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Brain & Brawn
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Brain & Brawn

element-wise multiply
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Brain & Brawn

p(S,b|g) —

renormalize to 1
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Brain & Brawn

p(brain) = 0.1
p(sports) = 0.2

p(brain|graduate) = 0.275
p(sports|graduate) = 0.544

1 p(brain|graduate, sports) = 0.111

0 0.24210.215 p(bl‘ain|graduate, nosports) — 0.471
p(sports|graduate, brain) = 0.220

1 10.483]| 0.06 p(sports|graduate, nobrain) = 0.333

s)p(b S, b
plablg) = =B p(g.5,) = plols, Dp(s)p(D
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Brain & Brawn

p(g,s,b) = p(g)p(s|g)p(blg)

p(s,b) = > p(slg)p(blg)p(g)

p(s,blg) = p(s|g)p(blg)
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... some Web 2.0 service
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... some Web 2.0 service

Website

- Joint distribution (assume a and m are independent)
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... some Web 2.0 service

Website

Joint distribution (assume a and m are independent)

p(m, a,w) = p(w|m, a)p(m)p(a)
Explaining away

p(m, alw) = p(w|m, a)p(m)p(a)

Zm’,a’ p(w|m’, a’)p(m’)p(a’)
a and m are dependent conditioned on w
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... some Web 2.0 service
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... some Web 2.0 service

MySQL is working
Apache is working
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... some Web 2.0 service

v v

At Ieagt ong of the two MySQL is working
services IS broken
(not independent)

Apache is working

Carnegie Mellon University



Directed graphical model

e 9 oo ﬂve

user
 Easier estimation action

» 15 parameters for full joint distribution
» 1+1+4+1 for factorizing distribution

» Causal relations

 |nference for unobserved variables

Carnegie Mellon University



No loops allowead
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No loops allowead
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No loops allowead
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No loops allowead
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No loops allowead

p(cle)p(elc)
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No loops allowead

p(cle)p(elc)

p(cle)p(e) or p(elc)p(c)
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No loops allowed

p(elc)

LY
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Directed Graphical Model
 Probability

distribution W
 |terate over ﬁ’)j\ .

childrenlparents

p(x) =p(z1)p(x2|r1)p(23|72)
p(m T3, $7)p($5|$2, T3, 5136)

p(we|z9)p(T7|T6)p(T8|T5)P(T9)
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Directed Graphical Model

- Joint probability distribution ﬁ' f\g
Q

p(CIZ) — H p(CU@ |xparents(i))

- Parameter estimation
- If x is fully observed the likelihood breaks up

lng(CE‘(g) — Z logp(xi|xparents(i)7 6))
» Estimation is trivial. All terms decompose
min(igmize _ lOg p(mi |xparents(i)7 92) o lOg p(ez)

Carnegie Mellon University



Approximate Inference

... don’t worry, there’s math why this works ...

- Joint probability distribution dCK' f\g
Q

p(CIZ) — H p(il?@ |xparents(i))

- EM Parameter estimation
» |f x Is partly observed we need to approXimate
» Intuition - use best guess of missing variables
q ($missing) — p($missing \l‘observed)

» Estimation is possible (M step)

minimize Exm ine~(q [_ logp(mi‘fpparents(i)a (97,)} _ logp(e”b)

11111
0, &
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» Directed graphical models
]9(33) — Hp(xi‘xparents(i))

- Explaining away
Independent variables become dependent
conditioned on a joint child.

» Observing yields independence
Observed parent makes children independent

» No loops in graph allowed }3 4

)

fé‘q
Carnegie Mellon University







« Joint distribution

p(a,b,c) = p(a)p(bla)p(c|b)
- Conditioningon b
p(a)p(d]
D o P(@)p
(a)p(bl ) p(c|b)
— S pla)p(dla’) S, p(c'|b)
- Conditional independence
a L clb

p(a, C|b) —

a)p(c|b)
(bla”)p(c’|b)

Carnegie Mellon University



2 Common Cause

« Joint distribution

p(a,b,c) = p(alb)p(b)p(c|b)

a and c are dependent

Zp (a|b)p(b)p(c|b)

. Condltlomng on b creates
iIndependence

p(a, c|b) = plalb)p(c|b)
a L clb

Carnegie Mellon University



3 Explaining Away

« Joint distribution
p(a,b,c) = p(a)p(bla, c)p(c)
» a and c are independent

 Conditioning on b creates
dependence

p(a)p(bla, c)p(c)
a’,c’ p(a’)p(b\a’, Cl)p(cl)

p(&, C‘b) — Z

Carnegie Mellon University



d-Separation

» (Given general directed acyclic graph (DAG)
« Determine whether sets A, B of random variables

are conditionally independent given C

» Simple algorithm - reachability

 Start in in vertex of A
» Check whether any vertex in B can be reached
- |f separated, we have conditional independence

Carnegie Mellon University



Transition rules

Courtesy of Sam Roweis

(b) Carnegie Mellon University



Transition rules

X9 L x3[{x1,%X6} 7

ball can travel
opposite arrows
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Transition rules

X9 L x3[{x1,%X6} 7

ball can travel
opposite arrows
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Transition rules

X9 L x3[{x1,%X6} 7

ball can travel
opposite arrows
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Transition rules

X9 L x3[{x1,%X6} 7

X4

ball can travel
opposite arrows

X3 X

Carnegie Mellon University



Summary

Dependent random variables

Observing can make things dependent or
iIndependent

Conditional independence simplifies model

Bayes ball to check properties
Chains (observing stops dependence)
Common causes (observing stops dependence)
Common children (observing creates dependence)

Carnegie Mellon University



Structures
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Plates: FOR loops for statisticians

- Repeated dependency structure
- Modeling iid observations

» Supervised learning

oo olo

p(X,Y,0,w)

=p(0)p(w) Hp(fm 0)p(ys| 7, w)

Carnegie Mellon University




Plates: FOR loops for statisticians

- Repeated dependency structure
- Modeling iid observations

» Supervised learning

ofoolo

p(X,Y,0,w)

=p(0)p(w) Hp(fm 0)p(ys| 7, w)
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Markov Chain

© 0000
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Markov Chain Plate

© 0000
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Markov Chain Plate

© 0000

Hidden Markov Chain |
user's

mindset
W 2 observed

user action
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Markov Chain Plate

© 0000

Hidden Markov Chain |
user's

mindset
W 2 observed

user action

user model for traversal through search results , L
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Markov Chain Plate

© 0000

Hidden Markov Chain |
user's

mindset
W 2 observed

user action

C

user model for traversal through search results , L
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Markov Chain Plate

(ZIZ' (9 an Hp xz—l—l‘xza

Hidden Markov Chain

user’s
mindset

p(z,y;0) = p(zo; 0 Hp ZTit1|wi; 0 H (yils)

i1

observed
user action

user model for traversal through search results , L
Carnegie Mellon University



Factor Graphs

Latent Factors

Observed
Effects
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Factor Graphs

Latent Factors

Observed
Effects

- Observed effects
Click behavior, queries, watched news, emails
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Factor Graphs

Latent Factors

Observed
Effects

« Observed effects
Click behavior, queries, watched news, emails
- Latent factors

User profile, news content, hot keywords, social
connectivity graph, events
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Factor Graphs

Latent Factors

Observed
Effects

- Observed effects
Click behavior, queries, watched news, emails

- Latent factors

User profile, news content, hot keywords, social
connectivity graph, events

- Multiple layers
Restricted Boltzmann Machine

Carnegie Mellon University



Example - PCA/ICA

Latent Factors

Observed
Effects

Carnegie Mellon University



Example - PCA/ICA

Latent Factors

Observed
Effects

« Observed effects
Click behavior, queries, watched news, emails

d
€T NN (Zyw@',fol) andp Hp yz
1=1
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Example - PCA/ICA

Latent Factors

Observed
Effects

« Observed effects
Click behavior, queries, watched news, emails

d
€T NN (Zyw@',fol) andp Hp yz
1=1
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Example - PCA/ICA

Latent Factors

Observed
Effects

« Observed effects
Click behavior, queries, watched news, emails

d
€T NN (Zyw@',fol) andp Hp yz
1=1
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Example - PCA/ICA

Latent Factors

Observed
Effects

« Observed effects
Click behavior, queries, watched news, emails

d d
v~ N (Z YiVis 021) and p(y) = | | p(v:)
1=1 i=1
+ p(y) is Gaussian for PCA. General for ICA

Carnegie Mellon University



Cocktall party problem

Separated

Sources Mixtures
Sources

Carnegie Mellon University



Recommender Systems
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Recommender Systems

» Users u
» Movies m
 Ratings r (but only for a subset of users)
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Recommender Systems

... Intersecting plates ...
(like nested FOR loops)

» Users u
» Movies m
 Ratings r (but only for a subset of users)
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Recommender Systems

news,
SearchMonkey
answers
social
ranking

OMG ... Intersecting plates ...
personals (like nested FOR loops)

» Users u
» Movies m
 Ratings r (but only for a subset of users)

Carnegie Mellon University



Challenges

engineering

Carnegie Mellon University



Challenges

- How to design models
- Common (engineering) sense

» Computational tractability

machine learning

Carnegie Mellon University



Challenges

- How to design models
- Common (engineering) sense

» Computational tractability

" Dependency analysis
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Challenges

- How to design models
- Common (engineering) sense

» Computational tractability
+ Dependency analysis
* Inference
» Easy for fully observed situations
- Many algorithms if not fully observed
- Dynamic programming / message passing

Carnegie Mellon University



Summary

« Repeated structure - encode with plate

- Chains, bipartite graphs, etc (more later)
- Plates can intersect

« Not all variables are observed

o

Carnegie Mellon University







Markov Chains

Transition Matrices xo X1 X2
0|1 0|1 0|1
xo | 0 |04 x1]0[02[01| x2| 0 (08[05| x3| 0101
1 |06 1 |10.8[0.9 1 {0205 11110

Unraveling the chain
p(x1) = ZP z1|To)p(x0) <= m1 = o170

E p(z2|z1)p(x1) &= T2 = Il1om = 111 0llp 170

Carnegie Mellon University



Markov Chains

p(x;0) = p(xo; 0) .

p(zilry) =

— Z Hp £171_|_1‘£L’l Zp $4’$3 13 le3

x;j:3<y<t =4

-~

=Halza) Carnegie Mellon University



Markov Chains

Transition Matrices xo X1 X2
0|1 0|1 0|1
xo | 0 |04 x1]0[02[01| x2| 0 (08[05| x3| 0101
1 |06 1 |10.8[0.9 1 {0205 11110

Unraveling the chain

X0 = [0.4; 0.6];

Pil = [0.2 0.1; @. .9];

Pi2 = [0.8 0.5; 0. 5];

Pi3 = [0 1; 1 0O];

X3 = Pi3 * Pi2 * Pil * x0 = [0.45800; 0.54200]

Carnegie Mellon University



Markov Chains

normalize in
the end

Z Hp CEl—l—l‘xl ZP xn‘xn 1 Tn xn)

rj:1l<g<n—1[=1

-~

— 'rn—l(fcn—l)

Z 1:[ p(xiy1|Tr) - Z P(Thn_1|Tn_2)rn_1(Tn_1)

rj:1l<g<n—2 [=1 Ln—1

::Tn—Q(CUn—2) )
Carnegie Mellon University




Example - inferring lunch

current

0.1

0.8

» |nitial probability

P(Xo=t)=p(Xo=b) = 0.5

 Stationary transition matrix

 On fifth day observed at
Tazza d’oro p(xs=t)=1

» Distribution on day 3
» Left messages to 3
» Right messages to 3

« Renormalize

Carnegie Mellon University



Example - inferring lunch

current > Pi = [0.9, 0.2; 0.1 0.8]

0.90000 0.20000
0.10000 0.80000
> 11 = [0.5; 0.5];
> 13 = Pi * Pi * 11

13 =

0.58500

0.41500
> r5 = 1[1; 0];
> r3 = Pi' * P1' * r5
r3 =

0.83000

0.34000
> (13 .* r3) / sum(l3 .* r3)
ans =

0.77483

0.22517

Carnegie Mellon University



Message Passing

b = 11l

.
ri = 1 i1

- Send forward messages starting from left node

* TG —1—4 xz Zmz 2—1—1 xz 1)f(377j—17xi)

« Send backward messages starting from right node

mz—|—1—>z ajz Z mi4+2—i+1 xz—l—l)f(xia xi—l—l) ﬁ

Li+1

Carnegie Mellon University



Higher Order Markov Chains
0-0-0-0

p(X) $0 Hp xz—|—1|xz
- Second order :

* First order chain

—

p(X) = p(xo, z1) HP($7L+1|$¢,$¢—1)

1

— —

Carnegie Mellon University



Higher Order Markov Chains
0-0-0-0

p(X) $0 HP xz—|—1|xz
« Second order :

* First order chain

—

—

p(X) = p(zo, z1) HP(%H Ty Ti1)
Mark Reid @mdreid ! 22 Mar
Markov In Chains #MLBandNames

Collapse 4~ Reply 13 Retweet X Favorite ¢** More

e . ]@
| ‘/A“ 3 ‘- .:’ . 3 < %
.:.‘g \ :- V 13 ﬂ.

y

9 4
RETWEETS FAVORITES




Trees

- Forward/Backward messages as normal for chain
- When we have more edges for a vertex use ...

Carnegie Mellon University
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Trees

000
o0 k@*@ ﬁ@

h(z1) = > plao)p(e:|zo)

Carnegie Mellon University



Carnegie Mellon University



Carnegie Mellon University



l3(x3) = > la(w2)p(ws|as)ra(es)

L2

Carnegie Mellon University



l3(x3) = > la(w2)p(ws|as)ra(es)

L2

Carnegie Mellon University



l3(x3) = > la(w2)p(ws|as)ra(es)

L2

Carnegie Mellon University



Junction Template

* Order of computation

» Dependence does not matter
(only matters for parametrization)

m2_>3(x3) — Z m1_>2(a:2)m4_>2(a?2)f(x2, $3)

o

%,

° Carnegie Mellon University



Trees

- Forward/Backward messages as normal for chain
* When we have more edges for a vertex use ...

m2—>3($3) — Z m1—>2($2)m6—>2($2)f($2, $3)

X2

ellon University



Trees

0-0-00 929
000

- Forward/Backward messages as normal for chain
* When we have more edges for a vertex use ...

m2—>3($3) — Z m1—>2($2)m6—>2($2)f($2, $3)

X2
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Trees

0-0-0-0 929
000

- Forward/Backward messages as normal for chain
* When we have more edges for a vertex use ...

m2—>3($3) — Z m1—>2($2)m6—>2($2)f($2, $3)

X2
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Trees

0-0-0-0 929
000

- Forward/Backward messages as normal for chain
* When we have more edges for a vertex use ...

m2—>3($3) — Z m1—>2($2)m6—>2($2)f($2, $3)
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Trees

- Forward/Backward messages as normal for chain
* When we have more edges for a vertex use ...

m2—>3($3) — Z m1—>2($2)m6—>2($2)f($2, $3)

X2

m2—6(T6) = Z mi12(T2)m3_2(x2) f(T2, T6)

X2
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Trees

0-0-00 929
000

- Forward/Backward messages as normal for chain
* When we have more edges for a vertex use ...

m2—>3($3) — Z m1—>2($2)m6—>2($2)f($2, $3)

X2

m2—6(T6) = Z mi12(T2)m3_2(x2) f(T2, T6)

X2
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Trees

0-0-0
0-0-0"
0-0-0

- Forward/Backward messages as normal for chain
* When we have more edges for a vertex use ...

m2—>3($3) — Z m1—>2($2)m6—>2($2)f($2, $3)

X2

m2—6(T6) = Z mi12(T2)m3_2(x2) f(T2, T6)

X2

ellon University



Trees

0-0-0
0-0-0-
0-0-0

- Forward/Backward messages as normal for chain
* When we have more edges for a vertex use ...

m2—>3($3) — Z m1—>2($2)m6—>2($2)f($2, $3)

X2

m2—6(T6) = Z mi12(T2)m3_2(x2) f(T2, T6)

X2

ellon University



Trees

— —
00 @iﬁ@ -0
— —>
0-0-0
- Forward/Backward messages as normal for chain
* When we have more edges for a vertex use ...

m2—>3($3) — Z m1—>2($2)m6—>2($2)f($2, $3)

X2

m2—6(T6) = Z mi12(T2)m3_2(x2) f(T2, T6)

X2

m2_>1(331) — Z m3—>2($2)m6—>2($2)f(331, 5132)
To Carnegie Mellon University



Trees

— —
o-0 @(Q oo
— —>
0-0-0
- Forward/Backward messages as normal for chain
* When we have more edges for a vertex use ...

m2—>3($3) — Z m1—>2($2)m6—>2($2)f($2, $3)

X2

m2—6(T6) = Z mi12(T2)m3_2(x2) f(T2, T6)

X2

m2_>1(331) — Z m3—>2($2)m6—>2($2)f(331, 5132)
To Carnegie Mellon University



Trees

0O-0-0O
0-0-0O.
0-0-0
- Forward/Backward messages as normal for chain
* When we have more edges for a vertex use ...

m2—>3($3) — Z m1—>2($2)m6—>2($2)f($2, $3)

X2

m2—6(T6) = Z mi12(T2)m3_2(x2) f(T2, T6)

X2

m2_>1(331) — Z m3—>2($2)m6—>2($2)f(331, 5132)
To Carnegie Mellon University



Trees

0O-0-0O
0-0-0.
0-0-0
- Forward/Backward messages as normal for chain
* When we have more edges for a vertex use ...

m2—>3($3) — Z m1—>2($2)m6—>2($2)f($2, $3)

X2

m2—6(T6) = Z mi12(T2)m3_2(x2) f(T2, T6)

X2

m2_>1(331) — Z m3—>2($2)m6—>2($2)f(331, 5132)
To Carnegie Mellon University



Summary

» Markov chains
* Present only depends on recent past
 Higher order - longer history.
- Dynamic programming
» EXxponential if brute force.
 Linear in chain if we iterate.

* For junctions treat like chains but
integrate signals from all sources.

- Exponential in the history size.

Carnegie Mellon University






Clustering and

Hidden Markov Models
__>%>_>
 Clustering - no dependence between observations

- Hidden Markov Model - dependence between states

Carnegie Mellon University




Applications

6666 6 o

» Speech recognition (soundltext)

» Optical character recognition (writingltext)
» Gene finding (DNA sequencelgenes)

» Activity recognition (accelerometerlactivity)

Carnegie Mellon University



Inference Tasks

6666 6 o

m

m—1

p(x,y) = p(y1) H p(Wiv1|yi)p(xi|yi) | P(Tm|Ym)

- Infer latent variables p(xly), extend sequence
- Estimate distributions p(yilxi) and p(Xi+1lxi)

Carnegie Mellon University



Recall Dynamic Programming

6666 6 o

m—1

p(z,y) =pr) | || pirilyo)p(@ily:) | p(zm|ym)

L 1=1

» Observe y, maybe also part of x

- Likely value for any x; in the chain means
summing over all other variables Xx;

Carnegie Mellon University



Dynamic Programming

6666 6 o

m

p(T,y)
— d ; :
P = 5 ) P X 2 2 v
» Observe y, maybe also part of x

- Likely value for any x; in the chain means
summing over all other variables Xx;

Carnegie Mellon University



0000 9
o 0 0 o o ..

Same
x Li(xi)p(xiiq|x, 1R :
li+1(Tj41) Z iIP(Ej1]25)p(Y5]75) algorlthm for

() = 1 finding most

TR e IR likely values
j—1(@j-1) ; 3 (@5)p(y; s )p(2sle; 1) + *) (max +

p (.CI?Z | rest) X lz ($z ) i (ZZ )p (yz | L ) Carnegie Mellon University




Dynamic Programming

6666 6 o

) = log p(z1) + log p(y1|x1)

Lj1(xj41) = maxi;(z;) +logp(zjalz;) +log p(y;lz;)
)
)

J

= max7;(z;) + log p(y;|z;) + log p(xj|xj_1)
L j

A

Ii; = argrax li(sz‘) - 7“7;(%') T 108;29(%\%;)

Carnegie Mellon University



6666 6 o

m—1

p(z,y) = p(z1) H p(Tiv1|wi)p(Yilzi) | P(Ym|Tm)

- What if we want to estimate the probabilities
directly? Log-likelihood is nonconvex!

Carnegie Mellon University



Variational Approximation

» Lower bound on log-likelihood

o p(y:0) > [ da(e) ERGEED - | dala) 0ol

 |nequality holds for any q (equality for p(xly)_q( ))
 Find g within subset Q to tighten inequality
» Find parameters to maximize for fixed g

» Inference for graphical models where joint
probability computation is infeasible

Carnegie Mellon University



0990 0

O 000
@—@—*@—'. —>®

Variational apprOX|mat|on via

) = q(a Hq i|zio1) S

+ Compute p(xly) V|a dynamic programming
Carnegie Mellon University




Variational Principle in Action

- |nitialize parameters somehow

+ Set q(z) = p(z|y)
Dynamic programming yields chain

» Maximizing the log-likelihod w.r.t. g

log p(y; ) > / dq(x)logp(z,y;0) — / dq(x)log q(x)

m—1

[ plzivalzo)p(yila:) | p(ym|zm)

_1=1 ! _
ic Mellon University




Parameter Estimation

E.q logp(z,y;0)] =Eg,~q [logp(z1;0)] + > Eq g [log p(yi|zi; 0)]
1=1
m—1
_I_ Z E(xi,xH_l)Nq [logp(x2+1|aj’w 9)]
* p(xi1) =

Since we have E, ., [logp(z1)]set p(x1) = q(x1)

* p(yilxi)
Same as clustering  #* = |~ Zq@'(@y
e.g. for Gaussians
- Z qi (@ yzyz - :ux,u;_

Carnegie Mellon University



Parameter Estimation

m

E;q logp(z,y;0)] =Eg,~q [log p(z1;0)] + Y Eq g [log p(yi|zi; 0)]
1=1

m—1

_I_ Z E(xi,xi+1)wq [logp(xl+1|ajl7 9)]
1=1

« Maximum Likelihood estimate

m—1

> qla,b)logp(alb)

i=1
m—1
- b
hence p(alb) = >_i—1 q(a,b)

1
221 q(b)
effe ctive sam p I c Carnegie Mellon University




Smoothed Estimates

- Laplace prior on latent state distribution
 Uniform distribution over states
» Alternatively assume that state remains

transition
smoother

aggregate
mass

« Same trick for means and variances

Carnegie Mellon University
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The Problem

» Message passing leads to loops (not arrows)
- Combine Variables

Junction Tree
» Ignore it Cﬁ'
Loopy Belief Propagation
- Variational Approximation ’/O

Simpler distribution

without loops O

- Gibbs Sampling

Draw from one variable at a time

Carnegie Mellon University



IS maximization (always) good?

p(0|X) o< p(X1]0)p(0)

PO
PO

Mean




Sampling

Key idea
Want accurate distribution of the posterior
Sample from posterior distribution rather than
maximizing it
Problem - direct sampling is usually intractable
Solutions
Markov Chain Monte Carlo (complicated)
Gibbs Sampling (somewhat simpler)

9 v ~ p(x|z’) and then 2’ ~ p(a'|x) 6

Carnegie Mellon University




Gibbs sampling

» Gibbs sampling:
* |In most cases direct sampling not possible
- Draw one set of variables at a time

Carnegie Mellon University



Gibbs sampling
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- Draw one set of variables at a time
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Gibbs sampling

» Gibbs sampling:
* |In most cases direct sampling not possible
- Draw one set of variables at a time

Q.

S

Q

=
/\/\P\/\
O (@]

coaQyT
Q @Q @ @
1 1 1 1

0.45

Carnegie Mellon University



Gibbs sampling

» Gibbs sampling:
* |In most cases direct sampling not possible
- Draw one set of variables at a time

Tooey
cegoag
- 1 1 1 1
' Q.

Q

Q

=

O

0.45

Carnegie Mellon University



Gibbs sampling for clustering

Carnegie Mellon University



Gibbs sampling for clustering

random
initialization

Carnegie Mellon University



Gibbs sampling for clustering

sample
cluster labels

Carnegie Mellon University



Gibbs sampling for clustering

resample
cluster model
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Gibbs sampling for clustering

resample
cluster labels
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Gibbs sampling for clustering

resample
cluster model
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Gibbs sampling for clustering

resample
cluster labels
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Gibbs sampling for clustering

resample
cluster model e.g. Mahout Dirichlet Progess, Glustering,



Blunting the arrows
Undirected Graphical Models

Carnegie Mellon University



Chicken and Egg

Carnegie Mellon University



Chicken and Egg

p(cle)p(elc)

Carnegie Mellon University



Chicken and Egg

ic Mellon University




Chicken and Egg

we know that
chicken and egg
are correlated

chicken or egg

Carnegie Mellon University



Chicken and Egg

encode the correlation
via the clique potential
between ¢ and e

we know that p(c,e) ocexp(c,e)

chicken and egg
are correlated

chicken or egg

Carnegie Mellon University



Chicken and Egg

we know that
chicken and egg

Carnegie Mellon University



Chicken and Egg

exp 1(c, e)

C o expy(c,e)
= exp [1(c,e) — g(v)] where g(¢)) =log » expi(c,e)

we know that
chicken and egg
are correlated / L

either chicken or egg

Carnegie Mellon University



... Some web service

Website

p(w|m, a)p(m)p(a)
m M a|w

Carnegie Mellon University



... Some web service

Site affects
Apache

Site affects
MySQL

Website

Website

p(w|m, a)p(m)p(a) p(m, w, a) o ¢p(m, w)p(w, a)
m M a|w m 1L a|w

Carnegie Mellon University



... Some web service

Site affects Site affects

MySQL Apache
Website Website
p(w|m, a)p(m)p(a) p(m,w,a) < ¢(m,w)p(w,a)
m M a|w m 1L a|w
easier easier
“debugging” “modeling”

Carnegie Mellon University



Undirected Graphical Models

Key Concept
Observing nodes makes remainder
conditionally independent

Carnegie Mellon University
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Undirected Graphical Models

Key Concept
Observing nodes makes remainder
conditionally independent
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Undirected Graphical Models

Key Concept
Observing nodes makes remainder
conditionally independent

Carnegie Mellon University
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maximal fully connected subgraph
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maximal fully connected subgraph

Carnegie Mellon University



Hammersley Clifford Theorem

If density has full support then it decomposes
into products of clique potentials

p(r) = H Ve(Te)

Carnegie Mellon University



Directed vs. Undirected

Causal description .
Normalization automatic
Intuitive

Requires knowledge of
dependencies

Conditional independence
tricky (Bayes Ball algorithm)

Noncausal description
(correlation only)

Intuitive
Easy modeling
Normalization difficult

Conditional independence
easy to read off (graph
connectivity)

Carnegie Mellon University



Exponential Families
and Graphical Models

Carne gie Mellon University



Exponential Family Recap

 Density function
(ﬂf'9) = exp ((¢(z), > 9(9))
where ¢g(6) = log Z exp ( ),0))

 Log partition function generates cumulants

0pg(0) = E [¢(z)]
0y9(0) = Var [¢(x)]

g Is convex (second derivative is p.s.d.)

Carnegie Mellon University



Log Partition Function

p(z]0) = e'?(®):0=9(0)
0) = log Z e(P(2),0)

(¢(x),0)
Opg(0) = ZZ¢(6 )¢(x) o Z o(2)el?®):0)=9(6)

Unconditional model

p(y|6, z) = el®®¥).0)=9(0lz) Conditional model

g(0|x) logz ?(@),0)

7, 6l y)eldon

Dpg(0|x) = SECET — Z bz, y)e'?@v).0)—g(0]z)
y

Y Carnegie Mellon University



Estimation

 Conditional log-likelihood
log p(y|z; 0) = (¢(z,y),0) — g(0]x)
» Log-posterior (Gaussian Prior)

logp(0|X,Y) Zlog yi|xi; 0) + log p(0) + const.

<Z¢ i, Yi), > Zg 0lzi) — 5 10]I° + const.

 First order optimality conditions expensive
prior
maxent 1

model Z (i, i) Z Eyla: (Ziy y)) ?9

Carnegie Mellon University




Logistic Regression

- Label space
o(x,y) = yo(x) where y € {1}

» Log-partition function
g(0|x) = log {61-@/)(:1;),9) + 6_1'<¢(x)’9>} = log 2 cosh (¢(x), 0)

» Convex minimization problem

o] 2
minimize ;— 10]]” + Z log 2 cosh (¢(x;),0) — y; (P(x;,0)

* Prediction

(d(2),0) 1
PWIT0) = 8 o= @@ — 1 5 e2u(@@ 0

Carnegie Mellon University




Logistic Regression

- Label space
o(x,y) = yo(x) where y € {1}

» Log-partition function
g(0|x) = log {61-@/)(:1;),9) + 6_1'<¢(x)’9>} = log 2 cosh (¢(x), 0)

» Convex minimization problem

0

« Prediction GP Classification

(d(2),0) 1
PWIT0) = 8 o= @@ — 1 5 e2u(@@ 0

Carnegie Mellon University

o] 2
minimize ;— 10]]” + 2; log 2 cosh (¢(x;),0) — y; (P(x;,0)




Exponential Clique Decomposition

p(x) = [ wele)

Theorem: Cligue decomposition holds in sufficient statistics
O(x) = (- belae), ) and ($(2),0) = D (Pe(xc), 0c)

C
Corollary: we only need expectations on cliques

E;l¢p(x)] = (... Eq [pc(zc)] - )

Carnegie Mellon University



6 6 rYY Y

o

ylgbx C131 --»ynqbw xn Qby Y1, y2 7¢y(yn 1, yn))

<¢(£L‘), ‘9> Z <¢:c Ly, yz ‘|- Z yz, yz+1 >

)

((9|513 ZHfz y’wyz—l—l) where dynamIC
. rogrammin
fz(y’m yi—l—l) — 6<¢w(m Wi ),00) +{( Dy (Yi¥it1),0y) p g g
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Conditional Random Fields

» Compute distribution over marginal and adjacent labels

- Take conditional expectations
- Take update step (batch or online)

- More general techniques for computing normalization
via message passing ...

Carnegie Mellon University
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p(ﬂf) — H %‘(ZI%, $z‘+1)
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Q?‘y OCH¢ 5627xz—l—1)¢ (xzayz)

— fz (xzawz—l—l)

H!ﬂ xzvxz—l—l (xzayz)

Carnegie Mellon University




eocoe 66

Z‘y OCHQp le’L?’CE’L—I-l x’bayz

Dynamic Programming =fi(@is@it1)

l1(x1) =1 and l;11(xi11) Zl x;) fi(xi, ia1)

ro(zn) =1 and ri(z;) = Y rig1(ig) fi(2s, 2ig)

x ) 1 - - -
i Carnegie Mellon University



Named Entity Tagging

YYXXYY.

Relationship
annotator

T
"’ - -
- -
-
® oy
® oy

-~ -
Arg1:Person Arg1:0rg

Named pe 4 x|y O<H¢ xz;£z—|—1)¢ (xzayz)

entity Person Organization
annotator

Parser NP VP PP
mrf lr [ Y Y Y wy

Fred FCenterF s |> the | CEO | of | Center | Micros

— fz (xz 7xz—|—1)

Carnegie Mellon University



Trees + Ontologies

y‘ZE H ¢ Yis Yparent (i) L )

Labels

Document °

» Ontology classification (e.g. YDir, DMOZ)

Carnegie Mellon University



Spin Glasses + Images

observed pixels
real image

p(zly) = HWight (Tijy Tit1,5)0"P (Tig, Tij+1)0" (T4, Yig)
]
Carnegie Mellon University



Spin Glasses + Images

observed pixels
real image

long range interactions

p(zly) = HWight (Tijy Tit1,5)0"P (Tig, Tij+1)0" (T4, Yig)
]
Carnegie Mellon University



Image Denoising

Li&Huttenlocher, ECCV’08

Carnegie Mellon University




Semi-Markov Models

.......... o classification
®--- - ® @ -----"@ ® -----0 CRF
® ----© © .- - ® O ----- O SMM

phrase segmentation, activity recognition, motion data analysis
Shi, Smola, Altun, Vishwanathan, Li, 2007-2009

Carnegie Mellon University



2D CRF for Webpages

3~' b athv ashi oot = S wleslie SLote = YIuluse L hder sel

Be X Yew Faumss Jook Hdp La
Orlpsersiphuifoaiment I MLE0US hgres_crgn_puage him
Object Elements
. Raod sbout Our gty Ploe
= ||[Froduct Information Ust . $M.99

UEh hie Heawallan oulit and Ho isfectious -

Umba Rotk s0ng, Eima will be the hil of 8ele "ﬁ $9.95]
pary pary! Your child vall love e lirabo 83 h’“ Save: $ 50%
Elmo entourages e fun wiih sevetal s $1504 ¢ )l
prrssas. She can hold the Inbsracus limbo
stick up to Emo's chesiand laugh 33 he
benide lonvir BN |owser

Ages Binh -3 Immw 1

L1 [ vy comouter &

,HCRF
model

e — — — — —

» Seml-CRF
models

derstandi
A m%/eb page information extraction, segmentation, annotation
Bo, Zhu, Nie, Wen, Hon, 2005-2007
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