < 1 sec

Table 1: Comparisonof the differ ent strategiesand speedsof existingalgorithms for the galaxymorphology task.

anddistancesaretypically de�ned betweentwo points. However,
sincewe are combiningcomponentsof prototypeswe must de-
�ne a distancemetricbetweena particularsetof componentsf x̃0;
x̃1; x̃2; :::; x̃cg and a target imageỹ. In the GM task, this would
be �nding the distancebetweena galaxyimageand,for instance,
bulge #55 with disk #1244. The c componentswill de�ne a (hy-
per)planeof possibleimageswhichconsistsof all non-negative lin-
earcombinationsof thec components.

Given our de�nition of c2, the error-minimizing metric is the
distanceto thenearestpoint on thatplane.This distancec2 is cal-
culatedvia weightedlinearregression:

Z =
h
x̃0 x̃1 x̃2 ::: x̃c

i
(14)

b = (ZTS� 1
ỹ Z)� 1S� 1

ỹ ZT ỹ (15)

c2 = (ZTb � ỹ)TS� 1
ỹ (ZTb � ỹ) (16)

Importantly, this linearregressionalsodeterminestheoptimal lin-
ear combinationof the particularcomponentsf x̃0; x̃1; x̃2; :::; x̃cg
usedin Equation14 for theparticulartargetỹ. Theoptimalcoef�-
cientsaretheelementsof thevectorb. Having thusdeterminedc
of theparametersof themodelvia therelatively cheapoperationof
a linearregression,theremainingdimensionof thesearchspaceis
reducedby c. In thecaseof theGM problem,thethreecoef�cients
of b arethe total �ux esof disk, bulge,andbackground.Figure6
illustratestheprocedurefor justa bulgeanda diskcomponent.

At this point, we in principle have only to calculatec2 for all
combinationsof disksandbulges,andselectthecombinationwith
thesmallestc2. Unfortunately, speedwould thenbeunacceptably
compromised,soinsteadwe searchselectively.

7. NEAREST NEIGHBOR SEARCH
After theeigenspacehasbeenselectedandthetarget imagehas

beenprojectedinto thespace,thenthesearchfor anearestneighbor
begins.Thesearchcouldbeaccomplishedby anexhaustive search
of all bulge-diskcombinations.However, we save time with the
following two-partsearchalgorithmwhich hasglobal anda local
searchcomponents:

1. Global: Random Pair Sampling startsby extensively ran-
domly samplinga largenumberof disk/bulgepairsfrom X̃d
andX̃b (the sky X̃sky is held �x ed asa constant.)Eachpair
is �t to y via weightedlinear regressionasin Equations14-
16. We typically areableto sample50,000pairs,which is
anunusuallydensecoveringof theparameterspacefor this
particularproblem.

2. Local: Iterati ve search startswith thebestcandidatefrom
phase1. The bulge-relatedparametersareheld �x ed while
thebulge componentis thenpairedwith all disk prototypes
from X̃d anda c2 is calculatedfor eachcombination. The
bestcombinationbecomesthe new start point for another
`step'. Now the disk is �x ed while X̃b is searchedfor a
betterbulge. Theprocesscontinuesin this manneruntil no

improvementresults. To evaluateeachcombination,c2 is
obtainedby weightedlinear regressionas in Equation16.
which alsodeterminestheoptimal linearcombinationcoef-
�cients, b, of theprototypesfor thatparticulartargetỹ.

The processis guaranteedto converge becausethe searchspace
is �nite, andthesequenceof pairsmustalwayshave a decreasing
c2. Phase2 is run on the top 10 or 20 candidatesfrom phase1.
We have foundthelocal searchasdescribedto generallyconverge
to a betterminimum thansimplelocal (e.g.,hillclimbing) search.
We conjecturethatthis is dueto thelargenumberof local minima
inherentin theproblem.

8. RESULTS
Table1 summarizesthe strongestdifferencebetweenthis algo-

rithm andits predecessors,which is speed.Implementedin MAT-
LAB [4], GMORPHcananalyzea64� 64 imagein approximately
1 second.Thenearestcompetitorcando thesameimagein about
30 seconds,but it is a descentmethodandvulnerableto localmin-
ima. The times were obtainedby generatingrandomgalaxypa-
rametersfrom therangeFd 2 [0;1];Fb 2 [0;1];µx = 0;µy = 0;rd 2
(0;16];ginc 2 [0� ;85� ];gd 2 [0� ;180� ]; re 2 (0;16];e2 [0;0:7]; and
gb 2 [0� ;180� ], andwereusedto generate64� 64 imagesof galax-
ies.ThePSFswereGaussianwith a standarddeviation of 2 pixels.

Figure7 containstheresultsof acomparisonbetweenGMORPH
and the traditional and currently most-trustedmeasureof galaxy
shape: humanclassi�cation. We testedthe agreementbetween
GMORPHandanalready-classi�eddatasetwith 300galaxies.Each
imagehadbeenclassi�edvisuallyby apanelof four humanexperts
onto a scalewhich variesfrom 0 (all bulge) to 5 (all disk), with
6 being 'irregular'. The resultsshow a clearcorrelationbetween
GMORPHandexpertclassi�cation.

Figure8 plotstheagreementbetweenGMORPHandGIM2d [9]
on the disk radiusfor low-noise,predominantlydisk galaxy im-
agesfrom the SloanDigital Sky Survey. Both algorithmswere
run on 100images,eachwith a uniquePSF. Thecatalogof proto-
typesusedby GMORPHhadjXdiskj = 1000,jXbulgej = 1000,and
jXskyj = 1. Thesizeof the imagesvaried,but wereapproximately
50� 50. Theagreementbetweenthetwo methodsis apparenthere,
however, in high-noiseimagesthe two methodsproducedifferent
results.Althoughwe arestill investigatingthesourceof theseoc-
casionaldiscrepencies,thereis preliminaryevidencethattheseare
casesin which eitherthegalaxymorphologydivergesfrom theas-
sumedbulge/diskmodel,or noiseis too severeto �t thedatawith
con�dence.

9. CONCLUSIONS
We reporton anongoinginvestigationof a nonlinearregression

problemfrom astronomy:given a massive datasetof noisy, dis-
torted imagesof unknown galaxies,rapidly �t a nonlinearmodel
to eachimagein thedataset.A instance-basedmethodfor accom-
plishingthis taskhasbeendescribed.
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Figure 8: Noise and PSF effect on recovered disk radius er-
ror. The agreementbetweendisk radius parameters �tted by
GIM2d and those�tted by GMORPH on imagesfr omtheSloan
Digital Sky Survey.

Instance-basedmethodsallow for veryfastidenti�cation of these
galaxiesthroughsamplingof the parameterspace,the useof an
eigenspace,andthroughsplitting theprototypesinto components.
GMORPHcanavoid theexpenseof calculatingthePSFduringthe
searchprocess,andcanscanthroughthe spaceof galaxyimages
rapidlybecauseit restrictssearchto themuchsmallersubspacede-
terminedby PCA.We have measuredtheperformancevia simula-
tion andit shouldin principleallow for unprecedentedanalysisof
astronomicaldatasetsof galaxyimages.
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APPENDIX

A. SURFACE BRIGHTNESS FUNCTION
Before being blurred by the PSF, the galaxy is createdby the

surfacebrightnessfunction,y , whichtakesasanargumentavector
from Q. Herearethe12modelparametersof Q, abrief description,
andtheirunits:

Fb, Fd total integrated�ux of bulge and disk components(erg �
cm2=sec)

µx, µy the x andy offset of the galacticcenterfrom the centerof
theimage(pixels)

re, rd bulgeanddiskscalelengths(pixels)



eb apparentbulgeellipticity (unitless)

ginc disk inclination(degrees). Rotationtowardviewer

gb gd bulge anddisk angleof rotation(degrees). Clockwiserota-
tion relative to viewer

sky sky backgroundoffset( f lux=cm2)

Sersic a bulge shapeparameterthat is �x ed to the value4 for all
experiments

Theclassicmodelof galaxieshasbeenadditive: a linearcombina-
tion of a bulgeimage,a disk image,anda sky (background)image
[9, 7, 8]. The sky imageis a constant,andwill omittedfrom the
formulaefor clarity.

Before discretizationinto pixels, g is a continuousbrightness
functionde�ned over the2-dimensionalimageplaneuv.5 Theex-
pectednumberof photonsto hit a pixel/detectoris foundby inte-
gratingg over theuvareaof thepixel on theplane.

Thefunctiong is thesumof c componentfunctions:

g(u;v;q;p) =
c

å
k= 1

gk(u;v;qk;p) (17)

In the galacticmorphologytask,g hasthreecomponents:a disk,
a bulge,andconstantbackground.We will assumehenceforththat
thePSFis a deltafunction,sowe omit p from thediscussion.We
refer to theentireunblurreddisk functionasgdisk(q), andtheun-
blurredbulgeimageasgbulge(q).

Thesurfacebrightness,gdisk, of a puredisk galaxyw.r.t. radius
hasbeenfound to have an exponentialform [2, 6]. A commonly
usedmodelconsistsof anin�nitely thin diskwith brightnessin the
planeof thedisk taperingoff exponentiallyaway from thecenter.
Whenprojectedonto the imageplane,thebrightnessgdisk hasthe
form

gdisk(u;v) _ Fdexp

 

�

p
x2 + y2 cos� 2ginc

rd

!

(18)

whereFd is theintegratedbrightnessof thedisk,ginc is thedegree
of inclination of the disk towardsthe viewer, and rd is the disk
“radius”, or scaleparameter. Both Equation18 andEquation19
aresimpli�ed for presentationin that they omit clockwiserotation
and�x thecenterof thegalaxyat (0;0).

The bulge is modeledwith a classicalde Vaucouleurspro�le.
Also known as the r1=4 law, de Vaucouleurs'law is perhapsthe
mostwidely usedempiricallaw to describethesurfacebrightness
pro�le of a purebulgegalaxy. Thebulgebrightnessis

gbulge(u;v) _ Fbexp

0

@� b

" p
x2 + y2(1� eb)� 2

rb

# 1
4

1

A (19)

whereFd is theintegratedbrightnessof thebulge,eb describesthe
ellipticity of thebulge,andrb is thebulge“radius”.

Theactualimagerecordedby thetelescopeis digitizedinto pix-
els.Pixelsareelementsof thematrixy .

y i j (q;p) =
Z i+ 1

i

Z j+ 1

j
g(u;v;q;p)dudv (20)

5Thevariablesu andv areusedonly becausex andy appearelse-
wherein this paper.


